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Preface 


This second edition of Antenna Theory is designed to meet the needs of electrical 
engineering and physics students at the senior undergraduate and beginning graduate 
levels, and those of practicing engineers as well. The text presumes that the students 
have a knowledge of basic undergraduate electromagnetic theory, including Maxwell’s 
equations and the wave equation, introductory physics, and differential and integral 
calculus. Mathematical techniques required for understanding some advanced topics 
in the later chapters are incoiporated in the individual chapters or are included as 
appendices, 

The second edition of the book has maintained all of the attractive features of the 
first edition. However there have been many new features added to this edition. In 
particular, an entire new chapter is devoted to the analysis and design of microstrip 
antennas: introductory material has been added for the Fourier transform (spectral 
domain) method, coupling, radar cross section for antennas, aperture-matched and 
multimode horns, near-field to far-field measurements, and compact range chamber 
designs and instrumentation for antenna and RCS measurements. There is an increase 
in design procedures and equations; FORTRAN computer programs at the end of 
most of the chapters that can be used for design and analysis: additional examples, 
end-of-chapter problems, and two- and three-dimensional illustrations: and updated 
material on Moment Method and mutual impedances. In addition, a computer program 
has been developed, based on the Finite Difference Time-Domain method to animate 
and visualize radiation. All the computer programs are contained in a 3.5-inch disc, 
which is included with the book. 

The book's main objective is to introduce, in a unified manner, the fundamental 
principles of antenna theory and to apply them to the analysis, design, and measure¬ 
ments of antennas. Because there are so many methods of analysis and design and a 
plethora of antenna structures, applications are made to some of the most basic and 
practical configurations, such as linear dipoles, loops, arrays, broadband and fre¬ 
quency-independent antennas, aperture antennas, horn antennas, microstrip antennas, 
and reflector antennas. 

Introductory material on analytical methods, such as the Moment method and 
Fourier transform (spectral) technique, is also included. These techniques, with the 
fundamental principles of antenna theory, can be used to analyze and design almost 
any antenna configuration. A chapter on antenna measurements introduces state-of- 
the-art methods used in the measurements of the most basic antenna characteristics 
(pattern, gain, directivity, radiation efficiency, impedance, current, and polarization) 
and updates progress made in antenna instrumentation, antenna range design, and 
scale modeling. Techniques and systems used in near- to far-field measurements and 
transformations are also discussed. 
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A sufficient number of topics have been covered, some for the first time in an 
undergraduate text, so that the book will serve not only as a text, but also as a reference 
for the practicing and design engineer and even the amateur radio buff. These include 
design procedures for Yagi-Uda and log-periodic arrays, horns, and microstrip 
patches: synthesis techniques using the SchelkunolT. Fourier transform. Woodward- 
Lawson. Tschcbyscheff, and Taylor methods: radiation characteristics of corrugated, 
aperture-matched, and multimode horns; analysis and design of rectangular and cir¬ 
cular microstrip patches; and matching techniques such as the binomial. Tschebys- 
chel’f. T-. gamma, and omega matches. 

The text contains sufficient mathematical detail to enable the average undergrad¬ 
uate electrical engineering and physics students to follow, without too much difficulty, 
the How of analysis and design. A certain amount of analytical detail, rigor, and 
thoroughness allows many of the topics to be traced to their origin. My experiences 
as a student, engineer, and teacher have shown that a text for this course must not be 
a book of unrelated formulas, and it must not resemble a “cookbook.” This hook 
begins with the most elementary material, develops underlying concepts needed for 
sequential topics, and progresses to more advanced methods and systems configura¬ 
tions. Each chapter is subdivided into sections or subsections whose individual head¬ 
ings dearly identify the antenna eharacteristic(s) discussed, examined, or illustrated. 

A distinguished feature of this book is its three-dimensional graphical illustrations 
from the first edition, which have been expanded and supplemented in the second 
edition. In the past, antenna lexis have displayed the three-dimensional energy radiated 
by an antenna by a number of separate two-dimensional patterns. With the advent 
and revolutionary advances in digital computations and graphical displays, an addi¬ 
tional dimension has been introduced for the first time in an undergraduate antenna 
(ext by displaying die radiated energy ofa given radiator by a single, three-dimensional 
graphical illustration. Such an image, formed by the graphical capabilities of the 
computer and available at most computational facilities, gives a clear view of the 
energy radiated in all space surrounding the antenna. It is hoped that this will lead to 
a better understanding of the underlying principles of radiation and that it will provide 
a clearer visualization of the pattern formation in all space. 

In addition, there is an abundance of general graphical illustrations, design data, 
references, and additional problems. Many of the principles are illustrated with ex¬ 
amples, graphical illustrations, and physical arguments. Although students are often 
convinced that they understand the principles, difficulties arise when they attempt to 
use them. An example, especially a graphical illustration, can often better illuminate 
those principles. As they say, “a picture is worth a thousand words,” 

Numerical techniques and computer solutions are illustrated and encouraged. A 
number of FORTRAN computer programs and subroutines are included at the end of 
Chapters I. 2, 4. 5. 6. S, 10, II. 13. and 14. The program at the end of Chapter I can 
be used to animate and then visualize radiation by an infinite line source driven by a 
Gaussian pulse and an E-plane sectoral horn energized by u continuous cosinusoidal 
source. To accomplish this, the user needs the professional edition of MATLAB. All 
of the computer programs, especially those at the end of Chapters 6, II. 13. and 14. 
have been developed to design, respectively, uniform and nonuniform arrays, log- 
periodic dipole arrays, horns, and mkrostrii? patch antennas. In some cases, the 
computer programs also perform analysis on the designs. The programs at the end of 
Chapters 2. 4, 5, H, and 10 are primarily developed for analysis. A computer disc with 
the source codes is included with the book. These can be used to perform routine 
calculations of complex functions and/or formulations, to carry out numerical inte¬ 
grations that cannot be performed in closed form, and to display solutions in graphical 
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form. The problems at the end of each chapter can be used to apply the underlying 
principles of antenna theory to the analysts and design of many practical radiators. 

For course use. the text is intended primarily for a two-semester (or two- or three- 
quarter) sequence in antenna theory. The first course should be given at the senior 
undergraduate level and should cover most of the material in Chapters I through 7 
and Chapter 16. The material in Chapters 8 through 15 should be covered in a 
beginning graduate-level course. Selected chapters and sections from the book can be 
covered in a single semester, without loss of continuity. However, it is almost essential 
that most of the material in Chapters 2 through 6 be covered in the lirst course and 
before proceeding to any more advanced topics. To cover all the material of the text 
in the proposed time frame would he. in some cases, a very ambitious task. Sufficient 
topics have been included, however, to make the text complete and to give the teacher 
the flexibility to emphasize, de-emphasize, or omit sections or chapters. Some of the 
chapters and sections can he omitted without loss of continuity. 

In die entire book an e / “'' time variation is assumed, and it is suppressed. The 
International System of Units, which is an expanded form of the rationalized MKS 
system, is used in the text. In some cases, the units of length are in meters (or 
centimeters) and in feet (or inches). Numbers in parentheses ( ) refer to equations, 
whereas those in brackets | | refer to references. For emphasis, the most important 
equations, once they arc derived, are boxed. A Solutions Manual for all end of chapter 
problems is available for the instructor. 

I would like to acknowledge the invaluable suggestions and constructive criticisms 
of the reviewers for the second edition of this book: Dr. Edward B. Joy of Georgia 
Tech. Dr. Stuart A. Long of University of Houston. Dr. David M. Pozar of University 
of Massachusetts. Dr. Ezekiel Bahar of (lie University of Nebraska and Dr. Paul E. 
Mayes of University of Illinois. Urbana. and those of the first edition from my 
colleague Dr. Thomas E. Tice of Arizona State University and Dr. Charlton H. Walter 
of TRW (formally of Ohio Stale University). Also I would like to acknowledge the 
suggestions, end of the chapter problems, and figures provided by my colleague Dr. 
James T. Aberle and Dr. Roger D. Radcliff of Ohio University. 

The book, especially the graphical illustrations, computer programs, solutions to 
many of the problems, solutions manual, and proofreading of the galleys and page 
proofs would not have been possible without the contributions from many of my and 
other graduate students at Arizona Stale University. It is a pleasure to acknowledge 
those of AnastasisC. Polycurpou for the development of many of the computer programs 
for Chapters 6. 8. 13. and 14. and preparation of the computer disc; Seong-Ook and 
Jeong-Suk Park for completion of the solutions manual and proofreading the galleys 
and page proofs; Dr. Panaviolis A. Tirkas for the development of the computer programs 
for Yagi-Uda arrays and analysis of horns, and many of the new three-dimensional 
computer generated illustrations; William V. Andrew for the development of the an¬ 
imation-visualization computer program; Craig R. Birtcher for antenna pattern meas¬ 
urements. and material on near- to far-field measurements and compact ranges; Chris 
B. Bishop for the development of the computer program for the design and analysis 
of log-periodic dipole arrays; David M. Kokotoff for revising the Hallen’s-Momcnt 
Method computer program; and Tamara Spreckic, Konsiuntinos D. Katsibas. and Jian 
Peng for proofreading the galleys and preparation of graphical illustrations. 

Since many of the unique features of this book carry over from the first edition. 
I still acknowledge the contributions of my graduate students at West Virginia Uni¬ 
versity. especially those of John L. Jeffrey, Many thanks go to all those professors, 
practicing engineers, and students, who over the years of the first edition provided 
invaluable suggestions and corrections. I also want to acknowledge the expert typing 
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by Linda S. Arneson of the additional material included in the revised manuscript and 
to Kathy Muckenhirn for handling many of the logistics during publication. Many 
thanks to Dr. Alef Z. Elsherhcni and Clayborne D. Taylor. Jr., of University of 
Mississippi for permitting and providing the use of the 2-D Antenna Pattern Plotter: 
Rectangular-Polar computer program. 

To the companies and individuals that provided illustrations and copyright per¬ 
missions. I am most appreciative. I am also grateful to the staff of John Wiley & 
Sons. Inc., especially Steven Elliot, Wiley editor of electrical engineering, for the 
interest in the publication of the second edition. Special thanks also to Suzanne lngrao 
of lngrao Associates, production editor of this book, for her professional help. Finally. 
I must express my gratitude to Helen. Renie and Stephanie for proofreading the galleys 
and for their encouragement, patience, sacrifice and understanding for the many hours 
of neglect during the completion of the first and second editions of this book. 

Constantine A. Balanis 
Arizona State University 
Tempe, AZ 





CHAPTER 


1 

ANTENNAS 


l.l INTRODUCTION 

An antenna is defined by Webster's Dictionary as "a usually metallic device (os a 
rod or wire) for radiating or receiving radio waves.” The IEEE Standard Definitions 
of Terms for Antennas (IEEE Std 145-1983)* defines the antenna or aerial as "a 
means for radiating or receiving radio waves." In other words the antenna is the 
transitional structure between frcc-spocc and a guiding device, as shown in Figure 
1.1. The guiding device or transmission line may lake the form of u coaxial line or a 
hollow pipe (waveguide), and it is used to transport electromagnetic energy from the 
transmitting source to the antenna, or from the antenna to the receiver. In the former 
case we have a transmitting antenna und in the latter a receiving antenna. 

A transmission-line Thevenin equivalent of the antenna system of Figure l.l in 
the transmitting mode is shown in Figure 1.2 where the source is represented by an 
ideal generator, the tramission line is represented by a line with characteristic impe¬ 
dance Z c . and (he antenna is represented by a load Z A |Z., = (/?,. + /?,) + jX A \ 
connected to the transmission line. The Thevenin and Norton circuit equivalents of 
the antenna are also shown in Figure 2.21. The load resistance R L is used to represent 
the conduction and dielectric losses associated with the antenna structure while R„ 
referred to us the radiation resistance, is used to represent radiation by the antenna. 
The reactance A',, is used to represent the imaginary part of tile impedance associated 
with radiation by the antenna. This is discussed more in detail in Sections 2.13 and 
2.14. Under ideal conditions, energy generated by the source should be totally trans¬ 
ferred to the radiation resistance R r . which is used to represent radiation by the antenna. 
However, in a practical system there are conduction-dielectric losses due to the lossy 
nature of the transmission line and the antenna, as well as the due to reflections 
(mismatch) losses at the interlace between the line and the antenna. Taking into 
account the internal impedance of the source and neglecting line and reflection (mis¬ 
match) losses, maximum power is delivered to the antenna under conjugate matching. 
This is discussed in Section 2.13. 


UliEE TrmmcUnnson Antennas <md Propagation, vols. AP 17. No. 7. May 1969: AP-22. No I. January 
1974; ami AP II. No. 6. Pan It. November 1983. 



Contents 


Preface V 

CHAPTER I ANTENNAS 1 

1.1 Introduction 1 

1.2 Types of Antennas 3 

Wire Antemius; Aperture Antennas; Microstrip Antennas; Array Antennas; 
Reflector Antennas; Lens Antennas 

1.3 Radiation Mechanism 7 

Single Wire: Two-Wires: Dipole; Computer Animation-Visualization of 
Radiation Problems 

1.4 Current Distribution on a Thin Wire Antenna 17 

1.5 Historical Advancement 19 

Antenna Elements: Methods of Analysis; Some Future Challenges 
References 24 

Computer Program—Animation-Visualization of Radiation Problems 27 


CHAPTER 2 FUNDAMENTAL PARAMETERS OF 
ANTENNAS 28 


2.1 Introduction 28 

2.2 Radiation Pattern 28 

Isotropic. Directional, and Omnidirectional Patterns: Principal Patterns: 
Radiation Pattern ladies; Field Regions; Radian and Steradian 

2.3 Radiation Power Density 35 

2.4 Radiation Intensity 38 

2.5 Directivity 39 

Directional Patterns; Omnidirectional Patterns 

2.6 Numerical Techniques 53 

2.7 Gain 58 

2.8 Antenna Efficiency 60 

2.9 Half-Power Beamwidth 62 

2.10 Beam Efficiency 63 

2.11 Bandwidth 63 

2.12 Polarization 64 

Linear. Circular, and Elliptical Polarizations; Polarization Loss Factor and 
Efficiency 


IX 


N Contents 


2.13 Input Impedance 73 

2.14 Antenna Radiation Efficiency 78 

2.15 Antenna Vector Effective Length and Equivalent areas 79 
Vector Effective Length; Antenna Equivalent Areas 

2.16 Maximum Directivity and Maximum Effective Area 84 

2.17 Friis Transmission Equation and Radar Range Equation 86 

Friis Transmission Equation: Radar Range Equation; Antenna Radar Cross 
Section 

2.18 Antenna Temperature 98 
References 101 
Problems 102 

Computer Program—2-D Antenna Pattern Plotter: Rectangular-Polar 113 
Computer Program—Directivity 115 


CHAPTER 3 RADIATION INTEGRALS AND AUXILIARY 
POTENTIAL FUNCTIONS 116 


3.1 Introduction 116 

3.2 The Vector Potential A for an Electric Current Source J 117 

3.3 The Vector Potential F lor a Magnetic Current Source M 119 

3.4 Electric and Magnetic Fields for Electric (.1) and Magnetic (M) Current 
Sources 120 

3.5 Solution of the Inhomogeneous Vector Potential Wave Equation 121 

3.6 Far-Field Radiation 125 

3.7 Duality Theorem 126 

3.8 Reciprocity and Reaction Theorems 127 

Reciprocity for Two Antennas; Reciprocity for Radiation Patterns 
References 132 
Problems 132 


CHAPTER 4 LINEAR WIRE ANTENNAS 133 


4.1 Introduction 133 

4.2 Infinitesimal Dipole 133 

Radiated Fields: Power Density and Radiation Resistance; Radian Distance 
and Radian Sphere: Near-Field (kr /) Region; Intermediate-Field 
(kr > D Region; Far-Field (kr I) Region; Directivity 

4.3 Small Dipole 143 

4.4 Region Separation 145 

Far-Field (Fraunhofer) Region; Radiating Near-Field (Fresnel) Region; 
Reactive Near-Field Region 

4.5 Finite Length Dipole 151 

Current Distribution; Radiated Fields: Element Factor, Space Factor, and 
Pattern Multiplication: Power Density. Radiation Intensity, and Radiation 
Resistance: Directivity; Input Resistance: Finite Feed Gap 

4.6 Half-Wavelength Dipole 162 

4.7 Linear Elements Near or on Infinite Perfect Conductors 164 

Image Theory: Vertical Electric Dipole; Approximate Formulas for Rapid 




Contents xi 


Calculations amI Design; Antennas for Mobile Communication Systems: 
Horizontal Electric Dipole 

4.8 Ground Effects 181 

Vertical Electric Dipole: Horizontal Electric Dipole: Earth Cana tare 
References 194 
Problems 196 

Computer Program—Linear Dipole 202 

CHAPTER 5 LOOP ANTENNAS 203 


5.1 Introduction 203 

5.2 Small Circular Loop 204 

Radiated Fields: Small Loop and Infinitesimal Magnetic Dipole: Power 
Density' and Radiation Resistance: Near-Field <kr « 11 Region: Far-Field 
(kr 5s> 1) Region: Radiation Intensity and Directivity: Equivalent Circuit 

5.3 Circular Loop of Constant Current 217 

Radiated Fields; Power Density, Radiation Intensity, Radiation Resistance , 
and Directivity 

5.4 Circular Loop with Nonuniform Current 224 
Arrays: Design Procedure 

5.5 Ground and Earth Curvature Effects for Circular Loops 230 

5.6 Polygonal Loop Antennas 233 

Square Loop: Triangular, Rectangular, and Rhombic Loops 

5.7 Ferrite Loop 240 

Radiation Resistance: Ferrite-Loaded Receiving Loop 

5.8 Mobile Communication Systems Applications 242 
References 242 

Problems 243 

Computer Program—Circular Loop 248 


CHAPTER 6 ARRAYS: LINEAR. PLANAR. AND 
CIRCULAR 249 


6.1 Introduction 249 

6.2 Two-Element Array 250 

6.3 Al-Element Linear Array: Uniform Amplitude and Spacing 257 
Broadside Array: Ordinary End-Fire Array: Phased (Scanning J Array: 
Hansen- Woodyard End- Fire-A n ay 

6.4 /^-Element Linear Array: Directivity 276 

Broadside Array: Ordinary End-Fire Array: Hansen-Woodyurd End-Fire 
Array 

6.5 Design Procedure 282 

6.6 AL Element Linear Array: Three-Dimensional Characteristics 283 
N-Elements Along Z-Axis; N-Elemcnts Along X- or Y-Axis 

6.7 Rectangular-to-Polar Graphical Solution 287 

6.8 /V-Element Linear Array: Uniform Spacing, Nonuniform Amplitude 288 
Array Factor: Binomial Array: Dolph-Tschebyscheff Array 

6.9 Superdirectivity 306 

Efficiency and Directivity: Designs with Constraints 


xil Contents 


6.10 Planar Array 309 

Array Factor; Beanmidth: Directivity 

6.11 Design Considerations 321 

6.12 Circular Array 324 
Array Factor 
References 328 
Problems 329 

Computer Program—Arrays 337 

CHAPTER 7 ANTENNA SYNTHESIS AND CONTINUOUS 
SOURCES 339 


7.1 Introduction 339 

7.2 Continuous Sources 340 

Line-Source. Discretization of Continuous Source » 

7.3 Schelkunoff Polynomial Method 342 

7.4 Fourier Transform Method 346 
Line-Source; Linear Array 

7.3 Woodward-Lawson Method 352 
Line-Source; Linear Array 

7.6 Taylor Line-Source (Tschebyseheff Error) 358 
Design Procedure 

7.7 Taylor Line-Source (One-Parameter) 362 

7.8 Triangular. Cosine, and Cosine-Squared Amplitude Distributions 368 

7.9 Line-Source Phase Distributions 371 

7.10 Continuous Aperture Sources 373 
Rectangular Aperture; Circular Aperture 
References 375 

Problems 376 


CHAPTER 8 INTEGRAL EQUATIONS. MOMENT 
METHOD. AND SELF AND MUTUAL 
IMPEDANCES 379 


8.1 Introduction 379 

8.2 Integral Equation Method 380 

Electrostatic Charge Distribution: Integral Equation 

8.3 Finite Diameter Wires 388 

Pocklingion's Integral Equation: llallen 's Integral Equation; Source 
Modeling 

8.4 Moment Method Solution 395 

Basis Functions; Weighting (Testing) Functions 

8.5 Self Impedance 403 

Integral Equation-Moment Method; Induced EMF Method 

8.6 Mutual Impedance Between Linear Elements 412 
Integral Equation-Moment Method: Induced EMF Method 

8.7 Mutual Coupling in Arrays 422 

Coupling in the Transmitting Mode; Coupling in the Receiving Mode: 
Mutual Coupling on Array Performance; Coupling in an Infinite 





Contents xiii 


Regular Array; Grating Lobes Considerations 
References 434 
Problems 436 

Computer Program—Moment Method 438 
Computer Program—Self and Mutual Impedances 439 


CHAPTER 9 BROADBAND DIPOLES AND MATCHING 
TECHNIQUES 441 


9.1 Introduction 441 

9.2 Biconical Antenna 442 

Radiated Fields; Input Impedance 

9.3 Triangular Sheet. Bow-Tie. and Wire Simulation 447 

9.4 Cylindrical Dipole 449 

bandwidth; Input Impedance; Resonance and Ground Rlane Simulation: 
Radiation Patterns: Equivalent Radii: Dielectric Coating 

9.5 Raided Dipole 458 

9.6 Discone and Conical Skirt Monopolc 462 

9.7 Sleeve Dipole 464 

9.8 Matching Techniques 466 

Stub-Matching; Quarter-Wavelength Transformer; T-Match; Gamma Match: 
Omega Match; Baiuns and Transformers 
References 483 
Problems 484 


CHAPTER 10 TRAVELING WAVE AND BROADBAND 
ANTENNAS 488 


10.1 Introduction 488 

10.2 Traveling Wave Antennas 488 

Long Wire: V Antenna: Rhombic Antenna 

10.3 Broadband Antennas 505 

Helical Antenna; Electric-Magnetic Dipole; Yagi-Uda Array of Linear 
Elements; Yagi-Uda Array o] Loops 
References 534 
Problems 535 

Computer Program—Yagi-Uda Array 541 


CHAPTER 11 FREQUENCY INDEPENDENT ANTENNAS 
AND ANTENNA MINIATURIZATION 5 42 


II. I Introduction 542 

11.2 Theory 543 

11.3 Equiangular Spiral Antennas 545 
Planar Spiral; Conical Spiral 



xiv Contents 


11.4 Log-Periodic Antennas 551 

Planar and Wire Surfaces; Dipale Array: Design of Dipole Array 

11.5 Fundamental Limits of Electrically Small Antennas 566 
References 570 

Problems 571 

Computer Program—Log-Periodic Dipole Array 573 
CHAPTER 12 APERTURE ANTENNAS 575 


12.1 Introduction 575 

12.2 Field Equivalence Principle: Huygens' Principle 575 

12.3 Radiation Equations 582 

12.4 Directivity 584 

12.5 Rectangular Apertures 584 

Uniform Distribution on an Infinite Ground Plane: Uniform Distribution in 
Spare: TE w Made Distribution on an Infinite Ground Plane: Hearn 
Efficients 

12.6 Circular Apertures 603 

Uniform Distribution on an Infinite Ground Plane. TE ir Modc 
Hearn Efficiency 

12.7 Design Considerations 611 
Rectangular Aperture; Circular Aperture 

12.8 Babinet's Principle 616 

12.9 Fourier Transforms in Aperture Antenna Theory 620 

Fourier Transforms•-Spectral Domain: Radiated Fields: Asnnptotir 
Evaluatlon of Radiated Field: Dielecirit Covered Apertures; Aperture 
Admittance 

12.10 Ground Plane Edge Effects: The Geometrical Theory of Diffraction 638 
References 643 

Problems 644 

CHAPTER 13 HORN ANTENNAS 651 


13.1 Introduction 651 

13.2 E-Plane Sectoral Horn 651 

Aperture Fields; Radiated Fields: Directivity 

13.3 H -Plane Sectoral Horn 668 

Aperture Fields; Radiated Fields; Directivity 

13.4 Pyramidal Ham 682 

Aperture Fields. Equivalent, and Radiated it elds: Directivity: Design 
Procedure 

13.5 Conical Horn 695 

13.6 Corrugated Horn 696 

13.7 Aperture-Matched Homs 705 

13.8 Multimode Homs 707 

13.9 Dielectric-Loaded Homs 712 

13.10 Phase Center 712 
References 714 
Problems 717 

Computer Program—Pyramidal Horn: Analysis 720 
Computer Program—Pyramidal Horn: Design 721 






Concerns *v 


CHAPTER 14 MICROSTRIP ANTENNAS 722 


14.1 Introduction 722 

Basic Characteristics; Feeding Methods; Methods of Analysis 

14.2 Rectangular Patch 727 

Transmission-Line Model; Cavity Model: Directivity 
14J Circular Patch 752 

Electric and Magnetic Fields-TM„ mi ,; Resonant Frequencies; Design; 
Equivalent Current Densities and Fields Radiated; Conductance and 
Directivity; Resonant Input Resistance 

14.4 Quality Factor. Bandwidth and Efficiency 760 

14.5 Input Impedance 762 

14.6 Coupling 764 

14.7 Circular Polarization 767 

14.8 Arrays and Feed Networks 772 
References 776 

Problems 779 

Computer Program—Microstrip Antennas 784 


CHAPTER 15 REFLECTOR ANTENNAS 785 


15.1 Introduction 785 

15.2 Plane Reflector 785 

15.3 Comer Reflector 786 

9(F Corner Reflector: Ollier Corner Reflectors 

15.4 Parabolic Reflector 794 

Front-Fed Parabolic Reflector: Cassegrain Reflectors 

15.5 Spherical Reflector 830 
References 833 
Problems 835 


CHAPTER 16 ANTENNA MEASUREMENTS 839 


16.1 Introduction 839 

16.2 Antenna Ranges 840 

Reflection Ranges; Free-Space Ranges; Compact Ranges: Ncar-Field/Far- 
Field Methods 

16.3 Radiation Patterns 858 

Instrumentation: Amplitude Pattern; Phase Measurements 

16.4 Gain Measurements 865 

Absolute-Gain Measurements; Gain-Transfer (Gain-ComparisonI 
Measurements 

16.5 Directivity Measurements 871 

16.6 Radiation Efficiency 872 

16.7 Impedance Measurements 873 

16.8 Current Measurements 874 

16.9 Polarization Measurements 875 

16.10 Scale Model Measurements 880 
References 881 






xvi Contents 


Appendix l /(.v) = 
Appendix I!/%<*) 


sin(x) 


885 


sin(JVjc) 


/Vsin(x) 


,N = 1.3,5,10,20 


887 


Appendix III Cosine and Sine Integrals 889 

Appendix IV Fresnel Integrals 893 

Appendix V Bessel Functions 899 

Appendix VI Identities 911 

Appendix VII Vector Analysis 914 

Appendix VIII Method of Stationary Phase 922 

Appendix IX Television. Radio, Telephone, and Radar Frequency 
Spcctrutns 927 

Index 931 







■> 
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The reflected wave*, from the interface create, along with the traveling waves 
from the source toward the antenna, constructive and destructive interference patterns, 
referred to as standing waves , inside the transmission line which represent pockets of 
energy concentrations and storage, typical of resonant devices. A typical standing 
wave pattern is shown dashed in Figure 1.2. while another is exhibited in Figure 1.15. 
If the antenna system is not properly designed, the transmission line could act to a 
large degree as an energy storage element instead of as a wave guiding and energy 
transporting device. If the maximum field intensities of the standing wave are suffi¬ 
ciently large, they can cause arching inside the transmission lines. 

The losses due to the line, untennu. and the standing waves are undesirable. The 
losses due to the line can be minimized by selecting low-loss lines while those of the 
antenna can be decreased by reducing the loss resistance represented by A',, in Figure 
1.2. The standing waves cun be reduced, and the energy storage capacity of die line 
minimized, by matching the impedance of the antenna (load) to the characteristic 
impedance of the line. This is the same as matching loads to transmission lines, where 
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* Wl+RJ+JXa 

Figure 1.2 Transmission-line Thcvenin equivalent of antenna 
in transmitting mode. 


the loud here is the amentia, and is discussed more in detail in Section 9.8. An 
equivalent similar to that of Figure 1.2 is used to represent the antenna system in the 
receiving mode where the source is replaced by a receiver. All other pails of the 
transmission-line equivalent remain the same. The radiation resistance R r is used to 
represent in the receiving mode the transfer of energy from the free-space wave to 
the antenna. This is discussed in Section 2.13 and represented by the Thcvenin and 
Norton circuit equivalents of Figure 2.20. 

In addition to receiving or transmitting energy, an antenna in an advanced wireless 
system is usually required to optimize or accentuate the radiation energy in some 
directions and suppress it in others. Thus the antenna must also serve as a directional 
device in addition to a probing device. It must then take various forms to meet the 
particular need at hand, and it may be a piece of conducting wire, an aperture, a patch, 
an assembly of elements (array), a reflector, a lens, and so forth. 

For wireless communication systems, the antenna is one of the most critical 
components. A good design of the antenna can relax system requirements and improve 
overall system performance. A typical example is TV for which the overall broadcast 
reception can be improved by utilizing a high-performance antenna. The antenna 
serves to a communication system the same purpose that eyes and eyeglasses serve 
to a human. 

The field of antennas is vigorous and dynamic, and over the last 50 years antenna 
technology has been an indispensable partner of the communications revolution. Many 
major udvunees that occurred during this period arc in common use today: however, 
many more issues and challenges are facing us today, especially since the demands 
for system performances are even greater. Many of the major advances in antenna 
technology that have been completed in the 1970s through the early 1990s, those that 
were underway in the early 1990s, and signals of future discoveries and breakthroughs 
were captured in a special issue of the Proceedings of the IEEE (Vol. 80, No. I, 
January 1992) devoted to Antennas. The introductory paper of this special issue 111 
provides a carefully structured, elegant discussion of the fundamental principles of 
radiating elements and has been written as an introduction for the nonspecialist and 
a review for the expert. 

1.2 TYPES OF ANTENNAS 

We wiJ) now introduce and briefly discuss some forms of the various antenna types 
in order to get a glance as to what will be encountered in the remainder of the book. 






4 Chapter 1 Antennas 


1.2.1 Wire Antennas 

Wire antennas are familiar to the layman because they arc seen virtually everywhere— 
on automobiles, buildings, ships, aircraft, spacecraft, and so on. There are various 
shapes of wire antennas such as a straight wire (dipole), loop, and helix which are 
shown in Figure 1J. Loop antennas need not only be circular. They may lake the 
form of a rectangle, square, ellipse, or any other configuration. The circular loop is 
the most common because of its simplicity in construction. Dipoles are discussed in 
more detail in Chapter 4. loops in Chapter 5, and helices in Chapter 10. 


1.2.2 Aperture Antennas 

Aperture antennas may be more familiar to the layman today than in the past because 
of the increasing demand for more sophisticated forms of antennas and the utilization 
of higher frequencies. Some forms of aperture antennas ore shown in Figure 1.4. 
Antennas of this type are very useful for aircraft and spacecraft applications, because 
they can be very conveniently flush-mounted on the skin of the aircraft or spacecraft. 
In addition, they can be covered with a dielectric material to protect them front 
hazardous conditions of the environment. Waveguide apertures are discussed in more 
detail in Chapter 12 while horns are examined in Chapter 13. 


1.2.3 Microsfrip Antennas 

Microstrip antennas became very popular in the 1970s primarily lor spaceborne ap¬ 
plications. Today they arc used for government and commercial applications. These 
antennas consist of a metallic patch on a grounded substrate. The metallic patch can 
lake many different configurations, as shown in Figure 14.2. However, the rectangular 
and circular patches, shown in Figure l .5. are the most popular because of ease of 




let Helix 

Figure 1.3 Wire antenna configurations. 
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Figure 1.4 Aperture antenna configurations 


analysis and fabrication, and their attractive radiation characteristics, especially low 
cross-polarization radiation. The microstrip antennas are low-protilc. comformable to 
planar and nonplanar surfaces, simple and inexpensive to fabricate using modem 
printed-circuit technology, mechanically robust when mounted on rigid surfaces, com¬ 
patible with MM1C designs, and very versatile in terms of resonant frequency, polar¬ 
ization. pattern, and impedance. These antennas can be mounted on the surface of 
high-performance aircraft, spacecraft, satellites, missiles, cars, and even handheld 
mobile telephones. They are discussed in more detail in Chapter 14. 


1.2.4 Array Antennas 

Man) applications require radiation characteristics that m ay not be achievable by a 
single element. It may, however, be possible that an aggregate of radiating elements 
in an electrical and geometrical arrangement (an array ) will result in the desired 
radiation characteristics. The arrangement of the array may be such that the radiation 
from the elements adds up to give a radiation maximum in a particular direction or 
directions, minimum in others, or otherwise as desired. Typical examples of arrays 


6 Chapter I Antennas 



till Kcctutl|.'lllll! 



I* 


I* 
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Figure 1.5 Rectangular and circular microstrip 
(patchi aniennas. 


tire shown in Figure 1.6. Usually the term army is reserved for an arrangement in 
which the individual radiators arc separate as shown in Figures l.6(a-c). However 
the same term is also used to describe an assembly of radiators mounted on a contin¬ 
uous structure, shown in Figure 1.6(d). 


1.2.5 Reflector Antennas 

The success in the exploration of outer space has resulted in the advancement of 
antenna theory Because of the need to communicate over great distances, sophisti¬ 
cated forms of antennas hud to be used in order to transmit and receive signals that 
bad to travel millions of miles. A very common antenna form for such an application 
is a parabolic reflector shown in Figures 1.7(a) and (b). Aniennas of this type have 
been built with diameters as large as 305 m. Such large dimensions are needed to 
achieve the high gain required to transmit or receive signals after millions of miles 
of travel. Another form of a reflector, although not as common as the parabolic, is 
the comer reflector, shown in Figure 1.7(c). These antennas are examined in detail in 
Chapter 15. 
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Figure 1.6 Typical wire, and aperture and microstrip array configurations. 


1.2.6 Lens Antennas 

Lenses arc primarily used to collimate incident divergent energy to prevent it from 
spreading in undesired directions. By properly shaping the geometrical configuration 
and choosing the appropriate material of the lenses, they can transform various forms 
of divergent energy into plane waves. They can be used in most of the same appli¬ 
cations as are the parabolic reflectors, especially at higher frequencies. Their dimen¬ 
sions and weight become exceedingly large at lower frequencies. Lens antennas are 
classified according to the material from which they are constructed, or according to 
their geometrical shape. Some forms arc shown in Figure 1.8 |2). 

In summary, an ideal antenna is one that will radiate all the power delivered to it 
from the transmitter in a desired direction or directions. In practice, however, such 
ideal performances cannot be achieved but may be closely approached. Various types 
of antennas are available and each type can take different forms in order to achieve 
the desired radiation characteristics for the particular application. Throughout the 
book, the radiation characteristics of most of these antennas are discussed in detail. 


1.3 RADIATION MECHANISM 

One of the first questions that may be asked concerning antennas would be “how is 
radiation accomplished?" In other words, how are the electromagnetic fields generated 
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Figure 1.7 Typical reflector configurations. 


by the source, contained and guided within the transmission line and antenna, and 
linally '■detached" from the aniennu to form u free-space wave? The best explanation 
may be given by an illustration. However, let us lirst examine some basic sources of 
radiation. 

1.3.1 Single Wire 

Conducting wires are material whose prominent characterise is the motion of electric 
charges and the creation of current flow. Let us assume that an electric volume charge 
density, represented by </, (coulombs/m'). is distributed uniformly in a circular wire 
of cross-sectional area A and volume V, as shown in Figure 1.9. The total charge Q 
within volume V is moving in the z direction with a uniform velocity i (metcrs/sec). 
It can be shown that the current density J. (amperes/m’) over the cross section of the 
wire is given by |3] 


Jr = 4.V* 


(l-la) 
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Figure 1.8 Typical lens antenna configurations, (source. L. V. 
Blake. Antennas. Wiley. New York. 1966). 


II ihe wire is made of an ideal electric conductor, the current density ./, (amperes/m) 
resides on the surface of the wire and it is given by 

J, = q,v s (1-lb) 



Figure 1.9 Charge uniformly dis¬ 
tributed in a circular cross section 
cylinder. 






















10 Chapter 1 Antennas 


where q„ (coulombs/m 2 ) is the surface charge density. If the wire is very thin (ideally 
zero radius), then the current in the wire can be represented by 

l : = q,v. (I-Ic) 

where q , (coulombs/m) is the charge per unit length. 

Instead of examining all three current densities, we will primarily concentrate on 
the very thin wire. The conclusions apply to all three. If the current is time-varying, 
then the derivative of the current of (l-Ie) can be written as 


<11. dv, 

- = ( 1 - 2 ) 


where dvJdl = a. (meters/sec 2 ) is the acceleration. If the wire is of length I, then 
(I -2) can be written as 



/ dv - i 
1,1 ~dt = 1,1 U ' 


(1-3) 


Equation (1-3) is the basic relation between current and charge, and it also serves as 
the fundamental relation of electromagnetic radiation 14). [5]. It simply states that ro 
create radiation, there must he a time-varying current or an acceleration (or decel¬ 
eration) of charge. We usually refer to currents in time-harmonic applications while 
charge is most often mentioned in transients. To create charge acceleration (or decel¬ 
eration) the wire must he curved, bent, discontinuous or terminated 11 ], |4]. Periodic 
charge acceleration (or deceleration) or time varying current is also created when 
charge is oscillating in a time-harmonic motion, as shown in Figure 1.17 for a A/2 
dipole. Therefore: 


1. If a charge is not moving, current is not created and there is no radiation. 

2. If charge is moving with a uniform velocity: 

a. There is no radiation if the wire is straight, and infinite in extent. 

b. There is radiation if the wire is curved, bent, discontinuous, terminated, or 
truncated, as shown in Figure 1.10. 

3. If charge is oscillating in a time-motion, it radiates even if the wire is straight. 

A qualitative understanding of the radiation mechanism may be obtained by 
considering a pulse source attached to an open-ended conducting wire, which may be 
connected to die ground through a discrete load at its open end. as shown in Figure 
1.10(d). When the wire is initially energized, the charges (free electrons) in the wire 
are set in motion by the electrical lines of force created by the source. When charges 
are accelerated in the source-end of the wire and decelerated (negative acceleration 
with respect to original motion) during reflection from its end. it is suggested that 
radiated fields are produced at each end and along the remaining part of the wire. [ 1 ]. 
|4], Stronger radiation with a more broad frequency spectrum occurs if the pulses 
are of shorter or more compact duration while continuous time-harmonic oscillating 
charge produces, ideally, radiation of single frequency determined by the frequency 
of oscillation. The acceleration of the charges is accomplished by the external source 
in which forces set the charges in motion and produce the associated lield radiated. 
The deceleration of the charges at the end of the wire is accomplished by the internal 
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Figure 1.10 Wire contigurutions for ra¬ 
diation. 


(self) forces associated with the induced field due to the buildup of charge concentra¬ 
tion at the ends of the wire. The internal forces receive energy from the charge buildup 
as its velocity is reduced to zero at the ends of the wire. Therefore, charge acceleration 
due to an exciting electric field and deceleration due to impedance discontinuities or 
smooth curves of the wire are mechanisms responsible for electromagnetic radiation. 
While both current density (J,) and charge density (</,.) appear as source terms in 
Maxwell's equation, charge is viewed as a more fundamental quantity, especially for 
transient fields. Even though this interpretation of radiation is primarily used for 
transients, it can be used to explain steady-state radiation |4|. 

1.3.2 Two-Wires 

Let us consider a voltage source connected to a two-conductor transmission line which 
is connected to an antenna. This is shown in Figure 1. 11(a). Applying a voltage across 
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Figure 1.11 Source, transmission line, antenna, and detachment of 
electric field lines. 


the two-conductor transmission line creates an electric field between the conductors. 
'Hie electric field has associated with it electric lines of force which are tangent to the 
electric field at each point and their strength is proportional to the electric field 
intensity. The electric lines of force have a tendency to act on the free electrons (easily 
detachable from the atoms) associated with each conductor and force them to be 
displaced. The movement of the charges creates a current that in turn creates a 
magnetic field intensity. Associated with the magnetic field intensity are magnetic 
lines at force which are tangent to the magnetic held. 

We have accepted that electric field lines start on positive charges and end on 
negative charges. They also can start on a positive charge and end at inlimty. start at 
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infinity and end on a negative charge, or form closed loops neither starting or ending 
on any charge. Magnetic field lines always form closed loops encircling current- 
carrying conductors because there are no magnetic charges. In some mathematical 
formulations, it is often convenient to introduce magnetic charges and magnetic 
currents lo draw a parallel between solutions involving electric and magnetic sources. 

The electric field lines drawn between the two conductors help to exhibit the 
distribution of charge II we assume that the voltage source is sinusoidal, we expect 
the electric field between the conductors to also be sinusoidal with a period equal to 
that of the applied source. The relative magnitude of the electric field intensity is 
indicated by the density (hunching) ol the lines of force with the arrows showing the 
relative direction (positive or negative). The creation of time-varying electric and 
magnetic fields between the conductors forms electromagnetic waves which travel 
along the transmission line, as shown in Figure l.l 1(a) The electromagnetic waves 
enter ihe antenna and have associated with them electric charges and corresponding 
currents If we remove pan of the antenna structure, .is shown in Figure III (b). free- 
space waves can he formed by "connecting" the open ends of the electric lines 
(shown dashed). The free-spaee waves are also periodic hut a constant phase point /',, 
moves outwardly with the speed of light and travels a distance of A/2 (to /’,) in the 
time of one-half of a period. It has been shown |6| that close lo the antenna the 
constant phase point /', moves faster than the speed of light but approaches the speed 
of light at points lar away from Ihe antenna (analogous to phase velocity inside a 
rectangular waveguide). Figure 1.12 displays the creation and travel of free-spaee 



Figure 1.12 lilcctric held lines of free-spaee wave for a A/2 antennu at t 0. 
TIB, 774. and .V/'/K. (soiRn J. 15 Kraus and K R Carver, lilectroitutanrtus, 2nd 
ctl.. McGraw -Hill. New York. 1973. Reprinted with permission of J I). Kraus and 
John D. Cowan. Jr.) 
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waves by a prolate spheroid with A/2 interfocal distance where A is the wavelength. 
The tree-space waves of a center-fed A/2 dipole, except in the immediate vicinty of 
the antenna, are essentially the same as those of the prolate spheroid. 

The question still unanswered is how the guided waves are detached from the 
antenna to create the free-space waves that are indicated as closed loops in Figures 
1,11 and (.12. Before we attempt to explain that, let us draw a parallel between the 
guided and free-space waves, and water waves [71 created by the dropping of a pebble 
in a calm body of water or initiated in some other manner. Once the disturbance in 
the water has been initiated, water waves are created which begin to Uavcl outwardly. 
If the disturbance has been removed, the waves do not stop or extinguish themselves 
but continue their course of travel. If the disturbance persists, new waves arc contin¬ 
uously created which lag in their travel behind the others. The same is true with the 
electromagnetic waves created by an electric disturbance. If the initial electric distur¬ 
bance by the source is of a short duration, the created electromagnetic waves travel 
inside the transmission line, then into the antenna, and finally arc radiated as Irce- 
spaee waves, even if the electric source has ceased to exist (as was with the water 
waves and their generating disturbance). If the electric disturbance is of a continuous 
nature, electromagnetic waves exist continuously and follow in their travel behind the 
others. This is shown in Figure 1.13 for a biconical antenna. When the electromagnetic 
waves are within the transmission line and antenna, their existence is associated with 
the presence of the charges inside the conductors. However, when the waves are 
radiated, they form closed loops and there are no charges to sustain their existence. 
This leads us in conclude dial eleciric charges are required to excite die fields hut 
are not needed lo sustain them and may exist in their absence. This is in direct 
analogy with water waves. 


1.3.3 Dipole 

Now let us attempt to explain the mechanism by which the electric lines of force are 
detached from the antenna to form the free-space waves. This will again be illustrated 



Figure 1.13 Electric field lines of frcc-space wave for biconical an¬ 
tenna. 
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by an example of a small dipole antenna where die time of travel is negligible. This 
is only necessary to give a belter physical interpretation of the detachment of the lines 
of force. Although a somewhat simplified mechanism, it does allow one to visualize 
the creation of the free-space waves. Figure 1.14(a) displays the lines of force created 
between the arms of a small center-led dipole in the first quarter of the period during 
which time the charge has readied its maximum value (assuming a sinusoidal time 
variation) and the lines have traveled outwardly a radial distance A/4. For this example, 
let us assume that the number of lines formed are three. During the next quarter of 
the period, the original three lines travel an additional A/4 (a total of A/2 from the 
initial point) and the charge density on the conductors begins to diminish. This can 
be thought of as being accomplished by introducing opposite charges which til the 
end of the first halt of the period have neutrali/eil the charges on the conductors. The 
lines of force created by the opposite charges arc three and travel a distance A/4 
during the second quarter of the first half, and they are shown dashed in Figure 



to ;= rna= period) 



Figure 1.14 Formation and detachment of electric 
field lines lor short dipole. 











16 Chapter 1 Antennas 


I 14(b). The end result is that there are three lines of force pointed upward in the first 
A/4 distance and the same number of lines directed downward in the second A/4. 
Since there is no net charge on the antenna, then the lines of force must have been 
forced to detach themselves from the conductors and to unite together to form closed 
loops. This is shown in Figure 1.14(c). In the remaining second half of the period, 
the same procedure is followed but in the opposite direction. After that, the process 
is repeated and continues indefinitely and electric field patterns, similar to those of 
Figure 1.22. are formed. 


1.3.4 Computer Animation-Visualization of Radiation Problems 

A difficulty that students usually confront is that the subject of electromagnetics is 
rather abstract, and it is hard to visualize electromagnetic wave propagation and 
interaction. With today’s advanced numerical and computational methods, and com¬ 
putational and visualization software and hardware, this dilemma can. to a large extent, 
be minimized. To address this problem, we have developed and included in this book 
computer programs to animate and visualize three radiation problems. Descriptions 
of the computer programs arc listed at the end of this chapter, and the computer 
programs arc found on the computer disc included in this book. Each problem is 
solved using the Finite-Difference Time-Domain (FD-TD) method [8]-| 10). a method 
which solves Maxwell’s equations as a function of time in discrete time steps at 
discrete points in space. A picture of the fields can then be taken at each time step to 
create a movie which can be viewed as a function of lime. 

The three radiation problems that arc animated and can be visualized using the 
computer program at the end of the chapter and included in the computer disc are: 

a. Infinite length line source (two-dimensional) excited by a single Gaussian pulse 
and radiating in an unbounded medium. 

b. Infinite length line source (two-dimensional) excited by a single Gaussian pulse 
and radiating inside u perfectly electric conducting (PEC) square cylinder. 

c. E-plane sectoral horn (two-dimensional form of Figure 13.2) excited by a con¬ 
tinuous cosinusoidal voltage source and radiating in an unbounded medium. 

In order to animate and then visualize each of the three radiation problems, the 
user needs the professional edition of MATLAB 1111 and the MATLAB M-File. found 
in the computer disc included in the book, to produce the corresponding FD-TD 
solution of each radiation problem. For each radiation problem, the M-File executed 
in MATLAB produces a movie by taking u picture of the computational domain every 
third time step. The movie is viewed as a function of time as the wave travels in the 
computational space. 

.4. Infinite Line Source in an Unbounded Medium 

The first FD-TD solution is that of an infinite length line source excited by a single 
time-derivative Gaussian pulse, with a duration of approximately 0.4 nanoseconds, in 
a two-dimensional TM z -computational domain. The unbounded medium is simulated 
using a six-layer Berenger Perfectly Matched Layer (PML) Absorbing Boundary 
Condition (ABC) |9|. [I0| to truncate the computational space at a finite distance 
without, in principle, creating any reflections. Thus, the pulse travels radially outward 
creating a traveling type of a wavefront. The outward moving wavefronts are easily 
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identified using the coloring scheme for the intensity (or gray scale for black and 
white monitors) when viewing the movie. The movie is created by the MATIAB M- 
Pile which produces the FD-TD solution by taking a picture of the computational 
domain every third time step. Each time step is 5 picoseconds while each FD-TD cell 
is 3 mm on a side. The movie is 37 frames long covering 185 picoseconds of elapsed 
lime. The entire computational space is 15.3 cm by 15.3 cm and is modeled by 2500 
square FD-TD cells (50x50). including 6 cells to implement the PML ABC. 

II. Infinite Line Source in a PEC Square Cylinder 

This problem is simulated similarly its that of the line source in an unbounded medium, 
including the characteristics of the pulse. The major difference is that the computa¬ 
tional domain of this problem is truncated by PEC walls: therefore there Is no need 
for PML ABC. For this problem the pulse travels in an outward direction and is 
reflected when it reaches the walls of the cylinder. The reflected pulse along with the 
radially outward traveling pulse interfere constructively and destructively with each 
other and create a standing type of a wavefront. The peaks and valleys of the modified 
wavefront can be easily identified when viewing the movie, using the colored or gray 
scale intensity schemes, Sufficient lime is allowed in the movie to permit the pulse 
to travel from the source to the walls of the cylinder, return hack to the source, and 
then return back to the walls of the cylinder. Each time step is 5 picoseconds and 
each FD-TD cell is 3 mm on a side. The movie is 70 frames long covering 350 
picoseconds of elapsed time. The square cylinder, and thus the computational space, 
has a cross section of 15.3 cm bv 15.3 cm and is modeled using an area 50 by 50 
FD-TD cells. 

C. E-Plane Sectoral Horn in an Unhounded Medium 

The T-plane sectoral horn is excited by a cosinusoidal voltage (CW) of 9.84 Gi l/ in 
a TE 7 computational domain, instead of the Gaussian pulse excitation of the previous 
two problems, The unbounded medium is implemented using an eight-layer Bcrenger 
PML. ABC. The computational space is 25.4 cm by 25.4 cm and is modeled using 
100 by 100 FD-TD cells (each square cell being 2.54 mm on a side). The movie is 
70 frames long covering 29b picoseconds of elapsed time and is created by taking a 
picture every third frame, Each time step is 4.23 picoseconds in duration The horn 
has a total flare angle of 52° and its flared section is 2.02 cm long, is fed by a parallel 
plate I cm wide and 4.06 cm long, and has an aperture of 3.56 cm. 

1.4 CURRENT DISTRIBUTION ON A THIN WIRE 
ANTENNA 

In the preceding section we discussed the movement of the free electrons on the 
conductors representing the transmission line and the antenna. In order to illustrate 
the creation of the current distribution on a linear dipole, and its subsequent radiation, 
let us first begin with the geometry of a lossless two-wire transmission line, as shown 
in Figure 1.15(a), The movement of the charges creates a traveling wave current, of 
magnitude / n /2. along each of the wires. When the current arrives at the end of each 
of the wires, it undergoes a complete reflection (equal magnitude and 180° phase 
reversal). The reflected traveling wave, when combined with the incident traveling 
wave, forms in each wire a pure standing wave pattern of sinusoidal form as shown 
in Figure 1.15(a). The current in each wire undergoes a 180° phase reversal between 
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Figure 1.15 Current distribution on a lossless two- 
wire transmission line, flared transmission line, and lin¬ 
ear dipole. 


adjoining half cycles. This is indicated in Figure 1.15(a) by the reversal of ihe arrow 
direction. Radiation from each wire individually occurs because of the time-varying 
nature of die current and the termination of the wire. 

For the two-wire balanced (symmetrical) transmission line, the currenl in a half¬ 
cycle of one wire is of the same magnitude but 180° out-of-phase from that in the 
corresponding half-cycle of ihe other wire. If in addition the spacing between the two 
wires is very small (s <?: A), the Helds radiated by the current of each wire are 
essentially cancelled by those of the other. The net result is an almost ideal land 
desired) nonradiating transmission line. 



1.5 Historical Advancement I 9 


As the section of the transmission line between OS;i 1/2 begins to llure. as 
shown in Figure 1.15(b). it can be assumed that the current distribution is essentially 
unaltered in form in each of the wires. However, because the two wires of the flared 
section are not necessarily close to each other, the fields radiated by one do trot 
necessarily cancel those of the other. Therefore ideally there is a net radiation by the 
transmission line system. 

Ultimately the flared section of the transmission line can take the form shown in 
Figure 1.15(c). This is the geometry of the widely used dipole antenna. Because of 
the stunding wave current pattern, it is also classified ns a standing wave antenna (as 
contrasted to the traveling wave antennas which w ill be discussed in detail in Chapter 
10) If / < A. the phase of the current standing wave pattern in each arm is the same 
throughout its length. In addition, spatially it is oriented in the same direction as that 
of the other arm as shown in Figure 1. 15(c), Thus the fields radiated by the two arms 
of the dipole (vertical parts ol a flared transmission line) will primarily reinforce each 
other toward most directions of observation (the phase due to the relative position of 
each small pan of each arm must also be included for u complete description of the 
radiation pattern formation). 

If the diameter of each wire is very small (r/ A), the ideal stunding wave 

pattern of the current along the arms of the dipole is sinusoidal with a null at the end. 
However, its overall form depends on the length of each arm. For center-fed dipoles 
with /<A./ = A/2. A/2 < / < A and A < / < 3A/2. the current patterns are illustrated 
m Figures I I6(a-d). The current pattern of a very small dipole (usually A/50 < 
/ ■- A/10) cun be approximated by a triangular distribution since simA7/2) - kl/2 when 
kill is very small. This is illustrated in Figure I l fit a). 

Because of its cyclical spatial variations, the current standing wave pattern of a 
dipole longer than At/ - A) undergoes 1X0" phusc reversals between adjoining half- 
cycles. Therefore the current in ull parts of the dipole does not have the same phase. 
This is demonstrated graphically in Figure l.lfi(d) for A < / < 3A/2. In turn, the fields 
radiated by some parts of the dipole will not reinforce those of the others. As a result, 
significant interference and cancelling effects will be noted in the formation of the 
total radiation pattern. 

For a lime-harmonic varying system ol radian frequency <» = 2rtf. the current 
standing wave patterns of Figure 1.16 represent the maximum current excitation for 
any time. The current variations, as a function of time, on a A/2 ccnler-fed dipole are 
shown in Figure 117 for 0 t - 112 where 7 is the period. These variations can be 
obtained by multiplying the current standing wave pattern of Figure 1.16(h) by 
cost OJI). 

1.5 HISTORICAL ADVANCEMENT 

The history of antennas 1121 dates back to James Clerk Maxwell who unified the 
theories of electricity and magnetism, and eloquently represented their relations 
through a set of profound equations best known as Maxwell's Equations. His work 
was first published in 1X73 (131. He also showed lhai light was electromagnetic and 
that both light and electromagnetic waves travel by wave disturbances of the same 
speed. In IXX6. Professor Heinrich Rudolph Hertz demonstrated the first wireless 
electromagnetic system. He was able to produce in his laboratory at a wavelength ol 
4 meters a spark in the gap of a transmitting A/2 dipole which was then detected as a 
spark in Hie gap of a nearby loop. It was not until 1901 that Guglielmo Marconi was 
able to send signals over large distances. He performed, in 1901. the first transatlantic 
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Figure 1.16 Current distribution on linear dipoles. 


transmission from Poldhu in Cornwall, England, to St. John's Newfoundland. His 
transmitting antenna consisted ol 50 vertical wires in the form of a fan connected to 
ground through a spark transmitter. The wires were supported horizontally by a guyed 
Wire between two 60-m wooden poles. The receiving antenna at St. John's was a 200- 
m wire pulled and supported by a kite. This was the dawn of the antenna era. 

From Marconi's inception through the 1940s. antenna technology was primarily 
centered on wire related radiating elements and frequencies up to about UHF. It was 
not until World War II that modern antenna technology was launched and new 
elements (such as waveguide apertures, horns, reflectors) were primarily introduced. 
Much of this work is captured in the book by Silver |I4|. A contributing factor to 
this new era was the invention of microwave sources (such as the klystron and 
magnetron) with frequencies of I GHz and above. 

While World War II launched a new era in antennas, advances made in computer 
architecture and technology during the 1960s through the 1990s have had a major 
impact on the advance of modem antenna technology, and they are expected to have 
an even greater influence on antenna engineering into the twenty-first century . Begin¬ 
ning primarily in the early 1960s. numerical methods were introduced that allowed 
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previously intractable complex antenna system configurations to be analyzed and 
designed very accurately. In addition, asymptotic methods lor both low frequencies 
(e.g.. Moment Method (MM). Finite-Difference. Finite-Element) and high frequencies 
(c.g.. Geometrical and Physical Theories of Diffraction) were introduced, contributing 
significantly to the maturity of the antenna field. While in the past antenna design 
may have been considered a secondary issue in overall system design, today it plays 
a critical role. In fact, many system successes rely on the design and performance of 
the antenna. Also, while in the first half of this century antenna technology may have 
been considered almost a "cut and try" operation, today it is truly an engineering 
an. Analysis and design methods are such that antenna system performance can he 
predicted with remarkable accuracy. In fact, many antenna designs proceed directly 
from the initial design stage to the prototype without intermediate testing. The level 
of confidence has increased tremendously. 

The widespread interest in antennas is reflected by the large number of books 
written on the subject 1151. These have been classified under four categories: Fun¬ 
damental. Handbooks. Measurements, and Specialized. This is an outstanding collec¬ 
tion of books, and it reflects the popularity of the antenna subject, especially since 
the 1950s. Because of space limitations, only a partial list is included here |2|. |5], 
[7|. 116)—(39]. including the first edition of this book in 1982. Some of these books 
are now out of print. 

1.5.1 Antenna Elements 

Prior to World War II most antenna elements were of the wire type (long wires, 
dipoles, helices, rhombuses, fans, etc.), and they were used either as single elements 
or in arrays. During and after World War II. many other radiators, some of which 
may have been known for some and others of which were relatively new. were put 
into service. This created a need for better understanding and optimization of their 
radiation characteristics. Many of these antennas were of the aperture type (such as 
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open-ended waveguides, slots, horns, reflectors, lenses), and they have been used for 
communication, radar, remote sensing and deep space applications both on airborne 
and earth-based platforms. Many of these operate in the microwave region and are 
discussed in Chapters 12. 13. 15 and in |40|. 

Prior to the 1950s. antennas with broadband pattern and impedance characteristics 
had bandwidths not much greater than about 2:1. In the 1950s, a breakthrough in 
antenna evolution was created which extended the maximum bandwidth to as great 
as 40:1 or more. Because the geometries of these antennas are specified by angles 
instead of linear dimensions, they have ideally an infinite bandwidth. Therefore, they 
are referred to as frequency independent. These antennas are primarily used in the 
10 10,000 MHz region in a variety of applications including TV, point-to-point 
communications, feeds for reflectors and lenses, and many others. This class of 
antennas is discussed in more detail in Chapter 11 and in |4I ]. 

It was not until almost 20 years later that a fundamental new radiating element, 
which has received a lot of attention and many applications since its inception, was 
introduced, This occurred in the early 1970s when the microstrip or patch antennas 
was reported. This element is simple, lightweight, inexpensive, low profile, and con¬ 
formal to the surface. These antennas are discussed in more detail in Chapter 14 and 
in |42(. 

Major advances in millimeter wave antennas have been made in recent years, 
including integrated antennas where active and passive circuits are combined with the 
radiating elements in one compact unit (monolithic form). These antennas are dis¬ 
cussed in |43j. 

Specific radiution pattern requirements usually cannot be achieved by single 
antenna elements, because single elements usually have relatively wide radiation 
patterns and low values of directivity. To design antennas with very large directivities, 
it is usually necessary to increase the electrical size of the antenna. This can be 
accomplished by enlarging the electrical dimensions of the chosen single element. 
However, mechanical problems are usually associated with very large elements. An 
alternative way to achieve lurge directivities, without increasing the size of the indi¬ 
vidual elements, is to use multiple single elements to form an array. An array is a 
sampled version of a very large single element. In an array, the mechanical problems 
of large single elements are trailed for the electrical problems associated with the feed 
networks of arrays. However, with today’s solid-state technology, very efficient and 
low-cost feed networks can he designed. 

Arrays arc the most versatile of antenna systems. They find wide applications not 
only in many spacebome systems, but in many carthbound missions as well. In most 
cases, the elements of an array are identical: this is not necessary, hut it is often more 
convenient, simpler, and more practical. With arrays, it is practical not only to syn¬ 
thesize almost any desired amplitude radiation pattern, but the main lobe can be 
scanned by controlling the relative phase excitation between the elements. This is 
most convenient for applications where the antenna system is not readily accessible, 
especially for spacebome missions. The beamwidth of the main lobe along with the 
side lobe level can be controlled by the relative amplitude excitation (distribution) 
between tile elements of the array. In fact, there is a trade-off between the beamwidth 
and the side lobe level base on the amplitude distribution. Analysis, design, and 
synthesis of arrays are discussed in Chapters 6 and 7. However, advances in array 
technology are reported in |44|-|48). 
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1.5.2 Methods of Analysis 

There is plethora of antenna elements, many of which exhibit intricate configurations. 
To analyze each as a boundary-value problem and obtain solutions in closed form, 
the antenna structure must be described by an orthogonal curvilinear coordinate 
system. This places severe restrictions on the type and number of antenna systems 
that can be analyzed using such a procedure. Therefore, other exact or approximate 
methods are often pursued. Two methods that in the last three decades have been 
preeminent in the analysis of muny previously intractable antenna problems are the 
Integral Equation (IF.) method and the Geometrical Theory at Diffraction (GTD). 

The Integral Equation method casts the solution to the antenna problem in the 
form of an integral (hence its name) where the unknown, usually the induced current 
density, is part of the integrand Numerical techniques, such as the Moment Method 
(MM), are then used to solve for the unknown. Once the current density is found, the 
radiation integrals of Chapter 3 are used to find the fields radiated and other systems 
parameters. This method is most convenient for wire-type antennas and more efficient 
for structures that are small electrically. One of the first objectives of this method is 
to formulate the IE for the problem at hand. In general, there are two type of IE's. 
One is the Electric Field Integral Equation (EFIE), and it is based on the boundary 
condition ol the total tangential electric field. The other is the Magnetic Field Integral 
Equation (MI'lE), and it is based on the boundary condition that expresses the total 
electric current density induced on the surface in terms of the incident magnetic field. 
The MFII-. is only valid for closed surfaces. For some problems, it is more convenient 
to formulate an EFIE. while for others it is more appropriate to use an MFIE. Ad¬ 
vances. applications, and numerical issues of these methods are addressed in Chapter 
8 and in 13] anil |49|. 

When the dimensions of the radiating system are many wavelengths, low-lre- 
quency methods are not as computationally efficient. However, high-frequency as¬ 
ymptotic techniques can be used to analyze many problems that are otherwise math¬ 
ematically intractable. One such method that has received considerable attention and 
application over flic years is the GTD. which is an extension of geometrical optics 
(GO), und it overcomes some of the limitations of GO by introducing a diffraction 
mechanism. The Geometrical Theory of Diffraction is brielly discussed in Section 
12.10. However, a detailed treatment is found in Chapter 13 of [31 while recent 
advances and applications are found in |50| and 1511. 

For structures that are riot convenient to analyze by either of the two methods, a 
combination of the two is often used. Such a technique is referred to as a hybrid 
method, and it is described in detail in |52|. Another method, which has received a 
lot of attention in scattering, is the Finite-Difference Time-Domain (FDTD). This 
method has also been applied to antenna radiation problems 1531—[56]. A method that 
is beginning to gain momentum in its application to antenna problems is the Finite 
Element Method |57J—161J. 


1.5.3 Some Future Challenges 

Antenna engineering has enjoyed a very successful period during the 1940s-1990s 
Responsible for its success have been the introduction and technological advances of 
some new elements of radiation, such as aperture antennas, reflectors, frequency 
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independent antennas, and microstrip antennas. Excitement has been created by the 
advancement of the low-frequency and high-frequency asymptotic methods, which 
has been instrumental in analyzing many previously intractable problems. A major 
factor in the success of antenna technology has been the advances in computer 
architecture and numerical computation methods. Today antenna engineering is con¬ 
sidered a truly fine engineering art. 

Although a certain level of maturity has been attained, there are many challenging 
opportunities and problems to be solved. Phased array architecture integrating mon¬ 
olithic MIC technology is still a most challenging problem. Integration of new ma¬ 
terials into antenna technology offers many opportunities, and asymptotic methods 
will play key roles in their incorporation and system performance. Computational 
electromagnetics using supercomputing and parallel computing capabilities will model 
complex electromagnetic wave interactions, in both the frequency and time domains. 
Innovative antenna designs to perform complex and demanding system functions 
always remain a challenge. New basic elements are always welcome and offer refresh¬ 
ing opportunities. New applications include, but are not limited to cellular telephony, 
direct broadcast satellite systems, global positioning satellites (GPS), high-accuracy 
airborne navigation, global weather, earth resource systems, and others. Because of 
the many new applications, the lower portion of the P.M spectrum has been saturated 
and the designs have been pushed to higher frequencies, including the millimeter 
wave frequency hands. 
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COMPUTER PROGRAM 

ANIMATION-VISUALIZATION OF RADIATION PROBLEMS 

C THIS PROGRAM CONTAINS THREE SEPARATE ANIMATION-VISUALIZATION 
C RADIATION PROBLEMS. 

C I. LINE SOURCE-GAUSSIAN PULSE: UNBOUNDED MEDIUM 

C II. LINE SOURCE-GAUSSIAN PULSE: PEC SQUARE CYLINDER 

C III. E-PLANE SECTORAL HORN: UNBOUNDED MEDIUM 
C THE OBJECTIVE IS TO ALLOW THE USER TO ANIMATE AND THEN TO 
C VISUALIZE RADIATION. AS A FUNCTION OF TIME, OF THREE DIFFERENT 
RADIATION PROBLEMS. 

I. LINE SOURCE-GAUSSIAN PULSE: UNBOUNDED MEDIUM 
THE FIRST ANIMATION-VISUALIZATION PROGRAM IS THAT OF A LINE 
SOURCE EXCITED BY A SINGLE GAUSSIAN PULSE RADIATING IN AN 
UNBOUNDED MEDIUM. USING THE FINITE-DIFFERENCE TIME DOMAIN 
METHOD. THE UNBOUNDED MEDIUM IS SIMULATED USING A BERENGER 
PERFECTLY MATCHED LAYER (PML) ABSORBING BOUNDARY CONDITION 
(ABC) IN ORDER TO TRUNCATE THE COMPUTATIONAL DOMAIN. THE 
MATLAB M-FILE PRODUCES THE FD-TD SOLUTION OF AN INFINITE 
LENGTH LINE SOURCE EXCITED BY A TIME-DERIVATIVE GAUSSIAN 
PULSE IN A 2-D TM* COMPUTATIONAL DOMAIN. THE M-FILE PRODUCES A 
MOVIE WHICH IS 37 FRAMES LONG BY TAKING A PICTURE OF THE 
C COMPUTATIONAL DOMAIN EVERY 3RD TIME STEP. 

C II. LINE SOURCE-GAUSSIAN PULSE: PEC SQUARE CYLINDER 
C THE SECOND ANIMATION-VISUALIZATION PROGRAM IS THAT OF A 
C LINE SOURCE EXCITED BY A SINGLE GAUSSIAN PULSE RADIATING 
C INSIDE A PERFECTLY ELECTRIC CONDUCTING (PEC) SQUARE CYLINDER. 

C USING THE FINITE-DIFFERENCE TIME-DOMAIN METHOD. THE MATLAB 
C M-FILE PRODUCES THE FD-TD SOLUTION OF AN INFINITE LENGTH LINE 
C SOURCE EXCITED BY A TIME-DERIVATIVE GAUSSIAN PULSE IN A 2-D TM' 

C COMPUTATIONAL DOMAIN. THE M-FILE PRODUCES A MOVIE WHICH IS 
C 70 FRAMES LONG BY TAKING A PICTURE OF THE COMPUTATIONAL 
C DOMAIN EVERY 3RD TIME STEP. 

C 111. E-PLANE SECTORAL HORN: UNBOUNDED MEDIUM 
C THE THIRD ANIMATION-VISUALIZATION PROGRAM IS THAT OF AN 
C E-PLANE SECTORAL (2-D) HORN ANTENNA RADIATING INTO AN 
C UNBOUNDED MEDIUM. USING THE FINITE-DIFFERENCE TIME-DOMAIN 
C METHOD. THE UNBOUNDED MEDIUM IS SIMULATED USING A BERENGER 
C PERFECTLY MATCHED LAYER (PML) ABSORBING BOUNDARY CONDITION 
C (ABC) IN ORDER TO TRUNCATE THE COMPUTATIONAL DOMAIN. THE 
C MATLAB M-FILE PRODUCES THE FD-TD SOLUTION OF THE E-PLANE 
C SECTORAL (2-D) HORN ANTENNA EXCITED BY A SINUSOIDAL VOLTAGE IN 
C A TE* COMPUTATIONAL DOMAIN. THE M-FILE PRODUCES A MOVIE WHICH 
C IS 70 FRAMES LONG BY TAKING A PICTURE OF THE COMPUTATIONAL 
C DOMAIN EVERY 3RD TIME STEP. 

C **NOTE: 

C IN ORDER TO ANIMATE AND THEN VISUALIZE THESE THREE RADIATION 
C PROBLEMS, THE USER NEEDS THE PROFESSIONAL EDITION OF MATLAB 
C AND THE MATLAB M-FILE FOUND IN THE INCLUDED COMPUTER DISC TO 
C PRODUCE THE CORRESPONDING FD-TD SOLUTION OF EACH RADIATION 
C PROBLEM. THE STUDENT EDITION WILL NOT WORK DUE TO THE 
C RESTRICTIONS ON THE ARRAY SIZE. ADDITIONAL DETAILS ON THE USE 
C OF EACH VISUALIZATION PROBLEM ARE FOUND IN THE COMPUTER DISC 
C INCLUDED WITH THIS BOOK. 

£*****•*•****•*••*****•«**•********•••*•*••**«*•••**••****•*• 
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CHAPTER 


2 

FUNDAMENTAL PARAMETERS 
OF ANTENNAS 


2.1 INTRODUCTION 

To describe the performance of an antenna, definitions of various parameters are 
necessary. Some of the parameters are interrelated and not all of them need be specified 
for complete description of the antenna performance. Parameter definitions will be 
given in this chapter. Many of those in quotation marks are from the IEEE StandunI 
Definitions of Terms for Antennas (IEEE Std 145-1983).* This is a revision of the 
IEEE Sid 145-1973. 

2.2 RADIATION PATTERN 

An antenna radiation pattern or antenna pattern is defined as “a mathematical func¬ 
tion or a graphical representation of the radiation properties of the antenna us a 
function of space coordinates. In most cases, the radiation pattern is determined in 
the tar-field region and is represented as a function of the directional coordinates. 
Radiation properties include power llux density, radiation intensity, field strength, 
directivity phase or polarization." The radiation property of most concern is the two- 
or three-dimensional spatial distribution of radiated energy as a function of the ob¬ 
server's position along a path or surface of constant radius. A convenient set of 
coordinates is shown in Figure 2.1. A trace ol the received power at a constant radius 
is called the power pattern. On the other hand, a graph of the spatial variation of the 
electric (or magnetic) field along a constant radius is called an amplitude field pattern. 
In practice, the three-dimensional pattern is measured and recorded in a series of two- 
dimensional patterns. However, for most practical applications, a few plots of the 
pattern as a function of 0 for some particular values of <l>. plus a few plots as a function 
of </> for some particular values of tl. give most of the useful and needed information. 


'IEEE translations on Antennas and Propagation. Vols. AP-17. No. 3. May 1969: Vol. AP-22. No. I. 
January 1974; and Vol. AP-31. No ft. Pan It. November 1983 
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2.2.1 Isotropic, Directional, and Omnidirectional Patterns 

An isotropic radiator is defined as "a hypothetical lossless antenna having equal 
radiation in all directions." Although it is ideal and not physically realizable, it is 
often taken as a reference for expressing the directive properties of actual antennas. 
A directional antenna is one "having the property of radiating or receiving electro¬ 
magnetic waves more effectively in some directions than in others. This term is usually 
applied to an antenna whose maximum directivity is significantly greater than that of 
a half-wave dipole." An example of an antenna with a directional radiation pattern 
is shown in Figure 2.2. It is seen that this pattern is nondirectional in the azimuth 
plane | /(</>). U = 7t/ 2| and directional in the elevation plane |g(W). <i> = constant|. 
I liis type of a pattern is designated as omnidirectional, and it is defined as one "having 
an essentially nondirectional pattern in a given plane (in this case in azimuth) and a 
directional pattern in any orthogonal plane (in this case in elevation)." An omnidi¬ 
rectional pattern is then a special type of a directional pattern. 

2.2.2 Principal Patterns 

For a linearly polarized antenna, performance is often described in terms of its prin¬ 
cipal E- and //-plane patterns. The E-plane is defined as "the plane containing the 
electric-field vector and the direction of maximum radiation," and ihe H-plane as 
"the plane containing the magnetic-field vector and the direction of maximum radi¬ 
ation." Although it is very difficult to illustrate the principal patterns without consid¬ 
ering a specific example, it is the usual practice to orient most antennas so that at 
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Figure 2.2 Omnidirectional antenna pattern, 



Figure 2.3 Principal E- ami H-planc patterns for a pyramidal horn 
antenna. 
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least one of the principal plane patterns coincide with one of the geometrical principal 
planes. An illustration ts shown in Figure 2.3. For this example, the \ ; plane (elevation 
plane; </> = ()i is the principal A'-plane and the r-v plane (a/imuthal plane; H = 77/2) 
is the principal // plane. Other coordinate orientations can he selected. 

2.2.3 Radiation Pattern l.olics 

Various parts of a radiation pattern are referred to as lobes, which may be suhclassilied 
into major or main, minor, si dr, and back lobes. 

A radiation lobe is a “portion of the radiation pattern bounded by regions ol 
relatively weak radiation intensity.” Figure 2.4(a) demonstrates a symmetrical three- 
dimensional polar pattern with a number of radiation lobes. Some are of greater 


s 




Figure 2.4 (ai Radiation lobes and beamwidths of an antenna pattern, (b) Linear 
plot of power pattern and Its associated lobes and beamwidths 
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radiation intensity than others, hut all are classified as lobes. Figure 2.4(b) illustrates 
a linear two-dimensional pattern (one plane of Figure 2.4(a)| where the same pattern 
characteristics are indicated. 

A computer program entitled 2-0 ANTENNA PATTERN PLOITER: RECTAN¬ 
GULAR-POLAR 111 is included at the end of the chapter to plot two-dimensional 
m umt(n{<ir and /mlar graphs, to represent single-plane antenna patterns similar to 
those exhibited in Figure 2.4<a.b) and elsewhere throughout the book. This program 
is well commented to assist the user in its implementation and only the executable 
part is included. Each pattern can be plotted in a linear or logarithmic (dB) scale. The 
program is provided courtesy of Dr. Elsherbeni and Taylor 111. and it is to be used 
only in conjunction with this book and for not any other purpose. 

A major lulu (also culled main beam) is defined as "the radiation lobe containing 
the direction of maximum radiation." In Figure 2.4 the major lobe is pointing in the 
o () direction. In some antennas, such as split-beam antennas, there may exist more 
than one major lobe. A minor lobe is any lohe except a major lobe. In Figures 2.4(a) 
and (b> all the lobes with the exception of the major can be classified as minor lobes. 
A side lobe is “a radiation lobe in any direction other than the intended lobe." 
(Usually a side lobe is adjacent to the main lobe anil occupies the hemisphere in the 
direction of the main beam.) A back lobe is "a radiation lobe whose axis makes an 
angle of approximately 1X0° with respect to the beam of an antenna.” Usually it refers 
to a minor lobe that occupies the hemisphere in a direction opposite to that of the 
major (main) lobe. 

Minor lobes usually represent radiation in undesired directions, and they should 
be minimized. Side lobes are normally the largest of the minor lobes. The level of 
minor lobes is usually expressed as a ratio of the power density in the lobe in question 
to that of the major lobe. This ratio is often termed the side lobe ratio or side lobe 
level Side lobe levels of 20 dB or smaller are usually not desirable in most 
applications. Attainment of a side lobe level smaller than 30 dB usually requires 
very careful design and construction. In most radar systems, low side lobe ratios are 
very important to minimize false target indications through the side lobes. 

2.2.4 Field Regions 

The space surrounding an antenna is usually subdivided into three regions: (a) reactive 
near-field, (hi radiating near-field (Fresnel) and (e) far-licid (Fraunhofer) regions as 
shown in Figure 2.5. These regions arc so designated (o identify the field structure in 
each. Although no abrupt changes in the field configurations are noted as the bound¬ 
aries are crossed, there are distinct differences among them. The boundaries separating 
lhc.se regions arc not unique, although various criteria have been established and are 
commonly used to identify the regions. 

Reactive near-field region is defined as "that portion of the near-field region 
immediately surrounding the antenna wherein the reactive field predominates." For 
most antennas, the outer boundary of this region is commonly taken to exist at a 
distance R < 0.62 \/D'/\ from the antenna surface, where A is the wavelength and 
D is the largest dimension of the antenna. “For a very short dipole, or equivalent 
radiator, (he outer boundary is commonly taken to exist at a distance A/2— from the 
antenna surface." 

Radiating near-field I Fresnel I region is defined as "that region of the Held of uu 
antenna between die reactive near-field region and the far-ficld region wherein radi¬ 
ation fields predominate and wherein the angular field distribution is dependent upon 
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Figure 2.5 Field regions of an antenna. 


the distance from the antenna. If the antenna has a maximum dimension that is noi 
large compared to the wavelength, tills region may not exist. For an antenna focused 
at infinity, the radiating ncar-lield region is sometimes referred to as the Fresnel region 
on the basis of analogy to optical terminology. If the antenna has a maximum overall 
dimension which is very small compared to the wavelength, this h eld re gion may not 
exist.” The inner boundary is taken to be the distance R ^ 0.62\//>7a and the outer 
boundary the distance R < ID 2 /A where D is the largest* dimension of the antenna. 
This criterion is bused on a maximum phase error of tt/X. In this region the licld 
pattern is. in general, a function of the radial distance and the radial lield component 
may he appreciable. 

I'ar-Jield (Rraunlwferl region is defined as "that region of the lield of an antenna 
where the angular field distribution is essentially independent of Ihe distance from the 
antenna. II the antenna has a maximum* overall dimension /). the far-held region is 
commonly taken to exist at distances greater than 2/) : /A from the antenna. A being 
the wavelength. The far-field patterns of certain antennas, such as multibeam reflector 
antennas, are sensitive to variations in phase over their apertures. For these antennas 
2£) : /A may be inadequate. In physical media, if the antenna has a maximum overall 
dimension. D. which is large compared to 7r/|y). the far-held region can be taken to 
begin approximately at a distance equal to |yjfJ-/rr from the antenna, y being the 
propagation constant in the medium. For an antenna focused at infinity, the far-held 
region is sometimes referred to as the Fraunhofer region on the basis of analogy to 
optical terminology.” In this region, the field components are essentially transverse 
and ihe angular distribution is independent of the radial distance where the measure¬ 
ments are made. The inner boundary is taken to be the radial distance R = 2/3’/A and 
the outer one at infinity. 

To illustrate the pattern variation as a function of radial distance, in Figure 2.6 
wc have included three patterns of a parabolic reflector calculated at distances of 
R = 21) 1 /A. 4/>-7a. and infinity |2|. It is observed that the patterns are almost identical. 


•To he valid. I) muxi also be large compared to the wavelength {[) > At. 
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Figure 2.6 Calculated radiation patterns of a paraboloid 
antenna for different distances from the antenna, (source: 
J. S. Hollis, T i. Lyon, and L. Clayton. Jr. leds.). Miero- 
Have Antenna Measurements, Scientific-Atlanta. Inc.. July 
197(1) 


except for some differences in the pattern structure around the lirsl null and at a level 
below 25 dB. Because infinite distances are not realizable in practice, the most 
commonly used criterion for minimum distance of far-field observations is 2/) : /A. 

2.2.5 Radian and Steradian 

The measure of a plane angle is a radian. One radian is defined as the plane angle 
with its vertex at the center of a circle of radius r that is subtended by an arc whose 
length is r. A graphical illustration is shown in Figure 2.7(a). Since the circumference 
of a circle of radius r is C - 2trr. there are 2tr rad (2-rrr/r) in a full circle. 

The measure of a solid angle is a steradian. One steradian is defined as the solid 
angle with its vertex at the center of a sphere of radius r that is subtended by a 
spherical surface area equal to that of a square with each side of length r. A graphical 
illustration is shown in Figure 2.7(b). Since the area of a sphere of radius r is A = 
47r/ : . there are dvrsr (47 rr/r 2 ) in a closed sphere. 

The infinitesimal area ilA on the surface of a sphere of radius /-. shown in Figure 
2.1. is given by 


dA = r z sin 6 dO dtp (in’) 


(2-1) 



2.3 Radiation Power Density 35 



f tL )\ 

\Jyt 

(a) Haitian 

,, , . Area = r 3 

Isquivalont -.-j- 

in area 

o 



Hi) S tern din n 

Figure 2.7 Geometrical arrangements for defining 
a radian and a steradian. 


Therefore, the element of solid angle tHi of a sphere can be written as 

clA 

d(l = —f = sin 0 dO drf> (sr) (2-2) 

2.3 RADIATION POWER DENSITY 

Electromagnetic waves are used to transport information through a wireless medium 
ora guiding structure, from one point to the other. It is then natural to assume that 
power and energy are associated with electromagnetic fields. The quantity used to 
describe the power associated with an electromagnetic wave is the instantaneous 
Poynting vector defined as 

°W = % x W (2-3) 

'W = instantaneous Poynting vector (W/m 2 ) 

% = instantaneous electric field intensity (V/m) 

= instantaneous magnetic field intensity (A/m) 

Note that script letters are used to denote instantaneous fields and quantities, while 
roman letters are used to represent their complex counterparts. 
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Since ibe Poynting vector is a power density, die total power crossing a closed 
surface can be obtained by integrating the normal component of the Poynting vector 
over the entire surface. In equation form 


9* = $ °W • ds = (Jj> W • n du 

s s 

9* = instantaneous total power (W) 
n = unit vector normal to the surface 
da = infinitesimal area of the closed surface (nr) 


(2-41 


For applications of time varying fields, it is often more desirable to find the average 
power density which is obtained by integrating the instantaneous Poynting vector 
over one period and dividing by the period. For lime harmonic variations of the form 
e 1 "". we deline the complex fields F. and H which are related to their instantaneous 
counterparts f and H by 


'«(-v. y. r, /) = Re[E(.v, y. z)e'"‘ | (2-5) 

Wax. y. c; f) = Re|H(.v. y. (2-fi) 

Using the definitions of (2-5) and (2-6) and the identity Rc|Ee'"“| = ;|Ee'"" + 
E*e (2-3) can be written as 

W = % x It = 1 Re|E x H*| + 1 Rc|E x lie'll (2-7) 


The first term of (2-7) is not a function of time, and the lime variations of the second 
are twice the given frequency. The time average Poynting vector (average power 
density) can be written as 

iW/nr) (2-8) 

The j factor appears in (2-7) and (2-8) because the E and H fields represent peak 
values, and it should be omitted for RMS values. 

A close observation of (2-8) may raise a question. If the real pari of (E >; H*)?2 
represents the average (real) power density, what does the imaginary pan of the same 
quantity represent? Al this point it will be very natural to assume that the imaginary 
part must represent the reactive (stored) power density associated with the electro¬ 
magnetic fields. In later chapters, it will be shown that die power density associated 
with the electromagnetic lields of an antenna in its far-field region is predominately 
real and will be- referred to as radiation density. 

Based upon the definition of (2-8), the average power radiated by an antenna 
(radiated power) can be written as 


(2-9) 
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Tlie power pattern of the antenna, whose definition was discussed in Section 2.2, 


is just a measure, as a function o! direction, of the average power density radiated by 


the antenna. The observations are usually made on a large sphere of constant radius 


extending into the far-held. In practice, absolute power patterns are usually not desired. 
However, the performance of the antenna is measured in terms of the gain (to be 
discussed in a subsequent section) and in terms of relative power patterns, Three- 
dimensional patterns cannot be measured, but they can be constructed with a number 
of two-dimensional cuts. 


Example 2.1 

The radial component of the radiated power density of an antenna is given by 

W rail = a r VV,. = a.A 0 sin fl/r’ (W/nv) 

where A„ is the peak value of the power density. 0 is the usual spherical coordinate, 
and a, is the radial unit vector. Determine the total radiated power. 


SOLUTION 


For a closed surface, a sphere of radius r is chosen. To find the iota) radiated power, 
the radial component of the power density is integrated over its surface. Thus 



x 



(a,r 2 sin 0 dti ii<)>) = rrA,, (W) 


A three-dimensional normalized plot of the average power density at a distance of 
r = I m is shown in Figure 2.2. 


An isotropic radiator is an ideal source dial radiates equally in all directions. Although 
it does not exist in practice, it provides a convenient isotropic reference with which 
to compare other antennas. Because of its symmetric radiation, its Poynting vector 
will not be a function of the spherical coordinate angles 0 and (f>. In addition, it will 
have only a radial component. Thus the total power radiated by it is given by 

Pma = <fj> w„ • ds = f" |a,W 0 (r)1 • |a r r J sin ffdffdip] = 4 irr : W„ (2-10) 

and die power density by 



( 2 - 11 ) 


which is uniformly distributed over the surface of a sphere of radius r. 
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2.4 RADIATION INTENSITY 


Radiation intensity in a given direction is defined as "the power radiated from an 
antenna per unit solid angle." The radiation intensity is a far-tield parameter, and it 
can be obtained by simply multiplying the radiation density by the squure of the 
distance. In mathematical form it is expressed as 



( 2 - 12 ) 


where 


U = radiation intensity (W/unit solid angle) 
IV,„.i radiation density (W/nv) 


The radiation intensity is also related to the far-zone electric field of an antenna by 


U(0, <l>) 


1 

zr- |E(r. n. </>)p 


r l|£5(ft </»|- + |£3(ft */>)!-! 


(2-l2ul 


where 

e -fr 

E (;•. II. <l>) = far-/.one electric field intensity of the antenna E°(W. </<)— 

Ej, far-zone electric field components of the antenna 
i\ - intrinsic impedance of the medium 

Thus the power pattern is also a measure of the radiation intensity. 

The total power is obtained by integrating the radiation intensity, us given by 
(2-12). over the entire solid angle of 47r. Thus 


''..I 


|J> Udil = J ( U sin 6 d6 dd> 
o 


(2-13) 


where dU - element of solid angle sin 0 d6 dd>. 


Example 2.2 

For the problem of Example 2.1. find the total radiated power using (2-13). 

SOLUTION 
Using (2-12) 

U = / ’ W,*, = A ( , sin 0 
and by (2-13) 

P IM , = J o f n V sin 0 dll d<t> = z\ 0 f n [ sin 2 H dti dd> = ir 2 A 0 
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which is the same as that obtained in Example 2.1. A three-dimensional plot of the 
relative radiation intensity is also represented by Figure 2.2. 


For an isotropic source. U will be independent of the angles 0 and <i>. as was the ease 
for lV rjd . Thus (2-13) ean he written as 



(2-14) 


or the radiation intensity of an isotropic source as 



(2-15) 


2.5 DIRECTIVITY 

In the 1983 version of the IEEE Stondord Definitions of Terns for Antennas, there 


has been a substantive change in the definition of directivity, compared to the definition 


of the 197.3 version. Basically the term directivity in the new 1983 version has been 
used to replace the term directive gain of the old 1973 version. In the new 1983 
version the term directive gain has been deprecated. According to the authors of the 
new 1983 standards, ’•this change brings this standard in line with common usage 
among antenna engineers and with other international standards, notably those of the 
International Electrotechnical Commission (IEC)." Therefore directivity of on on- 
terma defined as ''the ratio of the radiation intensity in a given direction from the 
antenna to the radiation intensity averaged over all directions. The average radiation 
intensity is equal to the total power radiated by the antenna divided by 47r. If the 
direction is not specified, the direction of maximum radiation intensity is implied." 
Stated more simply, the directivity of a nonisolropic source is equal to the ratio of its 
radiation intensity in a given direction over that of an isotropic source. In mathematical 
form, using (2-15). it can he written as 


If the direction is not specified, it implies the direction of maximum radiation intensity 
(maximum directivity) expressed us 


U ran* fAmix 47Tt/ imix 


( 2 - 16 a) 



D = directivity (dimensionless) 

D u = maximum directivity (dimensionless) 

U = radiation intensity (W/unit solid angle) 

U, tmx = maximum radiation intensity (W/unit solid angle) 

£/ 0 = radiation intensity of isotropic source (W/unit solid angle) 
= total radiated power (W) 
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For an isotropic source, it is very obvious from (2-16) or (2-16a) that the directivity 
is unity since U. U WAX . and U u are all equal to each other. 

For antennas with orthogonal polarization components, we define the partial 
directivity of an antenna fora given polarization in a given direction as * ‘that part of 
the radiation intensity corresponding to a given polarization divided by the total 
radiation intensity averaged over all directionsWith this definition for the partial 
directivity, then in a given direction "the total directivity is the sum of the partial 
directivities for any two orthogonal polarizations." For a spherical coordinate system, 
the total maximum directivity D„ for the orthogonal 9 and </> components of an antenna 
can be written as 


At — n„ + Dj, 

w hile the partial directivities l)„ and /)., are expressed as 

4t tU„ 


D* 


ir„ ui)« + (/•*i)* 
477-0,/, 

(/’mil)/* + (P riN |)^ 


where 


(2-17) 


(2-17a) 


(2-17b) 


il„ = radiation intensity in a given direction contained in 9 Held component 
Uj, radiation intensity in a given direction contained in r/j field component 
(P, „d) # = radiated power in all directions contained in 0 field component 
radiated power in all directions contained in </» field component 


F.xample 2.3 

As an illustration, find the maximum directivity of the antenna w'hosc radiation inten¬ 
sity is that of Example 2.1. Write an expression for the directivity as a function of 
the directional angles II and t/>. 


SOU I ION 


The radiation intensity is given by 
U = r : W tul | = An sin 9 

The maximum radiation is directed along 9 = tt/2. Thus 
Um.n 

In Example 2.1 it was found that 
P I ml = 7J-A,, 

Using (2- 16a). we find that the maximum directivity is equal to 


n, - ^ ± - >.77 


■ml 


7T 
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Since the radiation intensity is only a function of 6, the directivity as a function of 
the directional angles is represented by 

D = D„ sin 0 = 1.27 sin 0 


Before proceeding with a more general discussion of directivity, it may be proper 
at this time to consider another example, compute its directivity, compare it with that 
of the previous example, and comment on what it actually represents. This may give 
the reader a better understanding and appreciation of the directivity. 


Example 2.4 

Tlie radial component of the radiated power density of an infinitesimal linear dipole 
Of length I c A is given by 

W JV = a.fV, = u,A (l sin 2 01 r 1 (W/nr) 

where A„ is the peak value of the power density. (I is the usual spherical coordinate, 
and a, is the radial unit vector. Determine the maximum directivity of the antenna 
and express the directivity as a function of the directional angles 0 and <l>. 


SOLUTION 

The radiation intensity is given by 
U = r 2 W, = A t | sin 2 0 

The maximum radiation is directed along 0 = tt/ 2. Thus 
Uin»x = •% 

The total radiated power is given by 



U dil = A„ j J i sin 2 O sin 0 <10 d<l> 



Using (2-lfia). we find that the maximum directivity is equal to 


47rL/ mi » = 4 rrA u _ 3 

^nid , 2 


which is greater than 1.27 found in Example 2.3. Thus the directivity is represented by 
D = D„ sin 2 0 = 1.5 sin 2 0 


At this time it will he proper to comment on the results of Examples 2.3 and 2.4. To 
better understand the discussion, we have plotted in Figure 2.8 the relative radiation 
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Figure 2.H Three-dimensional radiation intensity patterns. 

(sot k< i P. Lorrain and D. R. Corson. Elcciroimjtm’tic Fields 
and Wines. 2nd ed.. W. H. Freeman and Co. Copyright < 1970) 


intensities of Example 2.3 (U = A n sin II) and Example 2.4 (U = sin 7 H) where 
An was set equal to unity. We see that both patterns are omnidirectional but that of 
Example 2.4 has more directional characteristics (is narrower) in the elevation plane. 
Since the directivity is a "ligure-ol-merit” describing how well the radiator directs 
energy in a certain direction, it should be convincing from Figure 2.8 drat the direc¬ 
tivity of Example 2.4 should be higher than that of Example 2.3. 

To demonstrate the significance of directivity, let us consider another example; 
in particular let us examine the directivity of a half-wavelength dipole (/ — A/2), 
which is derived in Section 4.6 of Chapter 4 and can be approximated by 

D = /->„ sill 1 0 = 1.67 sin’ I) (2-18) 

since it can be shown that 


sin' 0 


TT 

cos |— cos 6 


sin H 


(2-18a) 


where (I is measured from the axis along the length of the dipole. The values repre¬ 
sented by (2-18) and those of an isotropic source (D = I) are plotted two- and three- 
dimensionally in Figure 2.9(a.b). For the three-dimensional graphical representation 
of Figure 2»< b). at each observation point only the largest value of the two directivities 
is plotted. It is apparent that when sin '(I/I.67) 10 - 57.44° < 0 < 122.56°. the 
dipole radiator has greater directivity (greater intensity concentration) in those direc¬ 
tions than that of an isotropic source. Outside this range of angles, the isotropic 
radiator has higher directivity (more intense radiation). The maximum directivity of 
the dipole (relative to the isotropic radiator) occurs when 0 = tt/2. and it is 1.67 (or 



A 



0 * 




Figure 2.9 Two- and three-dimensional directivity patterns of a A/2 dipole <sut to i C, A. 
Bolanis. "Antenna Theory: A Review." Proc. IEEE, Vol. SO. No. I January 1992. © 1992 
IEEE) 
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2.23 dBl more intense than that of the isotropic radiator (with the same radiated 
power). 

The three-dimensional pattern of Figure 2.9(b). and similar ones, are included 
throughout the book to represent the three-dimensional radiation characteristics of 
antennas. These patterns are plotted using software developed in |3| and |4|. and can 
he used to visualize the three-dimensional radiation pattern of the antenna. Many 
examples are demonstrated in [4]. The executable part of the computer program ol 
141 is included at the end of the chapter, courtesy ol the authors Dr. Elshcrbcni and 
Taylor, for use by the reader. The three-dimensional program of |4|. along with the 
others, can be used effectively toward the design and synthesis of antennas, especially 
arrays, as demonstrated in |5| and |6|. 

The directivity of an isotropic source is unity since its power is radiated equally 
well in all directions. For all oilier sources, the maximum directivity will always he 
greater than unity, ami ii is a rclanve “Jigure-qf-merit" which gives an indication of 
the directional properties of the antenna as compared with those of an isotropic 
source. In equation form, this is indicated in (2- 16a). The directivity can he smaller 
than unity; in fact it can be equal to zero. For Examples 2.3 and 2.4. the directivity 
is equal to zero in the II = 0 direction. The values of directivity will he equal to or 
greater than zero and equal to or less than the maximum directivity (0<l)£ /)„). 

A more general expression for the directivity can be developed to include sources 
with radiation patterns that may be functions of both spherical coordinate angles II 
and (/>. In the previous examples we considered intensities that were represented by 
only one coordinate angle 0. in order not to obscure the fundamental concepts by the 
mathematical details. So it may now be proper, since die basic definitions have been 
illustrated by simple examples, to formulate the more general expressions. 

Let the radiation intensity of an antenna be of the form 

U = B«FUh <!>) = r 1 - 11 eft ft <!>f + I £2(0. '/')!’I (2-19) 

-V 

where B„ is a constant, and E'J and £$ are the antenna's I'ar-zone electric field com¬ 
ponents. The maximum value of (2-19) is given by 

U .. = If,Fill. <p)\„ m = /■•„,„*(0. </» (2-19a) 

The total radiated power is found using 

I = |j> U(fi. <l>) dil = Bo J o /'( U. (In sin tidt) dd> (2-20) 

We now write the general expression lor the directivity and maximum directivity 
using (2-16) and (2-16a). respectively, as 
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Equation (2-22) can also be written as 


n 

Ait 

477 

V 0 

r f 1 * r r 

/ a. 


In L ^ s * n 

/ M </7)U 


where il A is the beam solid angle, and it is given by 


(2-23) 





F{0. </>) sin I) dO dfi 



F„(d. </.) sin f) df) cltl> 


(2-24) 


/■'„(«. <!>) 


Fill, <l» 


(2-25) 


Dividing hv F(0. </>)| 1Tm merely normalizes the radiation intensity F(H. <l>). and it 
makes its maximum value unity. 

liu beam solid tingle (1, is defined as ilw solid tingle through widt h all the 
pow er oj the antenna would flow if its radiation intensity is constant (and equal to 
the maximum value of U) for all angles within (l A . 


2.5.1 Directional Patterns 

Instead of using the exact expression ol (2-23) to compute the directivity, it is often 
convenient to derive simpler expressions, even if they are approximate, to compute 
the directivity. These cart also be used for design purposes. For antennas with one 
narrow major lobe and very negligible minor lobes, the beam solid angle is approxi¬ 
mately equal to the product of the hall -power beamwidths in two perpendicular planes 
|7| shown in Figure 2.10(a). For a ^nationally symmetric pattern, the half-power 



y 



(a) Nonsymmeincal pattern 1(0 Symmetrical pattern 

Figure 2.10 Beam solid angles for nonsymmetrieal and symmetrical ra¬ 
diation patterns. 
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beamwidths in any iwo perpendicular planes are the same, as illustrated in Figure 

2.10(b). 

With this approximation. 12-23) can be approximated by 


4t r 

n -— 

477 

0 a. 

0002, 


The beam solid angle ll A has been approximated by 

~ »„»> 


(2-26) 


(2-26a) 


where 

W,, = half-power heumwidth in one plane (rad) 

0 lr = half-power beamwidth in a plane at a right angle to the other (rad) 


If the beamwidths are known in degress. (2-26) can be written as 

_ 4tt( 180/tt) 2 = 41.253 


(2-27) 


where 

<-),,/ = half-power beamwidth in one plane (degrees) 

= half-power beamwidth in a plane at a right angle to the other (degrees) 


For planar arrays, a better approximation to (2-27) is |3| 


32.400 = 32.400 

0, (degrees) 2 (-) (- F) :i/ 


(2-27 a) 


The validity of (2-26) and (2-27) is based on a pattern that has only one major 
lobe and any minor lobes, if present, should be of very low intensity. For a pattern 
with two identical major lobes, the value of the maximum directivity using (2-26) or 
(2-27) will be twice its actual value. For patterns with significant minor lobes, the 
values of maximum directivity obtained using (2-26) or (2-27). which neglect any 
minor lobes, will usually be too high. 


Example 2.5 

The radiation intensity of the major lobe of many antennas can be adequately repre¬ 
sented by 

U = fl 0 cos 0 

where is the maximum radiation intensity. The radiation intensity exists only in 
the upper hemisphere (0 505 7 t/2. 0 ^ <!> ^ 277). and it is shown in Figure 2.11. 
Find the maximum directivity using (2-26) or (2-27) and compare it with its exact 
value. 
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: 


U=c 



*- y 


Figure 2.11 Radiation intensity pattern 
of the form U = cos ft in the upper hemi¬ 
sphere. 


SOLUTION 

The hall-power poini of the pattern occurs at ft = 60° Thus the beaniwidth in the 0 
direction is 120° or 

27 T 

®„ = T 

Since the pattern is independent of the r/> coordinate, the beaniwidth in the other plane 
is also equal to 



The maximum directivity, using (2-26). is then equal to 


Now let us And the exact value of the maximum directivity and compare the results. 


U = fl M cos 0 

= flu cos 0| max = fl„ 



’2ir r tril 



cos 0 sin ft (If) d<l> = 


cos ft sin ft <10 
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The exact maximum directivity is 4 and its approximate value, using (2-26). is 2,86. 
Better approximations can he obtained if the patterns have much narrower beam- 
widths. which will be demonstrated later in this section. 


Many times it is desirable to express the directivity in decibels (dB) instead of 
dimensionless quantities. The expressions for converting the dimensionless quantities 
of directivity and maximum directivity to decibels idB) arc 

DtdBi = 10 log| 0 |D(dimensionless)| (2-28u) 

D,,(dB) = 10 logiolAi(dimensionless)] (2-28b) 


It has also been proposed |9| that the maximum directivity of an antenna can also 
be obtained approximately by using the formula 


Ui + 

Do 2 D, 


D-> 


( 2 - 20 ) 


where 


D, 



D 2 = 



16 In 2 



<2-29u) 


( 2 - 2 %) 


(-),,, and W., are the half-power beamwidlhs tin radians) of the E- and //-planes, 
respectively. The formula of (2-29) will be referred to as the arithmetic mean of the 
maximum directivity. Using (2-29a) and (2-29b) we can write (2-29) as 


I -_!_M + ej\ 

D„ 2 In 2 \ 16 ^ 16/ 32 In 2 


(2-30) 


or 



Do 


22.181 (180/Trr 72.813 


e>i + (-)?., 


<->u + 


(2-30a) 


(2-30b) 


where and are the half-power beamwidths in degrees. Equation (2-30a) is to 
be contrasted with (2-26) while (2-30b) should be compared with (2-27). 

In order to make an evaluation and comparison of the accuracies of (2-26) and 
(2-30a), examples whose radiation intensities (power patterns) can be represented by 


me 4) - 1*™”* 4 ’ 


()<0< 7r/2. 0 < i/i S 2- 

elsewhere 


(2-31) 
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where n = I — 10. 11.28. 15. and 20 are considered. The maximum directivities 
were computed using (2-26) and (2-30a) and compared with the exact values us 
obtained using (2-22). The results are shown in Table 2.1. From the comparisons il 
is evident that the error due to Tai & Pereira's formula is always negative (i.e.. it 
predicts lower values of maximum directivity than the exact ones) and monotonically 
decreases as n increases (the pattern becomes more narrow). However, the error due 
to Kraus' formula is negative for small values of// and positive for large values ol //. 
For small values of n the error due to Kraus’ formula is negative and positive for 
large values of//; (lie error is zero when n = 5.497 = 5.5 (half-power bcamwidth of 
56.35°). In addition, for symmetrically rotational patterns the absolute error due to 
the two approximate formulas is identical when // = I 1.28. which corresponds to a 
half-power beamwidth of 39.77°. From die,sc observations we conclude that. Kraus' 
formula is more accurate for small values of // (broader patterns) while Tai & Pereira's 
is more accurate for large values of n (narrower patterns). Based on absolute error 
and symmetrically rotational patterns, Kraus' formula leads to smaller error for 
n < 11.28 (half-power beamwidth greater than 39.77°) while Tai & Pereira's leads to 
smaller error for // - 11.28 (half-power bcamwidlh smaller than 39.77°). The results 
urc shown plotted in Figure 2.12 for 0 < n £ 450. 

2.5.2 Omnidirectional Patterns 

Some antennas (such as dipoles, loops, broadside arrays) exhibit omnidirectional 
patterns, as illustrated by the three-dimensional patterns in Figure 2.13 (u.b). As single- 
lobe directional patterns can be approximated by (2-31), omnidirectional patterns can 
often be approximated by 

U = |sin"(fl)| IIS 8 S 1 r. 0 £ <M 2rr (2-32) 

where n represents both integer and noninteger values. The directivity of antennas 
With patterns represented by (2-32) can be determined in closed form using (lie 


Fable 2.1 COMPARISON OF EXACT AND APPROXIMATE VALUES Of MAXIMUM 



DIRECTIVITY FOR U 

cos "0 POWER PATTERNS 


II 

Exact 

Equation 

( 2 - 22 ) 

Kraus 

Equation 

(2-26) 

Kraus 
% Error 

Tai and Pereira 
Equation 
(2-30a) 

Tai and Pereira 
% Error 

1 

4 

2.86 

- 28.50 

2.53 

- 36.75 

2 

6 

5.09 

- 15.27 

4.49 

-25.17 

3 

8 

7.35 

- 8.12 

6.48 

- 19.00 

4 

10 

9.61 

- 3.90 

8.48 

15.21) 

5 

12 

11.87 

-1.08 

10.47 

- 12.75 

6 

14 

14.13 

+ 0.93 

12.46 

- 11.00 

7 

16 

16.39 

+ 2.48 

14.47 

- 9.56 

8 

18 

18.66 

+ 3.68 

16.47 

8.50 

9 

20 

20.93 

+ 4.64 

18.47 

- 7.65 

10 

22 

23.19 

+ 5.41 

20.47 

-6.96 

11.28 

24.56 

26.08 

+ 6.24 

23.02 

-6.24 

15 

32 

34.52 

+ 7.88 

30.46 

-4.81 
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HI’HW (ilcjm.f -1 

Figure 2.12 Comparison of exact and uppmximntc values of directivity for di¬ 
rectional V = cos'll power patterns. 


dclinilion of (2- 16a). However, as was done lor the single-lobe patterns of Figure 
2.10. approximate directivity formulas have been derived 110|, 1111 for antennas with 
omnidirectional patterns similar to the ones shown in Figure 2.13 whose main lobe is 
approximated by (2-32).The approximate directivity formula for an omnidirectional 
pattern as a function of the pattern half-power heumwidth (in degrees), which is 
reported by McDonald in 110|. was derived based on the array factor of a broadside 
collinear array |see Section 6.4.1 and (6-38a)| and is given by 


D 


a 


_ini_ 

HPBW (degrees) - 0.0027 |HPBW (degrees)] 3 


<2-33;.) 


However, dial reported by Pozar in 1111 is derived based on the exact values obtained 
using (2-32) and then representing the data in closed-form using curve-fitting, and it 
is given by 


0b = 172.4 + 191 VO-818 + I/HPBW (degrees) <2-33b) 

The approximate formula of (2-33a) should, in general, be more accurate for omni¬ 
directional patterns with minor lobes, as shown in Figure 2.13(a). while (2-33b) should 
be more accurate far omnidirectional patterns with minor lobes of very low intensity 
(ideally no minor lobes), as shown in Figure 2.13(b). 

The approximate formulas of (2-33a) and (2-33b) can be used to design omnidi¬ 
rectional antennas with specified radiation pattern characteristics. To facilitate this 
procedure, the directivity of antennas with omnidirectional patterns approximated by 
(2-32) is plotted in Figure 2.14 versus n and (lie half-power heamwidth (in degrees). 
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tin Wiiii minor l"*»' 



i hi WlihiHU minor lube* 


Figure 2.13 Omnidbtctionul patterns with and without minor 
lobes. 


Three curves arc plotted in Figure 2.14; one using (2-ifta) and referred as exact, one 
using (2-33a) and denoted as McDonald, and the third using (2-33b) and denoted us 
I'tKor. T hus, the curves ol Figure 2.14 can be used for design purposes, as follows: 

a. Specify the desired directivity and determine the value of n and half-power 
heamwidth of the omnidirectional antenna pattern, or 

b. Specify the desired value of n or half-power heamwidth and determine the direc¬ 
tivity of the omnidirectional antenna pattern. 

To demonstrate the procedure, an example is taken. 


Example 2.6 

Design an antenna with omnidirectional amplitude pattern with a half-power beam- 
width of 90°. Express its radiation intensity by U = sin"r?. Determine the value of n 
and attempt to identify elements that exhibit such a pattern. Determine the directivity 
of the antenna using (2-16a). (2-33a), and (2-33b). 
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I #0.0 19,0 13.5 11.0 95 8.5 7.8 7.1 G.7 ft,4 


HPBW l degrees) 

Figure 2.14 Comparison of exact and approximate values of directivity for 
omnidirectional U = sin"0 power patterns. 


SOLUTION 

Since the half-power beamwidth is 90". the angle at which the hall-power point occurs 
is 9 = 45°. Titus 

1/(0 = 45°) = 0.5 = sin"(45°) = (0.707)" 
or 

tt= 2 

Therefore, the radiation intensity of the omnidirectional antenna is represented by 
U = sin’W. An infinitesimal dipole (see Chapter 4) or a small circular loop (see 
Chapter 5) are two antennas which possess such a pattern. 

Using the definition of (2- 16a). the exact directivity is 

Umax = I 

Pnui = J sin’ 0 sin H dO d<ft 

°» = sM-‘' 7MdB 

Since the half-power beamwidth is equal to 90°. then the directivity based on (2-33a) 
is equal to 


Rtt 

3 


Du 


101 

90 - 0.0027 <90) 2 


1.4825 = 1.71 dB 
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while that based on (2-33b) is equal to 

Do- - 172.4 + 19! V 0 - 818 + 1/90 = 1.516 = 1.807 dB 

The value of n and the three values of the directivity can also be obtained using Figure 
2.14, although they may not be as accurate as those given above because they have 
to be taken off the graph. However, the curves can be used for other problems. 


2.6 NUMERICAL TECHNIQUES 

For most practical antennas, their radiation patterns are so complex that closed form 
mathematical expressions are not available. Even in those cases where expressions 
are available, their form is so complex that integration to find the radiated power, 
required to compute the maximum directivity, cannot be performed. Instead of using 
the approximate expressions of Kraus. Tai and Pereira, McDonald or Pozar alternate 
and more accurate techniques may be desirable. With the high-speed computer sys¬ 
tems now available, the answer may be to apply numerical methods, 

Let us assume that the radiation intensity of a given antenna is separable, and it 
is given by 

U « tf o /(0)S«/>) (2-34) 

where is a constant. The directivity for such a system is given by 

D n - ^BS5 (2-35) 

7* mil 


where 


/ J ra <i = «<>_[ { lf(V)g(<t>) sin 6 elf) 


cl<t> 


which can also be written as 


■’tt 

7 J rad = 7? 0 J (1 £((/>) 


() f(0) sin Odd 


d<l> 


(2-36) 


(2-37) 


If the integrations in (2-37) cannot be performed analytically, then from integral 
calculus we can write a series approximation 


v 

ftO) sin Odt) = X \m) sin »,] A 0, 

i-1 


(2-38) 


For N uniform divisions over the tt interval. 



(2-38a) 
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Figure 2.15 Digitization scheme of pattern in spheri¬ 
cal coordinates. 


Referring In Figure 2. J5, 0, can lake many different forms. Two schemes are shown 
in Figure 2.15 such that 

e, = /= 1.2,3,. S (2-38b) 

ur 

e ‘° TZ. + (• ~ I = I - 2. 3. N (2-38c) 

2N N 

In the former case. 0, is taken at the trailing edge of each division; in the latter case, 
0, is selected at the middle of each division. The scheme that is more desirable will 
depend upon the problem under investigation. Many other schemes are available. 

In a similar manner, we can write for the <l> variations that 



(2-39) 


where for M uniform divisions 



(2-39a) 
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Again referring to Figure 2.15 




4 = 4m- J=^2.3 . M 


or 


= U + '-'■ 2 - 3 . " 

Combining (2-38). (2-38a), (2-39), anil (2-39a) wc can write (2-37) as 

P.*i 


Itt\ l2ir\ ^ * 

fti r. Ftt X «(<£/> X /<ft> si " ft 

\Nf \M I,- \ L, i 


(2-39b) 


(2-390 


(2-40) 


The double summation of (2-40) is performed by adding for each value of j 

(J = I. 2. 3. M) all values of / (/ = I. 2. 3. N). In a compulcr program 

flowchart, this can be performed by a loop within a loop. Physically. (2-40) can be 
interpreted by referring to Figure 2.15, It simply slates that for each value of g(r/>) al 
the azimuthal angle <l> ~ (ft, the values of/(W) sin W are added lor all values of Ii = 

Oi (/ = I. 2. 3./V). The values of 0/ and <ft can be determined by using either 

of the forms as given by (2-38b) or (2-38e) and (2-39b) or (2-390. 

Since the Wand <t> variations are separable. (2-40) can also be written as 


tail 



r * 


X /<ft) sin ft 
1-1 


(2-41) 


in which case each summation can he performed separately. 

If the Wand </> variations are not separable, and the radiation intensity is given by 

U = «„ FiO. d» (2-42) 

the digital form of the radiated power can be written as 



(2-43) 


ft and il >, take different forms, two of which were introduced and arc shown pictorially 
in Figure 2.15. The evaluation and physical interpretation of (2-43) is similar to that 
of (2-40). 

To examine the accuracy of ihe technique, two examples will he considered. 


Example 2.7(a) 

The radiation intensity of an antenna is given by 


U( W. «/>) = 


sin W sin J <b. ir. 0 <</>■£ 77 

0 elsewhere 
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Determine the maximum directivity numerically by using (2-41) with ft and <!>, of 
(2-38b) and (2-39b), respectively. Compare it with die exact value. 


SOLUTION 


Let us divide the ft and (f> intervals each into IS equals segments (A' - M = IS). 
Since 0 ^ t/> s it, then A</», = t t/M and (2-41) reduces to 


Pmi ~ Ml 8 


n 


S sin ‘ </>y 

i i 


is 


S s « n 'ft 

~I 


with 


77 


IS 


ft = / 7- = /(ID 0 ), I = I. 2. 3.IK 


</>, = ./(^) = /n <)0) . 1.2.3. 


IK 


Thus 


/\*i = (sin J ( l(H + stn-(2(H + • • • + sin’((K0°)|- 


- *”(t) 


and 


On = 


4ttU„ 


l\ M , 7T‘/4 77 

The exact value is given by 


4 " = i5 = 5.0929 


/'rad = flu f" sin* ib dib | sin 2 ft dft = ~ fl„ = fl„ 


and 


On = 


477(7, 


477 16 


,n “ — = - = 5 0929 

7T‘/4 7T 


Which is the same as the value obtained numerically ! 


Example 2.7(b) 

Given the same radiation intensity as that in Example 2.7(a). determine the directivity 
using (2-41) with ft and •!>, of (2-38c) and (2-39c). 

SOLUTION 

Again using IK divisions in each interval, we can write (2-41) as 

M * 



IK 


V sin 2 ft 


/ = i 





2.6 Numerical Techniques 57 


with 


0, = 5 + (i - I) = 5° + (/ - 1110°. / = I, 2.3.18 

Jo I o 

4) = ^ + U - n yj * 5* + 0‘ - » |0 °. y = 1.2, 3.18 

Because of the symmetry of the divisions about the II = rr/2 and <l> = rr/2 angles, 
we can write 


P n«l 


= |^2 £ */»/ j [2 S sin- 0, 

= 4|sin 2 (5°) + sin 2 (15°) + ■ • • + sin 2 (85°)] 2 

p « - *($ * 4$ w) ° *(t) 


which is identical to that of the previous example. Thus 


D u 


•irrU,, 


r,«l 


- iS - 5.0929 
7r"/4 t r 


which again is equal to the exact value! 


It is interesting to note that decreasing the number of divisions (A/ and/or N) to 9. 6. 
4. and even 2 leads to the same answer, which also happens to be the exact value! 
To demonstrate as to why the number of divisions does not affect the answer for this 
pattern, let us refer to Figure 2.16 where we have plotted the sin 2 </> function and 
divided the 0° 180° interval into six divisions. The exact value of the directivity 

uses the area under the solid curve. Doing the problem numerically, we find the area 
under the rectangles, which is shown shaded. Because of the symmetrical nature of 
the function, it can be shown that the shaded area in section #1 (included in the 
numerical evaluation) is equal to the blank area in section #1' (left out by the 
numerical method). The same is true for the areas in sections #2 and #2‘. and #3 
and #3'. Thus, there is a one-to-one compensation. Similar justification is applicable 
for the other number of divisions. 

It should be emphasized that all functions, even though they may contain some 
symmetry, do not give the same answers independent of the number of divisions. As 
a matter of fact, in most cases the answer only approaches the exact value as the 
number of divisions is increased to a huge number. 

A FOR I RAN computer program called DIRECTIVITY has been developed to 
compute the maximum directivity of any antenna whose radiation intensity is U = 
F{0. </>) based on the formulation of (2-43). The intensity function F does not have 
to be a function of both II and <1>. The numerical evaluations are made at the trailing 
edge, as defined by (2-38b) and (2-39b). The program is included at the end of this 
chapter. It contains a SUBROUTINE for which the intensity factor U = Fill, <f>) for 
the required application must be specified by the user. As an illustration, the antenna 
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0 l(Jtf|iret5) 

Figure 2.16 Digitized form of sin </> function 


intensity U sin 0 sitr */> has been inserted in the subroutine. In addition, the up¬ 
per and lower limits of 0 and must be specified for each application of the same 
pattern. 


2.7 GAIN 


Another useful measure describing the performance of an antenna is the gain. Al¬ 
though the gain of the antenna is closely related to the directivity, it is a measure that 
takes into account the efficiency of the antenna as well as its directional capabilities. 
Remember that directivity is a measure that describes only the directional properties 
of the antenna, and it is therefore controlled only by the pattern. 

Absolute Rain of an antenna tin a given direction) is defined as "the ratio of the 
intensity, in a given direction, to the radiation intensity that would be obtained il the 
power accepted by the antenna were radiated isotropically. The radiation intensity 
corresponding to the isotropically radiated power is equal to the power accepted 
(input) by the antenna divided by 4 7T.“ In equation form this can be expressed as 


radiation intensity 

gam = 4<r-—-;- 

total input (accepted) power 


4tt 


(/(ft <!>) 


(dimensionless) (2-14) 


In most cases we deal with relative gain. which is defined as "the ratio of the 
power gain in a given direction to the power gain of a reference antenna in its 
referenced direction." The power input must be the same for both antennas. The 
reference antenna is usually a dipole, horn, or any other antenna whose gain can be 
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terminals terminals 

(gain reference) (Jirectivity reference) 


(at Antenna reference terminals 



(b) Reflection, conduction, and dielectric losses 
Figure 2.17 Reference terminals and losses of 
an antenna. 


calculated or it is known. In most cases, however, the reference antenna is a lossless 
isotropic source. Thus 

47 tU(M. (l>) 

G = ——-—--;-;- (dimensionless) (2-44a) 

r,„ (lossless isotropic source) 

When the direction is not stated, the power pain is usually taken hi the direction 
of maximum radiation. 

Referring to Figure 2.17(a). wc can write that the total radiated power is 
related to the total input power (P in ) by 


/’rod = text P in (2-45) 

where e,j is the antenna radiation efficiency (dimensionless) which is defined in 
Section 2.14 by (2-90). According to the IEEE Standards, "gain does not include 
losses arising from impedance mismatches (reflection losses) and polarization mis¬ 
matches (losses)." In this edition of the book, we will adhere, in terms of standardi¬ 
zation. to this definition. But in the earlier edition we included both impedance 
(reflection) and polarization losses in the definition of the gain. These two losses are 
defined, respectively, by the reflection (mismatch) efficiency in (2-51) and (2-52). and 
by the polarization loss factor (PLF) in (2-71). Both are very important losses and 
they need to be included in llie link calculations of a communication system to 
determine the received or radiated power, even if they arc not included in the present 
definition of gain. Using (2-45) reduces (2-44a) to 


4tt 


me. tt>) ' 

Pn* 


G( t). dt) = e ld 


(2-46) 
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which is related to the directivity of (2-21) by 

Cl 0. <!>) = t- cd IM t), <b) 


(2-47) 


In a similar manner, the maximum value of the gain is related to the maximum 
directivity by 


G ( , - G16. dt)|mux - e^j 1X0. ddlm** - e,,/ D 0 


(2-47 a) 


As was done with the directivity, we can define the partial gain of un antenna 
for a given polarization in a given direction as "'that part of the radiation intensity 
corresponding to a given polarization divided by the total radiation intensity that 
would be obtained if the power accepted by the antenna were radiated isotropically.” 
With this definition lor the partial directivity, then, in a given direction, "the total 
gain is the sum of the partial gains for any two orthogonal polarizations.” For a 
spherical coordinate system, the total maximum gain C„ for the orthogonal 0 and tb 
components of an antenna can be written, in a similar form as was the maximum 
directivity in (2-17)-(2 17b). as 


G„ - G„ + Gj, 


(2-4X) 


while the partial gains G n and G* are expressed as 

4 ttU„ 


G„ = 
G* = 


P,n 

47 TiU 


(2-4,Xa) 
(2-48b) 


where 


U H = radiation intensity in a given direction contained in E u field component 
U$ = radiation intensity in a given direction contained in /£ rf , field component 
P,„ = total input (accepted) power 


For many practical antennas an approximate formula for the gain, corresponding 
to (2-27) or (2-27a) for the directivity, is 



(2-49) 


In practice, whenever the term "gain" is used, it usually refers to the maximum 
gain as defined by (2-47a). 

Usually the gain is given in terms of decibels instead of the dimensionless quantity 
of (2-47a). The conversion formula is given by 

G„(dBj = 10 log w (e, Da (dimensionless)| (2-50) 


2.8 ANTENNA EFFICIENCY 

The total antenna efficiency <■„ is used to take into account losses at the input terminals 
and within the structure of the antenna Such losses may be due. referring to Figure 
2.17(b), to 
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1. rellections because of the mismatch between the transmission line anti the antenna 

2. I R losses (conduction and dielectric) 


In general, the overall efficiency can be written as 


c„ = e,i\ 


(2-51) 


where 

e„ = total efficiency (dimensionless) 

e, = reflection (mismatch) efficiency = (I - |P|") (dimensionless) 
e, = conduction efficiency (dimensionless) 
e,i = dielectric efficiency (dimensionless) 

I' = voltage reflection coefficient at the input terminals of the antenna [P = 
- /,,)/(/(,„ + Zo) where Z,„ = antenna input impedance. Z,, = char¬ 
acteristic impedance of the transmission line| 


Usually <•, and e d are very difficult to compute, hut they cun he determined 
experimentally. Even by measurements they cannot be separated, and it is usually 
more convenient to write (2-51) as 

r.»er*of«*.*(l -ID*) (2-52) 

where e„, = antenna radiation efficiency, which is used to relate the gain and 

directivity. 


Example 2.8 

A lossless resonant half-wavelength dipole antenna, with input impedance of 73 ohms, 
is to be connected to a transmission line whose characteristic impedance is 50 ohms. 
Assuming that the pattern of the antenna is given approximately by 

U = sin 3 « 

find the overall maximum gain of this antenna. 

SOLUTION 

Let us first compute the maximum directivity of the antenna. For this 

(film* = Ana* = 

l J ra d = j J U[f). ,/» sin (I ill) cl<b = lirH n [ sin 1 0 <IH = 

A, = ^ - 1.697 

Pnd 3 IT 

Since the antenna was stated to be lossless, then the radiation efficiency 

*~cd ~ I 
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Thus, the total maximum gain, as defined in this edition and by IEEE, is equal to 


= e.,//),, = 1(1.697) = 1.697 
G'o(dB) = 10 log l0 < 1.697) = 2.297 


which is identical to the directivity because the antenna is lossless. 

There is another loss factor which is not taken into account in the gain. That is 
the loss due to reflection or mismatch losses between the antenna (load) and the 
transmission line. This loss is accounted for by the reflection efficiency of (2-51) or 
(2-52). and it is equal to 


*, = ((- in-) 



73 - 50 - 
73 + 50 


0.965 


<*,(dB) = 10 log,,,(0.965) = -0.155 


Thus, the overall efficiency is 


l'l) = t.t'ni - 0.965 
e„(dB) = - 0.155 


Thus, the overall losses are equal to 0.155 dB. 

The gain in dB can also be obtained by converting the directivity and radiation 
efficiency in dB and then adding them. Thus. 

<.*,,/(dB) = Id login (I 0) = 0 
A,(dB) = 10 log,,, (1.697) = 2.297 
6'„(dB) = <v,,(dB) + A, (dB) = 2.297 
which is the same as obtained previously. 


2.9 IIALK-POWER B E AM WIDTH 

The half-power beamwidlh is defined as: “In a plane containing the direction of (he 
maximum of a beam, the angle between the two directions in which the radiation 
intensity is one-half the maximum value of the beam." Often the term bcamwidih is 
used to describe the angle between any two points on the pattern, such as the angle 
between the 10-dB points. In this case the specific points on the pattern must he 
described to avoid confusion. However the term beamwidlh by itself is usually re¬ 
versed to describe the 3-dB beamwidlh. 

The beamwidlh of the antenna is a very important figure-of-mcrit. and it often 
used to as a tradeoff between it and the sidelobe level: that is, as the beamwidlh 
decreases the sidclohc increases and vice versa. In addition, the beamwidlh of the 
antenna is also used to describe the resolution capabilities of the antenna to distinguish 
between two adjacent radiating sources or radar targets. The most common resolution 
criterion states that the resolution capability of an antenna to distinguish between two 
sources is equal to half the fust null beamwidlh (FNBW/2). which is usually used to 
approximate the half-power beamwidlh (HPBW) |71. |12). That is. two sources sep¬ 
arated by angular distances equal or greater than FNBW/2 — HPBW of an antenna 
with a uniform distribution can be resolved. If the separation is smaller, then the 
antenna will tend to smooth the angular separation distance. 
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2.10 BEAM EFFICIENCY 

Another parameter that is frequently used to judge the quality of transmitting and 
receiving antennas is the beam efficiency. For an antenna with its major lobe directed 
along the c-axis ill - 0), as shown in Figure 2.4(a). the beam efficiency (BE) is 
defined by 

power transmitted (received) within cone angle fi . _ ,, 

BE = -(dimensionless) (2-53) 

power transmitted (received) by the antenna 

where II, is the half-angle of the cone within which the percentage of the total power 
is to be found. Equation (2-53) can he written as 


BE 



U( 0. ij>) sin II dO d<\> 


U(l). d» sin 0 dll dt]> 


(2-54) 


If II, is chosen as the angle where the first null or minimum occurs (see Figure 2.4). 
then the beam efficiency will indicate the amount of power in the major lobe compared 
to the total power A very high beam efficiency (between the nulls or ntinimums), 
usually in the high ‘)()s, is necessary for antennas used in radiometry. astronomy, 
radar, and other applications where received signals through the minor lobes must be 
minimized. The beam efficiencies of some typical circular anil rectangular aperture 
antennas will be discussed in Chapter 12. 


2.11 BANDWIDTH 

The bandwidth of an antenna is defined as •‘the range ol frequencies within which 
the performance of the antenna, with respect to some characteristic, conforms to a 
specified standard." The bandw idth can be considered to be the range of frequencies, 
on either side of a center frequency (usually the resonance frequency for u dipole), 
where the antenna characteristics (such as input impedance, pattern, beamwidth. po¬ 
larization. side lobe level, gain, beam direction, radiation efficiency) are within an 
acceptable value of those at the center frequency. For broadband antennas, the band¬ 
width is usually expressed as the ratio of the uppcr-lo-lower frequencies of acceptable 
operation. For example, a 10 : I bandwidth indicates that the upper frequency is ID 
times greater than the lower. For narrowband antennas, the bandwidth is expressed 
as a percentage of the frequency difference (upper minus lower) over the center 
frequency of the bandwidth. For example, a 5'<> bandwidth indicates that the frequency 
difference of acceptable operation is 5% of the center frequency of the bandwidth. 

Because the characteristics (input impedance, pattern, gain, polarization, etc.) of 
an antenna do not necessarily vary in the same manner or are even critically affected 
by the frequency, there is no unique characterization of the bandwidth. The specifi¬ 
cations arc set in each case to meet the needs of the particular application. Usually 
there is a distinction made between pattern and input impedance variations. Accord¬ 
ingly pattern bandwidth and impedance bandwidth are used to emphasize this dis¬ 
tinction, Associated with pattern bandwidth are gain, side lobe level, beamwidth. 



64 Chapter 2 Fundamental Parameters of Antennas 


polarization, and beam direction while input impedance and radiation efficiency are 
related to impedance bandwidth. For example, the pattern of a linear dipole with 
overall length less than a half-wavelength (/ < A/2) is insensitive to frequency. The 
limiting factor for this antenna is its impedance, and its bandwidth can be formulated 
in terms of the Q. The Q of antennas or arrays with dimensions large compared to 
die wavelength, excluding superdircctivc designs, is near unity. Therefore the hand- 
width is usually formulated in terms of bcamwidth. side lobe level, and pattern 
characteristics. For intermediate length antennas, the bandwidth may be limited by 
either pattern or impedance variations, depending upon the particular application. For 
these antennas, a 2 : I bandwidth indicates a good design. For others, large bandwidths 
are needed. Antennas with very large bandwidths (like 40 : I or greater) have been 
designed in recent years. These are known as frequency independent antennas, and 
they are discussed in Chapter 11. 

The above discussion presumes that ihe coupling networks (transformers, baluns. 
etc.) and/or the dimensions of the antenna are not altered in any manner as the 
frequency is changed. It is possible to increase the acceptable frequency range of a 
narrowband antenna if proper adjustments can be made on the critical dimensions of 
the antenna and/or on the coupling networks as the frequency is changed. Although 
not an easy or possible task in general, there arc applications where this can he 
accomplished. The most common examples are the antenna of a car radio and the 
“rabbit ears" of a television. Both usually have adjustable lengths which can be used 
to time file antenna for better reception 

2.12 POLARIZATION 

Polaeizution of on antenna in a given direction is delincd as "the polarization of the 
wave transmitted (radiated) by the antenna. Note: When the direction is not stated, 
the polarization is taken to lx- the polarization in the direction of maximum gain.” In 
practice, polarization of the radiated energy varies with the direction from the center 
of the antenna, so that different parts of the pattern may have different polarizations. 

Polarization of a radiated wave is defined as “that property of an electromagnetic 
wave describing the time varying direction and relative magnitude of the electric-field 
vector, specifically, the figure traced as a function of ume by the extremity of the 
vector at a fixed location in space, and the sense in which it is traced, as observed 
along the direction of propagation." Polarization then is the curve traced by the end 
point of the arrow representing the instantaneous electric Held. The Held must he 
observed along the direction of propagation. A typical trace as a function of time is 
shown in Figures 2.18(a) and (h). 

The polarization of a wave can be defined in terms of a wave radiated (trans¬ 
mitted) or received by an antenna in a given direction. The polarization of a wave 
radiated by an antenna in a specified direction at a point in the far field is defined as 
“the polarization of ihe (locally) plane wave which is used to represent the radiated 
wave at that point. At any point in the far field of an antenna the radiated wave can 
he represented by a plane wave whose electric field strength is the same as that of the 
wave and whose direction of propagation is iii the radial direction from the antenna. 
As the radial distance approaches infinity, the radius of curvature of the radiated 
wave's phuse front also approaches infinity and thus in any specified direction the 
wave appears locally as a plane wave." This is a far-field characteristic of waves 
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(u> Kxmiiun nf wave 



{bl Polarization ellipse 

Figure 2.18 Rotation of a plane electromagnetic 
wave and its polarization ellipse at 2 — 0 as a function 
of time. 


radiated by all practical antennas, and it is illustrated analytically in Section 3.6 of 
Chapter 3. The polarization of a wave received by an antenna is defined as the 
"polarization of a plane wave, incident from a given direction and having a given 
power IIux density, which results in maximum available power at the antenna termin¬ 
als.” 

Polarization may be classified as linear, circular, or elliptical- If the vector that 
describes the electric field at a point in space as a function of time is always directed 
along a line, the field is said to be linearly polarized. In general, however, the figure 






(its Chapter 2 Fundamental Parameters of Antennas 


that the electric field traces is an ellipse, and the lield is said to be ellipticaliy polarized. 
Linear and circular polarizations are special cases of elliptical, and they can be 
obtained when the ellipse becomes a straight line or a circle, respectively. The figure 
of the electric field is traced in a clockwise |CW| or counterclockwise (CCW) sense. 
Clockwise rotation of the electric field vector is designated as right-hand polarization 
and counterclockwise as left-hand polarization. 

In general, the polarization characteristics of an antenna can be represented by 
its polarization pattern whose one definition is "the spatial distribution of the polar¬ 
izations of a field vector excited (radiated) by an antenna taken over its radiation 
sphere. When describing the polarizations over the radiation sphere, or portion of it. 
reference lines shall be specified over the sphere, in order to measure the tilt angles 
(sec lilt angle) of the polarization ellipses and the direction of polarization for linear 
polarizations. An obvious choice, though by no means the only one. is a family of 
lines tangent at each point on the sphere to either the 0 or r/> coordinate line associated 
with a spherical coordinate system of the radiation sphere. At each point on the 
radiation sphere the polarization is usually resolved into a pair of orthogonal polari¬ 
zations, the co-polarization and cross polarization. To accomplish this, the co-polar¬ 
ization must be specified at each point on the radiation sphere.” 

"For certain linearly polarized antennas, it is common practice to define the co- 
polarization in the following manner: First specify the orientation of the co-polar 
electric field vector at u pole of the radiation sphere. Then, for all other directions of 
interest (points on the radiation sphere), require that the angle that the co-polar electric 
field vector makes with each great circle line through the pole remain constant over 
that circle, the angle being that at the pole.” 

“In practice, the axis of the antenna's main beam should lie directed along the 
polar axis ol the radiation sphere. The antenna is then appropriately oriented about 
this axis to align the direction of its polarization with that of the defined co-polarization 
at the pole.” "This manner of defining co-polarization can be extended to the case 
of elliptical polarization by defining the constant angles using the major axes of the 
polarization ellipses rather than the co-polar electric field vector. The sense of polar¬ 
ization (rotation) must also be specified.” 

The polarization of the wave radiated by the untenna can also be represented on 
the Poincare sphere |7], 113J—1161- liach point on the Poincare sphere represents a 
unique polarization. The north pole represents lef t circular polarization, the south pole 
represents right circular, and points along the equator represent linear polarization ol 
different tilt angles. All other points on the Poincare sphere represent elliptical polar¬ 
ization. For details, see Figure 16.24 of Chapter 16. 

The polarization of an antenna is measured using techniques described in Chapter 

16. 

2.12.1 Linear, Circular, and Elliptical Polarizations 

The instantaneous field of a plane wave, traveling in the negative z direction, can he 
written as 

«(;: f) = a,J,(c; t) + f) (2-55) 

According to (2-5). the instantaneous components are related to their complex counter¬ 
parts by 
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<Mc; I) = Re[£, = Re[£„^'.•* r '**’| 

= E„,co$(u>i + kz + d>.,) (2-56) 

lAi\t) = Rcl E s r* -+to | = Re|£ , _ v „e , '"" ,+<; f * v, 1 

= E v „i:os(tut + k: + (/),,) (2-57) 

where and E„, are. respectively, the maximum magnitudes of the v and v com¬ 
ponents. 

A. Linear Polarization 

I or the wave to have linear polarization, the time-phase difference between the two 
components must be 

Ad) — (b, — </>, = /ITT. n = 0. I. 2, 3.. .. (2-58) 

II Circular Polarization 

Circular polarization can be achieved only when the magnitudes of the two compo¬ 
nents are the same and the time-phase difference between them is odd multiples ot 
tt/2. That is. 

|«,| = |*„l => E m = E w (2-59) 

_ f +(J + 2 " )1T 1 " = ’• 2 ' 1 ’ ’ f0r CW (2 ‘ 601 

Ad> = <k ~ = { _(J + 2/1)77. n = 0. 1. 2.... for CCW (2-61) 

II the direction of wave propagation is reversed (i.e.. +.- direction), the phases in 
(2-60) and (2-61) for CW and CCW rotation must be interchanged. 

C. Elliptical Polarization 

iilliptical polarization can be attained only when the lime-phase difference between 
the two components is odd multiples of tt/2 ami their magnitudes are not the same 
o> when the time-phase difference between the two components is not equal to 
multiples of tt/2 (irrespective of their magnitudes). That is. 

I*.I * l«vl ^ E M * Ey„ 

when Adi = »/», -«/»,= [ + + 2/i)7t for CW 

n = 0. I. 2,... 1 - ($ + 2/»)7r for CCW 


(2-62.1 J 
(2-62ID 


or 


Ad> = d>< ~ tb, *■ ± j a- = r> © fur CW (2-63) 

n = 0. 1. 2. 3.... \ < 0 for CCW (2-64) 

For elliptical polarization, the curve traced at a given position as a function of 
time is. in general, a tilted ellipse, as shown in Figure 2.18(b). The ratio of the major 
axis to the minor axis is referred to as the axial ratio (AR). and it is equal to 

. _ major axis Oz\ _ „ _ 

AR = —r- r = — . I s AR s * (2-6?) 

minor axis OB 
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where 


OA = [4 14 + El + |4 + El + 2 El El cos(2Ac/»| l/: }] 1/2 (2-66) 
OB = [\ {El + 4 , - 14 + 4 + 24. 4 cos( 2A«/»)| i/2 }] i/3 (2-67) 


The lilt of the ellipse, relative to the y axis, is represented by the angle r given by 


r 



244 ., ,, 

F' _ E 2 
*—.tfi M - a ya 


(2-6X) 


When the ellipse is aligned with the principal axes |r = inr/2. n = 0. I. 2...,|, 
the major (minor) axis is equal to £„,(£„,) or 4(4) and the axial ratio is equal to 

4/4 4 / 4 ,. 


SUMMARY 

We will summarize the preceding discussion on polarization by staling the general 
characteristics, and the necessary and sufficient conditions that the wave must have 
in order to possess linear, circular ax elliptical polarization. 

Linear Polarization A time-harmonic wave is linearly polarized at a given point in 
space il the electric field lor magnetic field) vector at that point is always oriented 
along the same straight line at every instant of time. This is accomplished if the lield 
vector (electric or magnetic) possesses: 

a. Only one component, or 

b. Two orthogonal linear components that are in time phase or 180° (or multiples 
of 180°) out of phase. 

Circular Polarization A timc-liarmonic wave is circularly polarized at a given point 
in space if the electric (or magnetic) field vector at that point traces a circle as a 
function of time. 

The necessary and sufficient conditions to accomplish this are if the lield vector 
(electric or magnetic) possesses all of the following: 

a. The field must have two orthogonal linear components, and 

b. The two components must have the same magnitude, and 

c. The two components must have a time-phase difference of odd multiples ol 90°. 

The sense of rotation is always determined by rotating the phase-leading component 
toward the phase-lagging component and observing the field rotation as the wave is 
viewed as it travels away from the observer. If the rotation is clockwise, the wave is 
righi-lnmd lor clockwise) circularly polarized: if the rotation is counterclockwise, the 
wave is left hand lor counterclockwise) circularly polarized. The rotation of the phase¬ 
leading component toward the pliasc-lagging component should he done along the 
angular separation between the two components that is less than 180°. Phases equal 
to or greater than 0° and less than 180° should be considered leading whereas those 
equal to or greater than ISO* and less than 360° should be considered lagging. 

Elliptical Polarization A time-harmonic wave is elliptically polarized if the lip of the 
field vector (electric or magnetic) traces an elliptical locus in space. At various 
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instants of time tlw field vector changes continuously with time at such a manner as 
to describe an elliptical locus. It is right-hand (clockwise) ellipticall)’ polarized if the 
field vector rotates clockwise, and it is left-hand (counterclockwise) elliptically po¬ 
larized if the field vector of the ellipse rotates counterclockwise [13]. The sense of 
rotalion is determined using the same rules as for the circular polarization. In addition 
to the sense of rotation, elliptic-ally polarized waves are also specified by their axial 
ratio whose magnitude is the ratio of the major to the minor axis. 

A wave is elliptically polarized il it is not linearly or circularly polarized. Although 
linear and circular polarizations arc special eases of elliptical usually in practice 
elliptical polarization refers to other than linear or circular. The necessary and suffi¬ 
cient conditions to accomplish this are if the field vector (electric or magnetic) pos¬ 
sesses all of the following: 

a. The field must have two orthogonal linear components, and 

b. The two components can he of the same or different magnitude. 

c. (I) If the two components are not of the same magnitude, the time-phase differ¬ 
ence between the two components must not be 0° or multiples of 180° (because 
it will then be linear). (2) If the two components are of the same magnitude, the 
time-phase difference between the two components must not be odd multiples of 
90° (because it will then be circular). 

If the wave is elliptically polarized with two components not of the same mag¬ 
nitude but with odd multiples of ‘8)° time-phase difference, the polarization ellipse 
will not be lilted but it will be aligned with the principal axes of the field components. 
The major axis of the ellipse will align with the axis of the lield component which is 
larger of the two. while the minor axis of the ellipse will align with the axis of the 
field component which is smaller of the two. 


2.12.2 Polarization Loss Factor and Efficiency 

In general, the polarization of the receiving antenna will not be the same us the 
polarization of the incoming (incident) w avc. This is commonly stated as ' ■polarization 
mismatch." The amount of power extracted by the antenna from the incoming signal 
will not be maximum because of the polarization loss. Assuming that the electric field 
of the incoming wave can be written as 

E, = p„ Ej (2-69) 

where p„ is the unit vector of the wave, and the polarization of the electric field ol 
the receiving antenna can be expressed as 

E„ = p„ E u (2-70) 

where p„ is its unit vector (polarization vector), the polarization loss can be taken into 
account by introducing a polarization loss factor (PLF). It is defined, based on the 
polarization of the antenna in its transmitting mode, as 

PLF = |p„ • p„| 2 = |cos t//,,| : (dimensionless) (2-71) 

where if/,, is the angle between the two unit vectors. The relative alignment of the 
polarization of the incoming wave and of the antenna is shown in Figure 2.19. If the 
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Figure 2.19 Polarization unit vectors oi incident wave > |»„ > 
and antenna (p„). and polarization loss factor (PLF). 


antenna is polarization matched, its PLF will be unity and the antenna will extract 
maximum power from the incoming wave. 

Another ligure-o! -merit that is used to describe the polarization characteristics of 
a wave and that of an antenna is the polarization efficiency I polarization mismatch or 
loss factor) which is defined as ’’the ratio of the power received by an antenna from 
it given plane wave of arbitrary polarization to the power that would be received by 
the same antenna from a plane wave of (he same power /lux density and direction of 
propagation, whose state of polarization has been adjusted for a maximum received 
power." This is similar to the PLF and it is expressed as 

|l e • E"* |J 
P. 


IU'!E' 


IIKi] 


(2-71 a) 


where 


f e = vector effective length of the antenna 

E"“ = incident electric field 

The vector effective length ( , of die antenna has not vet been defined, and it is 
introduced in Section 2.15. It is a vector that describes the polarization characteristics 
of the antenna. Both the PLF and />, lead to the same answers. 

The conjugate (*) is not used in (2-71) or (2-71 a) so that a right-hand circularly 
polarized incident wave (when viewed in its direction of propagation) is matched to 
right-hand circularly polarized receiving antenna (when its polarization is determined 
in the transmitting model. Similarly, a left-hand circularly polarized wave will be 
matched to a left-hand circularly polarized antenna. 

To illustrate the principle of polarization mismatch, two examples will be consid¬ 
ered. 


Example 2.9 

The electric field of a linearly polarized electromagnetic wave given by 
E, = a, E u tx. y)e ,te 

is incident upon a linearly polarized antenna whose electric field polarization can be 
expressed as 

K„ =■ (fi, + i v )£(r, 0. <t» 

Find the polarization loss factor (PLF). 
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SOLUTION 

For the incident wave 

P., = i* 

and lor the antenna 
P„ = (a,. + a,.) 

The PLF is then equal to 

PLF = |p„ • p„|- = |a, • (a, + a v )| J = i 

which in dB is equal lo 

PLF(dB) = 10 login PLF(dinwisiunless) = 10 log,,, (0.5) = -3 


Even though in Example 2.9 both the incoming wave and the antenna are linearly 
polarized, there is a 3-dB loss in extracted (tower because the polarization of the 
incoming wave is not aligned with the polarization of the antenna. If the polarization 
of the incoming wave is orthogonal to the polarization of the antenna, then there will 
be no power extracted by the antenna from the incoming wave and the PI.F will be 
zero or - x dB. In Figures 2.20(a,b) we illustrate the polarization loss factors (PLF) 
of two types of antennas; wires and apertures. 

We now want to consider an example where die polarization of the antenna and 
the incoming wave are described in terms of complex polarization vectors. 


Example 2.10 

A wave radiated by an antenna is traveling in the outward radial direction along I he 
+ ; axis. Its radiated held in the fur-zone region is described by its spherical com¬ 
ponents. and its polarization is right-hand (clockwise) circularly polarized. This ra¬ 
diated lield is impinging upon a receiving antenna whose polarization (in the trans¬ 
mitting mode, which is the mode the antenna polarization should always be sped lied 
according to the definition of IEEE) is also right-handed (clockwise) circularly polar¬ 
ized and whose polarization unit vector is represented hv 

E„ = (a„ - j&^)E(r. 0. <!>) 

Determine the polarization loss factor (PLF). 

SOLUTION 

The polarization of the right-hand circularly polarized wave traveling along the + * 
axix is described by the unit vector 

«» + fit 

\A 
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PI.F»!p„*$J ! “l PLF= lp„ •p„l J *co* 3 *' <1 n.F» Ip, .p„l : =0 

(aligned I (mtiMcdi lunhogonull 


(a) PLF Ini Ituiumtmng and receiving 
aperture antennas 



PU ; = I • P.. i ' - I PLP- p -p - : v„ I'll Ip..-p 0 

lidigucdl irocuedl iialthfgnnali 

< t>l II.F (hi munmtfiing and receiving 
linear wue antenna* 

Figure 2.20 Polarization loss factors (PLFl for aperture and linear wire antennas. 


while that of the antenna is represented by the unit vector 



Therefore the polarization loss factor is 

PLF = Ip. -pj 1 = i|| + If = I = OdB 

Since the polarization of the incoming wave matches (including the sense of rotation) 
the polarization of the receiving antenna, there should not be any losses. Obviously 
the answer matches the expectation. 


Based upon the definitions of the wave transmitted and received by an antenna, 
the polarization of an antenna in the receiving mode is related to that in the trans¬ 
mitting mode as follows: 

I. ''hr the same plane of polarization, the polarization ellipses have the same axial 
ratio, the same sense of polarization (rotation) and the same spatial orientation. 
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2. “Since ihcir senses of polarization and spatial orientation are specified by viewing 
their polarization ellipses in the respective directions in which they are propagat¬ 
ing. one should note that: 

a. Although their senses of polarization arc the same, they would appear to be 
opposite it both waves were viewed in the same direction. 

b. Their lilt angles are such that they are the negative of one another with 
respect to a common reference." 

Since the polarization of an antenna will almost always be defined in its trans¬ 
mitting mode, according to the IEEK Sid 145-1983. "the receiving polarization may 
he used to specify the polarization characteristic of a nonreciprocal antenna which 
may transmit and receive arbitrarily different polarizations.” 

The polarization loss must always be taken into account in the link calculations 
design of a communication system because in some cases it may be a very critical 
factor. Link calculations of communication systems for outer space explorations are 
very stringent because of limitations in spacecraft weight. In such cases, power is a 
limiting consideration. The design must properly take into account all loss factors to 
ensure a successful operation of the system. 


2.13 INPUT IMPEDANCE 


Input impedance is defined as "the impedance presented hy an antenna at its terminals 
or the ratio of the voltage to current at a pair of terminals or the ratio of the appropriate 
components of the electric to magnetic fields at a point." In this section we are 
primarily interested in the input impedance at a pair of terminals which arc the input 
terminals of the antenna. In Figure 2.2 Kui these terminals are designated as ti-h. The 
ratio of the voltage to current at these terminals, with no load attached, defines the 
impedance of the antenna as 


Z A — + jX A 


(2-72) 


where 


Z A = antenna impedance at terminals a-b (ohms) 

R A = antenna resistance ut terminals a-l> (ohms) 

= unlennu reactance at terminals a-b (ohms) 

In general the resistive part of (2-72) consists of two components: that is 

/?* = K, + Rl 


(2-73) 


where 


R, = radiation resistance of the antenna 
Ri = loss resistance of the antenna 

The radiation resistance will be considered in more detail in later chapters, and it will 
be illustrated with examples. 

If we assume that the antenna is attached to a generator with internal impedance 

Z ; = Rg + jXg (2-74) 
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In) Antenna in transmitting mode 



11'i Thevenm equivalent 



(cl Norton equivalent 

Figure 2.21 Transmitting antenna and its equivalent cir 
cults. 


where 

R, = resistance of generator impedance (ohms) 

A ,. = reactance of generator impedance (ohms) 

and the antenna is used in the transmitting mode, we can represent the antenna and 
generator hy an equivalent circuit’ 1 shown in Figure 2.21(b). To tind the amount ol 
power delivered to R, for radiation and the amount dissipated in R, as heal U : R L /2). 
we lirst lind the current developed within the loop which is given h\ 






Z, 7. a, + Z t [R, + R, + R k ) + j(X\ + X,) 


(A) 


(2-75) 


•This circuit can hi- used u> represent small and simple amentias. Ii cannot be used for antennas with 
lossy dielectric nr antennas over lossy ground because their loss resistance cannot be represented in senes 
with the radiation resistance. 



2.13 Input Impedance 75 


and its magnitude by 


\y. 


[(/?, + R,_ + R,r + [X A + x s f] 


,211/2 


(2-75a) 


where V„ is ihe peak generator voltuge. The power delivered to the antenna for 
radiation is given by 


and that dissipated as heat by 

p l = | 1 /, 1 -X = ^ 7 - 


Rr 


(R. + R, + R„Y + (X* + X 


«)‘J 


R, 


[tR. + R, + R') 2 + ix A + x M f 


OV) (2-76) 


iW) (2-77) 


The remaining power is dissipated as heat on the internal resistance R„ of Ihe generator. 
and it is given by 

|v«l 2 


Rr 


2 [(if r + R l + R t ) 2 + iX A + X K f 


(W) 


(2-78) 


The maximum power delivered to the antenna occurs when we have conjugate 
mulching: that is when 


R, + Rf — R c 
X A = - X, 


For this case 


„ _li£ 

K. 

_ hi!! 

R, 

Pr ~ 2 

MR, + R,) 2 J 

8 

iR, + R,) 2 



R, 

1 


P =1 Yl 

H 


L. -* 

*. 1 . ' = iM 

[R, + R,f\ 8 R, + R, 8 /?„ 


Front (2-81H2-83). it is clear that 

\V.P 

P e = P, + P, = 


** 

. \vl 

R, + R, 

t r, + R,y 

8 

1 Rr + R,)\ 


The power supplied by the generator during conjugate matching is 


VS 

_ lv£ 

1 

UR, + R,) 

4 

[r, + Rt J 


(2-7*7) 

(2-80) 

(2-81) 

(2-82) 

(2-83) 

(2-84) 


(W) (2-85) 


Of the power that is provided by the generator, half is dissipated as heat in the internal 
resistance ( R ,) of the generator and the other half is delivered to the antenna. This 
only happens when we have conjugate matching. Of the power that is delivered to 
the antenna, part is radiated through the mechanism provided by the radiation resis¬ 
tance and the other is dissipated as heat which influences part of the overall efficiency 
of the antenna. If the antenna is lossless (e, t/ = I). then hall of the total power supplied 
by the generator is radiated by the antenna during conjugate matching, and the other 
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half is dissipated as heat in the generator. Thus. It) radiate half of the available power 
through R, you must dissipate the other half as heat in the generator through R )r These 
two powers arc. respectively, analogous to the power transferred to the load and the 
power scattered by the antenna in the receiving mode. In Figure 2.21 it is assumed 
that the generator is directly connected to the antenna. If there is a a transmission line 
between the two. which is usually the case, then Z* represents the equivalent impe¬ 
dance of the generator transferred to the input terminals of the antenna using the 
impedance transfer equation. If. in addition, the transmission line is lossy, then the 
available power to be radiated by the antenna will be reduced by the losses of the 
transmission line. Figure 2.21(c) illustrates the Norton equivalent of the antenna and 
its source in the transmitting mode. 

The use of the antenna in the receiving mode is shown in Figure 2.22(a). The 
incident wave impinges upon the antenna, and it induces a voltage V T which is 
analogous to V of the transmitting mode. The Thevenin equivalent circuit of the 
antenna and its load is shown in Figure 2.22(b) and (he Norton equivalent in Figure 
2.22(c). The discussion for the antenna and its load in the receiving mode parallels 
that for the transmitting mode, and it will not be repeated here in detail. Some of the 
results will be summarized in order to discuss some subtle points. Following a pro¬ 
cedure similar to that for the antenna in the transmitting mode, it can be shown using 
Figure 2.22 that in the receiving mode under conjugate matching (/?,. + R, - R, and 
X A = - X r ) the powers delivered to R,. R,. anti R, are given, respectively, by 


P 


\V* 2 

R r 

Wt I \ \v# 

8 

N 1 

( R, + R l ) : 

r *■ 

1 

__ X 

be 

+ R l J 8 R, 

«, l 

2 

ii ^ 

HI ? 

rj- 8 [ 
Rl 

(A*, + R,r J 

(/?, + /?/,)-. 


while the induced {collected or captured ) is 


/’, - r V,lf = - 


r V. 


Vf. 

|Vr| 2 | 

' 1 

MR, + R,.)_ 

4 

R, + R,l 


( 2 - 86 ) 


(2-87) 


( 2 - 88 ) 


(2-8‘ii 


These are analogous, respectively, to (2-8IW2-83) and (2-85). The power P, of 
(2-87) delivered to R, is referred to as scattered (or irradiated) power. Il is clear 
through (2-86)-(2-89) that under conjugate matching of the total power collected or 
captured |/', of (2-89)J half is delivered to Ihe load R, | P, of (2-86)1 and the other 
half is scattered or reradiated through R, \P, of (2-87)J and dissipated as heat through 
R i | P, of (2-88)|. If the losses are zero [R, = 0), then half of the captured power is 
delivered to the load and the other half is scattered. This indicates that in order to 
deliver half of the power to the load you must scatter the other half. This becomes 
important when discussing effective equivalent areas and aperture efficiencies, espe¬ 
cially for high directivity aperture antennas such us wave guides, horns, and reflectors 
with aperture efficiencies as high as 80 to 00%. Aperture efficiency (e„,,I is defined 
by (2-100) and is the ratio of the maximum effective urea to the physical area. The 
effective area is used to determine the power delivered to the load, which under 
conjugate matching is only one half of that intercepted; the other half is scattered and 
dissipated as heat. For a lossless antenna (R, = 0) under conjugate matching, the 
maximum value of the effective area is equal to the physical area l e= I) and the 
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ihi riievenln equivalent 


a 


Gr n T r„ a,. n A | // 


(cl Notion cqulvsleril 

Figure 2.22 Antenna and ils equivalent circuits in Ihe 
receiving mode. 


scattering area is also equal to ihe physical area. Thus hall of the power is delivered 
to the load and the other half is scattered. Using (2-86) to (2-89) we conclude that 
even though the aperture efficiencies are higher than 50% (they can be as large as 
100%) all of the power that is captured by the antenna is not delivered to the load hut 
it includes that which is scattered plus dissipated as heal by the antenna. The most 
that can be delivered to the load is only half of that captured and that is only under 
conjugate matching and lossless transmission line. 

The input impedance of an antenna is generally a function of frequency. Thus the 
antenna will be matched to the interconnecting transmission line and other associated 
equipment only within a bandwidth. In addition, the input impedance of the antenna 
depends on many factors including its geometry, its method of excitation, and its 
proximity to surrounding objects. Because of their complex geometries, only a limited 
number of practical antennas have been investigated analytically. For many others, 
the input impedance has been determined experimentally. 
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2.14 ANTENNA RADIATION EFFICIENCY 


The antenna efficiency that takes into account the reflection, conduction, and dielectric 
losses was discussed in Section 2.8. The conduction and dielectric losses of an antenna 
are very difficult to compute and in most cases they are measured. Even with meas¬ 
urements. they arc difficult to separate and they tire usually lumped together to form 
the t’,,i efficiency. The resistance R, is used to represent the conduction-dielectric 
losses. 

The conduction-dielectric efficiency e,,, is defined as the ratio of the power deliv¬ 
ered to the radiation resistance R, to the power delivered to R, and R L . Using (2-76) 
and (2-77). the radiation efficiency can be written as 




f,d = 

R, 


R, + R. 



- 


(dimensionless) 


(2-90) 


For a metal rod of length / and uniform cross-sectional area A. the dc resistance 
is given by 


Kj. = —— (ohms) 
(T A 


(2-VOa) 


II the skin depth 6|<5 = \/'2J(wp l a)\ of the metal is very small compared to the 
smallest diagonal of the cross section of the rod. the current is confined to a thin layer 
near the conductor surface. Therefore the high-frequency resistance can be written, 
based on a uniform current distribution, as 


= _ R, = 



(ohms) 


(2-90b) 


where P is the perimeter of the cross section of the rod (P = C = 2irl> for a circular 
wire of radius h). R is the conductor surface resistance, ai is die angular frequency. 
p, is the permeability of free-space. and ir is the conductivity of the metal. 


Example 2.11 

A resonant half-wavelength dipole is made out of copper U r = 5.7 x |() 7 S/m) wire. 
Determine the conduction-dielectric (radiationl efficiency of the dipole antenna at 
/ = 100 Mil/ if the radius of the wire h is 3 X 10 4 A. and the radiation resistance 
of the A/2 dipole is 73 ohms. 


SOLUTION 
Ai/= 10" Hz 


3 X 10" 
10 * 


= 3 m 


. A 3 
/= 2 = 2 m 

C = 273* = 2tt(3 X 10 4 ) A 


ft?r X 10 '*A 
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For a A/2 dipole with a sinusoidal current distribution R, = kR M where R,,\ is given 
by (2-90b). See Problem 2.44. Therefore. 




0.25 /7r( |0*)(4 tt X 10 ') 

fin- X |() 4 J 5.7 x 10’ 


0.349 ohms 


Thus. 

c„, (dimensionless) = 


73 


73 + 0.349 
e,,/ (dBl = 10 log,„(0.9905) = -0.02 


0.9952 = 99.52% 


2.15 ANTENNA VECTOR EFFECTIVE LENGTH 
AND EQUIVALENT AREAS 

An antenna in the receiving mode, whether it is in the form of a wire. horn, aperture, 
array, dielectric rod. etc., is used to capture (collect) electromagnetic waves and to 
extract power from them, as shown in Figures 2.23(a) and (b). For each antenna, an 
equivalent length and a number of equivalent areas can then be delined. 

These equivalent quantities are used to describe the receiving characteristics of 
an antenna, whether it he a linear or an aperture type, when a wave is incident upon 
the antenna. 

2.15.1 Vector Effective Length 

The effective length of an antenna, w hether it be a linear or an aperture antenna, is a 
quantity that is used to determine the voltage induced on the open-circuit terminals 
of the antenna when a wave impinges upon it. The vector effective length (, for an 
antenna is usually u complex vector quantity represented by 

O ft </>) = a»/«(& «/>) + '/>) (2-91) 

It should be noted that it is also referred to as the effective height. It is u lar-lield 
quantity and it is related to the far-zone held E„ radiated by the antenna, with current 
/,„ in its terminals, by 1I3)-| I8| 

K = 12 -^ 2 ) 

The effective length represents the antenna in its transmitting and receiving modes, 
and it is particularly useful in relating the open-circuit voltage V„, of receiv ing anten¬ 
nas. This relation can he expressed as 

V w = E' • l, (2-93) 

where 

V,„ = open-circuit voltage at antenna terminals 
E' = incident electric Held 
(,. = vector effective length 
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B- field hi 
plane wave 


Dim.Ui m •>! 
IKopugntiun 


Receiver 


lb) Apemire antenna in receiving mndc 

Figure 2.23 filiform plane wave incident upon dipole and aperture an¬ 
tennas. 


In (2-93) Vcan he thought of as the voltage induced in a linear antenna of length 
I = (, when (, and E 1 are linearly polarized |19].[20|. From the relation of 
(2-93) the effective length of a linearly polarized antenna receiving a plane wave in 
a given direction is defined as "the ratio of the magnitude of the open-circuit voltage 
developed at the terminals of the antenna to the magnitude of the electric field strength 
in the direction of the antenna polarization. Alternatively, the effective length is the 
length of a thin straight conductor oriented perpendicular to the given direction and 
parallel to the antenna polarization, having a uniform current equal to that at the 
antenna terminals and producing the same lar-lield strength as the antenna in that 
direction.'’ 

In addition, as shown in Section 2.12.2. the antenna vector effective length is 
used to determine the polarization efficiency of the antenna. To illustrate the usefulness 
of the vector effective length, let us consider an example. 
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Example 2.12 

The far-zone field radiated by a small dipole of length / < A/I 0 and with a triangular 
current distribution, as shown in Figure 4.3. is derived in Section 4.3 of Chapter 4 
and it is given by (4-36a), or 

kl Ip lkr 

K = —- sin w 

o7rr 

Determine the vector effective length of the antenna. 

SOLUTION 

According to (2-92). ihe vector effective length is 
*r = -a J- sin 0 


This indicates, as it should, that the effective length is a function of the direction 
angle 0, and its maximum occurs when 0 = 90°. This tells us that the maximum 
open-circuit voltage at Ihe dipole terminals occurs when the incident direction of the 
wave of Figure 2.23(a) impinging upon the small dipole antenna is normal to the axis 
(length) of the dipole (0 = 90°). This is expected since the dipole has a radiation 
pattern whose maximum is in the 6 = 90°. In addition, the effective length of the 
dipole to produce the same output open-circuit voltage is only half (30%) of its 
physical length if it were replaced by a thin conductor having a uniform current 
distribution (it can be shown that the maximum effective length of an element with 
an ideal uniform current distribution is equal to its physical length). 

2.15.2 Antenna Equivalent Areas 

With each antenna, we can associate a number of equivalent areas. These are used to 
describe the power capturing characteristics of the antenna when a wave impinges on 
it. One of these equivalent areas is (he effective area (aperture), which in a given 
direction is defined as “the ratio of the available power at the terminals of a receiving 
antenna to the power llux density of a plane wave incident on the antenna from that 
direction, the wave being polarization matched to the antenna. If the direction is not 
specified, the direction of maximum radiation intensity is implied." In equation form 
it is written as 


p T ]/^ R,n 
e w. w, 

where 

A, = effective area (effective aperture) (m‘) 
P r = power delivered to the load (W) 

W, - power density of incident wave (W/nr) 


(2-94) 
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The effective aperture is the area which when multiplied by the incident power 
density gives the power delivered to die load. Using the equivalent of Figure 2.22. 
we can write (2-94) as 


+ <X„ + X r ) : 

Under conditions of maximum power transfer (conjugate matching). R, + R t = R, 
and X A = - X,. the effective area of (2-95) reduces to the maximum effective aperture 
given by 

Kt 1 = \V£ 

(R l + A 1 ,)-I XIV, 



I 


R, + R l 


(2-96) 


,\ .!*EL_ 

r 2 W, [(/?, 


K, 


+ R, + R/V 


(2-95) 


When (2-96) is multiplied by the incident power density, it leads to the maximum 
power delivered to the load of (2-86). 

All of the power that is intercepted, collected, or captured by an antenna is not 
delivered to the load, as we have seen using the equivalent circuit of Figure 2.22. In 
fact, under conjugate matching only half of the captured power is delivered to the 
load; the other half is scattered and dissipated as heat. Therefore to account for the 
scattered and dissipated power we need to define, in addition to the effective area, the 
scattering, loss and capture equivalent areas. In equation form these can be defined 
similarly to (2-94) (2-96) lor the effective area. 

liic scattering area is defined as the equivalent area when multiplied by the 
incident power density is equal to the scattered or reradialed power. Under conjugate 
matching this is written, similar to (2-96). as 



which when multiplied bv the incident power density gives the scattering power of 
(2-87). 

The loss area is defined as the equivalent area, which when multiplied by the 
incident power density leads to the power dissipated us heal through R,. Under 
conjugate matching this is written, similar to (2-96). as 


WA 2 ", 

XW, [t R, + R r )' 


(2-9X1 


which whem multiplied hy the incident power density gives the dissipated power ol 
(2-X8). 

Finally the capture area is deltned as the equivalent area, which when multiplied 
by the incident power density leads to the total power captured, collected, or inter¬ 
cepted by the antenna. Under conjugate matching this is written, similar to (2-96), as 


1 Vr\ 2 K r + R, + R / 
8IV, (/?,.+ R r f 


(2-99) 


When (2-99) is multiplied by the incident power density, it leads to the captured 
power of (2-X9i. In general, the total capture area is equal to the sum of the other 
three, or 


Capture Area = effective Area + Scattering Area + h>\s Area 
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This is apparent under conjugate matching using (2-96M2-99). However, it holds 
even under nonconjugate matching conditions. 

Now that the equivalent ureas have been defined, let us introduce the aperture 
efficiency e„ p of art antenna, which is defined as tile ratio of the maximum effective 
area A„„ of the antenna to its physical area A p , or 

A,„„ maximum effective area 
, r '■ 7 (2-100) 

' A /t physical area 

For aperture type antennas, such as waveguides, horns, and reflectors, the maximum 
effective area cannot exceed the physical area but it can equal it (A,.,,, ^ A p or 0 s 
e n/ , ■' I). Tlicrcfore the maximum value of the aperture efficiency cannot exceed unity 
(100 %). For a lossless antenna <A*/ = 0) the maximum value of the scattering area 
is also equal to the physical area. Therefore even though the aperture efficiency is 
greater than 50%, for a lossless antenna under conjugate matching only half of the 
captured power is delivered to the load and the other half is scattered. 

We can also introduce a partial effective area of an antenna for a given polari¬ 
zation in a given direction, which is defined as ‘ the ratio of the available power at 
the terminals of a receiving antenna to the power dux density of a plane wave incident 
on the antenna from that direction and with a specified polarization differing from the 
receiving polarization of the antenna.” 

The effective area of an antenna is not necessarily the same as the physical 
aperture. It will be shown in later chapters that aperture antennas with constant 
amplitude and phase field distributions have maximum effective areas equal to the 
physical areas; they are smaller for nonconstant field distributions. In addition, the 
maximum effective area of wire antennas is greater than the physical area (if tuken 
as the area of a cross section of the wire when split lengthwise along its diameter). 
Thus the wire antenna can capture much more power than is intercepted by its physical 
size! This should not come as a surprise. If the wire antenna would only capture the 
power incident on its physical size, it would he almost useless. So electrically, the 
wire antenna looks much bigger than its physical stature. 

To illustrate the concept of effective area, especially as applied to a wire antenna, 
let us consider an example. In later chapters, we will consider examples of aperture 
antennas. 


Example 2.13 

A uniform plane wave is incident upon a very short lossless dipole (/ •*; A), as shown 
in Figure 2.23(a). Find the maximum effective area assuming that the radiation resis¬ 
tance of the dipole is R, = 8U( ~I/A r. and the incident field is linearly polarized along 
the axis of the dipole. 


SOLUTION 


For R, = 0. the maximum effective area of (2-96) reduces to 
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Since Lite dipole is very short, the induced current can be assumed to be constant and 
of uniform phase. The induced voltage is 

V, = El 

where 

V, = induced voltage on the dipole 
E = electric field of incident wave 
/ = length of dipole 

For a uniform plane wave, the incident power density can be written as 



where r; is the intrinsic impedance of the medium ( I ZOtt ohms for a free-spucc 
medium). Thus 

A = _= o II9A J 

"" 8(£-/2T,)(8()7r 2 /-/A’) 8 tt 


The above value is only valid lor a lossless antenna (the losses of a short dipole are 
usually significant). If the loss resistance is equal to the radiation resistance (R, - R,) 
and the sum of the two is equal to the load (receiver) resistance {R, = R, + R, - 2 R,). 
then the effective area is only one-half of the maximum effective area given above. 

Let us now examine the significance of the effective area. From F.xample 2.13. 
the maximum effective area of a short dipole with / A w-as equal to A,,,, = 0, 1 Id A'. 
Typical antennas that fall under this category are dipoles whose lengths are / s A/50. 
For the purpose of demonstration, let us assume that / = A/50. Because A,.,„ = 
0.119A* = Iw, - (A/50)n'... the maximum effective electrical width of this dipole is 
a',, =■ 5.95A. Typical physical diameters (widths) of wires used for dipoles may be 
about u 1 ,, = A/300. Thus the maximum effective width tv, is about 1785 times larger 
than its physical width. 


2.16 MAXIMUM DIRECTIVITY AM) MAXIMUM 
EFFECTIVE AREA 

To derive the relationship between directivity and maximum effective area, the geo¬ 
metrical arrangement of Figure 2.24 is chosen. Antenna I is used as a transmitter and 
2 as a receiver. The effective areas and directivities of each are designated as A,. A r 
and D,, I),. If antenna I were isotropic, its radiated power density at a distance R 
would be 


= 


P, 

4ttR : 


( 2 - 101 ) 


where P, is the total radiated power. Because of the directive properties of the antenna, 
its actual density is 


IV, = W„D, 


P,D, 

4 -R- 


( 2-1021 
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Figure 2.24 Two antennas separated by a distance K. 


The power collected (received) by the antenna and transferred to the load would be 


P, = W,A r 


4 t tR ! 


(2-103) 


or 


P,A, = ^ (4rr/?-) 

' I 


(2-103a) 


If antenna 2 is used as a transmitter. 1 as a receiver, and the intervening medium 
is linear, passive, and isotropic, we can write that 


D r A, = £ (4 ttR 2 ) 

* I 


(2-104) 


(2-105) 


Equaling (2-103a) and (2-104) reduces to 

I 2i = l 2± 

A, Ar 

Increasing the directivity of an antenna increases its effective area in direct 
proportion. Thus. (2-105) can be written its 


Aii _ Oq > 

Aim A mi 


12 - 100 ) 


where A„„ and A„„ (/)„, and /■>,„) are the maximum effective areas (directivities) of 
antennas I and 2. respectively. 

If antenna I is isotropic, then D,„ = I and its maximum effective area can be 
expressed as 



(2-107) 


Equation (2-107) slates that the maximum effective area of an isotropic source is 
equal to the ratio of the maximum effective area to the maximum directivity of any 
other source. For example, let the other antenna be a very short (/ A) dipole whose 
effective area (0.119A' from Example 2.13) and maximum directivity (1.5) are known. 
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The maximum effective area of the isotropic source is then equal to 

_ Arm _ 0-M9A 2 = A^ 

On. 1-5 4 t r 
Using (2-108). we can write (2-107) as 

A,,,, = On, A m i = On, 



( 2-1081 


(2-109) 


In general then, the minimum effective aperture (A,.,„) of any antenna is related to its 
maximum directivity (0„) by 



( 2-1 10 ) 


Thus, when (2-1 10) is multiplied hy the power density of the incident wave it leads 
to the maximum power that can be delivered to the load. This assumes that there are 
no conduction dielectric losses (radiation efficiency is unity), the antenna is 
matched to the load (reflection efficiency e, is unity), and the polarization of the 
impinging wave matches that of the antenna (polarization loss factor Pl.F and polar¬ 
ization efficiency />, are unity). If there are losses associated with an antenna, its 
maximum effective aperture of (2-110) must be modified to account for conduction- 
dielectric losses (radiation efficiency). Thus. 


z\ 


r/tt 



(2-11 I) 


The maximum value of (2-111) assumes that the antenna is matched to the load and 
the incoming wave is polarization-matched to the antenna. If reflection and polari¬ 
zation losses are also included, then the maximum effective area of (2-111) is repre¬ 
sented by 



= < I 


/■)iJPu ’ Pi, 



Ai|p» • f*„l 


( 2 - 112 ) 


2.17 FRIIS TRANSMISSION EQUATION AND 
RADAR RANGE EQUATION 

The analysts and design of radar and communications systems often require the use 
of the Friis Transmission Equation and the Radar Range Equation. Because of the 
importance 1211 of the two equations, a lew pages will lie devoted for their derivation. 

2.17.1 Friis Transmission Equation 

The Friis Transmission Equation relates the power received to the power transmitted 
between two antennas separated by a distance R > 2 £)’/A. where D is the largest 
dimension of either antenna. Referring to Figure 2.25, let us assume that the trans- 
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Figure 2.2S Geometrical orientation ol transmitting and receiving 
antennas for Friis transmission equation. 


milting antenna is initially isotropic, if the input power at the terminals of the trans¬ 
mitting antenna is P,. then its isotropic power density tV n at distance R from the 
antenna is 




P, 

'''AttR-' 


( 2-1 13 ) 


where e, is the radiation efficiency of the transmitting antenna. For a nonisotropic 
transmitting antenna, the power density of (2-113) in the direction (),. cp, can be written 
as 


P,V, * ,'!>,) 

4ttR 2 


, P,D,{ II,.<!>,) 

e ’ 4t tR 2 


(2-114) 


where G,(0,. </»,) is the gain and D,(8„ <!>,) is the directivity of the transmitting antenna 
in the direction 0,. <!>,. Since the effective area A, of the antenna is related to its 
efficiency c, and directivity /), by 


A r = c,D, (I 



(2-115) 


the amount of power P r collected by the receiving antenna can be written, using 
(2-114) and (2-115) as 


r, 


i>, ( o„4> r ) 


A 2 A 2 D,(0MD r {(K^r)P, 

4tt = - 


lA’Arl 


(2-116.) 


or llie ratio of the received to the input power as 

P, A %(0„ 4>,)D r (0 n <l> r ) „„„ 

J, = efir -(W- <2 ' 1I7) 

The power received based on (2-117) assumes that the transmitting and receiving 
antennas are matched to their respective lines or loads (reflection efficiencies are 
unity) and the polarization of the receiving antenna is polarization-matched to the 
impinging wave (polarization loss factor and polarization efficiency are unity). II these 
two factors are also included, then the ratio of the received to the input power of 
(2-117) is represented by 


77 = <ww(i - |r,p)d - |r 

' f 


4ttR 


.)|(i, • p r | 2 


(2-1 18) 
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For reflect ion and polarization-matched antennas aligned for maximum directional 
radiation and reception. (2-118) reduces to 


I\ 

r, 



f'O/f'lli' 


( 2 - 119 ) 


Equations (2-1 17). (2-1 18). or (2-1 19) are known as the Friis Transmission liqua¬ 
tion. and it relates the power P, (delivered to the receiver load) to the input power of 
the transmitting antenna P,. The term (A I4—R)~ is called the free-space loss factor, 
and it takes into account the losses due to the spherical spreading of the energy by 
the antenna. 


2.17.2 Radar Range Equation 


Now lei us assume that the transmitted power is incident upon a target, us shown in 
Figure 2.26. We now introduce a quantity known as the radar cross section or echo 
area (ir) of a target which is defined as the urea intercept ini' that amount of power 
which, when scattered isotropically, produces at the receiver a density which is etptal 
to that scattered by the actual target | 13]. In equation form 


lim 



= W t 


( 2 - 120 ) 


01 


ir = lint 

AttR~ ~~ 

IF'P 

= lim 47rff : ^fr 

= lim 

L* 


w ‘] 


K—« 



(2-120a) 


where 

a = radar cross section or echo area (nr) 

R = observation distance from target (m) 

W, = incident power density (W/nv) 

IF, = scattered power density (W/nr) 

E'(E') = incident (scattered) electric field (V/m) 

IT (II') = incident (scattered) magnetic field (A/m) 

Any of (he definitions in (2-120a) can be used to derive the radar cross section of any 
antenna or target. For some polarization one of the definitions based either on the 
power density, electric field, or magnetic field may simplify the derivation, although 
all should give the same answers 113|. 

Using the definition of radar cross section, we can consider that the transmitted 
power incident upon the target is initially captured and then it is reradiated isotropi¬ 
cally. insofar as the receiver is concerned. The amount of captured power P, is 
obtained by multiplying the incident power density of (2-114) by the radar cross 
section it, or 


P. 


<r\V, = ir 


P,G, (0,.cfc) 



= e,tr 


P,ll(h,.'l>,) 

AttR] 


( 2 - 121 ) 
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For polarization-matched antennas aligned for maximum directional radiation and 
reception. (2-125) reduces to 


P r _ (jQl('l)i 

P, ~ ' T 4tt 




A 


4 7r/\*, R . 





( 2 - 120 ) 


Equation (2-124). or (2-125) or (2-126) is known as the Radar Range Equation. It 
relates the power P, (delivered to the receiver load) to the input power P, transmitted 
by an antenna, after it has been scattered by a target with a radar cross section (echo 
area) of a. 


Example 2.14 

Two lossless X-band (X.2-12.4 GHz) horn antennas are separated by a distance ol 
I00A. The reflection coefficients at the terminals of the transmitting and receiving 
antennas arc 0.1 and 0.2. respectively. The maximum directivities of the transmitting 
and receiving antennas (over isotropic) are 16 dB and 20 dB. respectively. Assuming 
that the input power in the lossless transmission line connected to the transmitting 
antenna is 2 W, and the antennas are aligned lor maximum radiation between them 
and are polarization matched, find the power delivered to the load of the receiver 


SOLUTION 
For this problem 

= e rilr = I because antennas are lossless. 

|p, • p,p = I because antennas are polarization matched 
D, = D,„ I because antennas arc aligned for 
D, = Do, J maximum radiation between them 
Do, = lf> dB 39.XI (dimensionless) 

Li, i,. = 20 dB ^ 100 (dimensionless) 

Using (2-125). we can write 

P, = [I -(0.l)-’||l — (0.2) 3 ||A/4tt(I00A)] 2 (39.8I)(100)(2) 
= 4.777 mW 


2.17.3 Antenna Radar Cross Section 

The radar cross section, usually referred to as RCS. is a far-field parameter, which is 
used to characterize the scattering properties of a radar target. For a target, there is 
monostotic or hack,sea tic ring RCS when the transmitter and receiver ol Figure 2.26 
are at (he same location, and a bistatic RCS when (he transmitter and receiver ure not 
at the same location. In designing low-observable or low-profile (stealth) targets, it is 
the parameter that you attempt to minimize. For complex targets (such as aircraft. 
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spacecraft, missiles, ships, tanks, automobiles) it is a complex parameter to derive. In 
general, the RCS of a target is a function of the polarization of the incident wave, the 
angle of incidence, the angle of observation, the geometry of the large!, the electrical 
properties of the target, and the frequency of operation. The units of RCS of three- 
dimensional targets are meters squared (nr) or for normalized values decibels per 
squared meter (dBsm) or RCS per squared wavelength in decibels (RCS/ A’ in dB). 
Representative values of some typical targets are shown in Table 2.2 [22]. Although 
the frequency was not stated, these numbers could be representative at X-band. 

The RCS of a target can be controlled using primarily two basic methods: shaping 
and the use of materials. Shaping is used to attempt to direct the scattered energy 
toward directions other than the desired. However, for many targets shaping has lo 
be compromised in order to meet other requirements, such as aerodynamic specifi¬ 
cations for Hying targets. Materials is used to trap the incident energy within the target 
and to dissipate part of the energy as heat or to direct it toward directions other than 
the desired. Usually both methods, shaping and materials, are used together in order 
to optimize the performance of a radar target. One of the "golden rules" to observe 
in order lo achieve low RCS is to "round corners, avoid flat and concave surfaces, 
and use material treatment in ftctre spots.'' 

There arc many methods of analysis to predict the RCS of a target 113], 1221— 
[331. Some of them are full-wave methods, others are designated as asymptotic meth¬ 
ods. oiLher low-frequency or high-frequency, and some are considered as numerical 
methods. The methods of analysis are often contingent upon the shape, size, and 
material composition of the target, Some targets, because of their geometrical com¬ 
plexity, are often simplified and are decomposed into a number of basic shapes (such 
as strips, plates, cylinders, cones, wedges) which when pul together represent a very 
good replica of the actual target. This has been used extensively and proved to be a 
very good approach. The topic is very extensive to be treated here in any detail, and 
the reader is referred to the literature [ 131.122]—[331. There is a plethora of references 
but because of space limitations, only a limited number is included here lo gel the 
reader started on the subject. 


Table 2.2 RCS OF SOME TYPICAL TARGETS 


Object 

Typical RCSs |22| 

RCS (m 2 ) RCS (dBsm) 

Pickup truck 

200 

2.3 

Automobile 

100 

20 

Jumbo jet airliner 

100 

20 

Large bomber or 



commercial jet 

40 

16 

Cabin cruiser boat 

10 

10 

Large tighter aircraft 

6 

7.78 

Small lighter aircraft or 



four-passenger jet 

2 

3 

Adult male 

1 

0 

Conventional winged 



missile 

0.5 

-3 

Bird 

0.01 

-20 

Insect 

0.00001 

-50 

Advanced tactical tighter 

0.000001 

-60 
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Antennas individually arc radar targets which many exhibit large radar cross 
section. In many applications, antennas arc mounted on ihc surface of other complex 
targets (such as aircraft, spacecraft, satellites, missiles, automobiles) and become pail 
of the overall radar target. In such configurations, many antennas, especially aperture 
types (such as waveguides, horns) become large contributors to the total RCS. mon¬ 
ostatic or bistatic, of the target. Therefore in designing low-observable targets, the 
antenna type, location and contributions become an important consideration of the 
overall design. 

The scattering and transmitting (radiation) characteristics of an antenna arc related 
(34J-|3ft), There are various methods which can In.* used to analyze the fields scattered 
by an antenna. The presentation here parallels that in |23). |37|-|40|. In general the 
electric field scattered by an antenna with a load impedance Z, can be expressed by 

E'(Zt) = E‘(0) - 7 - Z> —-E 1 (2-127) 

where 


E'(Z,) electric field scattered by antenna with a load /., 

1*1’ (0) = electric field scattered by short-circuited antenna (Z L = 0) 

= short-circuited current induced by the incident field on the antenna 
with Z, = 0 

/, antenna current in transmitting mode 
Z-\ - K\ + jX A = antenna input impedance 
E f electric field radiated by the antenna in transmitting mode 
By defining an antenna reflection coefficient of 


- = Z/. ~ Za 

A Z L + Z A 


(2-128) 


the scattered field of (2-127) can be written as 


E*(Z t ) = E’(0) - (I + r„)E' (2-129) 

Therefore according to (2-129) the scattered field by an antenna with a load Z, is 
equal to the scattered field when die antenna is short-circuited (Z t = 0) minus a term 
related to the reflection coefficient and the field transmitted by the antenna. 

Green has expressed the held scattered by an antenna terminated with a load Z, 
in a more convenient form which allows it to be separated into the structural and 
antenna made scattering terms 1231. f37}-|40J. This is accomplished by assuming that 
the antenna is loaded with a conjugate-matched impedance (Z/. = Z\), Doing this 
generates using (2-127) another equation for the held scattered by the antenna with a 
load Z, ~ When this new equation is subtracted from (2-127) it eliminates the 
short-circuited scattered field, and we can w rite that the field scattered by the antenna 
with a load Z, is 

I r*z 

E’(Z,J = E*(Z5) - 7 —~¥.' (2-130) 

/, zk a 

r* 

A. + 7. a 


(2-130a) 
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where 

E'(Z,) = electric field scattered by the antenna with load Z, 

E'lZ^) = electric field scattered by the antenna with a conjugate-matched load 
UZ%) = current induced by the incident wave at the terminals matched with a 
conjugate impedance load 
T* = conjugate-matched reflection coefficient 
Z/ = load impedance attached to antenna tenninals 

For the short-circuited case and the conjugate-matched transmitting (radiating) 
case, the product of their currents and antenna impedance are related by |34| 

l,Z A = 1*JZ A + ZJJ) = 2 /?,,/* (2-131) 

where 1% is the scattering current when the antenna is conjugate-matched (Z, - Z\). 
Substituting (2-131) into (2-130) for /, reduces (2-130) to 

E'(ZJ = E’(ZS) - '-f r*E' (2-132) 

It can also be shown that if the antenna is matched with a load Z A (instead of Zl;). 
then (2-132) can be written as 

V(Z L ) = E‘(Z A ) - 'fr A E' (2-133) 

»/ 

Therefore the field scattered by an antenna loaded with an impedance Z, is related 
to the lield radiated by the antenna in the transmitting mode in three different ways, 
as shown by (2-129). (2-132.1, and (2-133). According to (2-129) the field scattered 
by an antenna when it is loaded with an impedance Z, is equal to the field scattered 
by the antenna when it is short-circuited (Z, = 0) minus a term related to the antenna 
reflection coefficient and the lield transmitted by the antenna. In addition, according 
to (2-132) the field scattered by an antenna when it is terminated with an impedance 
/1 is equal to the field scattered by the antenna when it is conjugate matched with an 
impedance Z*, minus the field transmitted (radiated) times the conjugate reflection 
coefficient. The second term is weighted by the two currents. Alternatively, according 
to (2-133). the field scattered by the antenna when it is terminated with an impedance 
Z, is equal to the lield scattered by the antenna when it is matched with an impedance 
Z A minus the field transmitted (radiated) times the reflection coefficient weighted by 
the two currents. 

In (2-132) the first term consists of the structural scattering term and the second 
of the antenna mode scattering term. The structural scattering term is introduced by 
the currents induced on the surface of the antenna by the incident lield when the 
antenna is conjugate-matched, and it is independent of the load impedance. The 
antenna mode scattering term is only a function of the radiation characteristics of the 
antenna, and its scattering pattern is the square of the antenna radiation pattern. The 
antenna mode depends on the power absorbed in the load of a lossless antenna and 
the power which is radiated by the antenna due to a load mismatch. This term vanishes 
when the antenna is conjugate-matched. 

From the scattered field expression of (2-129). it can he shown that the total radar 
cross section of the antenna terminated with a load Z/ can be written as [40) 

tr = iVo 7 - (I + r A )V^v*f 


(2-134) 
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where 

a = total RCS with antenna terminated with Z, 

<r' = RCS due to structural term 
it" = RCS title to antenna mode term 

d>, = relative phase between the structural and antenna mode terms 

If ihe antenna is short-circuited (P, = - I). then according to (2-134) 

= <*' (2-135) 

If the antenna is open-circuited (P, + I). then according to (2-134) 

"open = IV o* ~ (2-136) 

Lastly, if the antenna is matched 7., = 7. s (P, :: 0), then according to (2-134) 

= \\R - >/?*»* (2-137) 

Therefore under matched conditions, according to (2-137). the range of values 

tminimum to maximum) of the radar cross section is 

|tr‘ - &' | Sirs Icr* + tr“\ (2-138) 

The minimum value occurring when the two RCSs are in-phase while the maximum 
occurs when they are out-of-phase. 


Example 2.15 

The structural RCS of a resonant wire dipole is in-phase and in magnitude slightly 
greater than four times that of the antenna mode. Relate the short-circuited, open- 
circuited and matched RCSs to that of the antenna mode. 

SOLUTION 
Using (2-135) 

,r «lion = 

Using (2-136) 

oopm = 2<r ltnwn „„(()) = 0 or very small 
The matched value is obtained using (2-137). or 

Omuit'h — •Tuiii'tm.i 


To produce a zero RCS. (2-134) must vanish. This is accomplished if 
Ke[ P, t ) = - I + cos d>,\/ tr‘/a“ 
hn( P^) = -sin tj> r y/cr'/a" 


(2-139a) 
(2-139b) 
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Assuming positive values of resistances, the real value of I',., cannot be greater than 
unity. Therefore there are some cases where the RCS cannot be reduced to zero 
by choosing Z,. Because Z A can he complex, there is no limit on the imaginary part 

or rv 

In general, the structural and antenna mode scattering terms are very difficult to 
predict and usually require that the antenna is solved as a boundary-value problem. 
However, these two terms have been obtained experimentally utilizing the Smith chart 
|37|-|39]. The total radar cross section tr,, of the antenna for any i.j receiver-trans¬ 
mitter polarization combination can be represented by 

<hj = -p G 0r G {)l l\Pj I A,, ~ Pf (2-140) 


where 

G„, = gain of the receiving antenna 
G„, gain of the transmitting antenna 
/’, = polarization efficiency of the receiving antenna 
/' polarization efficiency of the transmitting antenna 
A, j - complex parameter independent of the load Z, 

A ,, and I " can be plotted on the Smith chart for any polarization combination, and 
the change* of the phusor |A,., - r*| can be easily examined. Thus by measuring 
<t, , for several values of I *, then A,, can be determined using the Smith chart 
I37H39I. 

Depending on the location of A on the Smith chart, any arbitrary antenna can be 
classified into one of three possible classes, as follows: 

a. IA| > I. For this class. A lies outside the boundary of the Smith chart, and il is 
not possible to reduce the scattered field to zero using any passive load. However, 
using a purely reactive load, a maximum or a minimum in the scattered field can 
be obtained. Antennas which fall into this class usually have a large structural 
scattering term due either to their construction or strongly excited antenna modes 
which do not couple to the terminals of interest. 

b. |a| = 1. For this class, the values of A lie along the periphery of the Smith chart, 
and a reactive load can be found which will reduce the scattered field to zero. 
Thin linear dipole antennas with lengths equal or less than hall a wavelength 
(/ ^ A (( /2) fall into this class. 

c. |A| < I. For this class, the values of A lie within the Smith chart, and a complex 
load can be found to reduce to zero the scattered field. However maximum 
scattering is obtained using a reactive load. Well designed parabolic reflectors 
fall into this class. 

For a monostatic system the receiving and transmitting antennas are collocated. 
In addition, if the antennas are identical (G‘ 0 , = G 0 , = G„) and are polarization- 
matched ( P, = P, = I). then (2-140) for hackscattering reduces to 

- r*|> 


IT = 


( 2 - 141 ) 
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If the antenna is a thin dipole, then A 


* = £cgi - r«f = fog 

4tt 4t r 


I and (2-141) reduces to 
Z L - 4 


7-1 + 7; \ 


_ Ag 


2/e, 


(2-142) 


|2 t + Z, M 

If in addition we assume that the dipole length is / = A ( /2 and is short-circuited 
[7i = 0), then the normalized radar cross section of (2-142) is equal to 

ff = Cr, (1.643)* 

As 


IT 


77 


= 0.8593 = 0.86 


(2-143) 


which agrees with experimental monoslalic values reported in the literature 1411. |42J. 

Shown in Figure 2.27 is the measured E-plane monostatic RCS of a half- 
wavelength dipole when it is matched to a load, short-circuited (straight wire) and 
open-circuited (gap at the feed). The aspect angle is measured from the normal to the 
wire. As expected, the RCS is a function of the observation (aspect) angle. Alsu it is 
apparent that there arc appreciable differences between the three responses. Similar 
responses for the monostatic RCS of a pyramidal horn are shown in Figure 2.28(a) 
for the £-plane and in Figure 2.28(b) for the //-plane. The antenna is a commercial 
X-band (8.2-12.4 GHz) 20-dB standard gain horn with aperture dimension of 9.2 cm 
by 12.4 cm. The length of the horn is 25.6 cm. As for the dipole, there are differences 
between the three responses for each plane. It is seen that the short-circuited response 
exhibits the largest return. 



Figure 2.27 E-plane monostotic RCS (rr„ H ) versus incidence angle for a half- 
wavelength dipole. 
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(b)«-plaBe(O w > 

Figure 2.28 t- and //-plane monosialic RCS versus incidence angle for a 
pyramidal horn antenna. 
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Antenna RCS from model measurements [43J and microstrip patches |44|. |45) 
have been reported. 


2.18 ANTENNA TEMPERATURE 

Every object with a physical temperature above absolute zero (0 K = — 273°C) 
radiates energy |4fi|. The amount of energy radiated is usually represented by an 
equivalent temperature T„, better known as brightness temperature, and it is defined 

as 


T,MK <t» = «K0, 4»T m = (I - irpjr. (2-144) 

where 

T„ = brightness temperature (equivalent temperature; K) 
e = emissivity (dimensionless) 

T,„ = molecular (physical) temperature (K) 

I'( 0, <l>) = rellcction coefficient of the surface for the polarization of the wave 

Since the values of emissivity are 0 s f < I. the maximum value the brightness 
temperature can achieve is equal to the molecular temperature. Usually the emissivity 
is a function of the frequency of operation, polarization of the emitted energy, and 
molecular structure of the object. Some of die better natural emitters of energy at 
microwave frequencies are (a) the ground with equisalent temperature of about 300 
K and (b) the sky with equivalent temperature of about 5 K when looking toward 
zenith and about 100-150 K toward the horizon. 

The brightness temperature emitted by the different sources is intercepted by 
antennas, and it appears at their terminals as an antenna temperature. The temperature 
appearing at the terminals of an antenna is that given by (2-144). after it is weighted 
by the gain pattern of the antenna. In equation form, this can be written as 


f T a (ti. d>) G ( 0. «/») sin 0,10 ,1<I> 
Jo Jo 

J J G(0. d>) sin 0 dO (lift 


(2-145) 


where 

T A = antenna temperature (effective noise temperature of the 
antenna radiation resistance: K) 

G(0, ,l>) = gain (power) pattern of the antenna 

Assuming no losses or other contributions between the antenna and the receiver, the 
noise power transferred to the receiver is given by 

P, = «;,A/ (2-146) 

where 

P, = antenna noise power (W) 
k = Boltzmann's constant (1.38 x 10 ’* J/K) 
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T ,, = antenna temperature 
A/ = bandwidth (Hz) 


(K) 


If the antenna and transmission line are maintained at certain physical tempera¬ 
tures. and the transmission line between the antenna and receiver is lossy, the antenna 
temperature T A as seen by the receiver through (2-146) must be modified to include 
the other contributions and the line losses. II the antenna itself is maintained at a 
certain physical temperature T r and a transmission line of length /. constant physical 
temperature T„ throughout its length, and uniform attenuation of a (Np/unit length) 
is used to connect an antenna to a receiver, as shown in Figure 2.29, the effective 
antenna temperature at the receiver terminals is given by 


T„ - T A e- lal + T Al .e~ M + r 0 ( I - e }al ) 


(2-147) 


where 


/w - I—- 1) 7 , 


(2-147a) 


/'„ = antenna temperature at the receiver terminals (K) 

T A = antenna noise temperature at the antenna terminals (2-145) (K) 
T u . = antenna temperature at the antenna terminals due to 
physical temperature (2-147a) < K) 
antenna physical temperature (K) 
attenuation coefficient of transmission line (Np/rn) 
thermal efficiency of antenna (dimensionless) 
length of transmission line (m) 

/'„ = physical temperature of the transmission line (K) 

The antenna noise power of (2-146) must also he modified and written as 

P r = kTAf 


T„ = 

a 
*4 

I 


(2-148) 


where T„ is the antenna temperature at the receiver input as given by (2-147). 

If the receiver itself has a certain noise temperature T, (due to thermal noise in 
the receiver components), the system noise power at the receiver terminals is given 
by 


!\ = k (71, + /’,) A/ = AT, A./ 


(2-149) 


where 


P, = system noise power (at receiver terminals) 

7'„ = antenna noise temperature (at receiver terminals) 

/', = receiver noise temperature (at receiver terminals) 

T t = T„ + T r = effective system noise temperature (at receiver terminals) 

A graphical relation of all the parameters is shown in Figure 2.29. The effective 
system noise temperature T, of radio astronomy antennas and receivers varies from 
very few degrees (typically = 10 K) to thousands of Kelvins depending upon the type 
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Figure 2.29 Antenna, transmission line, and receiver arrangement for 
system noise power calculation. 


of antenna, receiver, and frequency of operation. Antenna temperature changes at the 
antenna terminals, due to variations in tile target emissions, may he as small as a 
fraction of one degree. To detect such changes, the receiver must be very sensitive 
and be able to differentiate changes of a fraction of a degree. 


Example 2.16 

The effective antenna temperature of a target nl the input terminals of the antenna is 
150 K. Assuming that the antenna is maintained at a thermal temperature of 300 K 
and has a thermal efficiency of 99% and it is connected to a receiver through an 
.V-band (8.2-12.4 GHz) rectangular waveguide of 10 m (loss of waveguide = 0.13 
dB/m) and at a temperature of 300 K, find the effective antenna temperature at the 
receiver terminals. 


SOLUTION 


We first convert the attenuation coefficient from dB to Np by a(dB/m) = 20( lou,,, e) 
«(Np/m) = 20(0.434hwNp/m) = 8.68a(Np/m). Thus a(Np/m) = «(dB/m)/8.68 = 
0.13/8.68 = 0.0149. The effective antenna temperature at (lie receiver terminals can 
be written, using (2-147) and (2-147a). as 



T. = 150c -‘" 4g ' 3 ' + 3.03c a,4M * + 300|| - e , ’ U0W) ] 

= I 11.345 + 2.249 4- 77.31 = 190.904 K 


The results of the above example illustrate that the antenna temperature at the 
inpul terminals of (lie antenna and at the terminals of the receiver can differ by quite 
a few degrees. For a smaller transmission line or a transmission line with much smaller 
losses, the difference can be reduced appreciably and can be as small as a fraction of 
ti degree. 
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PROBLEMS 

2.1. Derive (2-7) given ihe definitions of (2-5) and (2-6) 

2.2. A hypothetical isotropic antenna is radiating in free space. At a distance of 100 m from 
the antenna, the total electric field (£„) is measured to be 5 V/m. Find 

la) the power density (W,*j) 

(h) the power radiated (P„j) 

2.3. The maximum radiation intensity of a 90% efficiency antenna is 200 mW/unil solid 
angle Find the directivity and gain (dimensionless and in dB) when the 

(a) input power is 125.66 mW 
(h) radiated power is 125.66 mW 
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2.4. The power radiated by a lossless antenna Is 10 Walts. The directional characteristics of 
the antenna are represented by the radiation intensity of 

U = B„cos J 0 (W/unii solid angle) 0 s(ls -nil, 0 s ( /> •= 2t r 


Find the 

(a) maximum power density (in watts per square meter) at a distance of 1000 m (assume 
fur Held distance). Specify the angle where this occurs. 

(hi directivity of the antenna (dimensionless and in dB) 

(c) gain of the antenna (dimensionless and in dB) 

2.5. In target-search ground-mapping radars it is desirable to have echo power received 
from a target, of constant cross section, to be independent of its range. For one such 
application, die desirable radiation intensity of the antenna is given by 


LH8, <!» 


I 

■ 0.342 esc(fl) 
0 


0“ «s 0 < 20° 
20 ° < 0 < 60* 
60° s 180“ 


i 0° s </. a 360° 


Find the directivity (in dB) using the exact formula. 

2.6. A beam antenna has half-power beamwidths of 30° and 35° in perpendicular planes 
intersecting at the maximum of the mainbeam. Find its approximate maximum effective 
aperture (in A*) using (a) Kraus' and (b) Tui and Pereira’s formulas The minor lobes 
arc very small and can be neglected. 

2.7. The normalized radiation intensity of a given antenna is given by 

(a) U = sin Osin <!> (b) U = sin Osin* tfr 

(c) U = sin Osin’ <l> Id) U = sin : 0 sin <(» 

(e) U - sin 2 «sin' r/» (0 U = sin 2 Osin' d> 

The intensity exists only in the (I s « - n-. ()«</»- rr region, and it is zero elsewhere. 

Find the 

(a) exact directivity (dimensionless and in dB). 

(b) azimuthal and elevation plane half-power beamwidths (in degrees). 

2.8. Find the directivity (dimensionless and in dB) for the antenna of Problem 2.7 using 
(a) Kraus' approximate formula (2-26) 

(h) Tai and Pereira's approximate formula <2-30a) 

2.9. For Problem 2.5. determine the approximate directivity (in dB) using 

(a) Kraus' formula 

(b) Tai und Pereira's formula. 

2.10. The normalized radiation intensity of an antenna is rotationally symmetric in */>. and it 
is represented by 


I 0° s 0 < 30“ 

0.5 30" sik 60° 

0.1 60° £ 0< 90° 

0 90® s 0s 180® 


(a) What is the directivity (above isotropic) of the antenna (in dB)’.’ 

(b) What is the directivity (above an infinitesimal dipole) of the antenna (in dB)? 

2.11, The radiation intensity of an antenna is given by 


L'(0. <t» = cos 4 0 sin 2 <!> 


for 0 s II r£ n/2 and 0 <l> s 2ir (i.e„ in the upper half-space). It is zero in the lower 

half-space. 

Find the 

(a) exact directivity (dimensionless and in dB) 

(b) elevation plane half-power bcumwidth (in degrees) 
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2.12. The normalized radiation intensity of an antenna is symmetric, and it can he approxi¬ 
mated by 


U<0) = 


cos(0) 

0.866 

0 


0° 0 < 30° 

30° £ 0 < 90* 
00° S (IS 180° 


and it is independent of <ft. Find the 

(a) exact directivity by integrating the function 

(b) approximate directivity using Kraus' formula 

2.13. The maximum gain of a hom antenna is + 20 dB. while the gain of its first sidclobc is 
- 15 dB. What is the difference in gain between the maximum and first sidelobe: 

(a) in dB 

lb) as a ratio of the field intensities. 

2.14. The normalized radiation intensity of an antenna is approximated by 

U = sin 0 

Where 0 S()< and 0 < </» s 27 t. Determine the directivity using the 
(ft) exact formula 

(b) formulas of (2-33a) by McDonald and 1 2-3.3b) by Pozar 
<ej computer program DIRECTIVITY at the end of the chapter 

2.15. Repeat Problem 2.14 for a A/2 dipole whose normalized intensity is approximated by 

U =* sin' 0 


Compare the value with that of (4-91) or 1.643 (2.156 dB). 

2.16. The radiation intensity of a circular loop of radius and a of constant current is given by 

V = J] (k<i sin 0). (is (IS tr and OSiJs 2 7r 


2.17 


2.18. 

2.19, 


where 7,(.v) is the Bessel function of order I. For a limp with radii of u - A/10 urtd 
A/20, detemiine the directivity using the: 

(a) formulas (2-33a) by McDonald and <2-33b) by Pozar 

(b) computer program DIRECTIVITY at the end of the chapter. 

A subroutine to compute the Bessel function can be found in the computer program at 
the end of Chapter 5. Compare the answers with that of a very small loop represented 
by 1.5 or 1.76 dB. 

land the directivity (dimensionless and in dB) foi the antennu of Problem 2.7 using 
numerical techniques with 10° uniform divisions and with the field evaluated at the 

(a) midpoint 

(b) trailing edge of each division 

Compute the directivity values ol Problem 2.7 using the directivity computer program 
at the end of this chapter. 

The far-zonc electric held intensity (array factor) of an end-lire two-element array 
antenna, placed along the z-axis and radiating into Tree-space, is given by 


E = 


cos 


7 (cos 0 
4 



OStfSir 


2 . 20 . 


Find the directivity using 
(a) Kraus’ approximate formula 

lb) the DIRECTIVITY computer program at the end of this chapter 
Repeut Problem 2.19 when 


7 (cos 0+1) 
4 


' e * 
r 


E = cos 


0 S 0 < 77 


U 
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2.21. The radiation intensity is represented by 


U„ sin ( jt sin 0). 0£fl£n/2 and 

0 elsewhere 


Find the directivity 

(a) exactly 

(b) using die computer program DIRECTIVITY ut the end of the chapter. 

2.22. The radiation intensity of an aperture antenna, mounted on an infinite ground plane 
with ; perpendicular to the aperture, is rotutionally symmetric (not a function of </.). 
and it is given by 



Find the approximate directivity (dimensionless and in ilB) using 
(u) numerical integration. Use the DIRECTIVITY computer program at the end of this 
chapter 

(b) Kraus' formula 

(c) Ttti and Pereira's formula 

2.2.1 The normalized fur-zone field pattern of an antenna is given by 

f (sin II cos-' </>) ,/J Osflsir and 0£ij£ iH2. 

£ = < 371/2 s tf> s 2 7r 

0 elsewhere 

Find the directivity using 

(a) the exact expression 

(b) Kraus' approximate formula 

(c) Tai and Pereira's approximate formula 

(d) the computer program DIRECTIVITY at the end of this chapter 

2.24 The normalized field pattern of the main beam of a conical horn antenna, mounted on 
an infinite ground plane with c perpendicular to the aperture, is given by 


J,lkii sin ID 
sin 0 


where a is its radius at the aperture. Assuming that a = A. find the 

(a) half-power beamwidth 

(b) directivity using Kraus' approximate formula 

2.25. A uniform plane wave, of a form similar to (2-55). is traveling in the positive t-uxis. 
Find the polarization (linear, circular, or elliptical), sense of rotation (CVV or CC'W). 
axial ratio (AR). and tilt angle r(in degrees) when 

(a) £, = £,. Ad* = d>, - 4>, = 0 (b) E, * E v Ad> = d* v - d>, = 0 

(c) £, = £,. A</> = - <t>, = 77/2 (d) £, = £,. Ad. = d>, - d>, = - n/2 

(c) £, = By. Ad. 77/4 (f) £. = F.„ Ad. - d>, - </». = - rr/4 

(g) E, = 0.5 £.. Ad> = d., - d>, = tt/ 2 (hi £. » D.5 £„ Ad> = d. - <t>. = - tt/2 

In all cases, justify (he answer. 

.26. Derive (2-66). (2-67). and (2-68). 

.27. Write a general expression for the polarization loss factor (PLF) of two linearly polar¬ 
ized antennas if 
la) both lie in the same plane 

(b) both do not lie in ihc same plane 

2.28. A linearly polarized wave traveling in the positive ^-direction is incident upon a cir¬ 
cularly polarized antenna. Find the polarization loss factor PLF (dimensionless and in 
dB) when the antenna is (based upon its transmission mode operation) 

(a) right-handed (CWI (b) left-handed (CCW) 
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2.29. A circularly polarized wave, traveling in the positive ’-direction, is incident upon a 
circularly polarized antenna. Find the polarization loss factor PLF (dimensionless and 
in dB) for right-hand (CW) and left-hand (CCW) wave and antenna. 

2.30. The electric held radiated by a rectangular aperture, mounted on an infinite ground 
plane with ; perpendicular to the aperture, is given by 

E = |a„cos </> - fi^sin <t> cos 0\ f(r. 0. <b) 

where/(r, II, <t» is a scalar function which describes die field variation of the antenna. 
Assuming that the receiving antenna is linearly polarized along the .t-axis. find the 
polarization loss factor (PLF). 

2.31. A circularly polarized wave, traveling in the + z-direction. is received by an elliptically 
polarized antenna whose reception characteristics near the main lobe are given approx¬ 
imately by 

E 0 - [2&, + yfi,|/(r, 0. 4» 

Find the polarization loss factor PLF (dimensionless and in dB I when the incident wave 
is 

(a) right-hand (CW) 

<h) left-hand (CCW) 

circularly polarized. Repeat the problem when 

E„ = 12 a, - AJ/(r. M 

In each case, what is die polarization of the antenna'.' How docs it match with that of 
the wave? 

2.32 A linearly polarized wave traveling in the negative .: direction has a tilt angle (r) of 
43°. It is incident upon an antenna whose polarization characteristics are given by 

A - 4fl -1A 

Find the polarization loss factor PLF (dimensionless and db). 

2.33 An elliptically polarized wave traveling in the negative z-direction is received by a 
circularly polarized antenna whose main lobe is along the 0=0 direction. The unit 
vector describing the polarization of the incident wave is given by 

2 &, 

“• Vi 

Find die polarization loss factor PLF (dimensionless and in dB) when the wave that 
would be transmitted by the antenna is 
(a) right-hand CP 
lb) left-hand CP 

2.34. A CW circularly polarized uniform plane wave is traveling in the + z direction. Find 
the polarization loss factor PLF (dimensionless and in dB) assuming the receiving 
antenna (in its transmitting mode) is 

(a) CW circulurly polarized 

(b) CCW circularly polarized 

2.35. A linearly polarized uniform plane wave traveling in the +; direction, with a power 
density of 10 inilliwutls per square meter, is incident upon a CW circularly polarized 
antenna whose gain is 10 dB at 10 GHz. Find the 

(a) maximum effective area of the antenna (in square meters) 

(b) power (in watts) that will be delivered to a load attached directly to the terminals 
of the antenna 

2.36. A lineatly polarized plane wave traveling along the negative ’-axis is incident upon an 
elliptically polarized antenna (either CW or CCW). The axial ratio of the antenna 
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polarization ellipse is 2:1 and its major axis coincides with the principal v-uxis. Find 
the polarization loss factor CPLF) assuming die incident wave is linearly polarized in 
the 

ta) .r-direciion 
(b) v-direction 

2.37. A wave traveling normally outward from the page (toward the reader) is the resultant 
of two elliptically polarized waves, one with components of E given by: 

= 3 cos oa 

= 7 cos|o >i 4- 

and the other with components given by: 

= 2 cos ioi 
't>, = 3 cosjas 

(a) What is the axial ratio of the resultant wave'.’ 

lb) Does the resultant vector E rotate clockwise or counterclockwise? 

2.38. A linearly polarized antenna lying in the t-v plane is used to determine the polarization 
axial ratio of incoming plane waves traveling in the negative r-direction. The polari¬ 
zation of the antenna is described by the unit vector 

p„ = cos i// +- jt i, sin i// 




0 50 l(X> ISO 200 250 300 150 

VS'te* t 

(a) PI.F vervuv y 




(ci PLF versus y 
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where ili is an angle describing the orientation in the x-y plane of the receiving antenna. 
Below are the polarization loss factor (PLF) versus receiving antenna orientation curves 
obtained for three different incident plane waves. For each curve determine the axial 
ratio of the incident plane wave. 

2.39. A A/2 dipole, with a total loss resistance of I ohm. is connected to a generator whose 
internal impedance is 50 + J2S ohms. Assuming that the peak voltage of the generator 
is 2 V and the impedance of the dipole, excluding the loss resistance, is 73 + >42.5 
ohms, find the power 

(a) supplied by the source (real) 

(b) radiated by the antenna 

(c) dissipated by the antenna 

2.40. The antenna and generator of Problem 2.39 are connected via a 50-ohm A/2-long lossless 
transmission line. Find the power 

(a) supplied by the source (real) 

(b) radiated hy ihe antenna 
(C) dissipated by the antenna 

2.41. An antenna with a radiation resistance of 4X ohms, a loss resistance of 2 ohms, and a 
reactance of 50 ohms is connected to a generator with open-circuit voltage of It) V and 
internal impedance of 50 ohms via a A/4-long transmission line with characteristic 
impedance of 1 IK) ohms. 

(a) Draw the equivalent circuit 

(b) Determine the power supplied by the generator 
(C) Determine the power radiated hy the antenna 

2.42. A transmitter, with an internal impedance Z,, (real), is connected to an antenna through 
a lossless transmission line of length / and characteristic impedance Z,,. Find a simplr 
expression for the ratio between the antenna gain and its realized gain 



VU)-A 

/u.=|.. n| 


V, = strength of voltage source 

Zsn - R,„ + jX |„ = input impcduncc of the unlcntui 

Za = R u = characteristic impedance of the line 

^owpidci = power accepted hy the antenna (P^ M = Rc| V(0)/*(0)|| 

= power delivered to a matched load |i.c.. - Z$ = Z,,| 

2.43. The input reactance of an infinitesimal linear dipole of length A/60 and radius a - A/200 
is given by 


- 121 ) 


llntf/a) - l| 
tan(kf) 


Assuming the wire of the dipole is copper with a conductivity^ 5.7 X It)' S/m. 
determine at / = 1 GHz the 

(a) loss resistance 

(b) radiation resistance 

(c) radiation efficiency 

(cl) VSWR when the antenna is connected to a 50-ohm line 
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2-44. A dipole antenna consists of a circular wire of length I. Assuming the current distribution 
on the wire is cosinusoidal, i.e.. 




- 1/2 s s 1/2 


where /,, is a constant, derive tin expression for the loss resistance A’,. which is one- 
half of (2-90b|. 

-.45 The / -held pattern of an antenna, independent ol </». varies as follows: 
f I 0° < 0 < 45° 
fi-lo 45°<fls5 90° 

90° < 8s 180° 


tat What is the directivity of this antenna ' 

thi What is the radiation resistance of the antenna at 200 m front it if the lield is equal 
to 10 V/m (rnis) for II - 0° at that distance and the terminal current is 5 A (mis)? 
2.40. A I-in long dipole antenna is driven hv a 150 MH/ source having a source resistance 
of 50 ohms and a voltage of 100 V If the ohmic resistance of the antennas is given by 
R, = 0.025 ohms, find: 

(a) The current going into the antenna (/„„,) 

(hi The average power dissipated by the antenna 
(c) The average power radiated by the antenna 
id) The radiation efficiency of the unienna 
2.47. Show that the effective length of a linear antenna can he written as 



which for a lossless antenna and maximum power transfer reduces to 



A, and A,,„, represent, respectively, the effective and maximum effective apertures of 
the antenna while r; is the intrinsic impedance of the medium. 

2.4.x. An antenna has a maximum effective aperture of 2.147 m ai ils operating frequency 
of IDO MH/. Il has no conduction or dielectric losses. The input impedance of the 
antenna itself is 75 ohms, and ii is connected to a 50-ohm transmission line. Find the 
directivity of the antenna system ("system" meaning includes any effects of connection 
to the transmission line). Assume no polarization losses. 

2.49. An incoming wave, with a uniform power density equal to 10 ‘ W/nr is incident 
normally upon a lossless horn antenna whose directivity is 20 dB. At a frequency of 
10 GHz. determine the very maximum possible power that can he expected to be 
delivered to a receiver or a load connected to the horn antenna. There are no losses 
between the antenna and the receiver or load 

2.50. For an V-band (8.2 -12.4 GHz) rectangular horn, with aperture dimensions of 5.5 cm 
and 7.4 cm. find its maximum effective aperture i in enn when its gain (over isotropic) 
is 

(a) 14.8 dB at 8.2 GHz 

(b) l(i.5 dll at 10J GHz 

(c) 18.0 dB at 12.4 GHz 

2.51. A 30-dB. righl-circulurly polarized antenna iri a radio link radiates 5 W of power at 2 
GHz. The receiving antenna has an impedance mismatch at its terminals, which leads 
to a VSWR of 2. The receiving antenna is about 95', efficient and has a field pattern 
near the beam maximum given by K„ = (2a, - /a i /•'„( H, «/»). The distance between 
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the two antennas is 4,000 km, and the receiving antenna is required to deliver K) 14 
W to tire receiver. Determine the maximum effective aperture of the receiving antenna. 

2.52. The radiation intensity of an antenna can be approximated by 

fcos 4 (0) 0°sfl<90° 

U( ft <h) = J with 0° == <k <5 360° 

[() 90° sflsl 80° 

Determine the maximum effective aperture (in in 2 ) of the antenna if its frequency ol 
operation is/ = 10 GHz. 

2.53. A communication satellite is in stationary (synchronous) orbit about the earth (assume 
altitude of 22.300 statute miles). Its transmitter generates 8,0 W. Assume the transmit¬ 
ting antenna is isotropic. Its signal is received by the 210-ft diameter tracking parabo¬ 
loidal antenna on the earth at the NASA tracking station at Goldstone, California. Also 
assume no resistive loss in either antenna, perfect polarization match, and perfect 
impedance match at both antennas. At a frequency of 2 GHz. determine the: 

(a) powet density (in watts/m 2 ) incident on the receiving antenna. 

(h) power received by the ground-based antenna whose gain is 60 dB. 

2.54. A lossless (e, rf I) antenna is operating at 100 MHz and its maximum effective 
aperture is 0.7162 nr at this frequency The input impedence of this antenna is 75 
ohms, and it is attached to a 50-ohm transmission line. Find the directivity (dimension¬ 
less) of this antenna if it is polarization matched. 

2.55. A resonant, lossless (<■,,, - 1.0) half-wavelength dipole antenna, having a directivity 
of 2.156 dB. has an input impedance of 73 ohms and is connected to a lossless. 50 
ohms transmission line A wave, having the same polarization as the antenna, is incident 
upon the antenna with a power density of 5 W/m 2 at a frequency of 10 MHz. Find the 
received power available at the end of the transmission line. 

2.56. Two X-band (8.2-12.4 GHz) rectangular horns, with aperture dimensions of 5.5 cm 
and 7.4 cm and each with a gain of 16.3 dB (over isotropic) at 10 GHz. are used us 
transmitting and receiving antennas. Assuming that the input power is 200 mW. the 
VSWR of each is I I. the conduction-dielectric efficiency is 100%. and the antennas 
are polarization-matched, find the maximum received power when Ihe horns are sepa¬ 
rated in air by 

to) 5 m 
Ih) 50 m 
(c) 5(H) ni 

2257. Transmuting and receiving antennas operating at I GHz. with gains (over isotropic) of 
20 and 15 dB. respectively, arc separated hy a distance of I km. Find the maximum 
power delivered to the load when the input power is 150 W Assume that Ihe 

(a) antennas are polarization-matched 

(b) transmitting antenna is circularly polarized (either right- or left-hand) and ihe 
receiving antenna is linearly polarized. 

2.58. Two lossless, polarization matched antennas arc aligned for maximum radiation be¬ 
tween them, and are separated by a distance of 50A. The antennas arc matched to their 
transmission lines and have directivities of 20 dB. Assuming that the power at the input 
terminals of the transmitting antenna is |{) W. find Ihe power at the terminals of the 
receiving antenna. 

2.59 Repeat Problem 2.58 for two antennas with 30 dB directivities and separated by I00A. 
file power at the input terminals is 20 W 

2.60 Transmitting and receiving antennas operating at I GHz with gains of 20 and 15 dB. 
respectively, are separated by a distance of I km. Find ihe power delivered to the load 
when the input power is 150 W. Assume the PLF = I. 

2.61. A series of microwave repeater links operating at 10 GHz are used to relay television 
signals into a valley lhai is surrounded by steep mountain ranges. Each repealer consists 
of a receiver, transmitter, antennas and associated equipment. The transmitting and 
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2.62. 


2.63. 


2.64. 


2.65, 


2 . 66 . 


2.67, 


2 , 68 . 


2.64, 


receiving antennas are identical horns, each having gain over isotropic of 15 dB. The 
repeaters are separated in distance by 10 km. For acceptable signal-to-noise ratio, the 
power received at each repeater must be greater than It) uW. Loss due to polarization 
mismatch is not expected to exceed 3 dB. Assume matched loads and free space 
propagation conditions. Determine the minimum transmitter power that should be used. 
A one-way communication system, operating at 100 MHz. uses two identical A/2 
vertical, resonant, and lossless dipole antennas as transmitting and receiving elements 
separated by 10 km. In order for the signal to be detected by the receiver, the power 
level at the receiver terminals must be at least I gW. Each antenna is connected to the 
transmitter and receiver by a lossless 50-12 transmission line. Assuming the antennas 
are polarization-matched and are aligned so that the maximum intensity pi one is 
directed toward the maximum radiation intensity of the other, determine the minimum 
power that must be generated by the transmitter so that the signal will be detected by 
the receiver Account for the proper losses From the transmitter to the receiver 
In a long-range microwave communication system operating at 9 GHz. the transmitting 
and receiving antennas are identical, and they are separated by 10.000 m. To meet the 
signal-to-noise ratio of the receiver, the received power must be at least 10 /iW. 
Assuming the two antennas are aligned for maximum reception to each other, including 
being polarization matched, what should the gains tin dB) of the transmitting and 
receiving antennas be when the input power to the transmitting antenna is 10 W? 

A rectangular -V-band horn, with aperture dimensions of 5.5 cm and 7.4 cm anil a gain 
of 16.3 dB (over isotropic) at 10 GHz. is used to transmit and receive energy scattered 
from a perfectly conducting sphere of radius a - 5A. Find the maximum scattered 
power delivered to the load when the distance between the horn and the .sphere is 
(a) 200A 
(h) 500A 

Assume that the input power is 200 mW. and the radar cross section is equal to the 
geometrical cross section. 

A radar antenna, used for both transmitting and receiving, has a gain of ISO (dimen¬ 
sionless) at its operating frequency of 5 GHz. It transmits 100 kVV. and is aligned for 
maximum directional radiation and reception to a target I km away having a radar 
cross section of 3 nr. The received signal matches the polarization of the transmitted 
signal. Find the received power. 

In an experiment to determine the radar cross-section of a Tomahawk cruise misslc, a 
1.000 W. 300 MHz. signal was transmitted toward the target, and the received power 
was measured to be 0.1425 tnW. The same antenna, whose gain was 75. was used for 
both transmitting and receiving. The polarizations of both signals were identical 
(PLF = I). and the distance between the antenna and missile was 500 m. What is the 
radar cross section of the cruise missile? 

Repeat Problem 2.66 for a radar system with 1.000 W. 100 MHz. transmitted signal. 
0.01 W received signal, an antenna with a gain of 75. and separation between the 
antenna and target of 700 m. 

Transmitting and receiving antennas operating at I GHz. with gains (over isotropic) of 
20 and 15 dB. respectively, are separated by a distance of I km. Find the maximum 
power delivered to the load when the input power is 150 W. Assume that the 
(a) antennas are polarization-matched 

lb) transmitting antenna is circularly polarized (either right- or left-hand) and the 
receiving antenna is linearly polarized. 

The maximum radar cross seel ion of a resonant linear A/2 dipole is approximately 
0.86A’. For a monostatic system (i.e.. transmitter and receiver at the same location), 
find the received power (in W) if the transmitted power is 100 W. the distance of the 
dipole Irom the transmitting and receiving antennas is 100 m. the gain of the transmitting 
and receiving antennas is 15 dB each, and the frequency of operation is 3 GHz. Assume 
a polarization loss factor of — I dB. 
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2.70- The effective antenna temperature of an antenna looking toward zenith is approximately 
5 K. Assuming that the temperature of the transmission line (waveguide) is 72°F, find 
(he effective temperature at the receiver terminals when the attenuation of the trans¬ 
mission line is 4 dB/100 ft and its length is 

(a) 2 ft 

(b) 100 ft 

Compare it to a receiver noise temperature of about 54 K. 

2.7|. Derive (2-147). Begin with an expression that assumes that the physical temperature 
and the attenuation of the transmission line arc not constant. 
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(continued) 


DISCLAIMER 

THE INFORMATION AND CODE IS PROVIDED AS DESCRIBED 
ABOVE WITHOUT WARRANTY OF ANY KIND. THE AUTHORS 
WILL NOT BE LIABLE FOR ANY DAMAGES WHATSOEVER 
INCLUDING DIRECT, INDIRECT, INCIDENTAL, CONSEQUENTIAL, 
LOSS OF BUSINESS PROFITS OR SPECIAL DAMAGES DIRECTLY 
OR INDIRECTLY RELATED TO THE USE OF THIS SOFTWARE. 


* THE PROTECTED MODE RUN-TIME DOS-EXTENDER IS THE 
PROPERTY OF RATIONAL SYSTEMS, INC. 

** THE FONTS USED BY THIS SOFTWARE PACKAGE ARE THE 
PROPERTY OF ADOBE SYSTEMS. INC. 

FOR ADDITIONAL INFORMATION CONCERNING THIS CODE, 
CONTACT THE AUTHORS OF THE CODE AT THE ABOVE ADDRESS 
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COMPUTER PROGRAM - DIRECTIVITY 
************************************************************ 

THIS IS A FORTRAN PROGRAM THAT COMPUTES THE: 

i. RADIATED POWER 
II. MAXIMUM DIRECTIVITY 

OF ANY ANTENNA THE MAXIMUM DIRECTIVITY IS CALCULATED 
USING THE TRAILING EDGE METHOD IN INCREMENTS OF 1° IN 
THETA AND 1° IN PHI. 


♦•INPUT PARAMETERS 

1. TL, TU: LOWER AND UPPER LIMITS IN THETA (in degrees) 

2. PL, PU: LOWER AND UPPER LIMITS IN PHI (in degrees) 

3. F(THETA, PHI): THE RADIATION INTENSITY FUNCTION 

**NOTE 

THE RADIATION INTENSITY FUNCTION F MUST BE PROVIDED 
FOR A GIVEN ANTENNA, AND SHOULD BE INSERTED INTO 
THE SUBROUTINE U. 

♦•EXAMPLE 

IF THE ANTENNA IS RADIATING ONLY IN THE UPPER 
HEMISPHERE, THE LIMITS ON THETA ARE 0 AND 90 (degrees) 
AND THE LIMITS IN PHI ARE 0 AND 360 (degrees) 
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CHAPTER 


3 

RADIATION INTEGRALS AND 
AUXILIARY POTENTIAL 
FUNCTIONS 


3.1 INTRODUCTION 

In the analysis of radiation problems, the usual procedure is to specify the sources 
and then require the tields radiated by the sources. This is in contrast to the synthesis 
problem where the radiated fields am specified, and we are required to tind the sources. 

It is a very common practice in the analysis procedure to introduce auxiliary 
functions, known as vector potentials, which will aid in the solution of the problems. 
The most common vector potential functions arc the A (magnetic vector potential) 
and F (electric vector potential). Another pair is the Hertz potentials II, and II,,. 
Although tlu electric and magnetic field intensities (K and H) represent physically 
measurable quantities, among most engineers the potentials are strictly mathematical 
tools, The introduction of the potentials often simplifies the solution even though it 
may require determination of additional functions. While it is possible to calculate 
the E and II fields directly from the source-current densities J and M. as shown in 
Figure 3.1. it is usually much simpler to calculate the auxiliary potential functions 
first and then determine the E and H. This two-step procedure is also shown in Figure 
3.1. 

The one-step procedure, through path 1. relates the E and H fields to J and M 
by integral relations. The two-step procedure, through path 2. relates the A and F (or 
II, and II,,) potentials to .1 and VI by integral relations. The E and H are then 
determined simply by differentiating A and F (or H, and II,,). Although the two-step 
procedure requires both integration and differentiation, where path 1 requires only 
integration, the integrands in the two-step procedure are much simpler. 

The most difficult operation in the two-step procedure is the integration to deter¬ 
mine A and F (or II, and II,,). Once the vector potentials are known, then E and II 
can always be determined because any well-behaved function, no matter how complex, 
can always be differentiated. 
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Integration 


Source* 


path 1 

Radiated field* 

J.M 



" E.H 

\ 

Integration 


Differentiation / 


X^PttihJ 

Vector potential* 

A. F 
or 

II,. IU 

Path 2/ 


Figure 3.1 Block diagram for computing radiated fields from electric and 
magnetic sources. 


The integration required to determine the potential functions is restricted over the 
bounds of the sources .1 anil M. This will result in the A and F (or II, and II,,) to be 
functions of the observation point coordinates: the differentiation to determine F. and 
II must be done in terms of the observation point coordinates. The integration in the 
one step procedure also requires that its limits be determined by the bounds of the 
sources. 

The vector Hertz potenlial II,. is analogous to A and II,, is analogous to F. The 
functional relation between them is a proportionality constant which is a function of 
the frequency and the constitutive parameters of the medium. In the solution of a 
problem, only one set. A and F or II, and II,,. is required. The author prefers the use 
of A and F. which will be used throughout the book. The derivation of the functional 
relations between A and II,.. and F and II,, are assigned at the end of the chapter as 
problems. (Problems .3.1 and 3.2). 


3.2 THE VECTOR POTENTIAL A FOR AN 
ELECTRIC CURRENT SOURCE J 


The vector potential A is useful in solving for the EM field generated by a given 
harmonic electric current J. The magnetic dux II is always solenoidal; that is, 
V • B = 0. Therefore, it can be represented as the curl of another Vector because il 
obeys the vector identity 

V-V x A = 0 (.3-1) 

where A is an arbitrary vector. Thus we define 

B, = mH, = V x A (3-2) 


or 


H,, = - V x A 
M 


(3-2a) 


where subscript A indicates die field due to the A potential. Substituting (3-2a) into 
Maxwell's curl equation 


Vx E, = -joi/aH , 


(3-3) 
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reduces it to 


V x E 

m = = ~j<» ’ 

PxA (3-4) 

which can also be written as 



From die vector identity 

V x |E.» + ji»A\ = 0 

(3-5) 

and (3-3), it follows that 

V x (-V d> r ) = 0 

(3-6) 

or 

E,i + jioA = - V </> r 

(3-7) 


Ea = - V d>, - jin A 

(3-7u) 


The scalar function <f>, represents an arbitrary electric scalar potential which is a 
function of position. 

Taking the curl of both sides of (3-2) and using the vector identity 


FxfxA = V(V • A) — V 2 A (3-8) 


reduces it to 

V x = V(V • A) - V-A 
For a homogeneous medium. (3-8a) reduces to 

/*V x H„ = V(V • A) - V J A 
Equaling Maxwell's equation 

V x H,.i = J + joteE A 

to (3-9) leads to 

MJ + jio/xe E a = V(V - A) - V : A 


(3-8a) 

(3-9) 

(3-10) 

(3-11) 


Substituting (3-7a) into (3-11) reduces it to 

V : A + k 2 A = -juj + V(V • A) + V(ju)fxe(l > t ) 
= — fjJ + V(V • A + ju)/ie<f> r ) 


(3-12) 


where k 2 = io 2 /xe. 

In (3-2), the curl of A was defined. Now we are at liberty to define the divergence 
of A. which is independent of its curl. In order to simplify (3-12). let 



(3-13) 


which is known as the Lorentz condition. Substituting (3-13) into (3-12) leads to 

V 2 A + ArA = -/xj 


(3-14) 
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In addition. (3-7a) reduces to 


E., = —/wA = -jtaA - /—— V(V • A) 

uifie 


(3-151 


Once A is known. H., can be found from (3-2a) and E, t from (3-15). E,i can just 
as easily be found from Maxwell’s equation (3-10) with .1 0. It will be shown later 

how to find A in terms of the current density .1 It will be a solution to the inhomo¬ 
geneous Helmholtz equation of (3-14). 


3.3 THE VECTOR POTENTIAL F FOR A 
MAGNETIC CURRENT SOURCE M 

Although magnetic currents appear to be physically unrealizable, equivalent magnetic 
currents arise when we use the volume or the surface equivalence theorems. The fields 
generated by a harmonic magnetic current in a homogeneous region, with .1 0 but 

M ^ 0, must satisfy V • I) (). Therefore. E, can be expressed as the curl of the 
vector potential F by 


E, = -|VxF 

Substituting (3-16) into Maxwell’s curl equation 


(3-16) 


V x H, “ jo>e E, 


(3-17) 


reduces it to 


V x (11, + jioF) = 0 


(3-IS) 


From the vector identity of (3-6). it follows dial 

II, = — V </>,„ — jwE 


(3-19) 


where </»„, represents an arbitrary magnetic scalar potential which is a function of 
position. Taking the curl of (3-16) 


V x E, 


--V x V x F = — - |V V ■ F - V : F| 
e e 


(3-20) 


and equating it to Maxwell’s equation 


V x E, = - M - jM/iH,.- 


leads to 


V 2 F + ju>fieH f = VV • F — e.VI 
Substituting (3-19) into (3-22) reduces it to 

V 2 F 4- IcV = - cM + V(V • F) + VUtoue<l> m ) 


(3-21) 


13-22) 


(3-23) 
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By letting 



reduces (3-23) to 


and (3-19) to 


Y-F + Ir F = - eM 



(3-24) 


(3-25) 


(3-26) 


Once F is known. Ep can he found from (3-16) and 11/ from (3-26) or (3-21) with 
M = 0. h will be shown later how to find F once M is known. It w ill he a solution 
to the inhomogeneous Helmholtz equation of (3-25). 


3.4 ELECTRIC AND MAGNETIC FIELDS FOR 
ELECTRIC (J) AND MAGNETIC (M) CURRENT 
SOURCES 


In (he previous two sections we have developed equations that can be used to find 
the electric and magnetic fields generated by an electric current source J and a 
magnetic current source M. The procedure requires that the auxiliary potential func¬ 
tions A and F generated, respectively, by 3 and M are found first. In turn, the 
corresponding electric and magnetic fields are then determined (E,,, H . due to A and 
E/. H/ due to F). The total fields are then obtained by the superposition of the 
individual fields due to A and F (.1 and M). 

In summary form, the procedure that can be used to find the fields is as follows: 

Summary 


I. 


2 . 


Specify J and M (electric and magnetic current density sources), 
a. Find A (due to J) using 



(3-27) 


which is a solution of die inhomogeneous vector wave equation of (3-14). 
b. Find F (due to M) using 



(3-28) 


which is a solution of the inhomogeneous vector wave equation of (3-25). In 
(3-27) and (3-28), lc = of fie and R is the distance from any point in the 
source to the observation point. In a latter section, we will demonstrate that 
(3-27) is a solution to (3-14) as (3-28) is to (3-25). 
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3. 


4. 


a. Find H, using (3-2a) and E, using (3-15). E, :l can also be found using Max¬ 
well's equation of (3-10) with J = 0. 

h. Find E/ using (3-16) and II/ using (3-26). II, can also be found using Max¬ 
well's equalion of (3-21) with M = 0. 

The total fields are then given by 



(3-29) 


or 


and 



(3-29a) 


or 



(3-30) 


II = Ha + H, = -V x A 
M 


7—V x E, 


(3-30al 


Whether (3-15) or (3-10) is used to Find E, and (3-26) or (3-21) lo find H, 
depends largely upon the problem. In many instances one may be more complex than 
the other or vice versa. In computing fields in the I'ar-zone, 11 will be easier to use 
(3-15) for E , and (3-26) for II, because, as it will be shown, the second term in each 
expression becomes negligible in that region. 


3.5 SOLUTION OF THE INHOMOGENEOUS 
VECTOR POTENTIAL WAVE EQUATION 

In the previous section we indicated that ihe solution ol the inhomogeneous vector 
wave equation of (3-14) is (3-27). 

To derive it. let us assume that a source with current density./. which in the limit 
is an infinitesimal source, is placed at the origin of a x. y. coordinate system, as 
shown in Figure 3.2(a). Since the current density is directed along the c-axis (,/.). only 
an A-component will exist. Thus wc can write (3-14) as 

V 2 A ; + k% = - fxJ : (3-31) 

At points removed from the source (./. = 0). the wave equation reduces to 

V% + k% = 0 (3-32) 

Since in the limit the source is a point, it requires that A is not a function of direction 
(() and <!>)'. in a spherical coordinate system. A : = A.(r) where r is the radial distance. 
Thus (3-32) can be written us 

V 2 A-(r) + k 2 A.(r) = 4; 7 “ 
r Or 


,M.(r) 
' Or 


+ k 2 A-(r) = 0 


(3-33) 






122 Chapter 3 Radiation Integrals and Auxiliary Potential Functions 


t 



i 



(b) Source not it origin 

Figure 3.2 Coordinate systems lor computing radiating fie 


Which when expanded reduces to 


d 2 A.(>) 

dr 


2 dAAr ) 
r dr 


+ lc*A.(r) = 0 


(3-34) 


The partial derivative has been replaced by the ordinary derivative since A. is only a 
function of the radial coordinate. 

The differential equation of (3-34) has two independent solutions 


e -fir 

A, - C, — 

(3-35) 

e */*r 

= C J — 

(3-36) 


Equation (3-35 1 represents an outwardly (in the radial direction) traveling wave and 
(3-36) describes an inwardly traveling wave (assuming an ei°* time variation). For 
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this problem, the source is placed at the origin with the radiated fields traveling in the 
outward radial direction. Therefore, we choose the solution of (3-35). or 

e~ Jkr 

A t = A., = C, — (3-37) 

In the static case (w = 0, k = 0). (3-37) simplifies lo 

A. = — (3-38) 

r 

which is a solution to the wave equation of (3-32). (3-33), or (3-34) when k = 0. 
Thus at points removed from the source, the time-varying and the static solutions of 
(3-37) and (3-38) differ only by the e factor: or the lime-varying solution of (3- 
37) can be obtained by multiplying the static solution of (3-38) by <■ 

In the presence of the source (./ * 0) and k = 0 the wave equation of (3-31) 
reduces lo 

V 2 A : = -fxJ, (3-39) 

This equation is recognized to be Poisson’s equation whose solution is widely docu¬ 
mented, The most familiar equation with Poisson’s form is that relating the scalar 
electric potential (j> lo the electric charge density p. This is given by 


V-> = 


P 

e 


whose solution is 



(3-40) 


(3-41) 


where r is the distance from any point on the charge density to the observation point. 
Since (3-39) is similar in form to (3-4(1). ils solution is similar to (3-41). or 





(3-42) 


Equation (3-42) represents the solution to (3-31) when k = 0 (static case). Using the 
comparative analogy between (3-37) and (3-38). the time-varying solution of (3-31 1 
can he obtained by multiplying the static solution of (3-42) by e' 11 ' 1 . Thus 



(3-43) 


which is a solution to (3-31). 

If the current densities were in die x- and y-directions (7, and 7,). the wave 
cquaiion for each would reduce to 


+ IcA, = P-J . 

V 2 A v + k 2 A y = — p.J y 


(3-44) 

(3-45) 
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with corresponding solutions similar in form to (3-43). or 

(3-46) 

(3-47) 

The solutions of (3-43). (3-46). and (3-47) allow us to write the solution to the 
vector wave equation of (3-14) as 




(3-48) 


If the source is removed from (he origin and placed at a position represented by 
the primed coordinates (,v\ v'. z ‘). as shown in Figure 3.2(b). (3-48) can be written as 


A(.v, y, :) 



C'J'K 


(3-49) 


where the primed coordinates represent the source, the unprimed the observation 
point, and R the distance from any point on the source to the observation point. In a 
similar fashion we can show that the solution of (3-25) is given by 


F(.v. y..’) 



MU'. v\ 


-yut 

'hr** 


(3-50) 


If J and M represent linear densities <m ’). (3-49) and (3-50) reduce to surface 
integrals, or 


*1$ 

II 

< 



rJJ 

mx\y'.z’) e -^-ds‘ 


(3-51) 


(3-52) 


For electric and magnetic currents I,, and I m . they in turn reduce to line integrals of 
the form 


u f e *** 


(3-53) 
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€ f e #* 

F = — W.y'.z')—dl' 

4 nJc R 


(3-54) 


3.6 I AR FIELI) RADIATION 

The fields radiated by antennas of finite dimensions are spherical waves. For these 
radiators, a general solution to the vector wave equation of (3-141 tn spherical com¬ 
ponents. each as a function of r, ft. </>, takes the general form of 

A = a, A,(r. ft. <l>) + a „A 0 (r. ft </>) + a,,A^(r. ft d>) (3-55) 

The amplitude variations of r in each component of (3-55) are of the form \/r". 
n = I. 2. ... 111. Neglecting higher order terms of I lr" (I lr" = 0. « = 2. 3.. . .) 
reduces (3-55) to 

g-A’ 

A =• |a, A,'(ft </<) + £ gA'oO. d>) + <f»] ——. r-*« (3-56) 

The r variations arc separable from those of ft and </'• This will be demonstrated in 
the chapters that follow by many examples. 

Substituting (3-56) into (3-15) reduces it to 

E = l - { -jue *[fi,<0) + a fl Ai(ft d>) + a,*/*;(ft <t»)} + p {•••} + •• - (3-57) 


The radial E-field component has no Mr terms, because its contributions from the first 
and second terms of (3-15) cancel each other. 

Similarly, by using (3-56). we can write (3-2a) as 

H = ‘ ^PWO) + Mi<®. <t» - &M0. 4)1 j + J? {•••) + •• • 0-51 a) 

where r) = y/JjJe is the intrinsic impedance of the medium. 

Neglecting higher order terms of Mr", the radiated E- and H-fields have only ft 
and components. They can be expressed as 


Far-Fie hi Region 
E r “ 0 




H, = 0 


OJ 


H ,,=* + J~ A * 


H. 


W A 

-I-A. 


~ I">A„ 


_F* 

ft 

ft 


E ,, =* -ju> A 


(3-58#) 


(for the ft and r/» components only 
since F, r * 0) 




si, to 

II, — - x E| = -j— a, x A 
ft ft 


(3-58b) 


(for the ft and <l> components only since H,. = 0) 


Radial field components exist only for higher order terms of Mr". 







126 Chapter 3 Radiation Integrals and Auxiliary Potential Functions 


In a similar manner, the far-zone fields due to a magnetic source M (potential F) 
can be written as 


Far-Field Region 
H r — 0 

“ ~j* F * 

£ r — 0 

= h/A,. 

£* “ +juv F » = ~ VH e 


H, - -ja> F 


(for the H and </> components only 
since //, — U) 


E,, = - rja, x II, = jeo rjfi, x F 


(3-59a) 


(3-59b) 


(for the 0 and t/» components only since E, - 0) 


Simply stated, the corresponding far-zone E- and H -field components are or¬ 
thogonal to each oilier and form TEM ( to r) mode fields. This is a very useful relation, 
and it will be adopted in the chapters that follow for the solution of the far-zone 
radiated fields. The far-zone (far-held) region for a radiator is defined in Figure 2.5. 
Its smallest radial distance is 2 D 2 I\ where D is the largest dimension of the radiator. 


3.7 DUALITY THEOREM 

When two equations that describe the behavior of two different variables are of the 
same mathematical form, their solutions will also be identical. The variables in the 
two equations that occupy identical positions are known as dual quantities and a 
solution of one can be formed by a systematic interchange of symbols to the other. 
This concept is known as the duality theorem. 

Comparing Equations (3-2a), (3-3), (3-10). (3-14), and (3-15) to (3-16). (3-17). 
(3-21). (3-25), and (3-26). respectively, it is evident that they are to each other dual 
equations and their variables dual quantities. Thus knowing the solutions to one set 
(i.e., .1 # 0. IV! = 0). the solution to the other set (J = 0. M * 0) can be formed by 
a proper interchange of quantities. The dual equations and their dual quantities are 
listed in Tables 3.1 and 3.2 for electric and magnetic sources, respectively. Duality 


Table 3.1 DUAL EQUATIONS FOR ELECTRIC (J) AND MAGNETIC 
(M) CURRENT SOURCES 


Electric Sources (J i* 0, M = 0) 


Magnetic Sources (J = 0. M v 0) 


V x F., = -jwpH A 

V x H„ = J + jmeE, 
VA + k'-A = -mJ 


fJL 




dv’ 


V x II, = Jtoe E, 

— V x E, = M + JuipHf 
V’F + k 2 F = - eM 


H, = -V x A 
F 

E,., = —juA - i —-— V (V • A) 

(0/j.e 


E, = —- T x F 

H, = —,/wF -j~ V(V-F) 
w/xe 
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Table 3.2 DUAL QUANTITIES FOR ELECTRIC (Jl AND MAGNETIC 
(Mi CURRENT SOURCES 


Electric Sources (J 5*= 0. M = 0) 

Magnetic Sources (,| 0. M 0) 

Ex 

H, 


-E, 

.1 

M 

A 

F 

e 

P 

P 

f 

k 

k 

V 

Up 

I/tj 

n 


only serves as a guide to form mathematical solutions. It can be used in an abstract 
manner to explain the motion of magnetic charges giving rise to magnetic currents, 
when compared to their dual quantities of moving electric charges creating electric 
currents. It must, however, be emphasized that this is purely mathematical in nature 
since it is known as of today, that there are no magnetic charges or currents in nature. 

3.8 RECIPROCITY AND REACTION THEOREMS 

We are all well familiar with the reciprocity theorem, as applied to circuits, which 
states that "in any network composed of linear, bilateral, lumped elements, if one 
places a constant current ( voltage) generator between two nodes (in any branch) and 
places a voltage (current) meter between any other two nodes (in any oilier branch), 
makes observation of the meter reading, then interchanges the locations of the source 
and the meter, the meter reading will be unchanged" |2|. We want now to discuss 
the reciprocity theorem ns it applies to electromagnetic theory. This is done best by 
the use of Maxwell's equations. 

Let us assume that within a linear and isotropic medium, but not necessarily 
homogeneous, there exist two sets of sources .1,. M|, and J 2 , M : which are allowed 
to radiate simultaneously or individually inside the same medium at the frequency 
and produce fields E,. H t and Ei, H-. respectively. It can be shown 111. f3| that the 
sources and fields satisfy 

-V • (E, x H, - E. x II,) = E, • J, + H : • M, - E : • J, - H, • M 2 (3-60) 

which is called the Lorent: Reciprocity Theorem in differential form. 

Taking a volume integral of both sides of (3-60) anil using die divergence theorem 
on the left side, we can write it as 

-<jj> (E| x Hi - Ei x Hj • els' 

s 

(E, • Jj + Hi • M, - E 3 • J, - II, • Mi) civ' (3-61) 

which is designated as the Lorentz Reciprocity Theorem in integral form. 
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For a source-free (.! = J> = M, = M 2 = 0) region, (3-60) and (3-61) reduce, 
respectively, to 


V • (E, x H> — Ea x H,) = 0 


(3-62) 


and 


'jj 1 (E, x Hi - E : x II,) •(/«' = 0 


(3-63) 


Equations (3-62) and (3-63) are speciuJ cases of the Lorentz Reciprocity Theorem 
and must be satisfied in source-free regions. 

As an example of where (3-62) and (3-63) may be applied and whai they would 
represent, consider a section of a wuveguide where two different modes exist with 
fields E|. II, and E.. Hi. For the expressions of the fields for the two modes to be 
valid, they must satisfy (3-62) and/or (3-63). 

Another useful form of (3-61) is to consider that the fields (E,. II,. E ; . II.) and 
the sources (.1,. M,. Mi) are within a medium that is enclosed by a sphere of 
infinite radius, Assume that the sources are positioned within a finite region and that 
the fields are observed in the far held (ideally at infinity). I hen the left side of (3-61) 
is equal to zero, or 


<jj> IE, x H : - Ej x 11 1 ) - t/s’ 0 


(3-64) 


which reduces (3-61) lo 


HI (E, • J; + H, • M, - Ei ■ J, - H, • Mi) dv’ = 0 (3-65) 

v 


Equation 3-65 can also be written as 



(3-66) 


The reciprocity theorem, as expressed by (3-66). is the most useful form. 

A close observation of (3-61) will reveal that it does not. in general, represent 
relations of power because no conjugates appear, t he same is true for the special 
cases represented by (3-63) and (3-66). Each of the integrals in (3-66) can be inter¬ 
preted as a coupling between a set of fields and a set of sources, which produce 
another set of fields. This coupling lias been defined as Reaction |4| and each of the 
integrals in (3-66) are denoted by 


<l.2> 



II, • M.) dv 


(3-67) 



IE • M, l dv 


(3-68) 
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The relation <1. 2) of (3-67) relates the reaction (coupling) of liclds (E,. II,), 
which are produced hy sources J lt M, to sources (J-. Mi), which produce fields E 3 . 
Hi; (2. I) relates the reaction (coupling) of fields (E>, H : ) to sources (J,. M,). For 
reciprocity to hold, it requires that the reaction (coupling) of one set of sources with 
the corresponding fields of another set of sources must be equal to the reaction 
(coupling) of the second set of sources with the corresponding fields of the first set 
of sources, and vice versa. In equation form, it is written as 

(1. 2> = (2. I) (3-69) 


3.8.1 Reciprocity for Two Antennas 


There are many applications of the reciprocity theorem. To demonstrate its potential, 
an antenna example will be considered. Two antennas, whose input impedances are 
/, and / . are separated by a linear and isotropic (but not necessarily homogeneous) 
medium, as shown in Figure 3.3. One antenna (#1) is used as a transmitter and the 
other i #2) as a receiver. The equivalent network of each antenna is given in Figure 
3.4. The internal impedance of the generator Z y is assumed to be the conjugate of the 
impedance of antenna #1 {Z x = Zf = - jX ,) while the load impedance Z L is 

equal to the conjugate of the impedance of antenna #2 (Z L = ZJ = R 2 - jX : ). These 
assumptions are made only for convenience. 

The power delivered by the generator to antenna #1 is given by 


P , 


' Rciv./ri 



' V. \ 

7 . + zJ 


Yl 


(Z, + Z,)* 



(3-70) 


If the transfer admittance of die combined network consisting of die generator im¬ 
pedance. antennas, and load impedance is T,. the current through the load is 
and the power delivered to the load is 

p 2 = j Rcfz,(v jr y 21 )(v /f y 2l )*i = U 2 |v'/|K 2 .I j (3-7i) 


The ratio of (3-69) to (3-68) is 

j = 4/?,/?j|l2ll* 


(3-72) 


In a similar manner, we can show that when antenna #2 is transmitting and #1 
is receiving, the power ratio of P,JP : is given by 

= 4/?i/?||y (3-73) 




Figure 3.3 Transmitting and receiving antenna systems. 





130 Chapter 3 Radiatiun Integrals and Auxiliary Potential Functions 



« u 

Figure 3.4 Two antenna systems with conjugate loads. 


Under conditions of reciprocity (K 12 = }.i). die power delivered in either direction 
is the same. 


3.H.2 Reciprocity for Radiation Patterns 

The radiation pattern is u very important antenna characteristic. Although it is usually 
most convenient and practical to measure the pattern in the receiving mode, it is 
identical, because of reciprocity, to that of the transmitting mode. 

Reciprocity for antenna patterns is general provided the materials used for the 
antennas and feeds, and the media of wave propagation arc linear. Nonlinear devices, 
such as diodes, can make the antenna system nonrcciprocal. The antennas can he of 
any shape or size, and they do not have to be matched to their corresponding feed 
lines or loads provided there is a distinct single propagating mode at each port. The 
only other restriction for reciprocity to hold is for the antennas in the transmit and 
receive modes are polarization matched, including the sense of rotation. This is 
necessary so that the antennas can transmit and receive the same lield components, 
and thus total power. If the antenna that is used as a probe to measure the fields 
radiated by the antenna under test is not ol the same polarization, then in some 
situations the transmit and receive patterns can still be the same. For example, if the 
transmit antenna is circularly polarized and the probe antenna is linearly polarized, 
then if the linearly polarized probe antenna is used twice and it is oriented one time 
to measure the ^-component and the other the ^component, then the sum of the two 
components can represent the pattern of the circularly polarized antenna in either the 
transmit or receive modes. During this procedure, the power level and sensitivities 
must be held constant. 

To detail the procedure and foundation of pattern measurements and reciprocity, 
let us refer to Figures 3.5(a) and (b). The antenna under test is # \ while the probe 
antenna (#2) is oriented to transmit or receive maximum radiation. The voltages and 
currents V',. /, at terminals I I of antenna # I and V 2 . I 2 at terminals 2-2 of antenna 
#2 arc related by 

v \ = Z,,/| + Z l2 l 2 (3-74) 

VA = Z 2 |/| + Zjj/j 

where 

Z| | = self-impedance of antenna #1 
Z 22 = self-impedance of antenna #2 
Z t2 . 2 2 i = mutual impedances between antennas #1 and #2 
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Observation 

sphere 



Test antenna t# 1 1 


Observation 

sphere 



til 


(ul 


lb) 


Figure 3.5 Antenna arrangement for pattern measurements and reciprocity theorem. 


If a current I, is applied at the terminals 1-1 and voltage IA (designated as V 2m ) 
is measured at the open U 2 = 0) terminals of antenna #2. then an equal voltage V',,,, 
will he measured at the open (7, = 0) terminals of antenna #1 provided the current 
/ 3 of antenna #2 is equal to /,. In equation form, we can write 


Za, 

Z|2 


vw 

/i 


0 


Yu* 

h /, - o 


(3-75a) 


(3-75b) 


If the medium between the two antennas is linear, passive, isotropic, and the 
waves monochromatic, then because of reciprocity 


Zii 

If in addition /| = / 2 , then 


Y** 

!\ /,=o 





Zti 


(3-76) 


V** = V t 


(3-77) 


The above are valid for any position and any mode of operation between the tsvo 
antennas. 

Reciprocity will now be reviewed for two modes of operation. In one mode, 
antenna # I is held stationary while #2 is allowed to move on the surface of a constant 
radius sphere, as shown in Figure 3.5(a). In the other mode, antenna #2 is maintained 
stationary while #1 pivots about a point, as shown in Figure 3.5(b). 

In the mode of Figure 3.5(a). antenna #1 can be used either us a transmitter or 
receiver. In the transmitting mode, while antenna #2 is moving on the constant radius 
sphere surface, the open terminal voltage V / 2 ,„. is measured, in the receiving mode, llie 
open terminal voltage is recorded. The three-dimensional plots of \A,„ and 
as a function of 0 and </>. have been defined in Section 2.2 as field patterns. Since the 
three-dimensional graph of V,„, is identical to that of V,„, (due to reciprocity), the 
transmitting (V\„,,) and receiving (V t ,„) field patterns are also equal. The same con¬ 
clusion can be arrived at if antenna #2 is allowed to remain stationary while #1 
rotates, as shown in Figure 3.5(b). 
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The conditions of reciprocity hold whether antenna #1 is used as a transmitter 
and #2 as a receiver or antenna #2 as a transmitter and # I as a receiver. In practice, 
the most convenient mode of operation is that of Figure 3.5(b) with the test antenna 
used as a receiver. Antenna #2 is usually placed in the far-ficld of the test antenna 
(#1). and vice-versa, in order that its radiated fields arc plane waves in the vicinity 
of #|. 

The receiving mode of operation of Figure 3.5(b) for the test antenna is most 
widely used to measure antenna patterns, because the transmitting equipment is in 
most cases bulky and heavy while the receiver is small and lightweight. In some 
cases, the receiver is nothing more than a simple diode detector. The transmitting 
equipment usually consists of sources and amplifiers. To make precise measurements, 
especially at microwave frequencies, it is necessary to have frequency and power 
stabilities. Therefore, the equipment must be placed on stable and vibration-lrec 
platforms. This can best be accomplished by allowing the transmitting equipment to 
be held stationary and the receiving equipment to rotate. 

An excellent manuscript on test procedures for antenna measurements of ampli¬ 
tude, phase, impedance, polarization, gain, directivity, efficiency, and others has been 
published by 1FEE |5|. A condensed summary of it is found in |6J. and a review is 
presented in Chapter 15 of this text. 
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PROBLEMS 


3.1. If H, = jmeX x II, , whom 11, is the electric Hertzian potential, show that 


(a) V : II, 4- Aril, = J -J 


(h) E, = lc\l, + V(V • II,) 


(c) n, = -j —a 

ut/xe 

3,2. If E,, = jm/xV x II,,. where II,, is the magnetic Hertzian potential, show that 
<u) vTl* + A-TI, = J—M (b) H„ = A-Tl, + V(T • ll») 

tOfl 

(C) n„ = -j— F 

ID/Xf 


3.3. Verify that (3-35) and (3-36) are solutions lo (3-34), 

3.4. Show (hal (3-42) is a solution lo (3-39) and (3-43) is a solution lo (3-31) 

3.5. Verify (3-57) and (3-57a). 

3.6. Derive (3-60) and (3-61). 





CHAPTER 


4 

LINEAR WIRE ANTENNAS 


4.1 INTRODUCTION 

Wire antennas, linear or curved, are some of the oldest, simplest, cheapest, and in 
many cases the most versatile for many applications. It should not then come as a 
surprise to the reader that we begin our analysis of antennas by considering some ol 
the oldest, simplest, and most basic configurations. Initially we will try to minimize 
the complexity of the antenna structure and geometry to keep the mathematical details 
to a minimum. 

4.2 INFINITESIMAL DIPOLE 

An infinitesimal linear wire (/ «cA) is positioned symmetrically at the origin of the 
coordinate system and oriented along the z axis, as shown in Figure 4.1(a). Although 
infinitesimal dipoles are not very practical, they are used to represent capacitor-plate 
(also referred to as top-luit-loaded ) antennas. In addition, they are utilized as build¬ 
ing blocks of more complex geometries. The wire, in addition to being very small 
(/ <sr A), is very thin (u < A), The current is assumed to be constant and given by 

I(z') « U 0 (4-1) 

where /,, = constant. 

4.2.1 Radiated Fields 

To find the fields radiated by the current element, the two-step procedure of Figure 

3.1 is used. It will be required to determine lirsl A and F and then find the E and II. 
The functional relation between A and the source .1 is given by (3-49), (3-51). or 
(3-53). Similar relations are available for F and M. as given by (3-50). (3-52). 
and (3-54). 

Since the source only carries an electric current I,.. I,„ and the potential function 
F are zero. To find A we write 

a f e ~ JkK 

AU. ,v. z) = f- l,(.v\ y\ z') ——dl' (4-2) 

4-jtJ R 
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(b) tiloctnc fittlil orient atlun 

Figure 4.1 Geometrical arrangement of an infinitesimal dipole and its associated electric 
held components on a spherical surface. 


where (.v. y, z) represent the observation point coordinates. (,t\ y'. z') represent the 
coordinates of the source. K is the distance from any point on the source to the 
observation point, and path C is along the length of the source. For the problem of 
Figure 4.1 

y'. z') = 4 : / u t4-3a) 

x' — y' = z' = 0 (infinitesimal dipole) (4-3b) 

R = \A* - x') 3 + (v - /)* + (z - z') 2 = V-r + r + r 

= r = constant 
ill' = dz' 


(4-3c) 

(4-3d) 
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so we can write <4-2> as 


•Uv.v.j) = a ' dz‘ 

Am- J -in 


= a 


s mV | 

4 nr 


-/»r 


(4-4) 


The next step of the procedure is to find H, using (3-2a) and then E,, using (3-15 ) 
or (3-10) with J = 0. To do this, it is often much simpler to transform (4-4) from 
rectangular to spherical components and then use (3-2u) and (3-15) or (3-10) in 
spherical coordinates (o lind II and E. 

The transformation between rectangular and spherical components is given, in 
matrix form, by (see Appendix VII) 


A ," 


'sin d cos </» 

sin II sin </» 

cos 1) " 

-.v 

A„ 

= 

COS 1) COS (/) 

cos 0 sin tft 

-sin II 

A, 

A*. 


-sin •!> 

cos <l> 

0 

A; 


For this problem. A, = A, = 0. so (4-5) using (4-4) reduces to 

ti /,,/e Jkr 

A, = A. cos II = -cos II 

4nr 

j J - y £ p 

A„ = -A. sin 0 = — ^ '* e —sin II 

4 -nr 


(4-6a) 

(4-6b) 


0 


(4-6c) 


Using the symmetry or the problem (no variations in «/»). (3-2a) can be expanded 
in spherical coordinates and written in simplified form as 


H " ** “ [f {rAt) ~ ^ 

fir |_«r tiO 


(4 7) 


Substituting (4-6aM4-6c) into (4-7) reduces it to 


(4-Sa) 
(4-Kh) 

The electric field E can now be found using (3-15) or (3-10) with .1 = 0. That 
is. 


H r = H 0 = 0 


„ , kl„l sin 0 

H ‘- J 4 tit 

l+ k 

e ' 


E = E a = -j(o\ - j — V (V • A) = V x H 
wfie jute 

Substituting (4-ba) (4-ftc) or (4-8a)-(4-8b) into (4-9) reduces it to 



(4-9) 


(4-IOa) 


(4-1 Ob) 
(4-l0c) 
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The E- and H-tield components are valid everywhere, excepi on the source itself, 
and they are sketched in Figure 4.1(b) on the surface of a sphere of radius r. It is a 
straightforward exercise to verify Equations (4-IOaM4-IOe), and this is left as an 
exercise to die reader (Prob. 4.9). 


4.2.2 Power Density and Radiation Resistance 

The input impedance of an antenna, which consists of real and imaginary parts, was 
discussed in Section 2.13. For a lossless antenna, the real part of the input impedance 
was designated us radiation resistance. It is through the mechanism of the radiation 
resistance that power is transferred from the guided wave to the free-space wave. To 
find the input resistance for a lossless antenna, the Poynting vector is formed in terms 
of the E- and H-fields radiated by the antenna. By integrating the Poynting vector 
over a closed surface (usually a sphere of constant radius), the total power radiated 
by the source is found. The real part of tt is related to the input resistance. 

For the infinitesimal dipole, the complex Poynting vector can be written using 
(4-Sa)-(4-Sb) and (4-IOa)-(4-10c) as 

W =i(E x H*) = 4(a,E r + a „F.„) x (a 

= - MW> (4-u, 


whose radial W, and transverse W 0 components arc given, respectively, by 


"-I 


u 

A 


1 sin 2 » T . • I 

—L 1 ~ J ^?\ 

. *|/ 0 /p cos 0 sin 0 \ I 

W * = J " .6*-’— l' + (£?J 


(4-12a) 


(4-12b) 


The complex power moving in the radial direction is obtained by integrating (4-11) 
(4-12b) over a closed sphere of radius r. Thus it can be written as 

P = jj> YV • ,1s = (a, W, + & U W„) • a, r 3 sin 0,10 ,/<!> (4-13) 


which reduces to 


P = 


I W,r : sin 0,10 </</» 

ii J ii 


/„/ 

1 ' 

A 




(4-14) 


The transverse component W„ of the power density does not contribute to the 
integral. Thus (4-14) does not represent the total complex power radiated by the 
antenna. Since IV,,. as given by (4-12b). is purely imaginary, it will not contribute to 
any real radiated power. However, it does contribute to the imaginary (reactive) power 
which along with the second term of (4-14) can be used to determine the total reactive 
power of the antenna. The reactive power density, which is most dominant for small 
values of kr. has both radial and transverse components. It merely changes between 
outward and inward directions to form a standing wave at a rate of twice per cycle. 
It also moves in the transverse direction as suggested by (4-12b). 
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Equation (4-13), which gives the real and imaginary power that is moving out¬ 
wardly. can also he written as |4| 


where 


= Pmi + j2to{W m - W,.) 


(4-15) 


P = power (in radial direction) 

Pmi = time-average power radiated 

W m = time-average magnetic energy density (in radial direction) 

H', = time-average electric energy density (in radial direction) 
2w{W m - W,) = time-average imaginary (reactive) power (in radial direction) 


From (4-14) 


and 



2«i(lV m - W„) = 



U 

X 


(■ kr )•’ 


(4-1 ft) 


(4-17) 


It is clear from (4-17) that the radial electric energy must be larger than the radial 
magnetic energy. For large values of kr (kr » I or r > A), the reactive power 
diminishes and vanishes when kr = *>. 

Since the antenna radiates its real power through the radiation resistance, for the 
infinitesimal dipole it is found by equating (4-16) to 






(4-18) 


where K, is the radiation resistance. Equation (4-18) reduces to 



(4-19) 


for a frec-space medium (t; = I2()7r). It should be pointed out (hat the radiation 
resistance of (4-19) represents the total radiation resistance since (4-12b) does not 
contribute to it. 

For a wire antenna to he classified as an infinitesimal dipole, its overall length 
must be very small (usually / ^ A/50). 


Example 4.1 

Find the radiation resistance of an infinitesimal dipole whose overall length is 
/ = A/50. 
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SOLUTION 


Using (4-19) 





= HOtt 



= 0.31A ohms 


Since the radiation resistance of an infinitesimal dipole is about 0.3 ohms, it will 
present a very large mismatch when connected to practical transmission lines, many 
of which have characteristic impedances of 30 or 73 ohms. The reflection efficiency 
(<?,) and hence the overall efficiency (e ,) will be very small. 


The reactance of an infinitesimal dipole is capacitive. This can be illustrated by 
considering the dipole as a flared open-circuited transmission line, as discussed in 
Section 1.4. Since the input impedance of an open-circuited transmission line a 
distance 112 from its open end is given by Z„, = jZ, cot (fil/2). where Z, is its 
characteristic impedance, it will always be negative (capacitive) for / <t A. 


4.2.3 Katlian Distance and Radian Sphere 

The E- and H-fields for the infinitesimal dipole, as represented by (4-8a)-(4-8b) and 

(4-10a)—(4- 10c). are valid everywhere (except on the source itself). An inspection of 

these equations reveals the following: 

(a) At it distance r = \J2tt (or kr = I). which is referred to as the radian distance. 
the magnitude of the first and second terms within the brackets of (4-8b) and 
(4-IOa) is the same. Also at the radian distance the magnitude of all three terms 
within the brackets of (4- 10b) is identical: the only term that contributes to the 
total field is the second, because the first anil third terms cancel each other. This 
is illustrated in Figure 4.2. 

(b) At distances less than the radian distance r < \/2tt ( kr < I ). the magnitude of 
the second term within the brackets of (4-8b) and (4-IOa) is greater than the first 
term and begins to dominate as r ■« \/2tt. For (4- 10b) and r < A/277. the 
magnitude of the third term within the brackets is greater than the magnitude of 
the first and second terms while the magnitude of the second term is greater than 
that of the first one: each of these terms begins to dominate as rc A/277. This 
is illustrated in Figure 4.2. The region r < \I2tt (kr < 1 ) is referred to as the 
near-field region. 

(c) At distances greater than the radian distance r > K!2tt (kr > I), the first term 
within the brackets of (4-8b) and (4-IOa) is greater than the magnitude of the 
second term and begins to dominate as r ^s>U2ir(kr I). For (4-10b) and 
r > A/277. the first term within the brackets is greater than the magnitude of the 
second and third terms while the magnitude of the second term is greater than 
that of the third: each of these terms begins to dominate asr> A/2n. This is 
illustrated in Figure 4.2. The region r > kl2~ (kr > 1) is referred to as the 
intermediate-field region while that for r 3 > XJ2ir(kr » 1 ) is referred to as the 
far-field region. 
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Figure 4.2 Magnitude variation, as a function o!' the radial distance, of 
the field terms radiated by an infinitesimal dipole. 


(d) The sphere with radius equal to die radian distance (/• = A/2ir) is referred as 
the radian sphere, and it defines the region within which the reactive power 
density is greater than the radiated power density [ 1 ]—[3]. For an antenna, the 
radian sphere represents the volume occupied mainly by the stored energy Of 
the antenna’s electric and magnetic fields. Outside the radian sphere the radiated 
power density is greater than the reactive power density and begins to dominate 
as r » A/277. Therefore the radian sphere can be used as a reference, and it 
defines the transition between stored energy pulsating primarily in the f )direction 
[represented by (4-l2b)| and energy radiating in the radial (r) direction [repre¬ 
sented by the first term of (4-12a); the second term represents stored energy 
pulsating in the radial (r) direction|. 


4.2.4 Near-Field (kr <K 1) Region 


An inspection of (4-8a)-(4-8b) and (4-10a)-(4-1 Oc) reveals that for kr A or 
r <§c A/277 they can be reduced in much simpler form and can be approximated by 




—Jv 


Ue~ Jkr 

lirkr 


cos 0 


<4-2<)a) 




-»' 

— sin I) 


, = 0 


kr <K I 


(4- 20b i 
(4-20c) 
(4-20d) 


The E-field components. E, and E 0 . are in time-phase but they are in time phase 
quadrature with the H-field component II, h : therefore there is no time-average power 
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How associated with them. This is demonstrated by forming the time-average power 
density as 


W., v = -(Re|E x H*| = iRela r F.„H* t - & n E r H* A 1 (4-21) 


which by using (4-20a)-<4-20d) reduces to 

= 0 (4-22) 

The condition of kr « I can be satisfied at moderate distances away from the antenna 
provided that the frequency of operation is very low. Equations (4-20a) and (4-20b) 
are similar to those of a static electric dipole and (4-20d) to that of a static current 
element. Thus we usually refer to (4-20a)~(4-20d) as the quasistationary fields. 


. .V 

U 

- sin 3 d Tj /<|/| 3 sin 0 cos 0 


477 

r> + ‘'" J k 8tt r 5 


4.2.5 Intermediate-Field (kr > I) Region 

As the values of kr begin to increase and become greater than unity, the terms that 
were dominant for kr I become smaller and eventually vanish. For moderate 
values of kr the E-field components lose their in-phase condition and approach time- 
phase quadrature. Sinee their magnitude is not the same, in general, they form a 
rotating vector whose extremity traces an ellipse. This is analogous to the polarization 
problem except that the vector rotates in a plane parallel to the direction of propagation 
and is usually referred to as the cross field. At these intermediate values of kr. the /.„ 
and components approach lime-phase, which is an indication of the formation of 
time-average power How in the outward (radial) direction (radiation phenomenon). 

As the values of kr become moderate (kr > I). the field expressions can he 
approximated again but in a different form. In contrast to the region where kr I, 
the first term within the brackets in (4-Kb) and (4- 10a) becomes more dominant and 
the second term can be neglected. The same is true for (4-1 Ob) where the second and 
third terms become less dominant than the first. Thus we can write for kr > I 


t, V ^ cos 6 


(4-23a) 

kl l) te~ Jkr 

E„ ~ jv . sm D 

477/* 

kr > 1 

(4-23b) 

Ej. = H r = H„ = 0 


(4-23c) 

.. Mole Jkr . .. 

H a ~j— -sin 0 

4irr 


(4-23d) 

The total electric field is given by 



F. = a, E, + a„ 

E* 

(4-24) 

whose magnitude can be written as 



|E| = VE, 2 + 

(4-25) 
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4.2.6 Far-Field ( kr 3*> 1) Region 

Since (4-23a)-(4-23d) are valid only for values of kr > I (r > A), then E r will be 
smaller than E a because E, is inversely proportional to r where E„ is inversely 
proportional to r. In a region where kr > I. (4-23a)-(4-23d) can be simplified and 
approximated by 


(4-26a) 

(4-26b) 

(4-26c) 


The ratio of E„ to H, t , is equal to 

&. = - tj (4-27) 

where 

= wave impedance 

= intrinsic impedance (377 = 12Utrohms for free-space) 

The E- and H-field components are perpendicular to each other, transverse to the 
radial direction of propagation, and the r variations are separable from those of 0 and 
<l>. The shape of the pattern is not a function of the radial distance r. and the fields 
form a Transverse JSlectroA/agnetic (TF.M) wave whose wave impedance is equal to 
the intrinsic impedance of the medium. As it will become even more evident in later 
chapters, this relationship is applicable in the fur-field region of all antennas of finite 
dimensions. Equations (4-26a)-(4-2ftc) can also be derived using the procedure out¬ 
lined and relationships developed in Section 3.6. This is left as an exercise to the 
reader (Prob. 4.11). 



. kl 0 le~ Jtr . „ 


E„ 

Jv , s,n 0 

477T 


E f 

•5- 

II 

■C 

II 

3: 

II 

kr :» 1 

»* 

Mule * . n 


- j — - -Sill 0 

477T 



Example 4.2 

For an infinitesimal dipole determine and interpret the vector effective length. At what 
incidence angle does the open-circuit maximum voltage occurs at the output terminals 
of the dipole if the electric field intensity of the incident wave is 10 mvolts/meter? 
The length of the dipole is 10 cm. 


SOLUTION 

Using (4-26a) and the effective length as defined by (2-92). we can write that 

kl Ic~ ,kr kl,,e~^ r 

E„ — ji 7— -sin 0 = — ‘A ( ,jT\ — -• ( — a,; / sin 0) 


= -a„yr/- 


47rr 
kl 0 e~ Jkr 


4vr 


4vr 
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Therefore, the effective length is 
f, = — a,,/ sin 0 


whose maximum value occurs when II - 90°. and it is equal to I. Therefore, to achieve 
maximum output the wave must be incident upon the dipole at a normal incidence 
angle (n = 90°). 

The open-circuit maximum voltage is equal to 



|E* • - Ia„ 10 X 10 M-MMnWL, 

10 x 10 3 / = 10 ' volts 


4.2.7 Directivity 


The real power P rMl radiated by the dipole was found in Section 4.2.2, as given by 
(4-16). The same expression can be obtained by first forming the average power 
density, using (4-26aM4-26c). That is. 


w. v = ^Rc(ExH*)-a,^|e/ = fi,| 


kU 


4tt 


2 sin - 0 
r 


(4-28) 


Integrating (4-28) over a closed sphere of radius r reduces it to (4-16). This is left as 
an exercise to the reader (Prob. 4.10). 

Associated with the average power density of (4-28) is a radiation intensity U 
which is given by 


V = 


V 

”) 



sin ; t) = — \Ef(r. 0. 4»\ : 
2t\ 


(4-29) 


and it conforms with (2-12aJ. Tlie normalized pattern of (4-29) is shown in Figure 
4.3. The maximum value occurs at H = tt/2 and it is equal to 


U n 


i; kJJ 
2 4tt 


(4-30) 


Using (4-16) and (4 <0). the directivity reduces to 



A) = 

_■ Atcix 

i 

(4-31) 

and the maximum effective aperture to 



Arm = j 

( 47t/ Htt 

(4-32) 


The radiation resistance of the dipole can he obtained by the definition of (4-18). 
Since the radiated power obtained by integrating (4-28) over a closed sphere is the 
same as that of (4-16), the radiation resistance using it will also be the same as 
obtained previously and given by (4-19). 

Integrating the complex Poynting vector over a closed sphere, as was done in 
(4-13). results in the power (real and imaginary) directed in the radial direction. Any 
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Figure 4,3 Three-dimensional radiation pattern of infinitesimal dipole. 


transverse components of power density, as given by (4-12b). will not be captured by 
the integration even though they are part of the overall power. Because of this 
limitation, ibis method cannot be used to derive the input reactance of the antenna. 


4.3 SMALL DIPOLE 


The creation of the current distribution on a thin wire was discussed in Section 1.4, 
and it was illustrated with some examples in f igure 1.16. The radiation properties of 
an infinitesimal dipole, which is usually taken to have a length / ^ A/50. were 
discussed in the previous section. Its current distribution was assumed to he constant. 
Although a constant current distribution is noi realizable (other than top-hat-loaded 
elements), it is a mathematical quantity that is used to represent actual current distri¬ 
butions of antennas that have been incremented into muny small lengths. 

A better approximation of the current distribution of wire antennas, whose lengths 
are usually A/50 < / < A/10, is the triangular variation of Figure 1.16(a). The 
sinusoidal variations of Figures I.l6(b)-(e) are more accurate representations of the 
current distribution of any length wire antenna. 

The most convenient geometrical arrangement for the analysis of a dipole is 
usually to have it positioned symmetrically aboul the origin witli its length directed 
along the z-axis, as shown in Figure 4.4(a). This is not necessary, bill it is usually the 
most convenient. The current distribution of a small dipole (A/50 < / £ A/10) is 
shown in Figure 4.4(h), and it is given by 


Uc'.v'.e') 




0<f£ II 2 


- 1/2 <:'<(l 


(4-33) 


where /„ = constant. 
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7 

* 



Ibl Cumin distribution 

Figure 4.4 Gcnmctnuil arrangement of dipole and current distribution. 


Following the procedure established in the previous section, the vector potential 
of (4-2) can lx* written using (4-33) as 



Because the overall length of the dipole is very small (usually / < A/10). the values 
of R for different values of along the length of the wire (- 111 < z' 1/2) are not 
much different from r. Thus R can he approximated by R - r throughout the integra¬ 
tion path. The maximum phase error in (4-34) by allowing R = r lor A/50 < / 
sA/10. will be kill = -rr/10 rad = 18° for / = A/IO. Smaller values will occur for 
the other lengths. As it will be shown in the next section, this amount of phase error 
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is usually considered negligible and has very little effect on the overall radiation 
characteristics. Performing the integration. (4-34) reduces to 


A = M- 



M4,/e 

4irr 


(4-35) 


which is one-half of that obtained in (he previous section for the infinitesimal dipole 
and given by (4-4). 

The potential function given by (4-35) becomes a more accurate approximation 
as At—**. This is also the region of most practical interest, and it has been designated 
as th e fur-field region. Since the potential function for the triangular distribution is 
one-half of the corresponding one for the constant (uniform) current distribution, the 
corresponding fields of the former are one-half of the latter. Thus we can write the 
E- and H-lields radiated by a small dipole as 


„ . kl u le 


(4-36a) 


E, = £<* = H, = H„ = 0 
th 


Mole . „ 
: J — sm 0 


8 7 rr 


kr » 


(4-36b) 
i i )6c) 


with the wave impedance equal, us before, to (4-27). 

Since the directivity of an antenna is controlled by the relative shape of the field 
or power pattern, the directivity and maximum effective area of this antenna are the 
same as the ones with the constant current distribution given by (4-31) and (4-32). 
respectively. 

The radiation resistance of the antenna is strongly dependent upon the current 
distribution. Using the procedure established for the infinitesimal dipole, it can be 
shown that for the small dipole its radiated power is one-fourth (i) ol (4-18). Thus 
the radiation resistance reduces to 



(4-37) 


which is also one-fourth ( 3 ) of that obtained for the infinitesimal dipole as given by 
(4-19). Their relative patterns (shapes) are the same and are shown in Figure 4.3. 


4.4 REGION SEPARATION 

Before we attempt to solve for the fields radiated by a finite dipole of any length, it 
would be very desirable to discuss the separation of the space surrounding an antenna 
into three regions; namely, the reactive near-field, radiating near-field ( Fresnel) and 
the fur-field ( Fraunhofer ) which were introduced briefly in Section 2.2. This is nec¬ 
essary because for a dipole antenna of any length and any current distribution, it will 
become increasingly difficult to solve for the fields everywhere. Approximations can 
be made, especially for the lar-lield (Fraunhofer) region which is usually the one of 
most practical interest, to simplify the formulation to yield closed form solutions. The 
same approximations used to simplify the formulation of the fields radiated by a finite 
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dipole are also used to formulate the fields radiated by most practical antennas. .So it 
will be very important to introduce them properly and understand their implications 
upon the solution. 

The difficulties in obtaining closed form solutions that are valid everywhere for 
any practical antenna stem from the inability to perform the integration of 

u f e~ iUI 

A(.r. v. Z) = -p I Ax’, y. z') —— dl' (4-38) 

4-nr J R 


where 

R = \/(a - x'f + (y - y’f + <r - z’) 2 (4-38n) 


For a finite dipole with sinusoidal current distribution, the integral of (4-38) can be 
reduced to a closed form that is valid everywhere! This will be shown in Chapter 8 . 
The length R is defined as the distance front any point on the source to the observation 
point. The integral of (4-38) was used to solve for the fields of infinitesimal and small 
dipoles in Sections 4.1 and 4.2. However in the first case (infinitesimal dipole) 
R = /' and in the second case (small dipole) R was approximated by r (/? = r) because 
the length of the dipole was restricted to be / r: A/10. The major simplification of 
(4-38) will be in the approximation of R. 

A very thin dipole of finite length / is symmetrically positioned about (he origin 
with its length directed along the c-axis, us shown in Figure 4.5(a). Because the wire 
is assumed to be very thin (*' = y' = 0), we can write (4-38) as 

R = \A- V - + (y - y’f + iz - z’f = \/r + r + (: - z') 2 (4-39) 

which when expanded can be written as 

R = \/(.r + y + r) + l-2cr' + z' : ) = x/r 1 + (- 2rz cos 0 + ;'-’) (4-40) 

where 


r = x 2 + y 2 + z 1 

z = r cos (I 


Using the binomial expansion, we cun write (4-40) in a series 

R = r — z cos 6 + | — sin ftj f — cos 0 sin 2 ff) + ■ • ■ 


(4-40a) 

(4—40b) 


(4-41) 


whose higher order terms become less significant provided r z'- 


4.4.1 Far-l-'icl(l (Fruunhofcr) Region 

The most convenient simplification of (4-41). other than R - r, will be to approximate 
it by its first two terms, or 

R = r - z'cosO (4-42) 


The most significant neglected term of (4-41) is the third whose maximum value is 


1 ;’ 2 . , _ 
- — sin- 0 
r 2 


_<2 

2r 


nu»x 


when 0 = tt/2 


(4-43) 
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Figure 4.5 Finite dipole geometry and fur-field approximations. 


When (4-43) attains its maximum value, the fourth term of (4-41) vanishes 
because fl = nil. It can he shown that the higher order terms not shown in (4-41) 
also vanish. Therefore approximating (4-41) by (4-42) introduces a maximum error 
given by (4-43). 

It has been shown by many investigators through numerous examples that for 
most practical antennas, with overall lengths greater than a wavelength (/ > A), a 
maximum total phase error of tt/S rad (22.5°) is not very detrimental in their analytical 
formulation. Using that as a criterion we can write, using (4-43). dial the maximum 
phase error should always be 

*( c ') 2 ^ it 


Ir 8 


(4-44) 
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which for — 1/2 <;'£ 1/2 reduces to 



Equation (4-45) simply states that to maintain the maximum phase error of an 
antenna equal to or less than 7 t/8 rad (22.5°). the observation distance r must equal 
or be greater than 2/ : /A where / is the largest* dimension of the antenna structure. 
The usual simplification lor the far-held region is to approximate the R in the expo¬ 
nential U- lkK ) of (4-38) by (4-42) and the R in the denominator of (4-38) by R ~ r. 
These simplifications arc designated as the far-field approximations and are usually 
denoted in the literature as 

Far-field Approximations 

R — r - z' cos 0 for phase terms (4-46) 

R =* r for amplitude terms 

provided r satisfies (4-45). 

It may be advisable to illustrate (lie approximation (4-46) geometrically. Lor R — 
r - cos H, where 0 is the angle measured from ihe ;-axis. the radial vectors R and 
r must be parallel to each other, as shown in Figure 4.5(b). For any other antenna 
whose maximum dimension is D. the approximation of (4-46) is valid provided the 
observations are made at a distance 

r > 2D-/A (4-47) 

For an aperture antenna (he maximum dimension is taken It) he its diagonal. 

For most practical antennas, whose overall length is large compared to (he wave¬ 
length. these arc adequate approximations which have been shown by many investi¬ 
gators through numerous examples to give valid results in pattern predictions. Some 
discrepancies are evident in regions of low intensity (usually below -25 dB). This 
is illustrated in Figure 2.6 where the patterns of a paraboloidal antenna for R - * 
and R = 2D 2 /A differ at levels below —25 dB. Allowing R to have a value of R = 
4D : /\ gives better results. 

It would seem (hat the approximation of R in (4-46) for the amplitude is more 
severe than that for the phase. However a close observation reveals this is not the 
ease. Since the observations are made at a distance where r is very large, any small 
error in the approximation of the denominator (amplitude) will not make much dif¬ 
ference in the answer. However, because of the periodic nature of the phase (repeats 
every 2 v rad), it can be a major fraction of a period. The best way to illustrate it will 
be to consider an example. 


Example 4.3 

For an antenna with an overall length / = 5A. the observations are made at r = 60A. 
Find the errors in phase and amplitude using (4-46). 


♦Provided the overall length (/) of the antenna is large compared to the wavelength |see IEEE Standard 
Definitions of Terms for Antennas. IEEE Std (145- l l )S?i|. 


4.4 Region Separation 


149 


SOLUTION 

For 0 = 90°. z' = 2.5A. and r = 60A. (4-40) reduces to 
R, = A\/(60) ! + (2.5)- = 60.052A 
and (4-46) to 

/?, = ,= 60A 

There (ore the phase difference is 

Ad> = kAR —(/?, - R 2 ) = 2tt(0.052) = 0.327 rad = 18.74° 
A 

which in an appreciable fraction (== ^) of a full period (360°). 

The difference of the inverse values of R is 

J_L _ I /J_ 1 \ 1-44 x 10 5 

R 2 R } ~ A \60 60.052/ ” A 

which should always be a very small value. 


4.4.2 Radiating Near-Field (Fresnel) Region 

If the observation point is chosen to be smaller than r = 2l z /\. the maximum phase 
error by the approximation of (4-46) is greater than tt /8 rad (22.5°) which may be 
undesirable in many applications. If it is necessary to choose observation distances 
smaller than (4-45). another term (the third) in the series solution of (4-41) must be 
retained to maintain a maximum phase error of rr /8 rad (22.5°). Doing this, the infinite 
series of (4-41) can be approximated by 


R — r — z' cos I) + 



(4-48) 


The most significant term that we are neglecting from the infinite series of (4-41) is 
the fourth. To find the maximum phase error introduced by the omission of the next 
most significant term, the angle Oat which this occurs must be found. To do this, the 
neglected term is differentiated with respect to B and the result is set equal to zero. 
Thus 

z' 3 

= '— 2 sin ()\ - sin 3 (1 + 2 cos 2 0| = 0 (4-49) 

The angle 0 = 0 is not chosen as a solution because for that value the fourth term is 
equal to zero. In other words. 0 = 0 gives the minimum error. The maximum error 
occurs when the second term of (4-49) vanishes: that is when 

| - sin 3 0 + 2 cos 2 (l\„ = 0 


■4 (~ cos (I sin 3 wj 


(4-50) 
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or 


0 , = tan ' 1 (± \/ 2 ) 


(4-50a) 


If the maximum phase error is allowed to be equal or less than tt/X rad, the distance 
r at which this occurs can be found from 


kz' s 

—r cos R sin : W 
2 r 


v l I \ l-\ 77 1 1* \ 77 

ASrlv?) w °Tiv5Ur) s ? ,4 -'" 


which reduces to 


r 


3\/3 \A 


-I = 0.385 [ 1 


(4-52) 


or 

/• =• 0.62 VT/A (4-52a) 

A value of r greater than that of (4-52a) will lead to an error less than 77/8 rad (22.5°). 
Thus the region where the lirst three terms of (4-41) are significant, and the omission 
of the fourth introduces a maximum phase error of tt/X rad (22.5°). is defined by 

2/ 2 /A > r ^ 0.62 a/PM (4-53) 

where / is the length of the antenna. This region is designated as radiating near-field 
because the radiating power density is greater than the reactive power density and the 
field pattern (its shape) is a function of the radial distance r. This region is also called 
the Fresnel region because the field expressions in this region reduce to Fresnel 
integrals. 

The discussion has centered around the finite length antenna of length / with the 
observation considered to be a point source. If the antenna is not a line source. / in 
(4-53) must represent the largest dimension of the antenna (which for an aperture is 
the diagonal). Also if (he transmitting antenna has maximum length /, and the receiving 
antenna has maximum length /,. then the sum of I, and /, must be used in place of / 
in (4-53). 

Tlte boundaries for separating the far-field (Fraunhofer), the radiating near-field 
(Fresnel), and the reactive near-field regions are not very rigid. Other criteria have 
also been established |4| hut the ones introduced here are the most ■•popular." Also 
the fields, as the boundaries from one region to the other are crossed, do not change 
abruptly hut undergo a very gradual transition. 

4.4.3 Reactive Near-Field Region 

If the distance of observation is smaller than the inner boundary of the Fresnel region, 
this region is usually designated as reactive near-field with inner and outer boundaries 
defined by 

0.62 \Tn > r > 0 (4-54) 

where / is the length of the antenna. In this region the reactive power density predom¬ 
inates. as was demonstrated in Section 4.1 for the infinitesimal dipole. 
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In summary, the space surrounding an antenna is divided into three regions whose . 
boundaries are determined by 


(4-55a) 
(4-55b) 
(4-55c) 

where D is the largest dimension of the antenna (D = / for a wire antenna). 

4.5 FINITE LENGTH DIPOLE 

The techniques that were developed previously can also be used to analyze the 
radiation characteristics of a linear dipole of any length. To reduce the mathematical 
complexities, it will be assumed in this chapter that the dipole has a negligible diameter 
(ideally zero). This is a good approximation provided the diameter is considerably 
smaller than the operating wavelength. Finite radii dipoles will be analyzed in Chapters 
8 and 9. 


reactive near-field \0.62\/D'l\ > r > 0] 

radiating near-field (Fresnel) |2D : /A > r > 0.62\//>'/A| 

far-lield (Fraunhofer) [= & r s 2D : /A| 


4.5.1 Current Distribution 


For a very thin dipole (ideally zero diameter), the current distribution can be written, 
to a good approximation, as 


l,(x' = 0 . y' = 0 . z') = 


a./<, sin 


a./,, sin 




0 < z 's 111 

(4-56) 

— Ill ^ z' so 


This distribution assumes that the antenna is center-fed amI the current vanishes at 
the eml paints (.■' = ±//2). Experimentally it has been verified that the current in a 
center-fed wire antenna has sinusoidal form with nulls at the end points. For / = A/2 
and A/2 < / < A the current distribution of (4-56) is shown plotted in Figures 1.16(b) 
and 1.12(c). respectively. The geometry of the antenna is that shown in Figure 4.5. 


4.5.2 Radiated Fields: Element Factor, Space Factor, 
and Pattern Multiplication 

For the currenl distribution of (4-56) it will be shown in Chapter 8 that closed form 
expressions for the E- and H-fields can be obtained which are valid in all regions 
(any observation point except on the source itself ). In general, however, this is not 
the case. Usually we are limited to the fur-field region, because of the mathematical 
complications provided in the integration of the vector potential A of (4-2). Since 
closed form solutions, which are valid everywhere, cannot be obtained for many 
antennas, the observations will be restricted to the far-field region. This will be done 
first in order to illustrate the procedure. In some cases, even in that region it may 
become impossible to obtain closed form solutions. 

The finite dipole antenna of Fisure 4.5 is subdivided into a number of infinitesimal 
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dipoles of length A;’. As the number of subdivisions is increased, each infinitesimal 
dipole approaches a length For an infinitesimal dipole of length <k‘ positioned 

along the :-axis at the electric and magnetic field components in the far-field are 

given, using (4-26a)-(4-26e). as 


kUx’.v'.-fe*" . 

dE«~jr\ sin 0 dz 

4 7 TK 

(4-57a) 

dE, = dE+ = dH t = dH„ = 0 

(4-57b) 

... .kUx'.v'.zfe-*" . .... 

itH,,, = j - .—- - sin 0 tf: 

(4-57c) 


where K is given by (4-39) or (4-40). 

Using the fur-field approximations given by (4-46). (4-57a) can be written as 


,/E h ~ jy 


. kUx'.y’.z')e . 


47rr 


sin Hr ' 


(4-58) 


Summing the contributions from all the inlinitesimal elements, the summation reduces, 
in the limit, to an integration. Thus 


ke~ ikr 

F.„ = I _ clK n = jrj ;-sin 0 


1/2 


4nr 


r - 1/2 

Ux'. v'. z)e lk: ‘ w '«dz‘ 

J 1/2 


(4-58a) 


The factor outside the brackets is designated as the dement factor and that within 
the brackets as the space factor. For this antenna, the element factor is equal to the 
field of a unit length infinitesimal dipole located at a reference point (the origin). In 
general, the element factor depends on the type of current and its direction of flow 
while the space factor is a function of the current distribution along the source. 

The total field of the antenna is equal to the product of the element and space 
factors. This is referred to as patten i multiplication for continuously distributed 
sources, and it can be written as 


total field = (element factor) x (space factor) 


(4-59) 


The pattern multiplication for continuous sources is analogous to tire pattern multi¬ 
plication of (6-5) for discrete-element antennus (arrays). 

For the current distribution of (4-56). (4-5Xa) can be written as 


- jv 


kit* * 
Airr 




(4-601 


Each one of the integrals in (4-60) can be integrated using 


1 


sin t[ix + y) dx 


e ax 

at 2 + P 1 


| a sin 1/3.1 + y) - (i cos (/Jv + y)| 


(4-61) 


where 


a ~ ± jk cos H 


(4-61 a) 





p = ±k 
y = kl/2 
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(4-61 b) 
(4-610 


After some mathematical manipulations. (4-60) takes the lorm of 



( kl \ (kl\ 

cos 1 — cos III — cos 1 — 1 


E ‘ " Inr 

sin II 



(4-62a) 


In a similar manner, or by using the established relationship between the E„ and 
H+ in the far-lield as given by (3-58b) or (4-27), the total Hj, component can he 
written as 



(4-62b) 


4.5.3 Power Density, Radiation Intensity, and Radiation 
Resistance 


For the dipole, the average Poynting vector can be written as 
W„ 4 = -RcfE x H*| = ^ Rc|a„£ H x = ^Rc 


W OT = a, W av = = r,^ 

2 r) H7T r 

and the radiation intensity as 


u - r,. - M 


a„E„x a,,— 
V 


(kl \ 

cos 1 — COS HI - 

»(!)] 

sin 6 



(4-63) 


(kl \ 

cos 1 —cos NJ - 

(kl\ 
cos T 

sin 0 



(4-64) 


The normalized (to 0 dB) elevation power patterns, as given by (4-64) for 
/ = A/4. A/2. 3A/4. and A are shown plotted in Figure 4.6. The current distribution of 
each is given by (4-56). The power patterns for an infinitcstimal dipole / A 
((/ sin H) is also included for comparison. As the length of the antenna increases, 
the beam becomes narrower. Because of that, the directivity should also increase with 
length. It is found that the 3-dB heamwidth of each is equal to 


/ « A 3-db beamwidth = 90° 

/ = A/4 3-dB beamwidth = 87° 

/ = A/2 3-dB beamwidth = 78° 

I = 3A/4 3-dB beamwidth = 64° 

/ = A 3-dB beamwidth = 47.8° 


(4-65) 
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- l«\ 

- 1 - m 

- I - X/2 

-/ - 3X/4 

.. l=\ 

Figure 4.6 Elevation plane amplitude patterns far a thin dipole with sinusoidal 
current distribution (/ = A/4. A/2, 3A/4. A). 


As the length of the dipole increases beyond one wavelength (/ > A), the number 
of lobes begin to increase. The normalized power pattern for a dipole with / = 1.25A 
is shown in Figure 4.7. In Figure 4.7(a) the three-dimensional pattern is illustrated 
using the software from [5], while in Figure 4.7(b) the two-dimensional (elevation 
pattern) is depicted. For the three-dimensional illustration a 90° angular section of the 
pattern has been omitted to illustrate the elevation plane directional pattern variations. 
The current distribution for the dipoles with / = A/4. A/2. A. 3A/2. and 2A. as given 
by (4-56). is shown in Figure 4.8. 










156 Chapter 4 Linear Wire Antennas 



Figure 4.8 Current distributions along the length of u linear wire antenna. 


To find the total power radiated, the average Poynting vector of (4-63) is inte¬ 
grated over a sphere of radius r. Thus 


= § W. v • r/s = f Q 

s 

= J W^sinedBdt 

Using (4-63). we can write (4-66) as 

P,m = l VV av r sin 0 dll d<f> 



ii.r sin 8 iltt il(l> 



.kl A Ikl 

cos | — cos 01 — cosl— 


dO 


(4-66) 


sin 8 


(4-67) 
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After some extensive mathematical manipulations, it can be shown that (4-67) 
reduces to 


= V 


j/oP 

An 


{C + In(*/)— C,(kl) + }sin(*/)|S,(2*/)- 2S,(kl)] 


+ l,cos(kl)\C + In (Ll/2) + C^2kl) - 2C,<*/)|} 


(4-68) 


where C - 0.5772 (Euler's constant) and (',(»') and S,(x) arc the cosine and sine 
integrals (see Appendix III) given by 


C,(.x) 



cos V ^ 
y 



SM) 



d\ 


(4-68a) 

(4-68b) 


The derivation of (4-68) from (4-67) is assigned as a problem at the end of the chapter 
(hob. 4.17). CM) |s related to (',„(*) by 


where 


C in U) = ln(yv) - CM) = Inly) + ln(.r) C,(.v> 
= 0.5772 + In(.r) - CM) 


(4-69) 



(4-69ai 


C, (v). V,(v> ami C Ht (.v) arc tabulalcd in Appendix III 

The radiation resistance can be obtained using (4-18) and (4-68) and can be 
written as 


R, = tAt = + In m - CM!) 

|/i>r 2 tt 

+ isin(W) x [5,(2*/) - 2S,(kl)\ 

+ j cost A:/) x |C + \n(kl/2) + C,(2kl) - 2C,<*/)|} 

Shown in Figure 4.9 is a plot of R r as a function of / (in wavelengths) when the 
antenna is radiating into free-spuce (r; =* 1207?). 


4.5.4 Directivity 

As was illustrated in Figure 4.6. the radiation pattern of a dipole becomes more 
directional as its length increases. When the overall length is greater than about one 
wavelength, the number of lobes increases and the antenna loses its directional prop¬ 
erties. The parameter that is used us a "ligure-ol-meril" for the directional properties 
of the antenna is the dircctivitv which was defined in Section 2.5. 
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Figure 4.9 Radiation resistance, input resistance and directivity of a thin di 
pole with sinusoidal current distribution. 


The directivity was delined mathematically by (2-22). or 

rj _ , 11 mu* 

F( 0. </>) sin I) ilt) ilil> 

Jo Jo 

where Ft ft «/») is related to the radiation intensity U by (2-19). or 

IJ = H„ Ft ft </») 

Front (4-64). the dipole antenna of length / has 


F(ft <1>) = F(ft) 


.A I'M 

COS| — COS til COS I —I 

sin 0 


and 


B ° ~ ^ 

Because the pattern is not a function of <!>. (4-71) reduces to 

2 < 0) 1 11UIX 


D„ = 




F(H) sin UdO 


Equation (4-74) can be written, using (4-67). (4-68). and (4-73). as 

„ - F(d)|nuuL 

,J 0 ~ ~ 


(4-71) 


(4-72) 


(4-73) 


(4-73a) 


(4-74) 


(4-73) 
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where 


0 = \C + In (ft/) - C,(kl) + \s\Mkh\S,(2kl) - 2 S,(kJ)\ 

+ xCOs(kl)\C + In(A//2) + C,(2kl) - 2C,(*/)]} (4-75a) 


The maximum value of F(0) varies and depends upon the length of the dipole. 

Values of the directivity, as given by (4-75) and (4-75a). have been obtained for 
0 < / £ 3A and are shown plotted in Figure 4.9. The corresponding values of the 
maximum effective aperture are related to the directivity by 


' £ d " 


(4-76) 


4.5.5 Input Resistance 


In Section 2.13 the input impedance was defined as "the ratio of the voltage to current 
at a pair of terminals or the ratio of the appropriate components of the electric to 
magnetic fields at a point.” The real part of the input impedance was defined as the 
input resistance which for a lossless antenna reduces to the radiation resistance, a 
result of the radiation of real power. 

In Section 4.2.2. the radiation resistance of an infinitesimal dipole was derived 
using the definition of (4-18). The radiation resistance of a dipole of length / with 
sinusoidal current distribution, of the form given by (4-56), is expressed by (4-70). 
By this definition, the radiation resistance is referred to the maximum current which 
for some lengths (/ = A/4. 3A/4. A. etc.) does not occur at the input terminals of the 
antenna (sec Figure 4.8). To refer the radiation resistance to the input terminals of the 
antenna, the antenna itself is first assumed to be lossless (//, = 0). Then the power 
at the input terminals is equated to the power at the current maximum. 

Referring to Figure 4.10. we can write 




(4-77) 


or 


where 

*,n 

R, 

/o 

L 


R, n = 



radiation resistance at input (feed) (erminals 
radiation resistance at current maximum Flq. (4-70) 
current maximum 
current at input terminals 


(4-77a) 


For a dipole of length /. the current at the input terminals (/,„) is related to the 
current maximum (/„) referring to Figure 4.10. by 
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Figure 4.10 Current distribution of a linear wire antenna when current maximum does not 
occur at the input terminals. 


Thus the input radiation resistance of (4-77a) can be written as 


(4-79) 


Values of R,„ for 0 < / s 3 A are shown in Figure 4.9. 

To compute the radiation resistance (in ohms), directivity (dimensionless and in 
dB), and input resistance (in ohms) for u dipole of length /, a FORTRAN computer 
program has been developed. The program is based on the definitions of each as given 
by (4-70). (4-71). and (4-79). The radiated power P iud is computed by numerically 
integrating (over a closed sphere) (he radiation intensity of (4-72H4-73a). The pro¬ 
gram is included at the end of this chapter and in the computer disc made available 
with the book. The length of the dipole (in wavelengths) must be inserted as an input. 

When the overall length of the antenna is a multiple of A (i.e., / = «A. n = 
1. 2, 3. ...), it is apparent from (4-56) and from Figure 4.8 that /.„ = 0. That is. 

t -_o =0 (4-80) 

/»«X. h-M i 

which indicates that the radiation resistance at (he input terminals, as given by 
(4-77a) or (4-79) is infinite. In practice this is not the case because the current 
distribution does nol follow an exact sinusoidal distribution, especially al the feed 
point. It has. however, very high values. Two of the primary factors which contribute 






4.5 Finite Length Dipole 161 


to the nonsinusoidal current distribution on an actual wire antenna are the nonzero 
radius of the wire and finite gap spacing at the terminals. 

The radiation resistance and input resistance, as predicted, respectively, by 
(4-70) and (4-79), are based on the ideal current distribution of (4-56) and do not 
account for the finite radius of the wire or the gap spacing at the feed. Although the 
radius of the wire does not strongly influence the resistances, the gap spacing at the 
feed does play a significant role especially when the current at and near the feed point 
is small. 


4.5.6 Finite Feed Gap 


To analytically account for a nonzero current at the feed point for antennas with a 
finite gap at the terminals. Schelkunoff and Friis |6| have changed the current of 
(4-56) by including a quadrature term in the distribution. The additional term is 
inserted to take into account the effects of radiation on the antenna current distribution. 
In other words, once the antenna is excited by the "ideal” current distribution of 
(4-56). electric and magnetic fields are generated which in turn disturb the "ideal'' 
current distribution. This reaction is included by modifying (4-56) to 


Ux'.y'.z') = 


s -l 

l<\ sin 

>8-4: 

+ il’lo 

a 

/u sin 

m + ^ 

+ jptn 


. 




cos (kz ) - cos I - / 


0 < z' < 1/2 


cos (At') - cost-/ 


111 < z' ^ 0 


(4-81) 


where /> is a coefficient that is dependent upon the overall length of the antenna and 
the gap spacing at the terminals. The values of p become smaller as the radius of the 
wire and the gap decrease. 

When / = A/2, 

l,(.v\ y'. :,') = a./ 0 ( I + jp) cos(fe') 0 < |z'| < A/4 (4-82) 


and for / = A 

, .... = jMa{*in(ta') +_//>!I + coshfcz'M Osz'sa/2 

‘ I a - sin (At') + Jp[ I + cos (At’)]) - A/2 < s' < 0 

(4-83.) 

Thus for / = A/2 the shape of the current is not changed while for / = A it is modified 
by the second term which is more dominant for small values of z'. 

The variations of the current distribution and impedances, especially of wire-type 
antennas, as a function of the radius of the wire and feed gap spacing can be easily 
taken into account by using advanced computational methods and numerical tech¬ 
niques. especially Integral Equations and Moment Method |7|-| 12], which arc intro¬ 
duced in Chapter 8. 

To illustrate the point, the current distribution of an / = A/2 and / = A dipole 
has been computed using an integral equation formulation with a moment method 
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numerical solution, and it is shown in Figure 8.13(b) where it is compared with the 
ideal distribution of (4-56) and other available data. For the moment method solution, 
a gap at the feed has been inserted. As expected and illustrated in Figure 8.13(b). dte 
current distribution for the / = A/2 dipole based on (4-56) is not that different from 
that based on the moment method. This is also illustrated by (4-82), Therefore the 
input resistance based on these two methods will not be that different. However, for 
the / = A dipole, the current distribution based on (4-56) is quite different, especially 
at and near the feed point, compared to that based on the moment method, as shown 
in Figure 8.13(b). This is expected since the current distribution bused on the ideal 
current distribution is zero at the feed point; for practical antennas it is very small. 
Therefore the gap at the feed plays an important role on the current distribution at 
and near the feed point. In turn, the values of the input resistance based on the two 
methods will be quite different, since there is a significant difference in the current 
between the two methods. This is discussed further in Chapter 8. 


4.6 HALF-WAVELENGTH DIPOLE 


One of the most commonly used antennas is the half-wavelength (/ = A/2) dipole. 
Because its radiation resistance is 73 ohms, which is very near the 75-ohm character¬ 
istic impedance of some transmission lines, its matching to the line is simplified 
especially at resonance. Because of its wide acceptance in practice, we will examine 
in a little more detail its radiation characteristics. 

The electric and magnetic field components of a half-wavelength dipole can be 
obtained from (4-62a) and (4-62b) by letting / = A/2. Doing this, they reduce to 


r- * 

Itt \ 

cost — cos VI 


L " JV 2rrr 

sin 0 



(lT \1 

cos 1 — cos IJJ 


H * J 2rrr 

sin 0 



(4-84) 


(4-85) 


In Him. the lime-average power density and radiation intensity can he written, re¬ 
spectively, as 



(4-86) 


and 




4 


cos I — cos 0 


sin 0 


nM sin' « 


(4-87) 
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c 





Figure 4.11 I’lirec-dimcnsional pattern of a A/2 dipole. 
Is(iui« i C. A. Halanis. ‘'Antenna Theory: A Review" I’rnr. 
//.//.. Vol SO. No I. Jan. 1992. e 1492 I EKE.) 


whose two-dimensional pattern is shown plotted in Figure 4.6 while the three-dimen¬ 
sional pattern is depicted in Figure 4.11. For the three-dimensional pattern of Figure 
4.11. a 00° angular sector has been removed to illustrate the figure-eight elevation 
plane pattern variations, 

The total power radiated can be obtained as a special case of (4-67). or 


rad 


-^Jo 


TT 

Cl | - cos II 


sin II 


-tIII 


(4-SK) 


which when integrated reduces, as a special case of (4-68). to 


('•tot 


. r 

8tt 


I - COS V 


dy 




(4-89) 


By the definition of C ln (.v), us given by (4-69). C, n (2ir) is equal to 
C, n (277) = 0.5772 + lft(2rr) - C,(27r) = 0.5772 + 1.838 - (-0.02) » 2.435 

(4-90) 


where C'd2rr) is obtained from the tables in Appendix III. 

Using (4-87). (4-89). und (4-90). the directivity of the half-wavelength dipole 
reduces to 


A, = 4 t r- 


V ,, 




(ml 


nut 


CM-rr) 2.435 


1.643 


(4-91) 


The corresponding maximum effective area is equal to 



(4-92) 
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and die radiation resistance, for a free-space medium (rj — 12077). is given by 



(4-93) 


The radiation resistance ol' (4-93) is also the radiation resistance at the input 
terminals (input resistance) since the current maximum fora dipole of / — A/2 occurs 
at the input terminals (see Figure 4.8). As it will he shown in Chapter 8, the imaginary 
part (reactance) associated with the input impedance of a dipole is a function of its 
length (for / = A/2, it is equal toy'42.5). Thus the total input impedance for / = A/2 
is equal to Z w = 73 + y'42.5. To reduce the imaginary part of the input impedance 
to zero, the antenna is matched or reduced in length until the reactance vanishes. The 
latter is most commonly used in practice for half-wavelength dipoles. 

Depending on the radius of the wire, the length of the dipole for lirst resonance 
is about / = 0.47A to 0.48A: the diinncr die wire, the closer the length is to 0.48A. 
Thus, for thicker wires, a larger segment of the wire has to be removed from A/2 to 
achieve resonance. 


4.7 LINEAR ELEMENTS NEAR OR ON 
INFINITE PERFECT CONDUCTORS 

Thus far we have considered the radiation characteristics of antennas radiating into 
an unbounded medium. The presence of an obstacle, especially when it is near the 
radiating element, can significantly alter the overall radiation properties of the antenna 
system. In practice the most common obstacle that is always present, even in the 
absence of anything else, is the ground. Any energy from die radiating element 
directed toward the ground undergoes a reflection. The amount of reflected energy 
and its direction are controlled by the geometry and constitutive parameters of the 
ground. 

In general, the ground is a lossy medium ttr ¥= 0) whose effective conductivity 
increases with frequency. Therefore it should be expected to act as a very good 
conductor above a certain frequency, depending primarily upon its moisture content. 
To simplify the analysis, it will lirst be assumed that the ground is a perfect electric 
conductor, flat, and infinite in extent. The effects of finite conductivity and earth 
curvature will be incorporated later. The same procedure can also be used to inves¬ 
tigate the characteristics of any radiating element near any other infinite, flat, perfect 
electric conductor. Although infinite structures are not realistic, the developed pro¬ 
cedures can be used to simulate very large (electrically) obstacles. The effects that 
finite dimensions have on the radiation properties of a radiating element can be 
conveniently accounted for by the use of the Geometrical Theory of Diffraction 
(Chapter 12. Section 12.10) and/or the Moment Method (Chapter 8. Section 8.4). 


4.7.1 Image Theory 

To analyze the performance of an antenna near an infinite plane conductor, virtual 
sources (images) will be introduced to account for the reflections. As the name implies, 
these are not real sources but imaginary ones, which when combined with the real 
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sources, form an equivalent system. For analysis purposes only, the equivalent system 
gives the same radiated field on and above the conductor as the actual system itself. 
Below the conductor, the equivalent system does not give the correct field. However, 
in this region the field is zero and there is no need lor the equivalent. 

To begin the discussion, let us assume that a vertical electric dipole is placed a 
distance li above an infinite. Hat. perfect electric conductor as shown in Figure 4.12(a). 
The arrow indicates the polarity of the source. Energy from the actual source is 
radiated in all directions in a manner determined by its unbounded medium directional 
properties. For an observation point . there is a direct wave. In addition, a wave 
from the actual source radiated toward point A’, of the interface undergoes a reflection. 
The direction is determined by the law of reflection <(V 0/) which assures that 

the energy in homogeneous media travels in straight lines along the shortest paths. 
This wave will pass through the observation point /y By extending its actual path 
below the interface, it will seem to originate from a virtual source positioned a distance 
It below the boundary. For another observation point f_> the point of reflection is A., 
but the virtual source is the same as before. The same is concluded for all other 
observation points above the interface. 

The amount of reflection is generally determined by the respective constitutive 
parameters of the media below and above the interface. For a perfect electric conductor 
below the interface, the incident wave is completely reflected and the field below the 
boundary is zero. According to the boundary conditions, the tangential components 
of the electric held must vanish at all points along the interface. Thus tor an incident 
electric field with vertical polarization shown by the arrow's, the polarization of the 
reflected waves must be as indicated in the figure to satisfy the boundary conditions. 
To excite the polarization of die reflected waves, the virtual source must also be 
vertical and with a polarity in the same direction as that of the actual source (thus a 
reflection coefficient of + I). 

Another orientation of the source will be to have the radiating element in a 
horizontal position, as shown in Figure 4.21. Following a procedure similar to that of 
the vertical dipole, the virtual source (image) is also placed a distance h below the 
interface but with a 180“ polarity difference relative to the actual source (thus a 
reflection coefficient of - I). 

in addition to electric sources, artificial equivalent “magnetic" sources and mag¬ 
netic conductors have been introduced to aid in the analyses of electromagnetic 
boundary value problems. Figure 4.131 a) displays the sources and their images lor an 
electric plane conductor. The single arrow indicates an electric element and the double 
a magnetic one. The direction of the arrow identifies the polarity. Since many problems 
can be solved using duality. Figure 4.13(b) illustrates the sources and their images 
when the obstacle is an infinite, flat, perfect “magnetic" conductor. 

4.7.2 Vertical Electric Dipole 

The analysis procedure for vertical and horizontal electric and magnetic elements near 
infinite electric and magnetic plane conductors, using image theory, was illustrated 
graphically in the previous section. Based on the graphical model of Figure 4.12. the 
mathematical expressions lor the fields of a vertical linear element near a perfect 
electric conductor will now he developed. For simplicity, only far-held observations 
will be considered. 




I 


(b| Field components at point of reflection 

Figure 4.12 Vertical electric dipole above an infinite, flat, perfect electric conductor. 


Referring to the geometry of Figure 4.14(a), the far-zone direct component of the 
electric field of the infinitesimal dipole of length /. constant current /„. and observation 
point P is given according to (4-26a) by 


F‘o = jy 7 


kl„le~ ikr ' 

4777-1 


sin 0, 


(4-94.) 










4.7 Linear Elements Near or on Infinite Perfect Conductors 167 


Electric 

T* 

h 

Electric 

Magnetic Magnetic 

^ « »» Actual sources 

h 


a = *» (Electric conductor) 

, * 



1 

-4*- 

♦ —Images 

Y 


60 

Electric conductor 


Electric 



Electric Magnetic Magnetic 

Actual sources 


(Magnetic conductor) 

-♦>- ^ -44'*- Images 



lb) Magnetic conductor 


Figure 4.13 Electric and magnetic sources and their images near 
electric and magnetic conductors. 


The reflected component can be accounted for by the introduction of the virtual source 
(image), as shown in Figure 4.14(a). and it can be written us 


E'o = JK,* 


klje lh > 
47rr 3 


sin Oi 


(4-95) 


or 


F* = jV 


k lole~ Jk t 

4 t rr 2 


■sin (7. 


(4-95a) 


since the reflection coefficient R v is equal to unity. 

The total lield above the interlace (z 2 : 0) is equal to the sum of the direct and 
reflected components as given by (4-94) and (4-95a). Since a field cannot exist inside 
a perfect electric conductor, it is equal to zero below ihe interface. To simplify the 
expression for the total electric held, i( is referred to the origin of the coordinate 
system (z = 0). 
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la) Vertical electric dipole above ground plane 



(bl For-field observations 

Figure 4.14 Vertical electric dipole above infinite perfect electric conductor. 


Jn general, we can write ihal 

r, = |r + If - 2rh cos 0\' n (4-%a) 

r 2 = [r + If - 2 rh cos(7r - «)| 1/2 (4-%b) 

For far-lield observations (r » It). (4-96a) and (4-96b) reduce using the binomial 
expansion to 

r, = r - It cos H (4-97a) 

r 2 — r + h cos 0 (4-97b) 

As shown in Figure 4.14(b), geometrically (4-97a) and (4-97b) represent parallel lines. 
Since the amplitude variations are not as critical 
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Figure 4.15 Elevation plane amplitude patterns ol a vertical infinitesimal 
electric dipole for different heights above an infinite perfect electric conductor. 


— for amplitude variations (4-98) 

Using (4-97a)-(4-98), the sum of (4-94) and (4-95a) can Lie written as 


£»= Pi 
E„ = 0 


A'/n/r lh 
4nr 


sin 0 12 cos (A/; cos 0)| 



(4-99) 


It is evident that the total electric field is equal to the product of the field of a single 
source positioned symmetrically about the origin and a factor | within the brackets in 
(4-99)1 which is a function of the antenna height (//) and the observation angle ill). 
This is referred to as pattern multiplication and the factor is known as the array 
factor. This will be developed and discussed in more detail and for more complex 
configurations in Chapter 6. 

The shape and amplitude of the field is not only controlled by the field of the 
single element but also by the positioning of the element relative to the ground. To 
examine the field variations as a function of the height It. the normalized (to 0 dB) 
power patterns for It = 0. A/8. A/4, 3A/8, A./2. and A have been plotted in Figure 4.15. 
Because of symmetry, only half of each pattern is shown. For li > A/4 more minor 
lobes, in addition to the major ones, are formed. As It attains values greater than A. 
an even greater number of minor lobes is introduced. These are shown in Figure 4.16 
for// = 2A and 5A. The introduction of the additional lobes in Figure 4.16 is usually 
called scalloping. In general, the total number of lobes is equal to the integer that is 
closest to 


number of lobes 



(4-100) 
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Figure 4.16 Elevation plane amplitude patterns of a vertical infinitesimal 
electric dipole for heights of 2A and 5A above an infinite perfect electric con¬ 
ductor. 


Since the total field of the antenna system is different from that of a single element, 
the directivity and radiation resistance are also different. To derive expressions for 
them, we lirst find the total radiated power over the upper hemisphere of radius r 
using 

/ J „u =( fj> W. 1V • (Is = ^ J h J o \E„\- r sin 6 dO d<!> 

_ f' 

= - \E„\ 2 r sin UdO (4-101) 


which simplifies, with the aid of (4-99). to 



cos(2 kh) sin (2 kli) 
(2kh) z + (2 */!)■’ 


(4-102) 


As kh «> the radiated power, as given by (4-102). is equal to that of an isolated 
element. However, for kli —> 0. it can he shown by expanding the sine and cosine 
functions into series that the power is twice that of an isolated element. Using (4-99), 
the radiation intensity can be written as 


U = rW M = 



V 

2 



sin* t> cos : (A7t cos H) 


(4-103) 


The maximum value of (4-103) occurs at II = n/2 and is given, excluding kh —* 
by 


fiiai ^ 1 0 irf2 


v 

2 



(4-103a) 
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- Ii = I1.4585A 

Figure 4.17 Elevation plane amplitude pattern of a vertical infinitesimal 
electric dipole at a heij;ht of 0.45H5A above an infinite perfect electric conduc¬ 
tor. 


which is four times greater than that of an isolated element. With (4-102) and 
(4-103a). the directivity can he written as 


/)„ = 


47 ^i.uu 


2 

I _ cos(2/c/<) sin (2A.7/) 
3 (2 kh) 2 + (2 A/i) 1 


(4-104) 


whose vulue for kli = 0 is 3. The maximum value occurs when kh = 2.881 (/i - 
0.4585A). and it is equal to 6.566 which is greater than four times that of an isolated 
element 1 1.5). The pattern for h = 0.4585A is shown plotted in Figure 4,17 while the 
directivity, as given by (4-104). is displayed in Figure 4.18 lor 0 < /i < 5A. 

Using (4-102). the radiation resistance can he written as 


2/» nu | _ //\Tl _ cos(2A/i) sin (2AVi) 

[A>| a L5 r.kh) : + {2kh) x 


(4-105) 


whose value lor kh —> x is the same and for kh = 0 is twice that of the isolated 
element as given by (4-19). When kli = 0. the value of li, as given by (4-105) is only 
one-half the value of an /' = 2/ isolated element according to (4-19). The radiation 
resislance, as given hy (4-105), is plotted in Figure 4.18 for 0 £ /; £= 5A when / = 
A/50 and the element is radiating into free-space lij = I207T). It can be compared to 
the value of R, = 0.316 ohms for the isolated element of Example 4.1. 

In practice, a wide use has been made of a quarter-wavelength monopole (/ = 
A/4) mounted above a ground plane, as shown in Figure 4.19(a). For analysis purposes, 
a A/4 image is introduced and it forms the A/2 equivalent of Figure 4.19(b). It should 
he emphasized that the A/2 equivalent of Figure 4.19(b) gives the correct field values 
for the actual system of Figure 4.19(a) only above the Interface (.- s 0. ()£</< 7r/2). 
Thus, the lar-zone electric and magnetic fields for the A/4 monopole above the ground 
plane are given, respectively, by (4-84) and (4-85). 
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Height 1 wavelength,,) 


Figure 4.18 Directivity and radiation resistance of a vertical infinitesimal elec¬ 
tric dipole as a function of its height above an infinite perfect electric conductor. 


i 



(a) V4 monopole on Infinite electric conductor 


r 



(h| Equivalent of X/4 monopole on infinite electric conductor 
Figure 4.19 Quarier-wavelength monopole on an infinite perfect 
electric conductor. 


Radiation resistance (olxmsl 
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Figure 4.21) Inpul impedance of u vertical A/2 dipole above a Hat lossy electric 
conducting surface. 


From the discussions of the resistance of an infinitesimal dipole above a ground 
plane lor kli 1). it follows that the input impedance of a A/4 monopole above a 
ground plane is equal to one-half that of an isolated A/2 dipole. Thus, referred to the 
current maximum, the input impedance Z, m is given by 

(monopole) | Z,„, (dipole) = j|73 + ,/42.5] = 36.5 H- 721.25 (4-106) 

where 73 + y'42.5 is the input impedance (and also the impedance referred to the 
current maximum) of a A/2 dipole. 

The same procedure can be followed for any other length. The input impedance 
Zj m - K„„ + jX m (referred to the current maximum) of a vertical A/2 dipole placed 
near a flat lossy electric conductor, as a function of height above the ground plane, is 
plotted in Figure 4.20. for ()<//< A. Conductivity values considered were 10 
10 I. 10 S/m. and infinity (PEC). It is apparent that the conductivity does not 
strongly influence the impedance values. The conductivity values used are represen¬ 
tative of dry to wet earth. It is observed that the values of the resistance and reactance 
approach, as the height increases, the corresponding ones of the isolated element (73 
ohms for the resistance and 42.5 ohms for the reactance). 

4.7.3 Approximate Formulas for Rapid Calculations 
and Design 

Although die input resistance of a dipole of any length can be computed using (4-70) 
und (4-79). while that of the corresponding monopole using (4-106), very good 
answers can he obtained using simpler but approximate expressions. Defining G as 

G = kill for dipole 

G = kl for monopole 


(4-107a) 
(4-107b) 
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where / is the total length of each respective element, it has been shown that the input 
resistance of the dipole and monopole can be computed approximately using 110] 


D < G < 7r/4 

{maximum input resistance of dipole is less than 12.337 ohms) 

R in (dipole) = 20 Cr 0 < / < A/4 (4- 108a) 

/?,„ (monopole) = 10G 2 0 < / < A/8 (4-108b) 

tt/4 < G < 77/2 

(maximum input resistance of dipole is less than 76.3R3 ohms) 

R,„ (dipole) = 24.7G 25 A/4 < / < A/2 (4-109a) 

R,„ (monopole) = I2.35G 25 A/8 < l < A/4 (4-109b) 

tt/2 < G < 2 

(maximum input resistance of dipole is less than 200.53 ohms) 

R,„ (dipole) = I I.I4G 417 A/2 s / < 0.6366A (4-1 Ida) 

/?,„ (monopole) = 5.57G 117 A/4 s / < 0.3183A (4-1 l()b) 


Besides being much simpler in form, these formulas are much more convenient 
in design (synthesis) problems where the input resistance is given and it is desired to 
determine the length of the element. These formulas can be verified by plotting the 
actual resistance versus length on a log-log scale and observe the slope of the line 
[13]. For example, the slope of the line for values of G up to about 7r/4 - 0.75 is 2. 


Example 4.4 

Determine the length of the dipole whose input resistance is 50 ohms. Verify the 
answer. 

SOLUTION 
Using (4-)09a) 

50 = 24.7G 2 ' 5 
or 

G = 1.3259 = kill 
Therefore 

I = 0.422A 

Using (4-70) and (4-79) R in for 0.422A is 45.816 ohms, which closely agrees with 
the desired value of 50 ohms. To obtain 50 ohms using (4-70) and (4-79). I = 0.4363A. 
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4.7.4 Antennas for Mobile Communication Systems 

The dipole and inonopole are two ol lire most widely used antennas for wireless 
mobile communication systems 114]-|I7|. An array of dipole elements is extensively 
used as an antenna at the base station of a land mobile system while the monopole, 
because of its broadband characteristics and simple construction, is perhaps to most 
common antenna element for portable equipments, such as cellular telephones, cord¬ 
less telephones, automobiles, trains, etc. The radiation efficiency and gain character¬ 
istics of both of these elements are strongly influenced by (heir electrical length which 
is related to the frequency of operation. In a hand-held unit, such as a cellular 
telephone, the position of the monopole element on the unit influences the pattern 
while it dues not strongly affect the input impedance and resonant frequency. In 
addition to its use in mobile communication systems, the quarter-wavelength mono¬ 
pole is very popular in many other applications. An alternative to the monopole for 
the hand-held unit is the loop, which is discussed in Chapter 5. Other elements include 
the inverted F. planar inverted F antenna (.FIFA), microstrip (patchI. spiral, and others 
114J-| 17 J. 


4.7.5 Horizontal Electric Dipole 

Another dipole configuration is when the linear element Is placed horizontally relative 
to the infinite electric ground plane, as shown in Figure 4.21. The analysis procedure 
of this is identical to the one of the vertical dipole. Introducing an image and assuming 
far-lidd observations, as shown in Figure 4.22(a.b), the direct component can he 
written as 


E'> 


klti 1? 


/*'! 


* = JV 


4 nr i 


sin i/' 


and ihe reflected one by 


E',1, - .//(/, t ; 


kljc lkr '- 
47rr 2 


sin i// 


(4-1II) 


(4-112) 


or 


k I le-#* 

= -jri -"" - sin <// <4-112a) 

since die reflection coefficient is equal to R h = — I. 

To find the angle i//. which is measured from the y-axis toward the observation 
point, wc first form 


cos i// = a v • a, = a,• (a,sin 0 cos 4> + a,sin 0sin <l> 4- a cos 0) = sin Wsin tfi 

(4-113) 


front which we find 


sin »// = V 7 I ~ cos' V' = V l ~ - s in J 0 sin’ <l> 


( 4 - 114 ) 
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limagcl 

Figure 4.21 Horizontal electric dipole. and its associated image, 
above an infinite, flat, perfect electric conductor. 


Since for lar-field observations 

ri =» r — li cos 0 1 

,r Tor phase variations (4-115a) 

rj =■ r + 1 1 cos ti) 

r, — rj =* r for amplitude variations (4-115b) 

(he total licld. which is valid only above ihc ground plane (; S' /»; 0 S 9 s jt/ 2. II s 
</» ' 2 7 t). can he w ritten ;l\ 

E 0> = Fj + £* = jv ~~—— \/1 — sin 2 0 sin 2 <t> [2 j sinlkh cos 0)| 

4?rr 

(4-116) 

liquation (4-116| again consists of the product of the field of a single isolated element 
placed symmetrically at the origin and a factor (within the brackets) known as the 
army factor. This again is the patient multiplication rule which is discussed in more 
detail in Chapter 6. 

To examine the variations of the total field as a function of the element height 
above the ground plane, the two-dimensional elevation plane patterns (normalized to 
(I dB) for <f> = 90° (y-r plane) when h = 0. A/8. A/4. 3A/8. A/2, and A are plotted 
in Figure 4.23. Since this antenna system is not symmetric, the azimuthal plane 
(.v-y plane) pattern will not be isotropic. 

To obtain a better visualization of the radiation intensity in all directions above 
the interface, the three-dimensional pattern for li = A is shown plotted in Figure 4.24. 
The radial distance on tire ,v-y plane represents the elevation angle 0 from 0° to 90°. 
and the .--axis represents ihe normalized amplitude of the radiation field intensity from 
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iill HurlMintnl electric dipole above ground plane 
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(b) Fur-lkld observations 

Figure 4.22 Horizontal electric dipole above an infinite perfect electric conductor. 


0 to I. The azimuthal angle </> (0 s </> < 27 t) is measured from the x- toward the 
v-axis on the i-v plane. 

As the height increases beyond one wavelength (// > A), a larger number nflobes 
is again formed. This is illustrated in Figure 4.25 for li = 2A and 5A. The scalloping 
effect is evident here, as in Figure 4-16 for the vertical dipole. The total number of 
lobes is equal to the integer that most closely is equal to 



(4-117) 


with unity being the smallest number. 
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Figure 4.23 Elevation plane - 90 p ) amplitude patterns of a horizontal 
infinitesimal electric dipole for different heights above an infinite perfect elec¬ 
tric conductor. 
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Figttrc 4.24 Three-dimensional amplitude pattern of an infinitesimal horizontal di¬ 
pole a distance h = A above an infinite perfect electric conductor. 
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‘Ml - 


- h - 2A - h - 5A 

Figure 4.25 Elevation plane ( <l> = 90°) amplitude patterns of u horizontal 
infinitesimal electric dipole for heights 2A and 5A above an infinite perfect 
electric conductor. 


Following a procedure similar to the one performed for the vertical dipole, the 
radiated power can be written as 

U 1 


Pmi 


ir 


u 

A 


and the radiation resistance as 

I) 


*' = ^ \A 


sin(2L/t) 

cos(2kh) 

sin (2 kh) 

2 kh 

(2 kh) 2 

(2kh? 

sin (2 kh) 

cos(2 kh) 

sin (2A:/») 

2 kh 

(2 kh) 1 

(2khf' 


(4-118) 


(4-JI9) 


By expanding the sine and cosine functions into series, it can be shown that (4-119) 
reduces for small values of kh to 


kh—O / 

= n* t 

A 


2 2 llirh 

.3 3 + 15 \ A 


= V 



(4-120) 


For kh —* (4-119) reduces to that of an isolated element. The radiation resistance, 
as given by (4-119). is plotted in Figure 4.26 for 0 s h :< 5A when / = A/50 and the 
antenna is radiating into free space (rj “ I207T). 

The radiation intensity is given by 

M 




(I - sin 2 6 sin 2 4>) sin 2 (Wt cos 6) (4-121) 


The maximum value of (4-12J) depends on the value of kh (whether kh ^ it! 2. 
h S A/4 or kh > v/2. h > A/4). It can be shown that the maximum of (4-121) is: 


U m!ix = 


V 

A,/ 

2 

A 

V 

U 

2 

A 


sin 2 (Wt) 


kh 


tj/2 (h A/4) 
(0 = 0 °) 


(4-122a) 


kh >irf2(h> A/4) 

|«/» = 0° and sin (kh cos 0^) =1 (4-122b) 
or 0 mn . = cos - '( n/2kh)\ 
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Figure 4.26 Radiation resistance and directivity gain ol a horizontal infini¬ 
tesimal electric dipole as a function of its height above an infinite perfect 
electric conductor. 


Using (4-118) and (4-122a). (4-122b). the directivity can be written as 

4 sin’(M) 


A, = 


477 - 6 /., 


rail 


A'U/n 

4 


mkh) 


kli s 77/2 (h < A/4) 
kh > ttI 2 {h > A/4) 


where 


R(kln 


sin(2 kh) cos(2 kit ) ^ sin(2/c/i) 


2kh (2kh) 2 
For small values of kh (kh —»0). (4- 123a) reduces to 
*/»—0 4 sin : (A/i) 


(2 kl,)' 


At 


B-t+H 


-7.51^ 

kli 


(4-123a) 
(4-123b) 

(4-l23c) 

(4-124) 


For h = 0 the element is shorted and it does not radiate. The directivity, as given by 
(4-123a). (4-123b) is plotted for 0 ^ h £ 5A in Figure 4.26. It exhibits a maximum 
value of 7.5 for small values of h. Maximum values of 6 occur when h =* (0.725 + 
«/2) A. m = 0. I. 2. 3. 

The input impedance Z im = + jX m (referred to the current maximum) of a 

horizontal A/2 dipole above a fiat lossy electric conductor is shown plotted in Figure 
4.27 forO ^ h A. Conductivities of 10 10 I. 10 S/m, and infinity (PKC) were 

considered. It is apparent lhal the conductivity does have a more pronounced effect 
on tiie impedance values, compared to those of the vertical dipole shown in Figure 
4.20. The conductivity values used are representative of those of the dry to wei earth. 
The values of the resistance and reactance approach, as the height increases, the 
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Figure 4.27 Input impedance of a horizontal A/2 above a flat lossy electric conducting 
surface. 
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corresponding values of the isolated element (73 ohms for the resistance and 42.3 
ohms for the reactance). 

4.8 GROUND EFFECTS 

In the previous two sections the variations of the radiation characteristics (pattern, 
radiation resistance, directivity) of infinitesimal vertical and horizontal linear elements 
were examined when they were placed above plane perfect electric conductors. Al¬ 
though ideal electric conductors (ir = ») are not realizable, their effects can be used 
as guidelines for good conductors (a :» we. where e is the permittivity of the medium l. 

One obstacle that is not an ideal conductor, and it is always present in any antenna 
system, is the ground (earth). In addition, the earth is not a plane surface. To simplify 
the analysis, however, the earth will initially be assumed to be flat. For pattern analysis, 
this is a very good engineering approximation provided the radius of the earth is large 
compared to the wavelength and the observation angles are greater than about 57.3/ 
(ka)'° degrees from grazing (« is the earth radius) |IX|. Usually these angles are 
greater than about 3°. 

In general, the characteristics of an antenna at low (LF) and medium (MF) 
frequencies are profoundly influenced by the lossy earth. This is particularly evident 
in the input resistance. When the antenna is located at a height that is small compared 
to llie skin depth of the conducting earth, the input resistance may even be greater 
than its free-space values |18]. This leads to antennas with very low efficiencies. 
Improvements in the efficiency can be obtained by placing radial wires or metallic 
disks on the ground. 

The analytical procedures that are introduced to examine the ground effects are 
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based on the geometrical optics models of the previous sections. The image (virtual) 
source is again placed a distance li below the interface to account for liie reflection. 
However, for each polarization nonunity reflection coefficients are introduced which, 
in general, will be a function of the angles of incidence and the constitutive parameters 
of the two media. Although plane wave reflection coefficients are used, even though 
spherical waves are radiated by the source, lire error is small for conducting media 
119]. The spherical nature of the wavefront begins to dominate the reflection phenom¬ 
enon at grazing angles (i.e., as the point of reflection approaches the horizon) [20], 
If the hei ght (A) of the antenna above the interface is much less than the skin depth 
A[5 = V-/(<>J/.i(r) | of the ground, the image depth It below the interface should be 
increased |19| by a complex distance 6< I — j). 

The geometrical optics formulations are valid provided the sources are located 
inside the lossless medium. When the sources are placed within the ground, the 
formulations should include possible surface-wave contributions. Exact boundary- 
value solutions, based on Sommerl'eld integral formulations, are available 118). How¬ 
ever they are too complex to be included in an introductory chapter. 


4.8.1 Vertical Electric Dipole 

The field radiated by an electric infinitesimal dipole when placed above the ground 
cun be obtained by referring to the geometry of Figures 4.14(a) and (b). Assuming 
the earth is flat and the observations are made in the fur-field, the direct component 
of the field is given by (4-94) and the reflected by (4-95) where the reflection coeffi¬ 
cient A’„ is given by 


rjj, cos fl, - rji cos 0, 
7]„ cos 0, + TJ| cos II, 


where K is the reflection coefficient for parallel polarization |7] and 


Vi i = 



intrinsic impedance of free-space (air) 


Vi = 

0 - = 
0 , = 


./ w Mi 


rri + /we | 


= intrinsic impedance of the ground 


angle of incidence (relative to the normal) 
angle of refraction (relative to the normal) 


(4-125) 


The angles and H, are related by Snell's law of refraction 

y 0 sin 0, — y, sin 0, (4-126) 


where 


y» = jku = propagation constant for free-space (air) 
k (t = phase constant for free-space (air) 
yi = («, + jk\) = propagation constant for the ground 
tv, = attenuation constant lor the ground 
Ay = phase constant for the ground 
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ft = A/4 -Oi=— -ff|= 10 J S/m. ■#./* I OH* 

Figure 4.28 Elevution plane amplitude patterns of un infinitesimal verticle 
dipole above ii perfect electric conductor (a, = *) and a Hat earth < »r, = 0.01 
S/m. e„ = S,f = I GHz). 


Using the fur-field approximations of (4-97aM4-98), the total electric field above 
the ground (; 5 0) can be written as 

E $ = sin 0|e'*" cm " f R„e '* w "| z & 0 (4-127) 

4 7rr 

where R r is given by (4-125). 

The permittivity and conductivity of the eartli are strong functions of the ground's 
geological constituents, especially its moisture. Typical values for the relative per¬ 
mittivity e, (dielectric constant) are in the range of 5 100 and for the conductivity «r 
in die range of 10 1 - 1 S/m. 

A normalized (to 0 dB) pattern for an infinitesimal dipole above the ground with 
h = A/4. e,i = 5./ = I GHz. rr, = 10 ' S/m is shown plotted in Figure 4.28 
(dashed curves) where it is compared with that (solid curve) of a perfect conductor 
l(/i = oo). in the presence of the ground, the radiation toward the vertical direction 
(60° > ll > 0°) is more intense that for the perfect electric conductor, but it vanishes 
for grazing angles (0 = 90°). The null lield toward the horizon (0 = 90°) is formed 
because the reflection coefficient R„ approaches - I as 0, —*■ 90°. Thus the ground 
effects on the pattern of a vertically polarized antenna are significantly different from 
those of a perfect conductor. 

Significant changes also occur in the impedance. Because the formulation for the 
impedance is much more complex (I8|. it will not he presented here. Graphical 
illustrations for the impedance change of a vertical dipole placed u height Ii above a 
homogeneous lossy half-space, as compared to those in tree-space, are shown in 
Figure 4.29. They arc based on numerical results obtained by Vogler and Noble |2I |. 
The variations in impedance are expressed in terms of changes in resistance (A R/R„) 
and in reactance t±X/R„). where R lt is the radiation resistance of an infinitesimal 
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dipole radiating in an infinite frec-space |as given by (4-19)1. The parameter N\ is 
defined by 

Ni = h * JC ° - = *) (4-128) 

V 

where tr,. 6, are the conductivity and permittivity, respectively, of the homogeneous 
lossy half-space. e„ is the free-space permittivity, and ip is phase angle of N t . 

The curve in Figure 4.29(a) represents the data for a perfectly conducting (|iV|| 
= *) half-space. As expected, the magnitude of A/?/W„ approaches unity as 2k„h —> 
0. which corresponds to doubling the radiation resistance, while the magnitude of AA' 
approaches infinity as 2k„h —* 0. The curves for both AW and A.V become oscillatory 
as 2k„li exceeds approximately 77 or the height It exceeds A„/4. 

For the finite conductivity half-space, the «// = tt/ 4 curves correspond to a perfect 
dielectric hull-space Ur, = 0) while the i/r = 0 curves represent negligible displace¬ 
ment currents in the lossy half-space. The curves for = 1(H) arc not too different 
from that of a perfectly conducting half-space (|/V, | - ^). Significant changes are 
evident as the values ol |iV,’| decrease particularly in the resistive portion of the i// = 
0 curves. 

The curves of Figure 4.29 can be used as design data to determine the changes 
in the input impedance of an infinitesimal vertical dipole when it is placed above a 
lossy medium. To demonstrate the procedure, let us consider the following example. 


Example 4.5 

An infinitesimal vertical dipole of length / = An/50 is placed a height h = An/10 
above the earth. Assume the earth is locally fiat with a dielectric constant of 4 and 
conductivity of 10 'S/m at a frequency of 100 MHz. Determine the changes in input 
resistance and reactance of the dipole. 


SOLUTION 

Fora frequency of 100 MHz 

= _I0J_ 

we, 2 tt X 10“ X 4 x 8.854 X 10 IJ 
Therefore according to (4-125) 



or 


l/V.I 2 = 4 


77 


i/y = 0 


4 
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For a height of A„/10 


2k„l, 



= 1.257 


Using Figure 4.29(d) and the curve for n/A - «// = 0 ai 2k,ih = 1.257. the relative 
changes in resistance and reactance are. respectively, equal to 


A R 
Ro 
AX 


0.767 

1.2 


Since for a A</50 dipole the radiation resistance according to (4-19) and Example 4.1 
is equal to 

R, - /?,, = 0.316 ohms 


then the changes in resistance and reactance are. respectively, equal to 


A R = 0.767(0.316) = 0.242 ohms 
AX = 1.2(0.316) = 0.379 ohms 


4.8.2 Horizontal Electric Dipole 


The analytical formulation of the horizontal dipole above the ground can also be 
Obtained in a similar manner as for the vertical electric dipole. Referring to Figure 
4 22(a) and (b). the direct component is given by (4-111) and the reflected by (4-112) 
where the reflection coefficient R h is given by 


R„ 


R for <f> = 0°. 180° plane 
R | for <!> = 90°. 270° plane 


(4-129) 


where /fy is the reflection coefficient for parallel polarization, as given by (4-125). 
and . is the reflection coefficient for perpendicular polarization given by |7], 


Ijl cos flj - T/u cos (I, 
r\ | cos R, + Tjo cos R, 


(4-129a) 


Tlie angles 0, and 0, are again related by Snell's law of refraction as given by (4 126). 

Using the lar field approximations of (4-115a) and 4-115b). the total field above 
the ground (r. -• li) can be written as 


1 / .. lb 

£„ - jr\-j- - /I - sin' Osin- r/> U"‘"“ .. R„e '“-‘"l. c i It (4-130) 

Attk 

where R h is given by (4 129). 

The normalized no 0 dB) pattern in the y-r plane <d> = 90°) for It = A/4 is 
shown plotted in Figure 4.30 (dashed curve) where it is compared with that (solid 
curve) of a perfect conductor (rr, = *>), In the space above the interface, the relative 




Figure 4.29 Vertical electric dipole (VED) impedance as a function of height above a homogeneous lossy half-space. 


(SOURCE- R. E. Collin and F. J. Zucker (ed.O, Anieimti Theory Pori 2. McGraw-Hill, New York. 1969). 
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w 

It» A At. 9-W -<r,=--(T l -IO’ 3 S/m.r, l -S./«IGH/ 

Figure 4.30 Elevation plane (</> = 00°) amplitude patterns of an inlini- 
tesimal horizontal dipole above a perfect electric conductor («, - ') and a 
Hat earth (rr, 0.(11 S/m. e ri = 5 / I GHz). 


pattern in the presence of the ground is not significantly different from that of a perfect 
conductor, litis becomes more evident by examining R h as given by (4-129). For a 
ground medium, the values of R h for most observation angles are not much different 
from - I (the value of R, for a perfect conductor). For grazing angles ill, — 90°). the 
values ol A',, for the lossy ground approach - I very rapidly. Thus the relative pattern 
of a horizontal dipole above a lossy surface is not significantly different from that 
above a perfect conductor. 

4.8.3 F.arth (Tmalure 

Antenna pattern measurements on aircraft can be made using either scale models or 
lull scale in-11 ighl. Scale model measurements usually are made indoors using elec¬ 
tromagnetic anechoic chambers, as described in Chapter lb. The indoor facilities 
provide a controlled environment, and all-weather capability, security, and minimize 
electromagnetic interference. However, scale model measurements may not always 
simulate real-life outdoor conditions, such as the reflecting surface of sea water. 
Therefore full-scale model measurements may lie necessary. For in-llight measure¬ 
ments. reflecting surfaces, such as sea water, introduce reflections, which usually 
interfere with the direct signal. These unwanted signals are usually referred to as 
multipath. Therefore the total measured signal in un outdoor system configuration is 
the combination of the direct signal and that due to multipath, and usually it cannot 
be easily separated in its parts using measuring techniques. Since the desired signal 
is that due to the direct path, it is necessary to he able to subtract from the total 
response the contributions due to multipath. This can be accomplished by developing 
analytical models to predict the contributions due to multipath, which can then be 
subtracted from the total signal in order to be left with the desired direct path signal. 
In this section we will briefly describe techniques that have been used to accomplish 
this 1221. |23|. 
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The analytical formulations of Sections 4.8.1 and 4.8.2 for the patterns of vertical 
and horizontal dipoles assume that the earth is flat. This is a good approximation 
provided the curvature of the earth is large compared to the wavelength and the angle 
of observation is greater than about 3° from grazing |or more accurately greater than 
about 57.3/(A'o) 1,3 degrees, where a is the radius of the earth| from grazing [24]. The 
curvature of the earth has a tendency to spread out (weaken, diffuse, diverge) the 
reflected energy more than a corresponding flat surface. The spreading of the reflected 
energy from a curved surface as compared to that from a flat surface is taken into 
account by introducing a divergence factor D [20J. [22]. [23|. defined as 


D = divergence factor = 


reflected field from curved surfa ce 
reflected Held from Hat surface 


(4-131) 


The formula for D can be derived using purely geometrical considerations. It is 
accomplished by comparing the ray energy density in a small cone reflected from a 
sphere near the principal point of reflection with the energy density the rays (within 
the same cone) would have if they were reflected from a plane surface. Based on the 
geometrical optics energy conservation law for a bundle of rays within a cone, the 
reflected rays within the cone will subtend a circle on a perpendicular plane for 
reflections from a Hat surface, as shown in Figure 4.31(a). However, according to the 
geometry of Figure 4.31th). it will subtend an ellipse for a spherical reflecting surface. 
Therefore the divergence factor of (4-131) can also be defined as 


p 

D = | - 


area contained in circle 
| area contained in ellipse] 


\n 


(4-132) 


where 


E' reflected lield from spherical surface 
Ef= reflected field from flat surface 

Using the geometry of Figure 4.32, the divergence factor can be written as |7| 
and [231 


P\ P: 


D = 


(pi + ,v) (pC + s) 


(4-133) 


s' + s 


where pi and pj are the principal radii of curvature of the reflected wavefront at the 
point of reflection and are given, according to the geometry of Figure 4.32. by 


_1 I _ 1 _ 

pi s' p sin i// 


+ 


I 


(p sin t/4‘ 


4_ 

5 

a 


J_ = I + _ / -i ^ 4 , 

pj s' p sin i)/ y [p sin i li) 2 
a 


P = 


+ sin’t// 


(4- 133a) 

(4- 133b) 
(4-1330 
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Figure 4.32 Geometry for reflections from a spherical surface. 


A simplified form of the divergence factor is that of [25] 

_i 1-1/3 

2.V A' . 

1 + —:-— ■ I + 


D s I 


a(s' 4- .«) sin t// 


2s's 1 
a(s' + s )J 


-i n 


(4-134) 


Both (4-133) and (4-134) take into account the earth curvature in two orthogonal 
planes. 

Assuming that the divergence of rays in the azimuthal plane (plane vertical to the 
page) is negligible, the divergence factor can be written as 

1 - M2 

~ I I + 2 


’ ail tan 


s' 

an <li 


(4-135) 


where i// is the grazing angle. Thus the divergence factor of (4-135) takes into account 
energy spreading primarily in the elevation plane. According to Figure 4.32 

h\ = height of the source above the earth (with respect to the tangent at the 
point of reflection) 

h' 2 = height of (he observation point above the earth (with respect to the tan¬ 
gent at the point of reflection) 

d = range (along the suiface of the earth) between the source and the obser¬ 
vation point 

a = radius of the earth <3.959 mi). Usually a radius (= 5.280 mi) is used. 

ib = reflection angle (with respect to the tangent at the point of reflection). 

d | = distance (along the surface of the earth) from the source to the reflection 
point 

d 2 = distance (along the surface of the earth) from the observation point to the 
reflection point 
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The divergence factor can be included in the formulation of the fields radiated by 
a vertical or a horizontal dipole, in the presence of the earth, by modifying (4-127) 
and (4-130) and writing them, respectively, as 

= Jv k/ °! e - sin (f\e lUa * g + l)R„e lthcn '" ] (4-136a) 

47 rr 

£ = jn kl " le - v i - sin- 0 sin-’d« [«?'*”“' + D/f*e (4-136b) 

4-rrr 


While the previous formulations are valid for smooth surfaces, they can still be 
used with rough surfaces, provided the surface geometry satisfies the Rayleigh crite¬ 
rion [20] and [25] 


h„, < 


A 

8 sin ili 


(4-137) 


where h m is the maximum height of the surface roughness. Since the dividing line 
between a smooth and a rough surface is not that well defined. (4-137) should only 
lie used as a guideline. 

The coherent contributions due to scattering by a surface with Gaussian rough 
surface statistics can be approximately accounted for by modifying the vertical and 
horizontal polarization smooth surface reflection coefficients of (4-125) and 
(4-129) and express them as 


K„ = Rone -**o* o «*'* 


(4-138) 


where 

R\, h = reflection coefficient of a rough surface for either vertical or horizontal 
polarization 

/?„= reflection coefficient of a smooth surface for either vertical (4-125) or 
horizontal (4-129) polarization 
hi = mean-square roughness height 

A slightly rough surface is defined as one whose rms height is much smaller than the 
wavelength, while a very rough surface is defined as one whose nils height is much 
greater than the wavelength. 

Plots of the divergence factor as a function of the grazing angle t/» (or as a function 
of the observation point h : ) for different source heights are shown in Figure 4.33. It 
is observed that the divergence factor is somewhat different and smaller than unity 
for small grazing angles, and it approaches unity as the grazing angle becomes larger. 
The variations of D displayed in Figure 4.33 are typical but not unique. For different 
positions of the source and observation point, the variations will be somewhat differ¬ 
ent. More detailed information on the variation of the divergence factor and its effect 
on the overall field pattern is available [23|. 

The most difficult task usually involves the determination of the reflection point 
from a knowledge of the heights of the source and observation points, and the range 
J between them. Procedures to do this have been developed [201. [22H26]. 

However, the one presented here is more accurate and docs not require cither 
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Figure 4.33 Divergence factor for u 4/3 radius earth l«, 
= 8,497.3 km) as u function of grazing angle i/<- 


5.280 mi 


iterative or graphical solutions. To find d, and d 2 (given d. hi. und It]), the cubic 
equation of |20] is utilized 

2d\ - 3 dd] + \d 2 - 2«(/i, + /js)| ( /| + 2 ah,d = 0 (4-139) 


with solution given by 


d 12 -t- tt' 

d i = j + P cos —T 


(4-1 39a) 


d 2 = d - d | 


(4-139b) 


I’ 


VlJ a{h ' + ,h) + 



(4-139c) 


11 = cos 1 


2 z/(/i| - h 2 )d 


(4-139d) 


Equation (4-139) is valid provided that a - p is small, such that sin(« (3) - 
a - /3. cos(<r - /3) =* I (o - j8) 2 /2, sin 13 = fl, and cos j8 = 1 - (/3)’/2. Once 
d\ and d 2 arc found, then successively /3. y. s'. s, «//. r,. r 2 . a',, a'!, a5, and a‘{ can be 
determined using the geometry of Figure 4.31 

Using the analytical model developed here, computations were made to see how 
well the predictions compared with measurements. For the computations it was as¬ 
sumed that the relleciiug surface is sea water possessing a dielectric constant of 81 
and a conductivity of 4.h4 S/m |22|, 123]. To account for atmospheric refraction, a 4/ 
3 earth was assumed [201, [22]. |27| so the atmosphere above the earth can be 
considered homogeneous with propagation occurring along straight lines. 

For computations using the earth as the reflecting surface, all three divergence 
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Figure 4.34 Measured and calculated height gain over the ocean (e. = 
8|. it = 4.64 S/m> for vertical polarization. 


factors of (4-133H4-135) gave the same results. However, for nonspherical reflecting 
surfaces and for those with smaller radii of curvature, the divergence factor of 
(4-133) is slightly superior followed by (4-134) and then by (4-135). In Figure 4.34 wc 
display and compare the predicted and measured height gain versus range cl (4 < </ 
< 14 nautical miles) for a vertical-vertical polarization system configuration at a 
frequency of 167.5 MHz. The height gain is defined as the ratio of the total field in 
the presence of the earth divided by the total field in ihe absence of (he earth. A good 
agreement is noted between the two. The peaks and nulls are formed by constructive 
and destructive interferences between the direct and reflected components. If the 
reflecting surface were perfectly conducting, the maximum height gain would be 2 (ft 
dB). Because the modeled reflecting surfuee of Figure 4.34 was sea water with a 
dielectric constant of 81 and a conductivity of 4.64 S/in. the maximum height gain is 
less than 6 dB. The measurements were taken by aircraft and facilities of the Naval 
Air Warfare Center. Patuxent River. MD. Additional measurements were made but 
are not included here: they can be found in |28| and |29|. 
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PROBLEMS 

4.1. A horizontal infinitesimal electric dipole of constant current /„ is placed symmetrically 
about the origin and directed along the t-nxis. Derive the 

(a) far-zone fields radiated by the dipole 

(b) directivity of the antenna 

4.2. Repeat Problem 4.1 for a horizontal infinitesimal electric dipole directed along the v- 
axis. 

4.3. For Problem 4 I determine the polarization of the radiated fur-zone electric fields {E„. 
E rf .) and normalized amplitude pattern in the following planes: 

(a) </> = 0° 

(b) - 90° 

(C> W = 90" 

4.4. Repeat Problem 4.3 for the horizontal infinitesimal electric dipole of Problem 4.2. 
which is directed along die y-uxi.s. 

4.5. An infinitesimal magnetic dipole of constant current and length / is symmetrically 
placed about the origin along the '-axis. Find the 

(a) spherical E- and H-field components radiated by the dipole in all space 

(b) directivity of the antenna 

4.6. l or the infinitesimal magnetic dipole of Problem 4.5. find the lar-zone fields when the 
element is placed along the 

(a) v-axis 
(b> .v-axis 

4.7. An infinitesimal electric dipole is centered at the origin and lies on the j-v plane along 
a line which is at an angle of 45“ with respect to the v-axis. Find the far-zone electric 
and magnetic fields radiated. The answer should be a function of spherical coordinates. 

4.8. Repeat Problem 4.7 for an infinitesimal magnetic dipole. 

4.9. Derive <4-10a)—<4-l()c> using (4-Ha>-(4-9). 

4.11). Derive the radiated power ol (4-161 by forming the average power density, using 
(4-26aM4-26cl. and integrating it over a sphere of radius r. 

4.11 Derive the far-zone fields of an infinitesimal electric dipole, of length / and constant 
current using (4-4) and the procedure outlined in Section 3.6. Compare the results 
with (4-26aM4-26c), 

4.12. Derive the fifth term of (4-41). 

4.13. For an antenna with a maximum linear dimension of /). find the inner und outer 
boundaries of the Fresnel region so that the maximum phase error does not exceed 

(a) tt! 16 rad 

(b) 7 t/ 4 rad 

(c) 18“ 

<dl 15* 

4.14. The boundaries of the lur-licid (Fraunhofer) and Fresnel regions were selected bused 
on a maximum phase error ol 22.5“. which occur, respectively, at directions of 90“ und 
54.74° from the axis along the largest dimension of the antenna. For an antenna of 
maximum length of 5A. what do these maximum phase errors reduce to at an angle of 
30“ from the axis along the length of the antenna? Assume that the phase error in each 
ease is totally contributed by the respective first higher order term dial is being neglected 
m the infinite scries expansion of the distance from the source to the observation point. 

4.15. The current distribution on a terminated and matched long linear (traveling wave) 
antenna of length I, positioned along the c-axis and fed at its one end, is given bv 

i-M*"*"* osi 'si 

where /„ is a constant. Derive expressions for the 

(a) far-zone spherical electric and magnetic field components 

(b) radiation power density 



Problems 197 


4.16. A line source of infinite length and constant current /<, is positioned along the r-axis. 
Find the 

(a) vector potential A 

(b) cylindrical E- and ll-tield components radiated 



'-/PvVT? 

—7 =s=rdt 
\/lr + r 


-JvHMflb) 


where H»''(nx) is the Hankel function of the second kind of order zero. 

4.17. Show that (4-67) reduces to (4-68) and (4-88) to (4-89). 

4.18. A thin linear dipole of length / is placed symmetrically about the c-axis. Find ihe far- 
zone spherical electric and magnetic components radiated by the dipole whose current 
distribution can he approximated by 


(a) /.(.-•) 


f/o(l - JIT -U2rS Z ‘* 0 

Ufl-yzj. OSj'sW 


(b) Uz’) 



- 1/2 s;'s 111 


(O /.(,-•) = /„ cos’jyr'J. 112 s z ’s 1/2 

4.19. A center-led electric dipole of length / is attached to a balanced lossless transmission 
line whose characteristic impedance is 50 ohms. Assuming the dipole is resonant at the 
given length, find the input VSWR when 

(a) / = A/4 <b) / = A/2 

(c) / = 3A/4 (d) / = A 

4.20. Lise the equations in the book or the computer program ai Ihe end of the chapter. Find 
the radiation efficiency of rcsonnnl linear electric dipoles of length 

(a) / - A/50 |h) / = A/4 

(c) / = A/2 !d) / = A 

Assume that each dipole is made out of copper |<r = 5.7 X l() 7 S/m], has a radius of 
10 ''A. and is operating at/ 10 MHz. Use the computer program at the end of Ihe 
chapter to find the radiation resistances, 

4.21 Write the lur-zonc electric and magnetic fields radiated by u magnetic dipole of / = 
A/2 aligned with the -axis. Assume a sinusoidal magnetic current with maximum value 

/mo- 

4.22. A resonant center-fed dipole is connected to a 50-ohm line. It is desired to maintain 

the input VSWR 2 

(a) What should the largest input resistance of the dipole be to maintain the VSWR = 
2 ? 

(b) What should the length (in wavelengths) of the dipole be to meet the specification? 

(c) What is the radiation resistance of the dipole? 

4.23. The radiation field of a particular antenna is given by: 


F. = 


§ iJtofik sinfi 


4jrr 


+ a, A (o/x sin® 


IgA* * 

2irr 


The values A, and A : depend on the antenna geometry. Obtain an expression for the 
radiation resistance. What is the polarization of the antenna? 
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4.24. For a A/2 dipole placed symmetrical along die z-axis. determine the 

(a) vector effective height 

(b) maximum value (magnitude) of die vector effective height 

(c) ratio (in percent) of the maximum value (magnitude) of the vector effective height 
to its total length 

Id) maximum open-circuit output voltage when a uniform plane wave with an electric 

field of 

E'|ff - mr = — a„ 10 ~ s volts/waveiength 
impinges al broadside incidence on the dipole 

4.25. A A/2 dipole situated with its center at the origin radiates a time-averaged power of 
601) W al a frequency of 300 MHz. A second A/2 dipole is placed with its center at a 
point hr, U. <b). where r = 200 m. H = 90°. r/j = 40°. It is oriented so that its axis is 
parallel to that of the transmitting antenna. What is the available power at the terminals 
of the second (receiving) dipole? 

4.26. A half-wave dipole is radiating into free space. The coordinate system is defined so 
that the origin is at the center of die dipole and the z-axis is aligned with the dipole. 
Input power to the dipole is 100 W. Assuming an overall efficiency of 50%. find the 
power density (in W/nr) at r = 500 m. If = 60°. <l> = 0°. 

4.27. The input impedance of a A/2 dipole, assuming the input (feed) terminals are at the 
center of the dipole, is equal to 73 + y'42.5. Assuming the dipole is lossless, find die 

(a) input impedance (real and imaginary parts) assuming the input (feed) terminals 
have been shilled to a point on the dipole which is A/8 from either end point of the 
dipole length 

(b) capacitive or inductive reactance that must be placed across the new input terminals 
of part (a) so that the dipole is self-resonant 

(e) VSWK at the new input terminals when the self-resonant dipole of pan (hi is 
connected to a "twin-lead" 300-ohm line 

4.28. A linear half-wavelength dipole is operating at a frequency of I GHz. determine the 
capacitance or inductance that must he placed across the input terminals of the dipole 
so that the antenna becomes resonant (make (he total input impedance real). What is 
(hen (he VSWR of the resonant half-wavelength dipole when il is connected lo a 50- 
ohm line? 

4.29. The field radiated by an infinitesimal electric dipole, placed along the z-axis a distance 
,v along the \-axis. is incident upon a waveguide aperture antenna of dimensions a and 
/>. mounted on an infinite ground plane, as shown in the figure. The normalized electric 
field radiated by the aperture in the /-'-plane l.r-z plane; </' = 0°) is given by 
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Assuming die dipole and aperture antennas are in the far field of each other, determine 
the polarization loss (in dB) between the two antennas. 

4.30, We are given the following information about antenna A: 

(a) When A is transmitting, its radiated far-field expression for the K field is given by: 


K„(i) = £„ 


e "• /ft, 4 A 


4 irz 


X 2 


V/m 


(b) When A is receiving an incident plane wave given by: 

E|(z) = &S l: V/m 

its open-circuit voltage is V, = 4r /ar V. 

If we use the same antenna to receive a second incident plane given by: 
E ? (;) = 10(25, + V/m 


find its received open-circuit voltage V 2 . 

4.31 A 3-em long dipole carries a phasor current A, \0e J "“ A. Assuming that A 5 cm. 

determine the F.- and I l-ftekls at 10 cm away from the dipole and at il - 45°, 

4 32. The radiation resistance of a thin, lossless linear electric dipole of length / - 0.6A is 
120 ohms. What is the input resistance .’ 

4.33. A lossless, resonant, center-led 3A/4 linear dipole, radiating in free space is attached to 
a balanced, lossless transmission line whose characteristic inipedenee is 300 ohms. 
Calculate the 

(a) radiation resistance (referred to the current maximum) 

(b) input impedance (referred to Ihe input terminals) 

(c) VSWR on the transmission line 

For pans (a) and (b) use the computer program at the end of the chapter. 

4.34. Repeal Problem 4.33 for a center-fed 5A/8 dipole. 

4.35. A dipole antenna, with a triangular current distribution, is used for communication with 
submarines at a frequency of 150 kHz The overall length of the dipole is 200 m. and 
its radius is I m. Assume a loss resistance of 2 ohms in scries with Ihe radiation 
resistance of the antenna. 

(a) Evaluate the input impedance of the antenna including the loss resistance. The input 
reactance can be approximated by 




tan( 7 t//A ) 


(b) Evaluate the radiation efficiency of the antenna. 

(c) Evaluate the radialion power luctor of the antenna 

(d) Design a conjugate-matching network to provide a perfect match between the 
antenna and a 50 ohms transmission line. Give the value of the series reactance X 
and the turns ratio n of the ideal transformer. 

(e) Assuming a conjugate match, evaluate Ihe instantaneous 2 : I VSWR bandwidth 
of the antenna. 

4.36. Derive (4-102) using (4-99). 

4.37. Determine the smallest height that an infinitesimal vertical electric dipole of / - A/50 
must be placed above an electric ground plane so that its pattern has only one null 
(aside from the null toward the vertical), and it occurs at 30° from the vertical. For that 
height, find the directivity and radiation resistance. 

4.38. A A/50 linear dipole is placed vertically at a height li = 2A above an infinite electric 
ground plane. Determine the angles (in degrees) where all the nulls of its pattern occur. 

4.39. A linear infinitesimal dipole of length / and constant current is placed vertically a 
distance h above an infinite electric ground plane. Find the first five smallest heights 
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(in ascending order) so tlun a null is formed (lor each height) in the far-lield pattern al 
an angle of f>0 from the vertical. 

4.40. A vertical infinitesimal linear dipole is placed a distance li = 3A/2 above an infinite 
perfectly conducting flat ground plane, Determine the 

(a) angles iin degrees from the vertical I where the army Jailor of the system will 
achieve its maximum value 

(b) angle (in degrees from the vertical) where the maximum of the land field will occur 
(e) relative (compared to its maximum) held strength (in ill!) of the total field at the 

angles where the array I actor of the system achieves its maximum value (as obtained 
in part a) 

4.-11. A hall-wavelength dipole is placed vertically on an infinite electric ground plane. 
Assuming that the dipole is fed at its base, find the 

(a) radiation impedance (referred to the current maximum) 

(b) input impedance (referred to the input terminals) 

(c) VSWR when the antenna is connected to a lossless 50-ohm transmission line 

4.42. An infinitesimal dipole of length ( is pluced a distance ,v from an air-conductor interface 

and at an angle of II = 60° from the vertical axis, as shown in the figure. Determine 
the location and direction of the image source which can be used to account for 
reflections. Be very clear in indicating the location and direction of the image. Your 
answer can be in the form of a very clear sketch. 


+ 0. 



4.43. it is desired to design an antenna system, which utilizes a vertical infinitesimal dipole 
of length I placed a height h above a flat, perfect electric conductor of infinite extent. 
The design specifications require that the pattern of the array factor of the source and 
its image has only one maximum, and that maximum is pointed at an angle of 60" from 
the vertical. Determine (in wavelengths) the height of the source to achieve this desired 
design specification. 

4.44. A very short (/' A/50) vertical electric dipole is mounted on a pole a height li above 
the ground, which is assumed to be flat, perfectly conducting, and of infinite extent. 
The dipole is used as a transmitting antenna in a VHF if = 50 MHz.) ground-to-air 
communication system. In order for the communication system transmitting antenna 
signal not to interfere with a nearby radio station, it is necessary to place a null in the 
vertical dipole system pattern at an angle of MO" from the vertical. What should the 
shortest height tin meters) of the dipole lie to achieve the desired specifications? 

4.45. Derive (4-118) using (4-116). 

4.46. An infinitesimal horizontal electric dipole of length / = A/50 is placed parallel to the 
y-axis a height li above an infinite electric ground plane. 

(a) Find the smallest height h (excluding li = 0) that the antenna must he elevated so 
that a null in die </' = 90° plane will be formed at an angle of 0 - 45° from the 
vertical axis. 

(h) For the height of part (a), determine the (I) radiation resistance and (2) directivity 
(for II = 0°) of the antenna system 



Problems 201 


A horizontal A/50 infinitesimal dipole of constant current and length / is placed parallel 
to the y-axis a distance li = 0.707A above an infinite electric ground plane. Find all 
the nulls formed by the antenna system in the i/> = 90" plane. 

An infinitesimal magnetic dipole is placed vertically a distance h above an infinite, 
perfectly conducting electric ground plane. Derive the I'ar-zone fields radiated by the 
element above the ground plane. 

Repeat Problem 4.48 for an electric dipole above an infinite, perfectly conducting 
magnetic ground plane. 

Repeat Problem 4.48 for a magnetic dipole above an infinite, perfectly conducting 
magnetic ground plane. 

An infinitesimal vertical electric dipole is placed at height li above an infinite PMC 
(perfect magnetic conductor) ground plane. 

(a) Find the smallest height li (excluding h = 0) to which the antenna must be elevated 
so that a null is formed at tin angle II = 60° from the vertical axis 

(b) For the value of h found in part (a), determine 

I the directive gain of the antenna in the II = 45° direction 
2. the radiation resistance of the antenna nnrmalizd to the intrinsic impedance of 
the medium above the ground plane 
Assume that the length of the antenna is / = yjfo. 

A vertical A/2 dipole, operating at I GHz, is placed a distance of 5 m (with respect to 
the tangent at the point of reflections) above the earth, Find the total field at a point 20 
km from the source Ul ~ 20 x 10' in), at a height of 1.000 m (with respect to the 
tangent) above the ground. Use a t radius eartli and assume that the electrical parameters 
of the earth are e r = 5. ir = 10 ’ S/m. 

Two astronauts equipped with handheld radios land on different parts of a large asteroid. 
The radios are identical and transmit 5 W average power at 300 MHz. Assume the 
asteroid is a smooth sphere with physical radius of 1,000 km. has no atmosphere, and 
consists of u lossless dielectric material with relative permittivity «, 9, Assume that 

the radios’ antennas can be modeled as vertical infinitesimal electric dipoles. Determine 
(lie signal power (in microwatts) received by each radio from the other, if the astronauts 
are separated by a range (distance along the asteroid's surface) of 2 km. and hold their 
radios vertically at heights of 1.5 m above the asteroid's surface. 

Additional Information Required to Answer this Question: Prior to landing on the 
asteroid the astronauts calibrated their radios. Separating themselves in outer space by 
1(1 km. the astronauts found the received signal power at each radio from the other was 
10 microwatts, when both antennas were oriented in the same direction. 

A satellite S transmitts an electromagnetic wave, at 10 GHz. via its transmitting antenna, 
The characteristics of the satellite-based transmitter are: 

(Ul The power radiated from the satellite antenna is 10 W. 

(hi The distance between the satellite antenna and a point A on the earth’s surface is 
3.7 X It) 7 m, and 

le) The satellite transmitting antenna directivity in the direction SA is 50 dB 
Ignoring ground effects. 

I Determine the magnitude of the F-field at A. 

2. If the receiver at point A is a A/2 dipole, what would he the voltage reading at 
the terminals of the antenna? 

Derive (4-134) based on geometrical optics as presented in section 13.2 of [71. 


noon ooooooooooooooooooooo 


COM PUTER PROGRAM - LINEAR DIPOLE 


THIS IS A FORTRAN PROGRAM THAT COMPUTES THE: 

I. MAXIMUM DIRECTIVITY (DIMENSIONLESS AND IN dB) 

II. RADIATION RESISTANCE 

III. INPUT RESISTANCE 

FOR A SYMMETRICAL DIPOLE OF FINITE LENGTH. THE DIPOLE IS 
RADIATING IN FREE SPACE. 

THE DIRECTIVITY. RADIATION RESISTANCE AND INPUT 
RESISTANCE ARE CALCULATED USING THE TRAILING EDGE 
METHOD IN INCREMENTS OF 1° IN THETA. 


••INPUT PARAMETERS 

1. L: DIPOLE LENGTH (in wavelengths) 

••NOTE 

THE FAR-ZONE ELECTRIC FIELD COMPONENT Eg 
EXISTS FOR 0°<; 0 *180° AND <t> ^360°. 
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CHAPTER 


5 

LOOP ANTENNAS 


5.1 INTRODUCTION 

Anoiher simple, inexpensive, and very versatile antenna type is the loop antenna. 
Loop antennas take many different forms such as a rectangle, square, triangle, ellipse, 
circle, and many other configurations. Because of the simplicity in analysis and 
construction, the circular loop is the most popular and has received the widest atten¬ 
tion. It will be shown that a small loop (circular or square) is equivalent to an 
infinitesimal magnetic dipole whose axis is perpendicular to the plane of the loop. 
That is. the lields radiated by an electrically small circular or square loop rue of the 
same mathematical form as those radiated by an infinitesimal magnetic dipole. 

Loop antennas are usually classified into two categories, electrically small and 
electrically large. Electrically small antennas are those whose overall length (number 
of turns times circumference) is usually less than about one-tenth of a wavelength 
(N x C < A/I0). However, electrically large loops are those whose circumference is 
about a live-space wavelength 1C A). Most of the applications of loop antennas are 
in the HF (3-30 MHz). VHF (30-300 MHz), and UHF (300-3.000 MHz) hands. 
When used as field probes, they find applications even in the microwave frequency 
range. 

Loop antennas with electrically small circumferences or perimeters have small 
radiation resistances that are usually smaller than their loss resistances. Thus they are 
very poor radiators, and they are seldom employed for transmission in radio com¬ 
munication. When they are used in any such application, it is usually in the receiving 
mode, such as in portable radios and pagers, where antenna efficiency is not as 
important as the signal-lo-noise ratio. They are also used as probes for field measure¬ 
ments and as directional antennas for radiowave navigation. The field pattern of 
electrically small antennas of any shape (circular, elliptical, rectangular, square, etc.) 
is similar to that of an infinitesimal dipole with a null perpendicular to the plane of 
the loop and with its maximum along the plane of the loop. As the overall length of 
the loop increases and its circumference approaches one frec-space wavelength, the 
maximum of the pattern shifts from the plane of the loop to the axis of the loop which 
is perpendicular to its plane. 
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The radiation resistance of the loop can be increased, and made comparable to 
the characteristic impedance of practical transmission lines, by increasing (electrically / 
its perimeter and/or the number of turns. Another way to increase the radiation 
resistance of the loop is to insert, within its circumference or perimeter, a ferrite core 
of very high permeability which will raise the magnetic field intensity and hence the 
radiation resistance. This forms the so-called ferrite loop. 

Electrically large loops are used primarily in directional arrays, such as in helical 
antennas (see Section 10.3.1), Yagi-Uda arrays (see Section 10.3.3). quad arrays (see 
Section 10.3.4). and so on. For these and other similar applications, the maximum 
radiation is directed toward the axis of the loop forming an end-fire antenna. To 
achieve such directional pattern characteristics, the circumference (perimeter) of the 
loop should be about one free-space wavelength. The proper phasing between turns 
enhances (he overall directional properties. 


5.2 SMALL CIRCULAR LOOP 

The most convenient geometrical arrangement for the field analysis of a loop antenna 
is to position the antenna symmetrically on the x-y plane, at c = 0. as shown in Figure 
5.1(a). The wire is assumed to be very thin and the current distribution is given by 

U = to (5-D 

where /„ is a constant. Although this type of current distribution is accurate only for 
a loop antenna with a very small circumference, a more complex distribution makes 
the mathematical formulation quite cumbersome. 


5.2.1 Radiated Fields 

To find the fields radiated by the loop, die same procedure is followed as for the 
linear dipole. The potential function A given by (3-53) as 

u f e ~ jiK 

Mx. y. z) = ~ J U.t\ y', z') —dl' (5-2) 


is first evaluated. Referring to Figure 5.1(a). K is the distance from any point on the 
loop to the observation point and dl' is an infinitestimal section of the loop antenna. 
In general, the current distribution l r (.t'. v\ :') can be written as 

41*’. /. z') = a,/«(*’• /• z') + a v / v C*'. /. z') + U.(x\ y*. z') (5-3) 

whose form is more convenient for linear geometries. For the circular loop antenna 
of Figure 5.1(a). whose current is directed along a circular path, it would be more 
convenient to write the rectangular current components of (5-3) in terms of the 
cylindrical components using the transformation (see Appendix VII) 


// 


'cos <l>' - sin d>' 0* 


V 

ly 

= 

sin </>' cos •)>' 0 


u 

1 


0 0 1. 




(5-4) 
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* 

4a i Geometry tor urcubi loop 


Figure 5.1 


(hi C.cometry Iqr far-Held observation* 

Geometrical arrangement lor loop antenna analysis 


which when expanded can he written as 


/, = /,, cos d> - lj, sin <!>' 

/,. = /,, sin </>' + I# cos d>' ■ 

l; = I; 


(5-5) 


Since the radiated fields are usually determined in spherical components, the 
rectangular unit vectors of (5-3) are transformed to spherical unit vectors using the 
transformation matrix given by (4-5). That is. 

a, = a, sin Wcos </» t a„cos Wcos dt - a, A sin d>' 

a = a, sin 0 sin </» + a„cos 0 sin d> + fl* cos d> 

a, = a, cos 0 - a„ sin 0 


(5-6) 
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Substituting (5-5) and (5-6) in (5-3) reduces it to 

I, = a,[l„ sin 0cos<d> - «/»') + /^ sin 0sin(</> — </»') + I. cos U\ 

+ 5»I/,, cos 6 cos(</> — d»'l + cos ft sin( </> — </»') — /. sin ft| 

+ a*l-/,,sin(4> - <&’) + 1+ cos(d» - d>’)| ( 5 . 7 ) 

It should be emphasized that the source coordinates are designated as primed 
<p'. d>\ ;') and the observation coordinates as unprimed (r. II, <!>)■ For the circular 
loop, the current is flowing in the </» direction (/*) so that (5-7) reduces to 

I, = a./^sin 0sin(d» - «/>') + a„/«cos ftsin(</> - </>') + A*/*,cos(d) — <£') (5-8) 

The distance W. from any point on the loop to the observation point, can be written 

as 

R = V(x - x'r + (.v - >■')’ + (2 - (5-9) 

Since 


x = r sin I) cos <J> 
y = r sin II sin </> 

Z = r cos 0 
.V 2 + .V 2 + z 2 = r 2 

x' = a cos <!)' 
y' = a sin <// 
z' = 0 

x' 3 + y 2 + c' 2 = a 2 

(5-9) reduces to 

R = Vr + u 1 — 2nrsin «cos(</i - «/>') 

By referring to Figure 5.1(a). the differential element length is given by 

dl' = a </</)' 


(5-10) 


(5-11) 

(5-12) 


l/sing (5-8). (5-/ 1). and (5-12). (he ^-component of (5-2) can he written as 

.... r2n e -lky/r~TP *'l 

Aj, = — lj,cos{<f> - <b') —t s ■ < , , dtb' (5-13) 

+ a 2 - 2arsinRcos(tp-(ft) 

Since the current l A as given by (5-1) is constant, the field radiated by the loop 
will not be a function of the observation angle </>. Thus any observation angle <b can 
lie chosen: for simplicity tb = 0. Therefore (5-13) can be written as 


ofil, P" e-W-s 

cos <f> — . + , . ==</</> 

47r Jo \/r* + <r — 2ar sinll costb 


(5-14) 


The integration of (5-14) cannot be carried out without any approximations. For 
small loops, the function 


/ = 


£ H\/r - a 1 - ’urvinUcma' 

\/r + er - 2ar sin0cosd>' 


(5-15) 
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which is part of ihc integrand of (5-14). can be expanded in a Muclaurin series in a 
using 


/ * ao) + /(oi« + j -rma 1 + • • • + ut _‘ - 1)! / < "~"( 0 )fl" 1 + • • • 

(5-15a) 

where/'(()) = df/Ba\ a /”(()) d : //(to’| u= „. and so forth. Taking into account only 

the first two terms of (5-15a). or 


-Jkr 


/( 0 ) = 


/'(()) = + pj e ,kr sin 0 cos </>' 

/ =* - + a f- + j sin 0 cos <f>' | c ,tr 


reduces (5-14) to 


(5-15b) 
(5-15c) 
(5-I5d) 



In a similar manner, the r- and ^-components of (5-2) can be written as 


A, - sin 0 I sin (/>' - + u (— 4—;) sin 0 cos <// e /4 ' Jd>‘ 
47 t [r \r rf 


(5-16a) 


A„ — — cos I) f sin <!>' - + «(— + ) sin 0 cos </>' e ikr d<b' 

47r Jn [r \r r) 


(5-16b) 


which when integrated reduce to zero. Thus 
A 


M.A = + pj sin U 


(5-17) 


Substituting (5-17) into (3-2a) reduces the magnetic field components to 



(5-18a) 

(5-18b) 


(5-180 
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Using (3-15) or (3-10) with .1 : 0. the corresponding electric field components can 
be written as 


c 

II 

II 

ty 


(kaVlo sin 0 
£.,* = i) - 

1 + ^-1 e-> kr 

* ' 4 r 

jkr] 


(5-19a) 
(5- 19b) 


5.2.2 Small Loop anil Infinitesimal Magnetic Dipole 

A comparison of (5-l8aM5-I9b) with those of the infinitesimal magnetic dipole 
indicates that they have similar forms. In fact, the electric and magnetic field com¬ 
ponents of an infinitesimal magnetic dipole of length / and constant "magnetic" 
current /„, are given by 


, - ikr 


E, = E„= H a = 0 


,-/*r 


(5-20al 


(5-20b) 


(5-20c) 

(5-20d) 


These can be obtained from the fields of an infinitesimal electric dipole. (4-8a)~ 
(4-10c). When (5-20aH5-20d) are compared with (5-l8aH5-l9b). they indicate that 
a magnetic tlipole of magnetic moment /,„/ is equivalent to a small electric loop of 
radius a and constant electric current /,, provided that 


In, I = jStoixl „ 


(-5-21) 


where S = me (area of the loop). Thus, for analysis purposes, the small electric loop 
can be replaced by a small linear magnetic dipole of constant current. The geometrical 
equivalence is illustrated in Figure 5.1(a) where the magnetic dipole is directed along 
the z-axis which is also perpendicular to the plane of the loop. 


5.2.3 Power Density and Radiation Resistance 

The fields radiated by a small loop, as given by (5-l8aW5-19b), are valid everywhere 
except at (he origin. As was discussed in Section 4.1 for the infinitesimal dipole, the 
power in the region very close to the antenna (near-field, kr 1) is predominantly 
reactive and in the far-field (kr » I) is predominantly real. To illustrate this for the 
loop, the complex power density 

W =i(E x H*) = Mia*/:*) x <§,//*, + a„//*„)] 

= | ( — & r £,*//*» + a 0 E+H* r ) 


(5-22) 
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is first formed. When (5-22) is integrated over a closed sphere, only its radial com¬ 
ponent given by 


W r = r? 


(£")■' n sin’ (I 
/or — 


32 r 
contributes to the complex power P,. Thus 


I +J 


I 


(k,f 


J , '-yvr-*-,Sgl W »n ’ 


which reduces to 


ikatU 


I +J 


+ j 


( kr)' 


(kr)' 


and whose real part is equal to 


P m i = (ka)%\ 2 


(5-22a) 


sin 3 fl <10 d<f> (5-23) 


(5-23a) 


(5-23h) 


For small values of kr (kr «. 1). the second term within the brackets of (5-23n) 
is dominant which makes the power mainly reactive. In the far-held (kr » I), the 
second term within the brackets diminishes which makes the power real. A comparison 
between (5-23a) with (4-14) indicates a difference in sign between the terms within 
the brackets. Whereas for the infinitesimal dipole the radial power density in the near- 
lield is capacitive, for the small loop it is inductive. This indicates that the radial 
magnetic energy is larger than the electric energy. 

The radiation resistance of the loop is found by equating (5-23ID to |/„| 2 A’,/2. 
Doing this, the radiation resistance can be written as 


/ 77’\ .1 -i * 2 irlkS\~ 

JcV 

(s 2 \ 


20ir - - 31.171 

\A / 

\A‘7 


(5-24) 


where S = mi 2 is the area and C = 2rra is the circumference of the loop. 

The radiation resistance as given by (5-24) is only for a single-turn loop. If the 
loop antenna has N turns wound so that the magnetic field passes through all the 
loops, the radiation resistance is equal to that of single turn multiplied by N~. That is. 


K, = v\ 

(ksY , Jc\ 

rr)w n =a M»J 

4 

| N 2 = 31.171 /V-1 

(A 1 / 


(5-24u) 


Even though the radiation resistance of a single turn loop may he small, the overall 
value can he increased by including many turns. This is a very desirable and practical 
mechanism that is not available for the infinitesimal dipole. 


Example 5.1 

Find the radiation resistance of a single-turn and an 8-turn small circular loop. The 
radius of the loop is A/25 and the medium is free-space. 
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SOLUTION 

S = 

R, (single turn) = 
R, IS turns) =* 


7 rtr 


^ = 7T I I = 


25 


l207r(^ W27r 


\ 625 

0.788(8)" = 50.43 ohms 


77. V 

625 


= 0.788 ohms 


The radiation and loss resistances of an antenna determine the radiation efficiency, 
as defined by (2-90). The loss resistance of a single-turn small loop is. in general, 
much larger than its radiation resistance; thus the corresponding radiation efficiencies 
are very low and depend on the loss resistance. To increase the radiation efficiency, 
multilurn loops ore often employed. However, because the current distribution in a 
multitum loop is quite complex, great confidence has not yet been placed in analytical 
methods for determining the radiation efficiency. Therefore greater reliance has been 
placed on experimental procedures. Two experimental techniques that can be used to 
measure the radiation efficiency of a small multiturn loop are those that are usually 
referred to its the Wheeler method and the Q method 111. 

Usually it is assumed that the loss resistance of a small loop is the same as that 
of a straight u'ire whose length is equal to the circumference of the loop, and it is 
computed using (2-90b). Although this assumption is adequate for single-turn loops, 
it is not valid for multitum loops. In a multitum loop, the current is not uniformly 
distributed around the wire but depends on the skin and proximity effects [2J. In fact, 
tor close spacings between turns, the contribution to the loss resistance due to the 
proximity effect can be larger than that due to tire skin effect. 

The total ohmic resistance for an /V-turn circular loop antenna with loop radius 
ii, wire radius h. and loop separation 2c. shown in Figure 5.2(a) is given by |3] 

Kohmte = (5-25) 


where 


A*. 

R r 

A’o 


= surface impedance of conductor 

ohmic resistance per unit length due to proximity effect 
NR, 

-—r = ohmic skin effect resistance per unit length (ohms/m) 



The ratio of A,,/A n has been computed [3] as a function of the spacing c/b for loops 
with 2 < /V < 8 and it is shown plotted in Figure 5.2(b). l! is evident that for close 
spacing the ohmic resistance is twice as large as that in the absence of the proximity 
effect (A,,/A„ = 0). 


Example 5.2 

Find the radiation efficiency of a single-turn and an 8-turn small circular loop at 
/ = 100 MHz. The radius of the loop is A/25, the radius of Lhe wire is 10 4 A. and 
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Figure 5.2 /V-iurn circular loop and ohmic resistance due to proxim¬ 
ity effect. (Sot'RCi : G. S. Smith. "Radiation Efficiency of Electrically 
Small Multiturn Loop Antennas," I LEE Trans. Amentias Propanol.. 
Vol AP-20. No. 5. pp. 656-657. Sept 1972’ (1972) IEEE). 


the turns tire spaced 4xl() A apart. Assume the wire is copper with a conductivity 
of 5.7 X 10 7 (S/m) and the antenna is radiating into free-spacc. 

SOLUTION 
Front Example 5.1 

R, (single mm) = 0.788 ohms 
A', (8 turns) - 50.43 ohms 
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The loss resistance for a single turn is given, according to (2-90b), by 

a Iwn n _ 1 /?r( IO H )(4ff X l()~ 7 ) 

~ by] 2tr ~ 25(10 J )yj 5.7 X 10 7 
= 1.053 ohms 

and the radiation efficiency, according to (2-90). by 


0.788 

0,788 + 1.053 


0.428 = 42.8% 


From Figure 5.2(b) 


& 


0.38 


and from (5-25) 


F / — A’olmm ■ 


25(10 


/ TT( |( ) K ) <4 7T X 10 
5.7 X I0 7 


(1.38) = 11.62 


Thus 


<‘■‘,1 


50.43 


50.43 + I 1.02 


0,813 = 81.3% 


5.2.4 Near-Field (fir I) Region 

The expressions for the fields, as given by (5-18a)—<5-19b). cun be simplified if the 
observations are made in the near-field (At <sc I). As for the infinitesimal dipole, the 
predominant term in each expression for the field in the near-zone region is the last 
one within the parentheses of (5-18a)—(5-19b). Thus for kr <£: I 


H r 

h 9 


crl u c > 1 ' 

2r’ 

tflge-* 
4 r’ 


COS 0 
sin f) 



= E, = 

M 2 kl (l r 
J — 


0 


it, 


sin 0 


kr <£ I 


(5-26a) 


(5-26b) 

(5-260 


(5-26d) 


The two Il-lield components arc in time-phase. However, they are in lime quad¬ 
rature with those of the electric field. This indicates that the average power (real 
power) is zero, as for the infinitesimal electric dipole. The condition of kr <§c I can 
be satisfied at moderate distances away from the antenna provided die frequency of 
operation is very low. The lields of (5-26a)-(5-26d) arc usually referred to as quasi- 
stationary. 
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5.2.5 Far-Field (kr :» 1) Region 

The other space of interest where the fields can be approximated is the far-field 
1) region. In contrast to the near-field, the dominant term in (5-18a)—(5-19b) 
for kr » I is the first one within the parentheses. Since for kr > I the H, component 
will he inversely proportional to r 2 whereas H „ will he inversely proportional to r, 
for large values of kr [kr » I) the //, component will be small compared to H„. Thus 
it can he assumed that it is approximately equal to zero. Therefore for kr I, 


<5-27a) 

(5-27b) 
(5-27c) 

where S = mi 2 is the geometrical area of the loop. 

Forming the ratio of - EJU,,. the wave impedance can he written as 

(5-28) 

nil 

where 

Z„ = wave impedance 
7j = intrinsic impedance 

As for the infinitesimal dipole, the E- and H-lield components of the loop in the lar- 
field t kr » I) region are perpendicular to each other and transverse to the direction 
of propagation. They form a Transverse fi'leotro /Magnetic (TEM) field whose wave 
impedance is equal to the intrinsic impedance of the medium. Equations (5-27a>— 
(5-27c) can also be derived using the procedure outlined and relationships developed 
in Section .1.6. This is left as an exercise to the reader (Proh. 5.5). 

5.2.6 Radiation Intensity and Directivity 

The real power P rad radiated by the loop was found in Section 5.2.3 and is given by 
(5-23b). The same expression can be obtained by forming the average power density, 
using (5-27uM5-27c). and integrating it over a closed sphere of radius r. This is left 
us an exercise to the reader (Prob. 5.4). Associated with the radiated power P mil is an 
average power density W„ v . It has only a radial component W, which is related to the 
radiation intensity U by 

U = rW r = |/„|- sin 2 0 = 0. <£>)| 3 (5-29) 

2 \ 4 / 2tj 

and it conforms to (2- 12a). The normalized pattern of the loop, as given by (5-29), is 
identical to that of the infinitesimal dipole shown in Figure 4.2. The maximum value 
occurs at 0 = tt/ 2. and it is given by 
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Using (5-30) and (5-23b), the directivity of the loop can be written as 



and its maximum effective aperture as 



(5-31) 


(5-32) 


It is observed that the directivity, and as a result the maximum effective area, of a 
small loop is the same as that of an infinitesimal electric dipole. This should be 
expected since their patterns are identical. 

The far-Held expressions lor a small loop, as given by (5-27a)-(5-27c), will be 
obtained by unother procedure in the next section. In that section a loop of any radius 
but of constant current will be analyzed. Closed form solutions will be possible only 
in the fur-field region. The small loop far-field expressions will then be obtained as a 
special case of that problem. 


Example 5.3 

The radius of a small loop of constant current is A/25. Find the physical area of the 
loop and compare it with its maximum effective aperture. 


SOLUTION 
S (physical) 



™ 2 = = = 503 X 10 ' 3A2 


~ = 0.119 A 2 

8tt 


0.1 I9A’ 


5.03 X 10 'A 


T75 = 23.66 


Electrically die loop is about 24 times larger than its physical si/.e. which should not 
he surprising. To be effective, a small loop must he larger electrically than its physical 
size. 


5.2.7 Equivalent Circuit 

A small loop is primarily inductive, and it can be represented by a lumped element 
equivalent circuit similar to those of Figure 2.22. 
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A. Transmitting Mode 

The equivalent circuit lor its input impedance when the loop is used as a transmitting 
antenna is that shown in Figure 5.3. This is similar to the equivalent circuit of Figure 
2.22(b). Therefore its input impedance is represented by 

Zj* = Km + jXu, = (*. + */.) + jW* + X.) (5-33) 

where 

R, - radiation resistance us given by (5-24) 

R, = loss resistance of loop conductor 

X A external inductive reactance ol loop antenna = wL A 

X, = internal high-frequency reactance of loop conductor = wL, 

In Figure 5.3 the capacitor C, is used in parallel to (5-33) to resonate the antenna; 
it can also be used to represent distributed stray capacitances. In order to determine 
the capacitance of C, at resonance, it Is easier to represent (5-3.3) by its equivalent 
admittance Y, n of 


where 


Tn - G ,„ + jB, n 


Z m 


I 

Bln + jX ,,, 


(5-34) 


G.„ = 


R„ 


+ x- m 


B.„ = - 


Xu, 


Rl + Xi 


(5-34a) 


(5-34b) 


At resonance, the susceptance B, of the capacitor C, must he chosen to eliminate the 
imaginary pari B m of (5-34) and (5-34a). This is accomplished by choosing C, ac¬ 
cording to 


C, = 


B, 


B„ 


1 


2 nf 2nf 2%rf R\ n + 

Under resonance the input impedance Z\„ is then equal to 


7f — A* * — —_ — 
*'in 

Ota 


Ri 




+ *Tn _ „ , 

K ” K 


(5-35) 


(5-36) 



Figure 5.3 Equivalent circuit of loop antenna in transmitting mode. 
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The loss resistance R L of the loop conductor can be computed using techniques 
illustrated in Example 5.2. The inductive reactance .V., of the loop is computed using 
the inductance L A of: 


Circular loop of radius a and wire radius b: 

L, = - 2 ] 


(5-37a) 


Square loop with sides a and wire radius b: 

L, 


*«" 2 *4 ln (i) -°- 774 . 


(5-37h) 


The internal reactance of the loop conductor X, can be found using the internal 
inductance /, of the loop which for a single turn can lie approximated by 


_ J_ j ojfii, _ a^ Iwp Lo 
' utPyJ 2 <t - wh\J 2tr 

where / is the length and P is the perimeter of the wire of the loop 


(5-38) 


B. Receiving Mode 

The loop antenna is often used as a receiving antenna or as a probe to measure 
magnetic flux density. Therefore when a plane wave impinges upon it. as shown in 
Figure 5.4(a). an open-circuit voltage develops across its terminals. This open-circuit 
voltage is related according to (2-93) to its vector effective length and incident electric 
licld. This open-circuit voltage is proportional to the incident magnetic flux density 
B 1 ., which is normal to the plane of the loop. Assuming the incident field is uniform 
over the plane of the loop, the open-circuit voltage for a single-turn loop can be 
written as [5) 

V„ = junta 1 !} 1 ; (5-39) 

Defining in Figure 5.4(a) the plane of incidence as the plane formed by the /. axis and 
radical vector, then the open-circuit voltage of (5-39) can be related to the magnitude 
of the incident magnetic and electric fields by 

= junta 1 //qH 1 cos 1 //, sin (i, = jk tl mrP cos t It, sin 8, (5-39u) 

where 1 //, is the angle between the direction of the magnetic field of the incident plane 
wave and the plane of incidence, as shown in Figure 5.4(a). 

Since the open-circuit voltage is also related to the vector effective length by 
(2-93). then the effective length for a single turn loop can be written as 

( r = a*/, = A+jkomr cos \l>, sin 6, = h+jkqS cos i//, sin 8, (5-40) 

where S is the area of the loop. The factor cos 1 //, sin 0, is introduced because the 
open-circuit voltage is proportional to the magnetic flux density component B' which 
is normal to the plane of the loop. 

When a load impedance Z r is connected to the output terminals of the loop as 
shown in Figure 5.4(b). the voltage V, across the load impedance Z, is related to the 
input impedance Z' ln of Figure 5.4(b) and the open-circuit voltage of (5-39a) by 
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<u> Plane wave incident on n receiving loop iC.S Smith. "Loop Anlramas.' 

Copyright * I I9H4. McGraw-Hill. Inc Permission by McCmtw-Hill. Inc l 

Figure 5.4 Loop antenna and its equivalent in receiving mode. 


v, = K. 


/, 


4n + %L 


(5-41) 


5.3 CIRCULAR LOOP OF CONSTANT CURRENT 

Let us now reconsider ihe loop antenna of Figure 5.1(a) hut with a radius that may 
not necessarily he small. The current in the loop will again he assumed to be constant, 
as given by (5-1). For this current distribution, ihe vector potential is given by (5-14). 
Without using ihe small radius approximation, the integration in (5-14) cannot be 
carried out. However, if the observations are restricted in ihe far-tield (r » </) region, 
the small radius approximation is not needed to integrate (5-14). 

Although the uniform current distribution along ihe perimeter of ihe loop is only 
valid provided Ihe circumference is less than about 0.2A (radius less than about (MBA), 
the procedure developed here for a constant current can be followed to lind the far 
tone fields of any site loop with not necessarily uniform current. 


5.3.1 Radiated Fields 

To lind the fields in the far-llcld region, the distance R can be approximated by 

R = y/r + u' Icir sin 0 cos d»' =* \/r - 2 or sin H cos <// for r » a 

(5-42) 


which can he reduced, using the binomial expansion, to 


/ 2t ' 

R ■» r /I-sin 0 cos <!>’ = r - a sin II cos = r — a cos i k, 


R =*/• 


for phase terms 
for amplitude terms 


(5-43) 
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since 

cos i/*, = V I * - o = cos ^ + ®v sin &) 

• la, sin 0 cos </• +■ a, sin 0 sin <4 + a ; cos 0)|* » „ 

= sin 0 cos </»' (5-43a) 

The geometrical relation between R and r. for any observation angle <!> in the far- 
lield region, is shown in Figure 5.1(b). For observations at <l> = 0, it simplifies to that 
given by (5-43) and shown in Figure 5.5. Thus (5-14) can be written as 


_ "mV f cos ,, e rjkusin „«»<*■ J(j)l 5 44 

4 nr Jn 


anil ii can be separated into two terms as 

‘'mV lkr 


\ atJsL. I o,s ■ .. . d<b‘ + J cos (b'thb’ 

47 rr |_Jo J a 


(5-45) 


The second tern) within the brackets can be rewritten by making a change of variable 
of the form 


<// = r/>" + 7T 


(5-46) 


Thus (5-45) can ulso be written as 
a/*/ne y * r| 


A.h- 


4 77V 


J cos <b'( 

V 


e *■>*“*'- cos /*««»*«.* ( y^» 


(5-47) 


I 


V 



Figure 5.5 Geometry for fur-field analysis of u loop ontennu. 
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Each of the integrals in (5-47) can be integrated by the formula (see Appendix V) 


tt/7„(c) = I cos (n<t>)e+ Jzm *d<t> (5-48) 

-'ll 

where Jjz) is the Bessel function of the lirst kind of order n. Using (5-48) reduces 
(5-47) to 

rtu/oC 

A a = —-- \trjj\{ku sin 6) - it)J\ i-kti sin tf(| (5-49) 

47rr 

The Bessel function of Ihe first kind and order n is defined (see Appendix V) by 
the infinite series 


a <- 

•'«' I. , v I 

M III 1 ( Iff 4- If I 1 


*, q m!(w + /i)! 
By a simple substitution into (5-50). it can be shown that 

u-a = (-i /’Ac) 

which for n = I is equal to 

= -JM 

Using (5-52) we can write (5-49) as 

ail /„t' 


4,/, = ./ 


Ir 


.l,(ka sin 0) 


(5-50) 

(5-51) 

(5-52) 


(5-53) 


The next step is to find the E- and H-fields associated with the vector potential 
ot (5-53). Since (5-53) is only valid lor far-field observations, the procedure outlined 
in Section 3.6 can be used. The vector potential A. as given by (5-53). is of the form 
suggested by (3-56). That is, the r variations are separable from those of 0 and i/». 
Therefore according to (3-58a)-(3-58b) and (5-53) 

(5-54a) 
(5-54b) 
(5-54c) 
(5-54d) 


£ r = 

£„= 0 



akyU < lr 
Ir 

J\(ka sin 0) 


= 0 


//» = 


.in#. 


V 

2 r 


5.3.2 Power Density, Radiation Intensity, Radiation 
Resistance, and Directivity 

The next objective for this problem will be to find the power density, radiation 
intensity, radiation resistance, and directivity. To do this, the time-average power 
density is formed. That is. 
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which can be written using (5-54b) as 


Hrjr 


with the radiation intensity given by 


8tj 


(5-56) 

(5-57) 


The radiation patterns for a = A/10. A/5, and A/2 are shown in Figure 5.6. These 
patterns indicate that the field radiated by the loop along its axis (W = 0°) is zero. 
Also the shape of these patterns is similar to that of a linear dipole with / s A (a 



-o = o. i x 

- a = tux 

.. = 0.5X 

Figure 5.6 Elevation plane amplitude patterns I'ot a circular loop of constant current 
(u = 0.1 A. 0.2A. and 0.5A). 
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figure-eight shape). As the radius a increases beyond 0.5A. the field intensity along 
the plane of the loop (0 = 90°) diminishes and eventually it forms a null when a = 
0.61 A. This is left as an exercise to the reader for verification (Prob. 5.13). Beyond a 
= 0.61 A. the radiation along die plane of the loop begins to intensify and the pattern 
attains a multilobe form. 

The patterns represented by (5-57) (some of them are illustrated in Figure 5.6) 
assume that the current distribution, no matter what the loop size, is constant. This is 
not a valid assumption if the loop circumference C (C = 2m) exceeds about 0.2A 
(i.e.. a > 0.032A) |6|. For radii much greater than about O.G32A. the current variation 
along the circumference of the loop begins to attain a distribution that is best repre¬ 
sented by a Fourier series |5|. Although a most common assumption is that the current 
distribution is nearly cosinusoidal, it is not satisfactory particular}' near the driving 
point of the antenna. 

It has been shown |7| that when the circumference of the loop is about one 
wavelength (C — A), its maximum radiation is along its axis (0 = 0°) which is 
perpendicular to the plane of the loop. This feature of the loop antenna has been 
utilised to design Yugi-Uda arrays whose basic elements (feed, directors, and reflec- 
tors) are circular loops |8| 110]. Because of its many applications, the one wavelength 
circumference circular loop antenna is considered as fundamental as a half-wavelength 
dipole. 

The radiated power can be written using (5-56) as 

Pr#) — Jl "... • d s = J sin 0) sin ft dft (5-58) 

The integral in (5-58) cannot be integrated exactly. However, it can be rewritten 
(111 as 


2 ko 

Ji U) dx (5-59) 

i 

Even though (5-59) still cannot be integrated, approximations can be made depending 
upon the values of the upper limit (the radius of the loop). 


> 
J 0 


(ka sin (!) sin H d(! 


=i 

ka 


A. Large Loop Approximation (a 2 : A/2) 

To evaluate (5-59). the first approximation will be to assume that the radius of the 
loop is large (a 2 : A/2). For that case, the integral in (5-59) can be approximated by 


J> 


(ka sin 0) sin ft d0 


1 f 2 *" 

r 

ka Jo 


and (5-58) by 


ka 

7r(«w/Lt)“|/„| : 


(.r) dx =* — 
ka 


rud 


(5-60) 


(5-61: 


4t pka) 

The maximum radiation intensity occurs when ka sin0 = 1.84 so dial 

«/U - in9)U,..,„ - 5*^(0584)1 ,5-62, 





i~n 
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Thus 


«r = 


- ^r.id iTTiUOJfl ) 2 


|/()| 2 47 }(faj) 


ka = 607r 2 (faz) = 607T 2 — (5-63a) 

A 


"™ = 4tt - (( ’- 584)2 = 2*«(0.584)’ = 0.682 f- 
^ l A 


Prmi 



II 


ITT 
0.682 

where C (circumference) = 2mi and 77 — I 2 () 7 t. 


®]-‘ 


43 x 10 ’AC 


(5-63b) 

(5-63c) 


II. Intermediate Loop Approximation (A /677 ?ii< A/2) 

If the radius of the loop is A/677 £ a < All, the integral of (5-59) can be approximated 
by 


I 


JT 1 1*2*0 

J\ 2 (ka sin 0) sin 0 dO = — J,(x) dx 

0 ku 0 


ka 


— IJdlka) + 


(- 2*0 

My) dy 
Jo 


(5-64) 


where •/<>(>•) is the Bessel function of the first kind of zero order. No further simpli¬ 
fications can be made. The integral of J 0 (y) appearing in (5-64) is a tabulated function 
which is included in Appendix V. The radiation resistance, directivity, and maximum 
effective area can be found using (5-64) to evaluate the P r: , d of (5-58). 


C. Small Loop Approximation la < A/677) 

If the radius of the loop is small (a < A/677), the expressions for the fields as given 
by (5-54aH5-54d) can be simplified. To do this, the Bessel function J,(ka sin 0) is 
expanded, by the definition of (5-50). in an infinite series of the form (see Appen¬ 
dix V) 


J[(ka sin 0) = {(ka sin 0) — j$(ku sin 0)' -+ • ■ • (5-65) 


For small values of ka (ka < {), (5-65) can be approximated by its first term, or 

ka sin 0 


J\(ka sin 0) 


(5-65a) 


Thus (5-54a)—(5-54d) can be written as 
E r =E n = 0 

„ aMpkltf-*' . „ a z k%e * 

£,a =--sin 0 = 17 -:-sin 0 


4r 

H, = H d . = () 

a z (Ofj.kM~‘ kr , 


4 r 


//«- - 


4 rjr 


M«e- Jkr . „ 

sin 0 =---sin 0 

4r 


a < A /677 


(5-66a) 

(5-66b) 

(5-66c) 

(5-66d) 
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Figure 5.7 Radiation resistance for a constant current circular 
loop antenna based on the approximation of t5-65a). 


which arc identical to those of (5-27a)-(5-27c). Thus the expressions for the radiation 
resistance, radiation intensity, directivity, maximum effective aperture, and radiation 
resistance are those given by (5-24). (5-29). (5-31). and (5-32). 

To demonstrate the variation of the radiation resistance as a function of the radius 
a of the loop, it is plotted in Figure 5.7 for A/IOO s a < A/30, based on the 
approximation of (5-65a), It is evident that the values arc extremely low (less than I 
ohm), and they are usually smaller than the loss resistances of the wires. These 
radiation resistances also lead to large mismatch losses when connected to practical 
transmission lines of 50 or 75 ohms. To increase the radiation resistance, it would 
require multiple turns as suggested by (5 24a). This, however, also increases the loss 
resistance which contributes to the inefficiency of the antenna. A plot of die radiation 
resistance for 0 < ka - C/\ < 20. based on the evaluation of (5-59) by numerical 
techniques, is shown in Figure 5.8. I'he dashed line represents the values based on 

the large loop approximation of (5-60) and the dotted (.) represents the values 

based on the small loop approximation of (5-65a). 

In addition to the real part of the input impedance, there is also an imaginary 
component which would increase the mismatch losses even if the real part is equal to 
the characteristic impedance of the lossless transmission line. However, the imaginary 
component can always, in principle at least, be eliminated by connecting a reactive 
element (capacitive or inductive) across the terminals of the loop to make the antenna 
a resonant circuit. 

To facilitate the computations for the directivity and radiation resistance of a 
circular loop with a constant current distribution, a FORTRAN computer program has 
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(a) Kutlulion resistance ol circular loop 



t-oop circumference (wavelengths) 
lb) Dlreclivily of circular loop 

Figure 5.8 Radiation resistance and directivity for circular loop of constanl cur¬ 
rent. (Source: E. A. Wolff, Antenna Analysis, Wiley. New York. 1966) 


been developed. The program utilizes (5-62) and (5-58) to compute the directivity 
1(5-58) is integrated numerically!. The program requires as an input the radius of the 
loop (in wavelengths). A Bessel function subroutine is contained within the program. 
A listing of the program is included at the end of this chapter and in the computer 
disc included with the book. 

5.4 CIRCULAR LOOP WITH 
NONUNIFORM CURRENT 

The analysis in the previous sections was based on a uniform current, which would 
be a valid approximation when the radius of the loop is small electrically (usually 
a < 0.03A). As the dimensions of the loop increase, the current variations along the 
circumference of the loop must be taken into account. As stated previously, a very 
common assumption for the current distribution is a cosinusoidal variation 112], [ 13]. 
This, however, is not a satisfactory approximation particularly near the driving point 
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of the antenna |6|. A better distribution would be to represent the current by a Fourier 
series 114| 

M 

/«*') = I 0 + 2 2 In cos<n0’> (5-67) 

»l 3 | 

where </>' is measured from the feed point of the loop along the circumference, as 
shown at the inset of Figure 5.9. 

A complete analysis of the lields radiated by a loop with nonuniform current 
distribution is somewhat complex, laborious, and quite lengthy. Instead of attempting 
to include the analytical formulations, which are cumbersome but well documented 
in the cited references, a number of graphical illustrations of numerical and experi¬ 
mental data is presented. These curves can be used in facilitating designs. 

To illustrate that the current distribution of a wire loop antenna is not uniform 
unless its radius is very small, the magnitude and phase of it have been plotted in 
Figure 5.9 as a function of <f>' (in degrees). The loop circumference C is ka = C/A 




<bl Phase 

Figure 5.9 Current magnitude and phase distributions on small circular loop antennas. 
(SOt KCT: ]. E. Storer. ‘'impedance of Thin-Wire Loop Antennas.” AIEF. /'reins.. Val. 
75. November 1956. © 1956 IEEE) 
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Figure 5.10 Directivity of circular-loop antenna for II = 0, ir versus electrical size (cir- 
eunil'oreiiee/wavelength). (sotiRci;: G. S. Smith, “Loop Antennas.” copyright Mc¬ 
Graw-Hill. Inc. Permission by McGraw-Hill. Inc.) 


= 0.1. 0.2, 0.3. and 0.4 and the wire si/c was chosen so that 11 = 2 ln(2 mi/b) = 
10. It is apparent that for ka = 0.1 the current is nearly uniform. For ka — 0.2 the 
variations arc slightly greater and become even larger as ka increases. On the basis 
of these results, loops much larger than ka = 0.2 (radius much greater than 0.0.3- 
0.04A) cannot be considered small. 

As was indicated earlier, the maximum of the pattern for a loop antenna shills 
from the plane of the loop i II - 90°) to its axis (II = 0°. 1X0°) as the circumference 
of die loop approaches one wavelength. Based on the nonuniform current distribution 
of (5-67). the directivity of the loop along II - 0" has been computed, and it is plotted 
in Figure 5.10 versus the circumference of the loop in wavelengths |5|. The maximum 
directivity is about 4.5 dB. and it occurs when the circumference is about I.4A. For 
a one wavelength circumference, which is usually the optimum design for a helical 
antenna, the directivity is about 3.4 dB. It is also apparent that the directivity is 
basically independent of the radius of the wire, as long as the circumference is equal 
or less than about 1.3 wavelengths; there are differences in directivity as a function 
of die wire radius for greater circumferences. 

Computed impedances, based on the Fourier series representation of the current, 
are shown plotted in Figure 5.11. The input resistance and reactance are plotted as a 
function of ihe circumference C (in wavelengths) for 0 ^ ka = C/\ ^ 2.5. The 
diameter of the wire was chosen so that 11 = 2 \n{2mi/b) = 8, 9. 10. II. and 12. It 
is apparent that the first antiresonance occurs when the circumference of die loop is 
about A/2, and it is extremely sharp. It is also noted that as the loop wire increases in 
thickness, there is a rapid disappearance of the resonances. As a matter of fact, for 
11 < 9 there is only one antiresonance point. These curves (for C > A) are similar, 
both qualitatively and quantitatively, to those of a linear dipole. The major difference 
is that the loop is more capacitive (by about 130 ohms) than a dipole. This shift in 
reactance allows the dipole to have several resonances and anti resonances while 
moderately thick loops (12 < 9) have only one antiresonance. Also small loops are 
primarily inductive while small dipoles are primarily capacitive. The resistance curves 
for the loop and the dipole are very similar. 




Reactance (ohms) Resistance (ohms) 
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ka - C/k (circumference in M 


(a) Resistance 



ka = (Tk (circumference in M 
(b) Reactance 

Figure 5.11 Inpul impedance of circular loop antennns. (SOURCE; J. E, Sto¬ 
ver. “Impedance of Thin-Wirc Loop Antennas." AI EL Trans., Vol. 75. No 
vember 1456. 1956 IEEE). 
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To verify the analytical formulations and the numerical computations, loop an¬ 
tennas were built and measurements of impedance were made |6|. The measurements 
were conducted using a half-loop over an image plane, and it was driven by a two- 
wire line. An excellent agreement between theory and experiment was indicated 
everywhere except near resonances where computed conductance curves were slightly 
higher than those measured. This is expected since ohmic losses were not taken into 
account in the analytical formulation. It was also noted that die measured susccptanee 
curve was slightly displaced vertically by a constant value. This can be attributed to 
the “end effect” of the experimental feeding line and the “slice generator” used in 
the analytical modeling of the feed. For a dipole, the correction to the analytical model 
is usually a negative capacitance in shunt with the antenna 1151. A similar correction 
for the loop would result in a better agreement between the computed and measured 
susceptanees. Computations for a half-loop above a ground plane were also performed 
by J. E. Jones 116| using the Moment Method. 

The radiation resistance of a loop antenna, with a cosinusoidal current distribution, 
was computed 1171 by evaluating triple integrals numerically. The results are shown 
in Figure 5.12 where they are compared with those of a uniform current distribution. 
It is evident that when the circumference of the loop is less than about 0.8A, the 
constant current radiation resistances agree quite well with those of the cosinusoidal 
distribution. 



Loop circumference Ivuvelcngthil 

Figure 5.12 Radiation resistance of circular loop with constant and sinusoidal current dis¬ 
tributions. (source: A. Richtscheid, “Calculation of the Radiation Resistance of Loop An¬ 
tennas with Sinusoidal Current Distribution,” IEEE Trims. Antennas Proposal.. VoL AP-24. 
November 1976. © 1976 IEEE) 
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meters), the axial directivity (in dB). and the parallel lumped element (capacitor in 
parallel or inductor in series) that must be used in order to resonate the antenna. 


SOLUTION 

In order for the pattern maximum to be along the axis of the loop, the circumference 
of the loop must be large compared to the wavelength. Therefore the current distri¬ 
bution will be nonunilortn. To accomplish this. Figure 5.11(a) should be used. There 
is not only one unique design which meets the specifications, hut there are many 
designs that can accomplish the goal. 

One design is to select a circumference where the loop is self-resonant, and there 
is no need for a resonant capacitor. For example, referring to Figure 5.1 1(b) and 
choosing an 11 = 12. the circumference of the loop is nearly I.I25A. Since the Iree- 
space wavelength at 100 MU/ is 3 meters, then the circumference is 

circumference ~ 1.125(3) = 3.375 meters 
while the radius of the loop is 

3.375 

radius = u = —— = 0.5371 meters 
27r 


The radius of the wire is obtained using 


or 


7 = 64.2077 
ft 

Therefore the radius of the wire is 
<i 0.5371 

ft = -, = 0.8365 cm = 8.365 X 10 meters 

(>4.2077 64.2077 

Using Figure 5.10. the axial directivity for this design is approximately 3.6 dB. Using 
Figure 5.11(a), the input impedance is approximately 

Z ln = Z;„ =* 125 ohms 

Since the antenna chosen is self-resonant, there is no need for a lumped element to 
resonate the radiator. 

Another design will be to use another circumference where the loop is not self 
resonant. T his will necessitate the use of a capacitor to resonate the antenna. This 
is left as an end of the chapter exercise. 


5.5 GROUND AND EART11 CURVATURE EFFECTS 
FOR CIRCULAR LOOPS 

The presence of a lossy medium can drastically tiller the performance of a circular 
loop. The parameters mostly affected are the pattern, directivity, input impedance. 




5.5 Ground and Earth Curvature Effects for Circular Loops 231 



Figure 5.13 Directivity of circular-loop antenna. C = ka I. for 0 - 0 versus distance 
from reflector hi A. Theoretical curve is for infinite planar reflector; measured points are lor 
square reflector, I soukci : G. S. Smith, "Loop Antennas.” copyright £‘ McGraw-Hill. Inc. 
Permission hy McGraw-Hill. Inc.) 


and antenna efficiency. The amount of energy dissipated as heat hy the lossy medium 
directly affects the antenna efficiency. As for the linear elements, geometrical optics 
techniques can be used to analyze the radiation characteristics of loops in the presence 
of conducting surfaces. The reflections are taken into account hy introducing appro¬ 
priate image (virtual) sources. Divergence fuctors are introduced to take into account 
the effects of the ground curvature. Because die techniques are identical to the for¬ 
mulations of Section 4.8. they will not he repeated here. The reader is directed to that 
section lor the details. Il should he pointed out. however, that a horizontal loop has 
horizontal polarization in contrast to the vertical polarization of a vertical electric 
dipole. Exact boundary-value solutions, based on Sommerfcld integral formulations, 
are available [161. However they are too complex to he included in an introductory 
chapter. 

By placing the loop above a reflector, the pattern is made unidirectional and the 
directivity is increased. To simplify the problem, initially the variations of the axial 
directivity (0 = 0°) of a circular loop with a circumference of one wavelength 
(ka = I) when placed horizontally a height It above an infinite in extent perfect 
electric conductor arc examined as a function of the height above the ground plane. 
These were obtained using image theory and the array factor of two loops, and they 
are shown for 10 < II < 20 in Figure 5.13|5|. 118]. Since only one curve is shown 
for 10 < fl < 20. it is evident dial the directivity variations as a function of the height 
are not strongly dependent on the radius of the wire of the loop. It is also apparent 
that for 0.05A < It < 0.2A and 0.65A < h < 0.75A the directivity is about 9 dB. For 
the same size loop, the corresponding variations of the impedance as a function of 
the height are shown in Figure 5.1415], | IS|. While the directivity variations are not 
Strong!) influenced by the radius of the wire, the variations of the impedance do show 
a dependence on the radius of the wire of the loop for 10 < fl < 20. 
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Figure 5.14 Input impedance of circular-loop antenna C = kti - I versus distance from 
reflector hi A. Theoretical curves are for infinite planar reflector: measured points are for 
square reflector, (source: G. S. Smith. "Loop Antennas.” copyright €’> 1984. McGraw-Hill, 
Inc, Permission by McGraw-Hill. Inc.) 


A qualitative criterion that can be used to judge the antenna performance is the 
ratio of ihe radiation resistance in free-spuce to that in the presence of the homo¬ 
geneous lossy medium [191. This is a straight forward hut very tedious approach. A 
much simpler method |20] is to find directly the self-impedance changes (real and 
imaginary) that result from the presence of the conducting medium. 

Since a small horizontal circular loop is equivalent to a small vertical magnetic 
dipole (see Section 5.2.2). computations 1211 were carried out for a vertical magnetic 
dipole placed a height li above a homogeneous lossy half-space. The changes in the 
self-impedance, normalized with respect to the free-space radiation resistance /?„ given 
by (5-24). are shown plotted in Figure 5.15. The parameter N | is defined by (4-124). 

As for the vertical electric dipole, the magnitude changes of A RIR„ in Figure 
5.15(a) approach unity as the height h of die antenna above a perfectly conducting 
(|(Vf| = *) ground plane approaches zero (2A,,// —> 0). For the magnetic dipole (or 
die loop) this corresponds to a vanishing resistance. Also, as expected, the magnitude 
of AX approaches infinity as 2 k ( ,li —* 0. Both A R and AX become oscillatory as 
2k(\h exceeds approximately tt or when h exceeds about A„/4. 

The effect die tinite conductivity has on the resistance (AX) and reactance (AX) 
changes for |Aff| = 100. 25. 4 are shown in Figures 5.15(b) and (c). Significant 
modifications, compared to those of a perfect conductor, are indicated. The effects 
that a suatilied lossy half-space have on the characteristics of a horizontal small 
circular loop have also been investigated and documented [22). It was found that 
when a resonant loop is close to the interface, the changes in the input admittance as 
a function of the antenna height and the electrical properties of the lossy medium 
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were very pronounced. This suggests that a resonant loop can he used effectively to 
sense and to determine the electrical properties of an unknown geological structure. 


5.6 POLYGONAL LOOP ANTENNAS 

The most attractive polygonal loop antennas are the square, rectangular, triangular, 
and rhombic. These antennas can be used for practical applications such as lor aircraft, 
missiles, and communications systems. However, because of their more complex 
structure, theoretical analyses seem to be unsuccessful [23]. Thus the application of 
these antennas has received much less attention. However design curves, computed 
using the Moment Method, do exist [24| and can he used to design polygonal loop 
antennas for practical applications. Usually the circular loop has been used in the 
UHF range because of its higher directivity while triangular and square loops have 
been applied in the HF and UHF bands because of advantages in their mechanical 
construction. Broadband impedance characteristics can be obtained from the different 
polygonal loops. 


5.6.1 Square Loop 

Next to the circular loop, the square loop is the simplest loop configuration. The I'ar- 
lielcl pattern for a small loop, in each of ils principal planes, can he obtained by 
assuming that each ctf its sides is a small linear dipole of constant current /« and length 
/. Referring to Figure 5.16, the field in the y-z plane is given according to (4-26a) by 


e* = + e*! = -Jn~ 


l*r | 

n 


, ■ /fcrj 
1-2 


(5-68) 


since the pattern of each element is omnidirectional in that plane. Using the far-field 
approximations of 


n 


r - ^ sin 0 


r 2 =* /• + - sin 0 

r, = r 2 “ r 
(5-68) can be written as 


for phase variations 
for amplitude variations 


(5-68a) 

(5-68b) 

(5-69) 

(5-70) 


Where 5 = I 1 is the geometrical area of the loop. The corresponding magnetic field 
is given by 

E,,. ~> kr . „ 

H " = ~ T = sm 0 

ri A r 


kIJe Jkr . /kl . .. 
E * = “ 

For small values of / (/ < A/50), (5-69) reduces to 



(5-71) 





lii (b) 

Figure 5.15 Vertical magnetic dipole (VMJD) (.or small horizontal loop! impedance chan 
as a function of height above a homogeneous lossy half-space, (source: R. E. Collin and 
.1. Zucker (eds.). Antenna Theory Part 2. McGraw-Hill. New York. 1969). 
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Figure 5.16 



Square loop geometry for fur-licld observations on the y-c plane. 


Equations (5-70) anti (5-71) arc identical to (5-27b) and (5-27a). respectively, for the 
small circular loop. Thus the far-zone principal-plane fields of a small square loop 
are identical to those of a small circular loop. The fields in the other planes are more 
difficult to obtain, and they will not he attempted here. However design curves are 
included which can be used for practical design applications. 


5.6.2 Triangular, Rectangular, and Rhombic Loops 

Shown in Figure 5.17 are the polygonal loops for which design data will be presented. 
They consist of top- and base-driven triangular loops, a rectangular loop, and a 
rhombic loop. The top-driven triangular loop has its feed at the top corner of ihe 
isosceles triangle while the base-driven configuration has its terminals ut the base. 
The rectangular loop has its feed at the center of one of its sides while the rhombic 
configuration has its terminals at one of its corners. 

The parameter (3 defines the angle of the top corner of the isosceles triangle for 
the triangular and rhombic loops while y = W/H is used to identify the relative side 
dimensions of the rectangular loop. The perimeter of each loop is given by P; for the 
rectangular loop. P 2(// + IV). For all configurations, the radius of the wire is /;. 

Shown m Figure 5.18 are the input impedance (7. = R + jXt variations, as a 
function of P (in wavelengths), of the four configurations shown in Figure 5.17. The 
interval between adjacent points on each curve is A P/A = 0.2. Depending on the 
parameters (3 or y. the input resistance of polygonal loops near the resonance fre¬ 
quency changes drastically. The reactance goes lo zero when a loop approaches a 
short-circuited A/2 long transmission line. In design then, the shape of the loop can 
be chosen so that Ihe input impedance is equal to the characteristic impedance of the 
transmission line. Although the curves in Figure 5.18 arc for specific wire radii, the 
impedance variations of the polygonal antennas as a function of the wire diameter are 
similar to those of the dipole. 

Because the radius of the impedance locus for the 13 - 60° of the top-driven 
triangular loop (Figure 5.18(a)! is smaller than for the other values of (3. the 0 = 60° 
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thl Hasc-UrWcn triangular 



t c i Rectangular 



Figure 5.17 Typical configurations of polygonal loop antennas. 
(source: T. Tsukiji and X. Tou, “On Polygonal Loop Antennas.” IEEE 
Tmns. Antennas Pro/iagai.. Vul. AP-28. No. 4. July 1980. ' |<)8<) IEEE) 


has the broadest impedance bandwidth compared with other triangular shapes or with 
the same shape but different feed points. Similar broadband impedance characteristics 
are indicated in Figure 5.18(c) for a rectangular loop with y - 0.5 (the side with the 
feed point is twice as large us the other). 

It can then be concluded that if the proper shape and feed point arc chosen, a 
polygonal loop can have broadband impedance characteristics. The most attractive 
are the top-driven triangular loop with /3 = 60° and the rectangular loop with 
y ~ 0.5. A 50-70 ohm coaxial cable can be matched with a triangular loop with 
P ~ 40°. Rectangular loops with greater directivities, but with less ideal impedance 
characteristics, are those with larger values of y. 

The frequency characteristics of a polygonal loop can be estimated by inspecting 
its current distribution. When the current standing wave pattern has. at its antiresonant 
frequency, a null at a sharp corner of the loop, the loop has a very low current standing 
wave and. hence, broadband impedance characteristics. 

Radiation patterns for the )3 = 60° top- and base-driven triangular loops and the 
y = 4 rectangular loop, for various values of P tin wavelengths), were also computed 
|24J. It was noted that for low frequencies near the resonance, the patterns of the top- 
and base-driven triangular loops were not too different. However, for higher frequen¬ 
cies the base-driven triangular loop had a greater gain than its corresponding lop- 
driven configuration. In general, rectangular loops with larger y’s have greater gains. 
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Figure 5.18 (continued) 
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5.7 FERRITE LOOP 

Because the loss resistance is comparable to the radiation resistance, electrically small 
loops are very poor radiators and arc seldom used in the transmitting mode. However, 
they are often used for receiving signals, such as in radios and pagers, where the 
signal-to-noise ratio is much more important than the efficiency. 


5.7.1 Radiation Resistance 


The radiation resistance, and in turn the antenna efficiency, can he raised by increasing 
the circumference of the loop. Another way to increase the radiation resistance, 
without increasing the electrical dimensions of the antenna, would he to insert within 
its circumference a ferrite core that has a tendency to increase the magnetic llux. the 
magnetic field, the open-circuit voltage, and in turn the radiation resistance of the 
loop |25|-|27|. This is the so-called ferrite loop and the ferrite material can be a rod 
of very few inches in length. The radiation resistance of the ferrite loop is given by 



(5-72) 


where 


R, = radiation resistance of ferrite loop 
R, = radiation resistance of air core loop 
p.,, = effective permeability of ferrite core 
= permeability of frcc-spacc 
p,,. r = relative effective permeability of ferrite core 


Using (5-24), the radiation resistance of (5-72) for a single-turn small ferrite loop can 
be written as 



and for an A'-turn loop, using (5-24a). as 



(5-73) 


(5-74) 


The relative effective permeability of the ferrite core p,,. r is related to the relative 
intrinsic permeability of the unbounded ferrite material fx Jt (p„ = p,lp ,,) by 


_ Mcr _ _ Rjr _ 

Pi) I + - *) 


(5-75) 


where D is the demagnetization factor which has been found experimentally for 
different core geometries, as shown in Figure 5.19. For most ferrite material, the 
relative intrinsic permeability p, fr Is very large ip t , » 1) so that the relative effective 
permeability of the ferrite core p car is approximately inversely proportional to the 
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Core longtli/cUamBtor ratio 

Figure 5.19 Demagnetization factor us a function of core length/diameler ratio, (soukct: 
E. A Wolff, Antenna Analysis, Wiley. New York. 1966) 


demagnetization factor, or p.,,,, I ID = I) '. In general, the ilemagneii/ation factor 
is a function of the geometry of the ferrite core. For example, the demagnetization 
factor lor a sphere is D = J while that for an ellipsoid of length 21 and radius u. such 
that / » a. is 



5.7.2 Ferrite-Loaded Receiving Loop 

Because of their smallness, ferrite loop antennas of few turns wound around a small 
ferrite rod are used as antennas especially in pocket transistor radios. The antenna is 
usually connected in parallel with the RF amplifier tuning capacitance and. in addition 
to acting as an antenna, it furnishes the necessary inductance to form a tuned circuit. 
Because the inductance is obtained with only few turns, the loss resistance is kept 
small. Thus the Q is usually very high, and it results in high selectivity and greater 
induced voltage. 

The equivalent circuit for a ferrite loaded loop antenna is similar to that of Figure 
5.3 except that a loss resistance R M , in addition to R,. is needed to account for the 
power losses in die ferrite core. Expressions lor the loss resistance R lU and inductance 
L a for the ferrite loaded loop of N turns can be found in |4| and depend on some 
empirical factors which are determined from an average of experimental results. The 
inductance L, is the same as that of the unloaded loop. 
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5.8 MOBILE COMMUNICATION SYSTEMS 
APPLICATIONS 

As was indicated in Section 4.7.4 of Chapter 4. the monopole is one of the most 
widely used elements for handheld units of mobile communication systems. An al¬ 
ternative to the monopole is the loop. [28)—(31). which has been often used in pagers 
but has found very few applications in handheld transceivers. This is probably due to 
limp's high resistance and inductive reactance which are more difficult to match to 
standard feed lines. The fact that limp antennas are more immune to noise makes 
them more attractive for an interfering and fading environment, like that of mobile 
communication systems. In addition, loop antennas become more viable candidates 
for wireless communication systems which utilize devices operating at higher fre¬ 
quency bands, particularly in designs where balanced amplifiers must interface with 
the antenna. Relative to top side of the handheld unit, such as the telephone, the loop 
can he placed either horizontally |29] or vertically |31 ]. Either configuration presents 
attractive radiation characteristics for land-based mobile systems. 
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PROBLEMS 

5.1. Derive 

(a) (5-18a)—(5-18t) using (5-17) and (3-2a) 
lb) (5-19al-l5- 19b) using (5-l8aM5-l8ci 

5 2. Write flic lielcls of an infinitesimal linear magnetic dipole of constant current length 
I. umJ positioned along die z-axis. Use the fields of an infinitesimal electric dipole. 
(4-8a)-(4- Kiel, and apply the principle of duality. Compare with (5-2<)a>—<5-20d). 

5.3. Find the rudiation efficiency of a single-turn and a 4-tum circular loop each of radius 
A/( lOrr) and operating at 10 MHz. The radius of the wire is 10 *A and the turns arc 
spaced 3x10 'A apart. Assume the wire is copper widi a conductivity of 5.7 X I0 7 
S/m. and the antenna is radiating into free-spaee. 

5.4, Find the power radiated by a small loop by forming the average power density, using 
(5-27al (5-27 cl. and integrating over a sphere of radius r. Compare the answer wi(h 
(5-23b). 
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5.5. For a small loop of constant current, derive its fur-zone fields using (5-17) and the 
procedure outlined and relationships developed In Section 3,6. Compare the answers 
with (5-27aH5-27b). 

5.6. Design a lossless resonant circular loop operating at 10 MHz so that its single turn 
radiation resistance is 0.73 ohms. The resonant loop is to be connected to a matched 
load through a balanced "twin-lead" 300-ohm transmission line. 

(a) Determine the radius of the loop (in meters and wavelengths). 

(b) To minimize the matching reflections between ihe resonant loop and the 300-ohm 
transmission line, determine ihe closest number of integer turns the loop must have. 

(c) For the loop of part b. determine the maximum power that can be expected to be 
delivered to a receiver matched-load if ihe incident wave is polarization matched 
to the lossless resonant loop. The power density of the incident wave is 10 
walts/nr. 

5.7. A resonant 6-tum loop of closely spaced turns Is operating at 50 MHz The radius ol 
Ihe loop is A/30, and ihe loop Is connected lo a 50-ohm transmission line. The radius 
of the wire is A/300, its conductivity is <r = 5.7 X 10 1 S/m. and the spacing between 
Ihe turns is A/100. Determine the 

in) directivity of the antenna (in dB) 

l b) radiation cfllciency taking into account the proximity effects of the lums 
fc> reflection efficiency 

(d) gain of the antenna (in dB) 

5.8. Find the radiation efficiency (in percent) of an 8-iurn circular loop antenna operating 
ai .30 MHz. Hie radius of each turn is ti = 15 cm. ihe riulius of Ihe wire is /> = I mm, 
and the spacing between turns is 2c 3.6 nun. Assume die wire is copper to = 5.7 
X I ()' S/m), and the antenna is radiating into free space. Account for ihe proximity 
effect. 

5.0. A very small circular loop of radius a(a A/6tr) and constant current /„ is symmetrically 

placed about the origin at x 0 and with the plane of its ureu parallel to the y : plane. 
Find the 

(a) spherical L and ll-lield components radiated by Ihe loop in the far-zone 
lb) directivity of the antenna 

5.10. Repeal Problem 5 M when Ihe plane of the loop is parallel to die x-z plane at \ 0. 

5.11. Using Ihe computer program at die end of this chapter, compute die radiation resistance 
and the directivity of a circular loop ol constant current with a radius of 

(a) a = A/50 (b) « = A/10 

(e) a = A/4 (d) a ~ A/2 

5.12. A constant current circular loop of radius a = 5A/4 is placed on the .v-v plane. Find 

die two smallest angles (excluding (/ 0°) where u null is formed in the far-held 

pattern. 

5.13. Design a circular loop of constant current such that its Held intensity vanishes only at 
0 =■= 0° (0 = 180°) and 90°. Find Its 

(u) radius 

(h) radiation resistance 
tc) directivity 

5.14. Design a constant current circular loop so dial Its first minimum, aside from 0 = 0°. 
in its tar-field pattern is at 30° from a normal to the plane of the loop. Find the 

(a) smallest radius of the antenna (in wavelengths) 

(h) relative (to the maximum) radiation intensity (in dB) in the plane of Ihe loop 

5.15. Design a constant current circular loop so that Its pattern has a null in the plane of the 
loop, and two nulls above and two nulls below the plane of the loop. Find ihe 

(u) radius of the loop 

(b) angles where die nulls occur 
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A constant current circular loop is placed on the x-y plane. Find die far-tield position, 
relative U) that of the loop, that a linearly polarized probe antenna must have so that 
the polarization loss factor (PLF) is maximized. 

A very small l« -* AI circular loop of constant current is placed a distance It above an 
infinite electric ground plane. Assuming z. is perpendicular to the ground plane, find the 
total far-zone field radiated by the loop when its plane is parallel to die 
(u) x-z plane 
(b) y-z plane 

A very small loop antenna (a < A/30) of constant current is placed a height h above 
a Hat. perfectly conducting ground plane of infinite extent. The area plane of the limp 
is parallel to the interface (.v-v plane). For fur-field observations 

(a) find the total electric field radiated by the loop in the presence of the ground plane 

(b) all the angles (in degrees) from the vertical to the interface where the total field 
will vanish when the height is A 

(c) the smallest nonzero height (in A) such that the total far-zone field exhibits a null 
at an angle of 60° from the vertical 


i 



A small circular loop, with its area parallel to the plane, is placed a height It above 
an infinite fiat perfectly electric conducting ground plane. Determine 
(a) the array factor for the equivalent problem which allows you to find the total field 
on and above the ground plane 

tb) anglc(s) M (in degrees) where the array factor will vanish when the loop is placed 
at a height A/2 above the ground plane 


: 



For the loop of Problem 5.17(a). find the smallest height It so that a null is formed in 
the v : plane at an angle of 45" above the ground plane. 
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5.21. A small single-turn circular loop oi radius a = 0.05A is operating at 300 MHz. 
Assuming the radius of the wire is 10 J A. determine the 

(a) loss resistance 

(b) radiation resistance 

(c) loop inductance 

Show that the loop inductive reactance is much greater than the loss resistance and 
radiation resistance indicating that a small loop acts primarily as an inductor. 

5.22. Determine the radiation resistance of a single-turn small loop, assuming the geometrical 
shape of the loop is 

(a) rectangular with dimensions a and b (a, b A) 

(h) elliptical with major axis a and minor axis b (a. b. A) 

5.23. Show that for the rectangular loop the radiation resistance is represented by 



while for the elliptical loop is represented by 


K, 


31.171 


/ tt~ u~h~ 

l I6A J 


Assuming the direction of the magnetic lield of the incident plane wave coincides with 
the plane of incidence, derive the effective length of a small circular loop of radius a 
based on the definition of (2-92). Show that its effective length is 

l r = a ,/,jkS sin(W) 
where 5' = mr. 


5.24. A circular loop of nonconstant current distribution, with circumference of I.4A. is 
attached to a 300-ohm line. Assuming the radius of the wire is 1.555 x It) 'A. find 
the 

(a) input impedance of the loop 

(b) VSWR of the system 

(c) inductance or capacitance that must be placed across the feed points so that the 
loop becomes resonant at / = 100 MHz 

5.25, A very popular antenna for amateur radio operators is a square loop antenna (referred 
lo as t/iiiul antenna) whose circumference is one wavelength. Assuming the radiation 
characteristics of the square loop are well represented by those of a circular loop: 

(a) What is the input impedance (real ami imaginary parts) of the antenna / 

(b) What element (inductor or capacitor), and of what value, must be placed in series 
with the loop at the feed point to resonate the radiating element at a frequency of 
I GHz? 

(c) What is the input VSWR. having the inductor or capacitor in place, if the loop is 
connected to a 78-ohm coaxial cable? 

5.26. Design circular loops of wire radius b. which resonate ai the first resonance. Find 

(a) four values of alb where the first resonance occurs (a is the radius of the loop) 

(b) the circumference of the loops and die corresponding radii of the wires for the 
antennas of part (a) 

5.27, Consider a circular loop of wire of radius a on the x-y plane and centered about the 
origin. Assume the current on the loop is given by 


UP) = Ai cos( 4>' I 
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(ai Show that the far-zone electric Reid of the loop is given by 

jvka . e'*' J\(ka sin V) „ . , 

2 r ka sin H 
iiikti 

* —— /„ -- J\'{ka sin ») cos </> 


where 


J\ U> 


tU i(Jl 
t/.» 


(b) Evaluate the radiation intensity 1/(0. </>l in the direction « - 0 and d> - f as a 
function of An. 

28, A very small circular loop, of constant current and radius ol A,/25. is placed a height 
h above a perfect conductor and it is radiating in frcc-spacc. 

(a) Find the smallest height h Oi < A„) where the changes of its reactance are the 
smallest. 

(hi At the height from part (a), find the radiation resistance of the loop. 

29. A single-turn small loop of constant current /,„ radius a A,/(l()7r). and wire radius 

b A,,/< > is placed a height li above a lossy ground plane, with the plane of the 

loop parallel to the ground. Assuming the lossy medium is Hut earth with a conductivity 
ofir, = It) 4 S/m. relative permittivity (dielectric constant I of e, ( = 4. and an operating 
frequency of I GHz. find the 

(a) input resistance and reactance of the loop, assuming the wire of the loop is perfectly 
conducting and the loop is radiating in air (neglect ground effects) 
ih) changes in the input resistance and input reactance when the loop is placed a height 
h = O.OfiAo above a flat. lossy earth 

(c) total input resistance and input reactance when the loop is placed a distance It = 
0.06A,, above a flat, lossy earth 

(d) input reflection coefficient when the loop is connected to a 300-ohm "twin-lead" 
transmission line 

(e) input VSWR when the loop is connected to the 300-ohm transmission line 


uuauuuuuouuuuuuuuuuu uuuu 


COMPUTER PROGRAM - CIRCULAR LOOP 


THIS IS A FORTRAN PROGRAM THAT COMPUTES THE: 

I. MAXIMUM DIRECTIVITY (DIMENSIONLESS AND IN dB) 

II. RADIATION RESISTANCE 

FOR A SMALL (CONSTANT CURRENT) LOOP. THE LOOP IS 
RADIATING INTO FREE SPACE. 

THE DIRECTIVITY AND RADIATION RESISTANCE ARE 
CALCULATED USING THE TRAILING EDGE METHOD IN 
INCREMENTS OF 1° IN THETA. 


••INPUT PARAMETERS 

I. A: LOOP RADIUS (in wavelengths) 

••NOTE 

THE FAR-ZONE ELECTRIC FIELD COMPONENT E p 
EXISTS FOR 0°£ © £l 80° AND 0°£ <t> £360°. 
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CHAPTER 


6 

ARRAYS: LINEAR, PLANAR, 
AND CIRCULAR 


6.1 INTRODUCTION 

In the previous chapter, the radiation characteristics of single-clement antennas were 
discussed and analyzed. Usually the radiation pattern of a single element is relatively 
wide, and each element provides low values of directivity (gain). In many applications 
it is necessary to design antennas with very directive characteristics (very high gains) 
to meet the demands of long distance communication. This can only be accomplished 
by increasing the electrical size of the antenna. 

Enlarging the dimensions of single elements often leads to more directive char¬ 
acteristics. Another way to enlarge the dimensions of the antenna, without necessarily 
Increasing the size of the individual elements, is to form an assembly of radiating 
elements in an electrical and geometrical configuration. This new antenna, formed by 
multielements, is referred to as an array. In most cases, the elements of an array are 
identical. This is not necessary, but it is often convenient, simpler, and more practical. 
The individual elements of an array may be of any form (wires, apertures, etc.). 

The total field of the array is determined by the vector addition of the fields 
radiated by the individual elements. This assumes that Lhe current in each element is 
the same as that of the isolated element. This is usually not the case and depends on 
the separation between the elements. To provide very directive patterns, it is necessary 
that the fields from the elements of the array interfere constructively (add) in (he 
desired directions and interfere destructively (cancel each other) in the remaining 
space. Ideally this can be accomplished, but practically it is only approached. In an 
array of identical elements, there are five controls that can be used to shape the overall 
pattern of the antenna. These are: 

1. the geometrical configuration of the overall array (linear, circular, rectangular, 
spherical, etc.) 

2. the relative displacement between the elements 

3. the excitation amplitude of the individual elements 

4. the excitation phase of the individual elements 

5. the relative pattern of the individual elements 
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The influence that each one of the above has on the overall radiation characteristics 
will he the subject of this chapter. In many cases the techniques will be illustrated 
with examples. 

The simplest and one of the most practical arrays is formed by placing the 
elements along a line. To simplify the presentation and give a better physical inter¬ 
pretation of the techniques, a two-element array will first lie considered. The analysis 
of an /V-element array will then follow. Two-dimensional analysis will be the subject 
at first. In latter sections, three-dimensional techniques will be introduced. 


6.2 TWO-ELEMENT ARRAY 


Let us assume that the antenna under investigation is an array of two infinitesimal 
horizontal dipoles positioned along the z-axis. as shown in Figure 6.1(a). The total 
field radiated by the two elements, assuming no coupling between the elements, is 
equal to the sum of the two and in the v-z plane it is given by 


klJ ftf-JWo + 

E, = E, + E 2 = tw'Tj-— { : -cos W| + -cos 0i\ (6-1) 

4tt L r, r, J 

where (3 is ihe difference in phase excitation between the elements. The magnitude 
excitation of the radiators is identical. Assuming far-field observations and referring 
to Figure 6.1(b). 


0 , =* 0 . =* 0 
d 

r x — r — - cos H 
d 

r 2 = r + - cos I) 
r, =* r 2 =* r 


lor phase variations 


for amplitude variations 


(6-2a) 

(6-2b) 

(6-2c) 


t 6-1 reduces to 


E, = -cos + e -WcoM*(,n i 

47rr 

„ kUe lkr 

E, = a„jri —-- cos 0 2 ct 


(6-3) 


ll is apparent from (6-3) that the total field of the array is equal to the field of a 
single element positioned at the origin multiplied by a factor which is widely referred 
to ns (he array factor. Thus for the two-element array of constant amplitude, the array 
factor is given by 


AF = 2 cos |\(kd cos (I + fi)\ (6-4) 

which in normalized form can be wrilten as 

(AF)„ = cos[4(fa/cos 0 + fi)\ (6-4a) 

The array factor is a function of the geometry of the array and the excitation phase. 
By varying the separation d and/or the phase fi between the elements, the character¬ 
istics of the array factor and of the total field of the array can be controlled. 
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<bi t'ar-(lcld obwrvationi 

Figure 6.1 Geometry of a two-element array positioned along the e-axis. 


It has been illustrated that the far-zone field of a uniform two-element array of 
identical elements is equal to the product of the field of a single element, tit a selected 
reference point {usually the origin), and the array factor of that array. That is. 


E(total) = |K(single dement at reference point)] x [array factor| 


(6-5) 


This is referred to as pattern multiplication for arrays of identical elements, and it is 
analogous to the pattern multiplication of (4-59) for continuous sources. Although it 
has been illustrated only for an array of two elements, each of identical magnitude, it 
is also valid lor arrays with any number of identical elements which do not necessarily 
have identical magnitudes, phases, and/or spacings between them. This will be dem¬ 
onstrated in this chapter by a number of different arrays. 

Each array has its own array factor. The array factor, in general, is a function of 
the number of elements, their geometrical arrangement, their relative magnitudes, 
their relative phases, and their spacings. The array factor will be of simpler form if 
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the elements have identical amplitudes, phases, and spacings. Since the array factor 
does not depend on the directional characteristics of the radiating elements themselves, 
it can he formulated by replacing the actual elements with isotropic (point) sources. 
Once the array factor has been derived using the point-source array, the total held of 
the actual array is obtained by the use of (6-5). Each point-source is assumed to have 
the amplitude, phase, and location of the corresponding element it is replacing. 

In order to synthesize the total pattern of an array, the designer is not only required 
to select the proper radiating elements but the geometry (positioning) and excitation 
of the individual elements. To illustrate the principles, let us consider some examples. 


Example 6.1 

Given the array of Figures 6.1(a) and (b). find the nulls of the total field when 
d = A/4 and 

(a) 0 = 0 

(b) 0 = 

(O 0 = -f 


SOLUTION 
(a) 0 = 0 

The normalized field is given by 
E,„ = cos 0 cos|~ cos f/j 

The nulls are obtained by setting the total field equal to zero, or 
E,„ = cos 0 COs(f cos = 0 

Thus 


cos = 0o 0„ = 90° 
and 

cosl~ cos ft, I = 0o^cos 0„ = — . — — t)„ = does not exist 

\4 / 4 2 2 

The only null occurs at 0 = 90° and is due to the pattern of the individual 
elements. The array factor does not contribute any additional nulls because there is 
not enough separation between the elements to introduce a phase difference of 180° 
between (he elements, for any observation angle. 


(b) 0 = + : J 
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The normalized field is given by 
£,„ = cos fleos^j (cos 0 + I) 

The nulls are found from 

o=o. — 0 

Thus 


ir. 

s — (cos 
4 


= cos 0 cos — (cos (I + 1) 


cos 0, = no 0„ = 90° 

and 

cos|^ (cos 0 + I )|u«. = 0 -> ^ (cos 8„ + I) = * «=* 8„ = ()° 
and 

=> ^ (cos 8„ + I) = does not exist 

The nulls of the array occur at 0 = 90° and 0 s . The null at 0° is introduced by 
the arrangement of the elements (array factor). This can also be shown by physical 
reasoning, as shown in Figure A.2(a). The element in the negative .--axis has an initial 
phase lug of 90° relative to the other element. As the wave from that element travels 
toward the positive .--axis [0 = 0° direction), it undergoes an additional 90‘ phase 
retardation when it arrives at the other element on the positive r-axis. Thus there is a 
total of 1X0° phase difference between the waves of the two elements when travel is 



(aiU = l)°tIiiecllim (b)fl= ISO' direction 

Figure 6.2 Phase accumulation for two-element array for null formation toward I) = 0‘ 
and 1X0°. 
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toward the positive r-axis (0 = 0°). The waves of the two elements are in phase when 
they travel in the negative s-axis (0 - 180°). as shown in Figure 6.2(b). 


tO 0 = -j 


The normalized field is given by 
= cos 

and the nulls by 


0 cos£ — (cos 0 - l)j 


TT 

Em - COS 0 cos| — (cos 0 - I) ||„ = „. = 0 


Thus 


cos H n = 0 *-> 0„ 


90° 


and 


cos 


^ (cos 0„ - I) j = 0 ^ j (cos U„ - I ) = ^ » ft, = does 


not exist 


and 


o^tcos ft, - I) = 0 n = 180° 

The nulls occur at 90° and 180' The element at the positive .--axis has a phase lag of 
90° relative to the other, and the phase difference is 180° when travel is restricted 
toward the negative c-axis. There is no phase difference when the waves travel toward 
the positive r-axis. A diagram similar to that of Figure 6.2 can be used to illustrate 
this case. 


To better illustrate the pattern multiplication rule, the normalized patterns of (he single 
element, the array factor, and the total array for each of the above array examples arc 
shown in Figures 6.3. 6.4(a). and 6.4(b). In each figure, the total pattern of the array 
is obtained by multiplying the pattern of the single element by that of the array factor. 
In each case, the pattern is normalized to its own maximum. Since the array factor 
for the example of Figure 6.3 is nearly isotropic (within 3 dB). the element pattern 
and the total pattern are almost identical in shape. The largest magnitude difference 
between the two is about 3 dB. and for each case it occurs toward the direction along 
which the phases of the two elements arc in phase quadrature (90° out of phase). For 
Figure 6.3 this occurs along 0 = 0° while for Figures 6.4(a.b) this occurs along 
II = 90°. Because the array factor for Figure 6.4(a) is of cardioid form, its correspond¬ 
ing element and total patterns are considerably different. In the total pattern, the null 
at 0 = 90° is due to the element pattern while that toward 0 = 0° is due to the array 
factor. Similar results are displayed in Figure 6.4(b). 
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o 



9 ~ | “ 0 


0" O' 



o ~ 1 u 
0 * 



Figure 6.3 Elemeni. array factor, and total field patterns of a two-element ar¬ 
ray of infinitesimal horizontal dipoles with identical phase excitation (0 = 0°. 
d = A/4). 


Example 6.2 

Consider an array of two identical infinitesimal dipoles oriented as shown in Figures 
6.1(a) and (b). For a separation d and phase excitation difference /3 between the 
elements, find the angles of observation where the nulls of Lite array occur. The 
magnitude excitation of the elements is the same. 


SOLUTION 

The normalized total field of the array is given by (6-3) as 
£,„ = cos 0 cos \{(kd cos 9 + (j)\ 
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I HO* 

llcim-nl 



0 



Array lavlur 


0—f- 0 

O' 



Figure 6.4 Pattern multiplication of element, array factor, and total array patterns 
of a two-element array of infinitesimal horizontal dipoles with (a) /3 = +90°. 
d = A/4. 


To find the nulls, the field is set equal to zero, or 
E„ = cos 0 cos[\(kd cos H + P)\\ 0m „ r = 0 
Thus 

cos fl„ = 0 o D n = 90° 

cosj^ {kd cos t)„ + /3) J = 0 0 ^ (kd cos fl„ + (3) = ±| ~” * 

off n = cos-'^A-i-p ± ( 2„ + I )jr] 
n = 0. 1.2,... 


and 
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I HO" 
r otui 


Figure 6.4(b) Continued (/3 = -90°. <1 A/4). 

The null at II 90° is attributed to the pattern of the individual elements of the array 
while the remaining ones are due to the formation of the array. For no phase difference 
between the elements (/3 = 0). the separation cl must be equal or greater than half a 
wavelength ul ^ A/2) in order for at least one null, due to the formation of the array, 
to occur. 


6.3 N -ELEMENT LINEAR ARRAY: 

UNIFORM AMPLITUDE AND SPACING 

Now that the arraying of elements has been introduced and it was illustrated by the 
two-element array, let us generalize the method to include N elements. Referring to 
the geometry of Figure 6.5(a), let us assume that all die elements have identical 
amplitudes but each succeeding element has a (i progressive phase lead current 
excitation relative to the preceding one (P represents the phase by which the current 
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(h| I'hn.soi iliunrniii 


Figure 6.5 Fur-field geometry and phasor diagram of Af-clcmcnt array of isotropic sources 
positioned along the axis 


in each element leads the current of the preceding element). An array of identical 
elements all of identical magnitude and each with a progressive phase is referred to 
as a uniform array. The array factor can he obtained by considering the elements to 
be point sources. II the actual elements arc not isotropic sources, the total held can 
be formed by multiplying the array factor of the isotropic sources by the field of a 
single element. This is the pattern multiplication rule of (6-5). and it applies only for 
arrays of identical elements. The array factor is given by 

AF = 1 + + t .’P>Ulcus IIi fi) + 

(V 

AF = 2 
n =* I 

which can be written as 


(6-7) 

(6-7a) 


Since the total array factor for the uniform array is a summation ol exponentials, it 
can be represented by the vector sum of N phasors each of unit amplitude and 
progressive phase i// relative to the previous one. Graphically this is illustrated by the 
phasor diagram in Figure 6.5(b). It is apparent from the phasor diagram that the 
amplitude and phase of the AF can be controlled in uniform arrays by properly 


AF = 'Z e*"-"* 

n «I 

where t/» = kd cos U + fi 


( 6 - 6 ) 
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selecting the relative phase i// between the elements; in nonuni form arrays, the am¬ 
plitude as well as the phase can be used to control the formation and distribution of 
the total array factor. 

The array factor of (6-7) can also he expressed in an alternate, compact and closed 
form whose functions and their distributions are more recognizable. This is accom¬ 
plished as follows. 

Multiplying both sides of (6-7) by e 1 *, it can be written as 

(AF)?* = e'"‘ + e* + + ■ • - + "* + e‘ N * (6-8) 


Subtracting (6-7) from (6-8) reduces to 

AF((? m - I) = (-1 + e jN,b ) 
which can also be written as 


AF 


(6-9) 


[>*- r 

jiNm* _ .. nmuif 
_ /IW- IW2I* e 1 

& 

i 

i_ 

/11/21(4 _ /11/21* 


_ e A(N-\V2\* 


■ N I 
sin -i// 


sin -«// 


( 6 - 10 ) 


If the reference point is the physical center of the array, the array factor of (6-10) 
reduces to 


AF =* 


• l N i 

sin l-i !> 


sin I -i// 


(6-IOa) 


For small values of a//, the above expression can be approximated by 


AF 




</' 


2 


(6-1 Ob) 


The maximum value of (6-IOa) or (6-1 Ob) is equal to N. To normalize the array factors 
so that the maximum value of each is equal to unity. (6-10a) and (6- 10b) are written 
in normalized form as (see Appendix II) 


(AF) " " s 


Sill 


sin 



(6-10c) 
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and (see Appendix I) 





(AF)„ = 

In ,\ 

sin l-i//l 


N. 

I* 



J 



(6-1 Od) 


To find the nulls ot the array, (6-l()c) or (6-IOd) are set equal to zero. That is. 

sin (j ,/y ) = ft- = a**' '[^(-P ± 77") 

(6-11) 

n = 1.2.3.... 

n * N. 2N. 3 N _with (6-IOc) 


For ii - N. 2 .\‘. 3/V.(6-IOc) attains its maximum values because it reduces to a 

sin{0)/0 form. The values of n determine the order of the nulls (first, second, etc.). 
For a zero to exist, the argument of the arccosine cannot exceed unity. Thus the 
number of nulls that can exist will be a function of the clement separation d and the 
phase excitation difference fi. 

The maximum values of (6*10c) occur when 


l ~ (kd cos H * (i )|„ =(< = ± iiitt 0„, = COS 1 -— S ~ P ± linn) 
- 2 ml 


m = 0. I. 2.. . . 


( 6 - 12 ) 


The array factor of (6-IOd) has only one maximum and occurs when in = 0 in 
(6-12). That is. 


d. 


cos 


-1 


M. 

2 ml. 


(6-13) 


which is the observation angle that makes <A = 0. 

The 3-dB point for the array factor of (6-IOd) occurs when (sec Appendix I) 

= ^(kJ cos U + 13 )= ± 1.391 


ti„ = cos 

which can also be written as 


,f A / 2.782\ 

- JJ 


n . [ A / 2.782\ 

= 1m(- 3± -aT)J 


For large values of iHd » A), it reduces to 


*.r*-jLLj ± £Z«V 

2 2 ml \ A/ / 


(6-14) 


(6-14a) 


(6-l4b) 
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The half-power beamwidth can be found once the angles of the first maximum 
!«,„) and the half-power point (0,,) are found. For a symmetrical pattern 

«, = 2\0„, - B h \ (6-14c) 


For the array factor of (6-I0d), there are secondary maxima (maxima of minor 
lobes i which occur approximately when the numerator of (6-1 ()d) attains its maximum 
value. That is. 



N 

sin | -{kd cos II + ft) 


N 

l«=». “ ± I &~(kd cos 0 + 0)| omn, 

(^r 1 ) = “'"{if-/ 31 (^HJ- 


1.2. 3.... 


(6-15) 


which can also be written as 


sin \ — 


-ft± 


**->]}■ 


s = 1 . 2 . 3 . 


For large values of d(d » A), it reduces to 

-ft ± 


W - - - — 
v 2 2 ml 


(is + 1 

(— I' 


s = I. 2. 3.. . . 


(6-15a) 


(6-15b) 


The maximum of the first minor lobe of (6-IOc) occurs appuximaiely when (see 
Appendix I) 

^ (kd cos 0 + ft )\ H= „. =,± (t) (6 ' l6) 


or when 


(?V = COS 


2nd 


-**?]} 


At that point, the magnitude of (6-IOd) reduces to 


(AF)„ 


. N. 

sin | -.// 


N . 
2 * 


= — = 0.212 

3tt 


a- ii, 
v=l 


which in dB is equal to 


(AF)„ = 20 log,,, I —I = - 13.46 dB 


(6-16a) 


(6-17) 


(6-17a) 


Thus the maximum of the first minor lobe of the array factor of (6-IOd) is 13.46 dB 
down front the maximum at the major lobe. More accurate expressions for the angle, 
beamwidth, and magnitude of first minor lobe of the array factor of (6-10d) can be 
obtained. These will be discussed in Chapter 12. 
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6.3.1 Broadside Array 

In many applications it is desirable to have the maximum radiation of an array directed 
normal to the axis of the array (broadside; 0 = 90° of Figure 6.5(a)). To optimize the 
design, the maxima of the single element and of the array factor should both be 
directed toward 0 = 90°. The requirements of the single elements can be accomplished 
by the judicious choice of the radiators, and those of the array factor by the proper 
separation and excitation of the individual radiators. In this section, the requirements 
that allow die array factor to "radiate'' efficiently broadside will be developed. 

Referring to (6- 10c) or (6-IOd). the maximum of the array factor occurs when 


i// = kd cos 0 + /3 = 0 


Since it is desired to have the maximum directed toward 0 = 90°. then 


ih = kd cos I) + Plu-w = P = 0 


(6-IS) 


(6-18a) 


Thus to have the maximum of the array factor of a uniform linear array directed 
broadside to the axis of the array, it is necessary that all the elements have the same 
phase excitation (in addition to the snme amplitude excitation). The separation be¬ 
tween the elements can be of any value. To ensure that there are no principal maxima 
in other directions, which are referred to us grilling lobes, the separation between the 
elements should not be equal to multiples of a wavelength ul 5* n A, n = 1, 2. 3 ...) 
when (j = 0. If d = n A. n = I. 2 ,3 .... and /3 = 0. then 


*/' 


kd cos 



fi-n 

x-1.2. 1. 


= 2 vn cos 0 


n <> iso 


± 2 n v 


(6-19) 


This value of i// when substituted in (6- 10c) makes the array factor attain its maximum 
value. Thus for a uniform array with ft — 0 and d = ii\, in addition to having the 
maxima of the array factor directed broadside (0 = 90°) to the axis of the array, there 
are additional maxima directed along the axis (0 = 0°. 180°) of the array (end-fire 
radiation). 

One of the objectives in many designs is to avoid multiple maxima, in addition 
to the main maximum, which are referred to as grilling lobes. Often it may be required 
to select the largest spacing between the elements but with no grating lobes. To avoid 
any grating lobe the largest spacing between the elements should be less than one 
wavelength (c/ m „ < A). 

To illustrate the method, the three-dimensional array factor of a l()-elemenl (N 
= 10) uniform array with /3 = 0 and d = A/4 is shown plotted in Figure 6.6(a). A 
90° angular sector has been removed for better view of the pattern distribution in the 
elevation plane. The only maximum occurs at broadside (0 = 90°). To form a 
comparison, the three-dimensional pattern of the same array but with d = A is also 
plotted in Figure 6.6(b). For this pattern, in addition to the maximum at 0 = 90°. 
there are additional maxima directed toward 0 = 0°. 180°. The corresponding two- 
dimensional patterns of Figures 6.6(a.b) are shown in Figure 6.7. 

If the spacing between the elements is chosen between A < d < 2A. then the 
maximum of Figure 6.6 toward 0 = 0° shifts toward the angular region 0° < 0 < 
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o 



I HQ' 


- a - a /4 

-(/ = A 

Figure 6.7 Array factor patterns of a 10-element uniform amplitude broadside 
array (TV = 10,0 = 0). 


90° while the maximum toward 0 = 180° shifts toward 90° < 0 < 180°. When <1 - 
2 A. there are maxima toward 0°. 60°. 90°, 120° and 180°. 

In Tables 6.1 and 6.2 the expressions for the nulls, maxima, half-power points, 
minor lobe maxima, and beamwidths for broadside arrays have been listed. They are 
derived from the more general ones given by (6-10c)-(6-l6a). 


6.3.2 Ordinary End-Fire Array 

Instead of having the maximum radiation broadside to the axis of the array, it may 
be desirable to direct it along the axis of the array (end-lire). As a matter of fact, it 
may be necessary that it radiates toward only one direction (either 0 = 0° or 180° of 
Figure 6.5). 
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Table 6.1 NULLS. MAXIMA. HALF-POWER 

POINTS. AND MINOR LOBE MAXIMA 
FOR UNIFORM AMPLITUDE 
_ BROADSIDE ARRAYS _ 

NULLS 

// = 1.2.3.... 
n * N. 2N. IN .... 

MAXIMA 0 m = cos' 1 

m - 0. 1.2.... 

HALF-POWER „ ,/ 1.391 A 

POINTS 11 °* cos \- trNd 

milk c I 

- '[*$&)] 
s = 1.2. 3.... 
milk c I 


MINOR LOBE 
MAXIMA 


To direct the maximum toward 0 = 0°. 

(6-20a) 

If the maximum is desired toward II = 180°. then 

(6-20b) 

Thus end-lire radiation is accomplished when (i = - kil (for (I - 0°) or fi = ktl (for 
0 = 180°). 

If the element separation is (l = A/2, end-lire radiation exists in both directions 
(0 = 0°and II = 180°). If the element spacing isa multiple ol a wavelength ul = n\. 




Table 6.2 BEAMWIDTIIS FOR UNIFORM AMPLITUDE 
_ BROADSIDE ARRAYS _ 

FIRST NULL , n , IkY 

BEAMWIDTI) (FNBW) " 2 C °* \/V,// 


HALF-POWER 
BF.AMWIDTII (lll’HW) 



mi/k *c I 



milk < I 


FIRST SIDE LOBE 
BEAMWIDTI! < FSLBW) 
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Figure 6.8 
180 °. 


"•MU’ *hi 0 = IH0‘ 

Three-dimensional amplitude patterns lor end-lire arrays toward 0 


0° and 


n = 1.2. 3...then in addition to having end-lire radiation in both directions, there 
also exist maxima in the broadside directions. Thus for d = riA. n — 1.2. 3.... there 
exist four maxima: two in the broadside directions and two along the axis of the array. 
To have only one end-fire maximum and to avoid any grating lobes, the maximum 
spacing between the elements should be less than < A/2. 

The three-dimensional radiation patterns of a 10-elcmenl (N = 10) array with d 
= A/4, ft = 4 kd are plotted in Figure 6.8. When ft = - kd. the maximum is directed 
along t) - 0° and the three-dimensional pa item is shown in Figure 6.8(a). However, 
when ft = + kd. the maximum is oriented toward 0 = 1 80°, and the three-dimensional 
pattern is shown in Figure 6.8(h). The two-dimensional patterns of Figures 6.8(a. h) 
are shown in Figure 6.9. To form a comparison, the array factor of the same array (N 
= 10) hut with </ = A and ft = -kd has been calculated. Its pattern is identical to 
that of a broadside array with N = 10. d = A. and it is shown plotted in Figure 6.7. 
It is seen that there are four maxima; two broadside and two along the axis of the 
array. 

The expressions for the nulls, maxima, half-power points, minor lobe maxima, 
and beamwidths. as applied to ordinary end-lire arrays, arc listed in Tables 6.3 
and 6.4. 

6.3.3 Phased (Scanning) Array 

In the previous two sections it was shown how to direct the major radiation from an 
array, by controlling the phase excitation between the elements, in directions normal 
(broadside) and along die axis (end-lire) of the array. It is then logical to assume that 
the maximum radiation can be oriented in any direction to form a scanning array. The 
procedure is similar to that of the previous two sections. 
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ixcr 


-fl= +*</ 

- 0 - -kd 

Figure 6.9 Array factor patterns of a 10-clemcni uniform amplitude end-lire 
array </V = 10. d = A/4), 


Let us assume that the maximum radiation of the array is required to he oriented 
at an angle tl„ (0® ' fy, == ISO 0 ). To accomplish this, the phase excitation /i between 
the elements must be adjusted so that 


ill = kd cos 0 + /3|„ - = kd cos 9,, + /3 = 0 —• /3 = —kd cos Bq 


( 6 - 21 ) 


Thus by controlling the progressive phase difference between the elements, the max¬ 
imum radiation can be squinted in any desired direction to form a scanning array. 
This is the basic principle of electronic scanning phased array operation. Since in 
phased array technology the scanning must be continuous, the system should be 
capable of continuously varying the progressive phase between the elements. In 
practice, this is accomplished electronically by the use of ferrite or diode phase 
shifters. For ferrite phase shifters, the phase shift is controlled by the magnetic held 
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Table 6J NULLS. MAXIMA. HALF-POWER 


POINTS. AND MINOR LOBF. MAXIMA 
FOR UNIFORM AMPLI TUDE 
ORDINARY END-FIRE ARRAYS 


NULLS 

= cos 1 

(> - S) 


it ~ 

1.2.3.... 


n * N. 2 N. .3 N.... 

MAXIMA 

0 m = cos 1 



m = 

' u ! 
0.1.2.,.. 

HALF-POWER 

% “ cos 1 | 

1-391 A\ 

POINTS 

nt IN 1 


m//A c 1 

MINOR LOBE 

II, =■ cos 1 

(2s + l)A 

MAXIMA 

2 Nd 


s = 1,2.3,.,. 
milk - c I 


within ihe ferrite. which in turn is controlled by the amount of current flowing through 
the wires wrapped around the phase shifter. 

For diode phase shifter using balanced, hybrid-coupled varactors, the actual phase 
shift is controlled either by varying the analog bias dc voltage (typically 0-30 volts) 
or by u digital command through a digital-to-analog (D/A) converter 111. 

To demonstrate the principle of scanning, the three-dimensional radiation pattern 
of a 10-elemeni array, with a separation of A/4 between the elements and with the 
maximum squinted in the % = 60° direction, is plotted in Figure 6.l()(u). The 
corresponding two-dimensional pattern is shown in Figure 6.10(b). 

The half-power bcamwidth ol the scanning array is obtained using (6-14) with 
/3 = —led cos Do. Using the minus sign in the argument of the inverse cosine function 
in (6-14) to represent one angle of the half-power beamwidth and the plus sign to 


Table 6.4 BEAMWIDTHS I OR UNIFORM AMPLITUDE 
ORDINARY END-FIRE ARRAYS 


FIRST NULL 

(-)„ = 2 con" 1 (l 

A \ 

BEAMWIDTH (FNBW) 

Nd1 

HALF-POWER 

<-)„ = 2 cos 1 |l 

1.391 A | 

BEAMWIDTH (HPBW) 

\ 

m//\ 1 

m/A / 

FIRST SIDE LOBE 

(-), =• 2 cot 1 (1 


BEAMWIDTH (FSLBW) 

ml! A C 1 

2Nd) 
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Figure 6.11 Half-power beamwidth for broadside, ordinary 
end-lire, and scanning uniform linear arrays. (SOURCE: R. S. 
Elliott. "Bcomwidth and Directivity of Large Scanning Ar¬ 
rays." First of Two Parts. The Microwave Journal, Decem¬ 
ber 1963) 


represent the other angle, then the total beamwidth is the difference between these 
two angles and can be written as 


= a,S 1 [ libK'" 5 * ‘ ^r)] " “■ [2ird\ 

{ „ 2.782\ . I „ 2.782 

[«* * - nr) ■ cos r"" + mu 


Since N = (/. + (hid, (6-22) reduces to [2| 


H,, = cos 1 
-cos' 1 


cos d () - 0.443 
cos + 0.44.3 


A 

{L + d) 
A 

(Z. + d) 


(6-22a) 


where L is the length of the array. Equation (6-22a) can also be used to compute the 
half-power beamwidth of a broadside array. However, it is not valid for an end-fire 
array. A plot of the half-power beamwidth (in degrees) as a function of the array 
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length is shown in Figure 6.11. These curves are valid for broadside, ordinary end- 
lire, and scanning uniform arrays (constant magnitude but with progressive phase 
shift). In a later section it will be shown that the curves of Figure 6.11 can he used, 
in conjunction with a beam broadening factor |2], to compute the directivity of 
nonuniform amplitude arrays. 


6.3.4 Ilaiisen-W oodyard End-Fire Array 


The conditions for an ordinary end-lire array were discussed in Section 6.3.2. It was 
concluded that the maximum radiation can be directed along the axis of the uniform 
array by allowing the progressive phase shift fi between elements to be equal to 
(6-20a) for 0 = 0° and <6-20b) for 0 = IK0°. 

To enhance the directivity of an end-lire array without destroying any of the other 
characteristics. Hansen and Woodyard [3] in 1938 proposed that the required phase 
shift between closely spaced elements of a yen limn arrayj should be 


/, 2.92 \ 

/, , rr\ .. . . 


ykd + — J =* lor maximum m 1) - 0 


(6-23u) 



i6-23h) 


These requirements are known today as the Hansen-Woodyard conditions for end- 
fire radiation. They lead to a larger directivity than the conditions given by (6-20a) 
and (6-20b). It should be pointed out. however, that these conditions do not necessarily 
yield the maximum possible directivity. In fact, the maximum may not even occur at 
fl = 0” or 180°, its value found using (6-IOc) or (6-IOd) may not be unity, and the 
side lobe level may not be 13.46 dB. Both of them, maxima and side lobe levels, 
depend on the number ol array elements, as will be illustrated. 

To realize the increase in directivity as a result of the Hansen-Woodyard condi¬ 
tions. it is necessary that, in addition to the conditions of (6-23a) and (6-23b), |i/<| 
assumes values ol 


For maximum radiation along 0 = IF 

I'M = \kd cos 0 + li\„ , r = anJ 101 = Mcos 0 + ji\„ | gtr = n (6-24a) 

N 

For maximum radiation along 0 = / 80 ° 

|i//| = \kd cos I) + fi\„ mr = ^ and |t//| = \kd cos II + j3| w=0 » = it (6-24b) 

N 

Tlte condition of |i//| = tt/N in (6-24a) or (6-24b) is realised by the use of (6-23a) or 
<6-23b), respectively. Care must be exercised in meeting the requirement of |i/r| = n 

tin principle, the Hansen Woodyard condition was derived tor an infinitely long amennu with continuous 
distribution. ti thus gives good results for very long. Unite length discrete arrays with closely spaced 
elements 
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for each array. For ail array of N elements, the condition of |t//| —n is satisfied by 
using (6-23a) for 0 = 0°. (6-23b) for 0 = 180°, and choosing for each a spacing of 


d = 



(6-25) 


If the number of elements is large, (6-25) can be approximated by 


d 



(6-25a) 


Thus for a large uniform array, the Hansen-Woodyard condition can only yield an 
improved directivity provided the spacing between the elements is approximately A/4, 

To illustrate the principles, the patterns of a 10-element (N = 10) array with 
d = A/4 (/j = -37r/5) and d = A/2 (J3 = — 11 jt/ 10) have been plotted in Figure 
6.12. In both cases the desired maximum radiation should be toward (/ = 0°|/S = 
— (kd + tt/N)\. It is apparent that the main lobe of the d = A/4 pattern is much 
narrower when contrasted to ils counterpart of Figure 6.9 using the ordinary end-lire 
conditions of (6-2l)a). In fact, the 3-dB beamwidth of the d A/4 pattern in Figure 
6.12 is equal to 37° compared to 74° for that of Figure 6.9. 

To make the comparisons more meaningful, the directivities for each of the 
patterns of Figures 6.9 and 6.12 have been calculated, using numerical integration, 
and it is found that they are equal to 11 anil 19. respectively. Thus the Hansen- 
Woodyard conditions realize a 73% increase in directivity for this case. 

As will be shown in Section 6.4 and listed in Table 6.7, the directivity of a 
Hnnsen-Woodyard end-lire array is always approximately 1.789 times (or 2.5 dB) 
greater than the directivity of an ordinary end-lire array. The increase in directivity 
of the pattern in Figure 6.12 for d = A/4 over that of Figure 6.9 is at the expense of 
an increase of about 4 dB in side lobe level. Therefore in the design of an array, there 
is u trade-off between directivity (or half-power beamwidth) and side lobe level. 

To show that (6-23a) and (6-23b) do not lead to improved directivities over those 
of (6-20a / and (6-20b) if (6-24a) and (6-24 b) are not satisfied, the pattern for the same 
array (A = 10) hut with d = A/2 (/3 = — II71-/IO) that was plotted in Figure 6.12 
will be discussed. Even though this pattern exhibits a very narrow lobe in the (/ = 0" 
direction, its back lobes are larger than its main lobe. The d = A/2 pattern fails to 
realize a larger directivity because the necessary |i//|„, — it condition of (6-24a) 

is not satisfied. That is. 


\'P\ = l(Adcos It 4- = | —(2 kd + 7r!N)\ d = 2.) 7r (6-26) 

0«-<*</+mWi n = to 


which is not equal to n as required by (6~24a). Similar results occur for spacing* 
other than those specified by (6-25) or (6-25a). 

To better understand and appreciate the Hansen-Woodyard conditions, a succinct 
derivation of (6-23a) will be outlined. The procedure is identical to that reported by 
Hansen and Woodyard in their classic paper |3). 

The array factor of an /V-element array is given by (6-10c) as 


lAF> “ - * 


Sill 


N 

— (kd cos tl + (ii 


- (kd cos 0 + /3) 


sin 


(6-27) 
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iso" 


- d - X/4 

- d = K/l 

Figure 6.12 Array factor patterns of a 10-eleraent uniform amplitude Hansen-Woodyard 
end-lire array |.V = 10, /j = - (kd + tt/N)\ 


and approximated, for small values of t// (i// = kd cos 0 -I- fi). by (6-IOd) or 


(AF)„ - 


N 

sin — (kd cos 0 + fi) 
~ (kd cos e + 0) 


If the progressive phase shift between the elements is equal to 

P = -pd 

where p is a constant, (6-27a) can be written as 
(AF)„ = 


[sin|r/(A cos B - p)|l 

sin(Z) 

1 q(k cos 6 - p) J 

Z 


(6-27a) 


(6-28) 


( 6 - 20 ) 
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where 



(6-29a) 


7. = q(k COS 0 - p) 


The radiation intensity can be written as 

U{,0) = |(AF)«I 2 = 


sinlZ) 

Z 


whose value at I) = 0° is equal to 


U(0)\o.<r 


I sin|</(A cos 0 - /■»>! 
] q{k cos 0 - p ) 


2 


a ii“ 


[ sin|</(A- - />)l |~ 
1 q(k - p) 


( 6 - 2 %) 


(6-30) 


(6-3Qa) 


Dividing (6-30) by (6-30a), so that the value of the array factor is equal to unity at 
0 = 0°, leads to 


Ul9)„ 


{ q(k - p) sin|r/(A cos 0 - p )| | _ v sin(Z) 
sinl q(k — p)] \q(k cos 0 - /»)] J sin(u) Z 


where 


v = q(k - p) 

Z = q(k cos 0 - p) 

The directivity of the array factor can be- evaluated using 

. _ 4-n-^nm _ t/ina* 

~ u 0 

where U n is the average radiation intensity and it is given by 


(6-31 a) 
(6-3 lb) 


(6-32) 


U„ = 


rad 


47t 47 r Jo Jo 


UUI) sin HiWdib 


|T v 2 f’r »*n(-Z)l 2 . 

= - —— ——— sin 0 dd 

2 | sin(u)J Jo [ Z 


By using (6-3la) and (6-3lb). (6-33) can be written as 


I 


t'n = r 


q(k - />) 
sin [q{k - p)] 


Tj; 


sin|</(A cos 0 - p)\ 
q(k cos 0 — p) 


]'* 


(6-33) 


sin (I d0 (6-33a) 


To maximize the directivity, as given by (6-32). (6-33a) must be minimized. 
Performing the integration. (6-33a) reduces to 


I 




: 

V 

i 

sin(u) 



•>ni - 


7r |cos(2n) 
2 + 2u 


+ S,( 2v) 


2 ”’] = 2 i 


g(v) (6-34) 


where 


v = q{k — p) 


(6-34a) 
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Figure 6.13 Variation of g(u) (see Eq. 6-34c) as a function of u 


„ f* sin t 

S - W = Jo — 


dl 


(6-34b) 


S(v) = 


v 


sin(v) 


7T |cos(2u) - I] 
2 + 2v 


S,(2v) 


(6-34c) 


The function g ( v) is plotted in Figure 6.13 and its minimum value occurs when 


Nd 


v = q(k - p) = —(A - p) — - 1.46 


(6-35) 


Thus 



16-36) 


which is the condition for end-lire radiation with improved directivity (Hanscn-Wood- 
yard condition) along 0 = ()\ as given by (6-23a). Similar procedures can be followed 
to establish (6-23b). 

Ordinarily. (6-36) is approximated by 



with not too much relaxation in the condition since the curve of Figure 6.1.3 is very 
flat around the minimum point t- = - 1.46. Its value at v = - 1.57 is almost the 
same as the minimum at v = —1.46. 

The expressions for the nulls, maxima, half-power points, minor lobe maxima, 
and beamwidths are listed in Tables 6.5 and 6.6. 





276 Chapter 6 Arrays: Linear. Planar, and Circular 


Table 6.5 NULLS. MAXIMA. HALF-POWER POINTS. AND 
MINOR LOBE MAXIMA FOR UNIFORM 


AMPLITUDE HANSEN-WOODYARD 

END-FIRE ARRAYS 

NULLS 

0„ = cos 1 

n = 1.2.3.... 
n*N,2N,3N,... 

MAXIMA 

0,n = cos 1 

(if 11 - am + 1)]^} 

m = 1,2.3,... 
mil A <K 1 

HALF-POWER 

t>„ = cos '| 

A \ 

POINTS 

/ ~ ° 1398 ^) 
ml/A <K 1 

A large 

MINOR LOBE 

1), = cos' 

*a\ 

MAXIMA 

aw) 


s = 1.2.3,... 
mil A « I 


6.4 /V-ELEMENT LINEAR ARRAY: DIRECTIVITY 

The criteria that must be met to achieve broadside and end-lire radiation by a uniform 
linear array of N elements were discussed in the previous section. It would be instruc¬ 
tive to investigate the directivity of each of the arrays, since it represents a figure-of- 
merit on the operation of the system. 


6.4.1 Broadside Array 


As a result of the criteria for broadside radiation given by (6-18a). the array factor 
for this form of the array reduces to 


(AF). = - 


In 

sin | — led cos 0 


sin |^fa/ cos 0 

17 


(6-38) 


which for a small spacing between the elements uI <s: A) can be approximated by 


(AF)„ = 


N 

sin | — kd cos 0 


N 


kd cos 6 


(6-38a) 
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Table 6.6 BEAMWIDTHS FOR UNIFORM AMPLITUDE 


IIANSEN-WOODYARD END-FIRE ARRAYS 


FIRST NULL 

<4, = 2cos '| 


BE AM WIDTH (FNBW) 


\ 2,1 Nl 

HALF-POWER 
BEAMW1DTII (HPBW) 

(-)/, = 2cos '1 

(' - u ' ,391, 5^) 

) 

N large 

FIRST SIDE LOBE 

(-> = 2cos 1 1 

-A) 

BEAM WIDTH (FSLBW) 

T 

i AM/ 
rt//A«s: 1 


The radiation intensity can be written as 


U(0) = [(AF)„ p = 


N 

Z = — kd cos B 

2 


N 

sin | — kd cos 0 


N 

— kd cos 0 


sin(Z) 

Z 


(6-39) 


(6-39a) 


The directivity can be obtained using (6-32) where U, my of (6-39) is equal to 
unity (t/ IIUlx = 1) and it occurs at II =- 40“. The average value U a of the intensity 
reduces to 


u ° - A- = 11 [^] *” * M 


.if' 

2 Jo 


N 

sin | — kd cos I) 


N 

— kd cos <1 


sin Odd 


By making a change of variable, that is. 

N. 


Z = —kd cos 0 


N 

dZ = - — kd sin 0 dll 


(6-40) can be written as 
U, 


(6-40) 


(6-40a) 

(6-40h) 


I f-'^rsinZ'P I f^rrinzl® 

Nkd J < wjc Z 1 " NkdJ Ntm Z 11 
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For a large array ( Nkcl/2 —* large). (6-411 can be approximated by extending the limits 
to infinity. That is. 


Since 


«-±c[¥r--*n[¥T- 

CpT 5 ]*" 


(6-41 a) reduces to 


Uo “ Nkd 


The directivity of (6-32) can now be written as 

Using 


Uss „ M » 2n{- 

Uo V \A 


L = IN - l)</ 

where /. is the overall length of the array. (6-42) can be expressed as 

L\ Id 


Do -2M T |-2|l +-II- 


which for a large array (/ » </) reduces to 


Dn — IN I — 


2U + - 

</ \A A 


(6-41 a) 


(6-4 lb) 


(6-41 c) 


(6-42) 


(6-43) 


(6-44) 


(644a) 


Example 6.3 

Given a linear, broadside, uniform array of 10 isotropic elements. (A' = 10) with a 
separation of A/4 (</ = A/4) between the elements, find the directivity of the array. 


SOLUTION 
Using (6-44a) 


5(dimensionless) = 10 log ni (5l = 6.99 dB 
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6.4.2 Ordinary End-Fire Array 

For an end-lire array, with the maximum radiation in the 0 = 0° direction, the array 
factor is given by 


Sill 


< A F )„ 


N 

— kd(cos ft 


- I) 


A/ sin ^kd (cos 0 — 1) 


(6-45) 


which, lor a small spacing between Ihe elements (d A), can be approximated by 


(AF)„ 


Tile corresponding radiation intensity can be written as 


L'lWi = |(AF )„| 2 = 



(6-45a) 


sin(Z) 


N 

Z = — kd (cos ft — I) 


(6-46) 


(6-46a) 


whose maximum value is unity (U m „ = I) and it occurs at ft = 0°. The average 
value of die radiation intensity is given by 




. [* 
s,n [2 


sin —kd(cos ft — I) 


N 

— kd (cos ft I) 


sin ft dft dd> 


2 Jo 


'n 

Sill — 


sin - kd (cos ft I) 


N 

- kd (cos (I - h 


sin ft dft 


By letting 


N 

Z = - kd (cos ft - I) 
dZ. = - ^ kd sin ft dft 


(647) 


(647a) 


(6-47b) 
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(ft-47) can be written as 

U " ~ ~NkdL 


NU 


sin(Z) 
Z 


<msi 


1- J L -1 

For a large array I Nkti —* largo, (6-48) can he approximated by extending the limits 
to infinity. That is. 

I r w rsin(Z)l : I r sin(Z) 

u " m Jo 

Using (6-4lb) reduces (6-4Ka) to 


</Z 




7T 


and the directivity to 




2 Nkd 

2 Nkd 


= AN[[ 
7 T \A 


Another form of (6-49), using (6-43). is 


-4(. + i(i 

\A (I A 


which for a large array (/. » </) reduces in 


A, = 4^U4(. + 'W~4(i 


(6-48a) 


(6-48b) 


(6-49) 


(6-49a) 


(6-49bl 


"”\A/ T (l) \a/ ^\a/ 

It should be noted that the directivity of the end-lire array, as given by (6-49)- 
(649b). is twice that for the broadside array as given by (642)-(6-44a). 


Example 6.4 

Given a linear, end-lire, uniform array of 10 elements (A = 10) with a separation of 
A/4 (d = A/4) between the elements, lind the directivity of the array factor. This array 
is identical to the broadside array of Example 6.3. 


SOLUTION 


Using (6-49) 


l)„ - 4 A 


KHdimensionlcss) lOlogio(IO) 10 dB 


This value lor the directivity (A),, = 10) is approximate, based on the validity of 
(648a). However, it compares very favorably with the value ol /)„ = 10.05 obtained 
by numerically integrating (6-45) using the computer program at the end of Chap¬ 
ter 2. 
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6.4.3 Hanseii-YVoodyard End-Tire Array 

For an end-fire array wiili improved directivity (Hansen-Woody ard conditions) and 
maximum radiation in the II = 0° direction, the radiation intensity (for small spacing 
between the elements. J A) is given by (6-31H6-31b). The maximum radiation 
intensity is unity = I). anti the average radiation intensity is given by (6-34) 
where q and v are defined, respectively, by (6-29u) and (6-34a). Using (6-29u). 
(6-34a). (6-35). and (6-37), the radiation intensity of (6-34) reduces to 




which can also be written as 




(6-50) 


(6 50a) 


The average value of the radiation intensity as given by (6-50a) is 0.554 times that 
for the ordinary end-lire array of (6-48b). Thus the directivity can be expressed, using 
(6-5()a). as 


l " 1 - 805 

U a 0.554 it 


< 


(6-51) 


which is 1.805 limes that of the ordinary end-fire array as given by (6-49). Using 
(6-43). (6-51) can also be written as 


D|1 =,.805 |4* W j = 
which for a large array (/. » cl) reduces to 


1.805 4 1 + - - 


L\ ± 

d) A 


(6-51 a) 


Do “ l.80sj^4A/(^)] = 1.805 [4(1 + ~j 


1.805 4 


(6-5 lb) 


Example 6.5 

Given a linear, end-lire (with improved directivity) Hunsen-Woodyard. uniform array 
of 10 elements (N 10) with .1 separation of A/4 (</ = A/4) between the elements, 
find the directivity of the array factor. This array is identical to that of Examples 6.3 
(broadside) and 6.4 (ordinary end-fire), and it is used for comparison. 

SOLUTION 
Using (6-5lb) 


D„ 1.805 4M - 
A 


= 18.05(dimcnsionless) = 10 log u ,(18.05) = 12.56 dB 
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The value of this directivity (D„ = 18.05) is 1.805 times greater than that of 
Example 6.4 (ordinary end-fire) and 3.578 times greater than that found in Example 
6.3 (broadside). 


Table 6.7 lists the directivities for broadside, ordinary end-lire, and Hansen- 
Woodyard arrays. 

6.5 DESIGN PROCEDURE 

In the design of any antenna system, the most important design parameters are usually 
the number of elements, spacing between the elements, excitation (amplitude and 
phase), half-power beamwidth. directivity, and side lobe level. In a design procedure 
some of these parameters are specilied and the others are then determined. 

The parameters that are specified and those that are determined vary among 
designs. For a uniform array, other than for the Hansen-Woody aid end-lire, the side 
lobe is always approximately - 13.5 dB. For the Hansen-Woodyard end-lire array 
the side lobe level is somewhat compromised above the - 13.5 dB in order to gain 
about 1.805 (or 2.56 dB) in directivity. The order in which the other parameters are 
specilied and determined varies among designs. For each of the uniform linear arrays 
that have been discussed, equations and some graphs have been presented which can 
be used to determine the half-power beamwidth and directivity, once the number of 
elements and spacing (or the total length of the array) are specified. In fact, some of 
the equations have been boxed or listed in tables. This may be considered more of an 
analysis procedure. The other approach is to specify the hall-power beamwidth or 
directivity and lo determine most of the others. This can be viewed more as a design 
approach, and can he accomplished lo a large extent with equations or graphs that 
have been presented. More exact values can be obtained, if necessary, using iterative 
methods. 


Example 6.6 

Design a uniform linear scanning array whose maximum of the array factor is 30° 
from the axis of the array (tf = 30°). The desired half-power beamwidth is 2° while 
the spacing between the elements is A/4. Determine the excitation of the elements 
(amplitude and phase), length of die array (in wavelengdis). number of elements, and 
directivity (in dB). 


SOLUTION 


Since die desired design is a uniform linear scanning array, the amplitude excitadon 
is uniform. However, the progressive phase between the elements is. using (6-21) 


/3 = — led cos 0 U 


2tt 

T 



cos(30°) = — 1.36 radians = — 77.94° 


The length of the array is obtained using an iterative procedure of (6-22) or its 
graphical solution of Figure 6.11. Using the graph of Figure 6.11 for a scan angle of 
30° and 2° half-power beamwidth. the approximate length plus one spacing (L + d) 
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Table 6.7 DIRECTIVITIES FOR BROADSIDE AND END-FIRE ARRAYS 


Array 


BROADSIDE D„ 


END-FIRE 

(ORDINARY) 


Directivity 



2 Nm //A — «./.»</ 


END-FIRE 
(HANSEN- 
WOODY ARD) 



2 Am//A —» *. /.»</ 


1.805 



of the array is 50A. For the 50A length plus one spacing dimension from Figure 6.11 
and 30° scan angle. (6-22) leads to a half-power beamwidth of 2.03°. which is very 
Close to the desired value of 2°. Therefore, the length of the array for a spacing of 
A/4 is 49.75A. 

Since the length of the array is 49.75A and the spacing between the elements is 
A/4, the total number of elements is 



The directivity of the array is obtained using the radiation intensity and the computer 
program DIRECTIVITY at the end of Chapter 2. and it is equal to 100.72 or 
20.03 dB. 


6.6 /V-ELEMENT LINEAR ARRAY: 

THREE-DIMENSIONAL CHARACTERISTICS 

l'p to now. the two-dimensional array factor of an N-elemenl linear array litis been 
investigated. Although in practice only two-dimensional patterns can he measured, a 
collection of them can he used to reconstruct the three-dimensional characteristics of 
an array. It would then be instructive to examine the three-dimensional patterns of an 
array of elements. Emphasis will be placed on the array factor. 


6.6.1 /V-Elements Along Z-Axis 

A linear array of N isotropic elements are positioned along the ;-axis and are separated 
by a distance d. as shown in Figure 6.5(a). The amplitude excitation of each clement 
is a„ and there exists a progressive phase excitation p between the elements. For lar- 
(ield observations, the array factor can be w ritten according to (6-6) as 

N N 

AF = 2 (6-52) 

#i«*l n « I 


>li = kd cos y + p 


(6-52a> 
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z 



Figure 6.14 l.incur array of N isotropic elements positioned along the .v-uxis. 


where the u „'s arc the amplitude excitation coeflicients and y is the angle between 
the axis of the array (.--axis) and the radial vector from the origin to the observation 
point. 

In general, the angle y can be obtained I'rom the dot product of a unit vector 
along the axis of the array with a unit vector directed toward the observation point. 
For the geometry of Figure 6.5(a) 

cos y a • a, = a • (a, sin fleos t/> + a, shift sin </> + a cos ft) = cos flo y = ft 

(6-53); 

Thus (6-52) along with (6-53) is identical to (6-6). because the system of Figure 6.5(a) 
possesses a symmetry around tile .:-axis (no </> variations). This is not the case when 
the elements are placed along any of the other axes, as will he shown next. 


6.6.2 /V-Elemcnls Along X- or Y-Axis 

To demonstrate the facility that a "sound" coordinate system and geometry can 
provide in the solution of a problem, let us consider an array of N isotropic elements 
along the t-axis. as shown in Figure 6.14. The far-zone array factor for this array is 
identical in form to that of Figure 6.5(a) except for the phase factor i/i. For this 
geometry 

cos y = a, • a, = a, • (a, sin ftcos <f> 4 fi, sinftsin <l> + a cos ft) = sin (Icos </> 

(6-54) 


cos y = sin f) cos 6 ^ y = cos '(sin f) cos 


(6-54a) 




6.6 ,V-Elcment Linear Array: Three-Dimensional Characteristics 285 


The array factor ol this array is also given by (6-52) but with y detined by 
C6-54a). For this system, the array factor is a function of both angles (ft and </»). 

In a similar manner, the array factor for N isotropic elements placed along the 
v-axis is that of (6-52) but with y defined by 

cos y = a, • a, = sin Wsin </>— y = cos '(sin Osin </») (6-55) 

Physically placing the elements along the x-. or v-axis does not change the 
characteristics of the array. Numerically they yield identical patterns even though 
their mathematical forms are different. 


Example 6.7 

Two half-wavelength dipole (/ = A/2) are positioned along the x-axis and arc separated 
by a distance d. as shown in Figure 6.15. The lengths of the dipoles are parallel to 
the .--axis. Find the total field of the array. Assume uniform amplitude excitation and 
a progressive phase difference of (}. 


SOLUTION 

The field pattern of a single element placed at the origin is given by (4-84) as 



Using (6-52). (6-54u). and (6-IOc). the array factor can be written as 


(AF)„ 


sin(A</ sin I) cos <l> + 0) 

2 sin|i(Ad sin 0 Cos d> + (i )I 


The total field of the array is then given, using the pattern multiplication rule of 
(6-5). by 


= E, r IAF)„ 


Ii)i’ 


-Ikr 


cos | * cos ft 


J 7 ! 2 


27 TV 


Sill It 


sin (kd sin It cos </> + (i) 

2 s\n\^(kd sin ft cos c/> 4- /3)| 


To illustrate the techniques, the three-dimensional patterns of the two-element 
array of f(sample 6.7 have been sketched in Figures 6.15(a) and (b). For both, the 
element separation is A/2 <d = A/2). For the pattern of Figure 6.15(a), the phase 
excitation between the elements is identical (0 = 0). In addition to the nulls in the (I 
= 0° direction, provided by the individual elements of the array, there are additional 
nulls along the v-axis (0 = v/2. d> = 0 and d> = n) provided by the formation of 
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v 



(b| <J- tl«0” 


Figure 6.15 Three-dimensional patterns for two A/2 dipoles spaced A/2, (source: P. Lor- 
rain and D, R. Corson, Electromagnetic Fields and Itonr.v, 2nd cd„ W. II. Freeman and Co.. 
Copyright© 1970). 


the array. The 180° phase difference required to form the nulls along the x-axis is u 
result of the separation of the elements |kd = (27t/A)(A/2) = ^ r). 

To form a comparison, the three-dimensional pattern of lhe same array but with 
a 180° phase excitation (j8 = 180°) between the elements is sketched in Figure 6.15(h). 
The overall pattern of this array is quite different from that shown in Figure 6.15(a). 
In addition to the nulls along the --axis it! = 0°) provided by the individual elements, 
there are nulls along the y-axis formed by the 180° excitation phase difference. 


6.7 Rectangular-to-Polar Graphical Solution 2S7 


6.7 RECTANGULAR-TO-POLAR GRAPHICAL 


SOLUTION 


In antenna theory, many solutions are of the form 


/(f) = /(C cos y +8) 

(6-56) 

where C and (5 are constants and y is a variable. For example, the approximate array 
factor of an ^-element, uniform amplitude linear array (liquation (6-IOd)| is that of 
a sintf )/f form with 

N N 

f = C cos y + <’) = -i//=- (At/ cos 0 + fi ) 

(6-57) 

where 



(6-57a) 


(6-57b) 


Usually the/(f) function can be sketched as a function of f in rectilinear coor¬ 
dinates. Since £ in (6-57) has no physical analog, in many instances it is desired that 
a graphical representation of |/(£)| be obtained as a function of the physically observ¬ 
able angle 0. This can be constructed graphically from the rectilinear graph, and it 
forms a polar plot. 

The procedure that must be followed in the construction of the polar graph is as 
follows: 

1. Plot, using rectilinear coordinates, the function |/(f)|. 

2. u. Draw u circle with radius C and with its center on the abscissa at f = <5. 
b Draw vertical lines to the abscissa so that they will intersect the circle. 

c. From the center of the circle, draw radial lines through the points on the circle 
intersected by the vertical lines. 

d. Along the radial lines, mark off corresponding magnitudes from the linear 
plot. 

e. Connect all points to form a continuous graph. 

To better illustrate the procedure, the polar graph of the function 



has been constructed in Figure 6.16. The function/(f) of (6-58) represents the array 
factor of a 10-element {N = 10) uniform linear array with a spacing of A/4 {<1 = A/4) 
and progressive phase shift of - rr/4 (fj = — rr/4) between the elements. The con¬ 
structed graph can be compared with its exact form shown in Figure 6.10. 

From the construction of Figure 6.16. it is evident that the angle at which the 
maximum is directed is controlled by the radius of the circle C and the variable S. 
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For the array factor of Figure 6.16. the radius C Ls a function of the number of 
dements (<V) and the spacing between the elements (</). In turn. 6 is a function of the 
number of elements t.V) and the progressive phase shift between the elements (fi). 
Making f) t) directs the maximum toward 0 = 90° (broadside array). The part of 
the linear graph that is used to construct the polar plot is determined by the radius of 
the circle and the relative position of its center along the abscissa. The usable part of 
the linear graph is referred to as the visible region and the remaining part as the 
invisible region. Only the visible region of the linear graph is related to the physically 
observable angle 0 (hence its name). 

6.8 /V-ELEMENT LINEAR ARRAY: 

UNIFORM SPACING, NON UNIFORM AMPLITUDE 

The theory to analyze linear arrays with uniform spacing, uniform amplitude, and a 
progressive phase between the elements was introduced in the previous sections of 
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this chapter. A number of numerical and graphical solutions were used to illustrate 
some of the principles. In this section, broadside arrays with uniform spacing but 
nonuniform amplitude distribution will be considered. Most of the discussion will be 
directed toward binomial |4] and Dolph-Tschebyschelf [5| broadside arrays (also 
spelled TchchyschelT or Chebyshev). 

Of the three distributions (uniform, binomial, and TschebyschelT). a uniform 
amplitude array yields the smallest half-power beamwidth. It is followed, in order, by 
the Dolph-Tschebyscheff and binomial arrays. In contrast, binomial arrays usually 
possess the smallest side lobes followed, in order, by the Dolph-Tschebyscheff and 
uniform arrays. As a matter of fact, binomial arrays with element spacing equal or 
less than A/2 have no side lobes. It is apparent that the designer must compromise 
between side lobe level and beamwidth. 

A criterion that can be used to judge the relative beamwidth and side lobe level 
of one design to another is the amplitude distribution (tapering) along the source. It 
has been shown analytically that for a given side lobe level the Dolph-Tschebyscheff 
unuy produces the smallest beamwidth between the lirst nulls. Conversely. For a given 
beamwidth between the lirst nulls, the Dolph-Tschebyscheff design leads to the small¬ 
est possible side lobe level. 

Uniform arrays usually possess the largest directivity. However, superdirective 
(or super gain as most people call them) antennas possess directivities higher than 
those of a uniform array |6|. Although a certain amount of superdirectivity is practi¬ 
cally possible, .superdirective arrays require very large currents with opposite phases 
between adjacent elements. Thus the net total current and efficiency of each array are 
very small compared to the corresponding values of an individual element. 

Before introducing design methods for specific nonuniforrn amplitude distribu¬ 
tions, let us lirst derive the array factor. 


6.8.1 Array Factor 


An array of an even number of isotropic elements 2 M (where M is an integer) is 
positioned symmetrically along the ;-uxis. as shown in Figure 6.17(a). The separation 
between the elements is d. and M elements are placed on each side of the origin. 
Assuming that the amplitude excitation is symmetrical about the origin, the array 
factor for a nonuniforrn amplitude broadside array can be written as 

(AF) 3W = «*« + ... 

+ ci, + ci-.e~ J,V2)ll ' J eos " + 

+ nniwcoKi/ 


M 


(AF) 2M = 2 X ‘i n cos 

a i 

which in normalized form reduces to 


(2 n - I) 


kd cos H 


^ (rj ___ J j 

(AF),, V , = 2 it,, cos --- kd OS 0 

n -1 2 


(6-59) 


(6-59a) 


where n„'s are the excitation coefficients of the array elements. 

If the total number of isotropic elements of the array is odd 2 M + 1 (where A7 
is an integer), as shown in Figure 6.17(b). the array factor can be written as 
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(AF);vm i = 2a, + a#’ JUa " a + a>e J2Uco ' 1 ' + ... + *»* 4| e tMh,<ote 
+ + . . . + „ w , , e /““*«• 


« • I 

(AF- >2 vr -1 = 2 V a„ cos|(n - I) M cos 8] 
i 

which in normalized form reduces to 

HI - i 

(AF) 2W+ | = a„ cos((/i \ )kd cos 0] 
»-1 

The amplitude excitation of the center element is 2a t . 

Equations (6-59a) and (6-60a) can he written as 

u 

(AF), M (even) = V a n cos|(2n - Du) 

rt ■ I 

M * I 

lAFfc**, (odd) = X<t„cos|2(M ~ 1 >»l 

W* I 


where 


ml 

u = — cos H 
A 


( 6 - 60 ) 


(ft-tSOa) 


(6-61 a) 


(6-61 h| 


(6-6 lc) 


The next step will be to determine the values of the excitation coefficients («„’s). 


6.8.2 It i ii oin ia I Array 

The array factor for ihe binomial array is represented by (6-6la)-(6-6lc) where the 
a ,,'s arc the excitation coefficients which will now be derived. 


A. Excitation Coefficients 

To determine the excitation coefficients of a binomial array. J. S. Stone [4] suggested 
that the function (I + x ) m ~ 1 be written in a series, using the binomial expansion, as 


(I + xT~' 


I + (m - I) .t + 


(m — I )(m — 2) , 


2 ! 


Un - I )(»> - 2 Xni - 3) ^ + 


(6-62) 


The positive coefficients of the series expansion for different values of m are 


m = 1 
in = 2 
in = 3 
in = 4 
in - 5 
m = 6 
in = 7 
m = 8 

in = y 

in = 10 


i 


i 

l i 
I 2 I 




1 


3 


3 


1 




1 


4 


6 


4 


1 


1 


5 


10 


10 


5 


1 

1 

6 


15 


20 


15 


6 

1 

1 7 


21 


35 


35 


21 


7 1 

8 

28 


56 


70 


56 


28 

8 

9 36 


84 


126 


126 


84 


36 9 


(6-63) 


I 


9 
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(a) Even number of elements (h) Odd number of ctcmcn it 

Figure 6.17 Nonuniform amplitude arrays of even and odd number til" elements. 


The above represents Pascal's triangle. If the values of m are used to represent the 
number of elements of the array, then the coefficients of the expansion represent the 
relative amplitudes of the elements. Since the coefficients are determined from a 
binomial series expansion, the array is known as a binomial array. 

Referring to (6-6!a). (6-6lb), and (6-63). the amplitude coefficients for the fol¬ 
lowing arrays are: 

1. Two elements {2M = 2) 

<>\ = I 

2. Three elements (2M + I =3) 

2a, = 2 => a, = 1 
a 2 = I 

3. Four elements (2Af = 4) 


a, = 3 
a 2 = I 
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4. Five elements (2/W +1=5) 

2u\ = 6 <q =3 
tti = 4 

lly - I 

The coefficients for other arrays can he determined in a similar manner. 


li. Design Procedure 

One of the objectives of any method is its use in a design. For the binomial method, 
as for any other nonunilorm array method, one of the requirements is the amplitude 
excitation coefficients for a given number of elements. This can be accomplished 
using either (6-62) or the Pascal triangle of (6-63) or extensions of it. Other figures 
of merit are the directivity, half-power beamwidth and side lobe level. It already has 
been stated that the binomial arrays do not exhibit any minor lobes provided the 
spacing between the elements is equal or less than one-half of a wavelength. Unfor¬ 
tunately. closed form expressions for the directivity and half-power beamwidth for 
binomial arrays of any spacing between the elements are not available. However, 
because the design using a A/2 spacing leads to a pattern with no minor lobes, 
approximate closed form expressions for the half-power beamwidth and maximum 
directivity for the </ - A/2 spacing only have been derived |7| in terms of the numbers 
of elements or the length of the array, and they are given, respectively, by 


HPBW ul = A/2) 


1.06 

\/N - I 


1.06 = 0.75 

yJTUk - \/Uk 


1 



= (2/V - 2)(2 N - 4) ••• 2 
0 (2/V - 3H2/V - 5) • • • I 

D a = 1.77 = l.77\/T - + - 2L/A 


(6-64) 

(6-65) 

(6-65a) 

(6-65b) 


These expressions can be used effectively to design binomial arrays with a desired 
half-power beamwidth or directivity. The value of the directivity as obtained using 
(6-65) to (6-65b) can be compared with die value using the array factor and the 
computer program DIRECTIVITY at the end of Chapter 2. 

To illustrate the method, the patterns of a 10-element binomial array (2 A/ = 10) 
with spacings between the elements of A/4. A/2. 3 A/4, and A. respectively, have been 
plotted in Figure 6.18. The patterns are plotted using (6-61 a) and (6-61c) with the 
coefficients of a | = 126. a 2 = 84. n, = 36 . a A = 9. and a<, = I. It is observed that 
there are no minor lobes for the arrays with spacings of A/4 and A/2 between the 
elements. While binomial arrays have very low level minor lobes, they exhibit larger 
bcamwidths (compared to uniform and Dolph-Tschcbyscheff designs). A major prac¬ 
tical disadvantage of binomial arrays is the wide variations between the amplitudes 
of the different elements of an array, especially for an array with a large number of 
elements. This leads to very low efficiencies, and it makes the method not very 
desirable in practice. For example, the relative amplitude coefficient of the end ele¬ 
ments of a 10-elemenl array is I while that of the center element is 126. Practically, 
it would be difficult to obtain and maintain such large amplitude variations among 
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i mr 


- d=Xf4 

- U- V2 

.i/= 3\/4 

- d=\ 

Figure 6.18 Array factor power patterns for a 10-elcmctii broadside binomial 
array with N 10 and t1 = A/4. A/2. 3A/4, and A. 


the elements. They would also lead to very inefficient antennas. Because the magni¬ 
tude distribution is monotonically decreasing from the center toward the edges and 
the magnitude of the extreme elements is negligible compared to those toward the 
center, a very low side lobe level is expected. 


Example 6.8 

For a 10-elemem binomial array with a spacing of A/2 between the elements, whose 
amplitude pattern is displayed in Figure 6.18. determine the half-power beamwidth 
tin degrees) and the maximum directivity (in dB). Compare the answers with other 
available data. 
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SOLUTION 

Using (6-64). the half-power beamwidth is equal to 

HPBW = - ' 06 - = = 0.353 radians = 20.23° 

00 - I 3 

The value obtained using the array factor, whose pattern is shown in Figure 6.18, is 
20.5° which compares well with approximate value. 

Using (6-65a). the value of the directivity is equal for N - 10 

Do = 5.392 = 7.32 dB 

while the value obtained using (6-65h) is 

D 0 = 1.77-00 =» 5.597 = 7.48 dB 

The value obtained using the array factor and the computer program DIRKCTIVITY 
is D 0 = 5.392 = 7.32 dB. These values compare favorably with each other. 


6.8.3 Dolph-Tschcbyscheff Array 

Another array, with many practical applications, is the Dolph-Tschebyscheff array. 
The method was originally introduced by Dolph |5| and investigated afterward by 
others [8J—1111 It is primarily a compromise between uniform and binomial arrays. 
Its excitation coefficients are related to Tschcbyscheff polynomials. A Dolph- 
Tschebyscheff array with no side lobes (or side lobes of - * dB) reduces to the 
binomial design. The excitation coefficients for this case, as obtained by both methods, 
would be identical. 


A. Array Factor 

Referring to (6-6Ia) and <6-6lb). the array factor of an array of even or odd number 
of elements with symmetric amplitude excitation is nothing more than a summation 
of M or M + I cosine terms. The largest harmonic of the cosine terms is one less 
than the total number of elements of the array. Each cosine term, whose argument is 
an integer times a fundamental frequency, can be rewritten as a series of cosine 
functions with the fundamental frequency as the argument. That is. 


m = 0 
m = I 
hi = 2 
in = 3 
m = 4 
hi = 5 
hi = 6 
hi = 7 
m = 8 

m - 9 


cos(rnu) = 1 
cos(mu) = cos a 

cos (mu) = cos(2u) = 2 cos’ ii - I 

cos(wm) = cos(3 u) = 4 cos’ a — 3 cos « 

cos (mu) = cos(4u) = 8 cos 4 w - 8 cos - ' a + I 

cos(wh) = cos(Sm) = 16 cos 5 u — 20 cos* u + 5 cos // (6-66) 

cos (mu) = cos(6m) = 32 cos 6 u - 48 cos 4 a + 18 cos' u - I 

cos (mu) = cos(7k) = 64 cos 7 u — 112 cos 5 u + 56 cos' u — 7 cos u 
cos (hiii) = cost8//) = 128 cos* a - 256 cos 6 u + 160 cos 4 u 


— 32 cos 2 u + 1 

cos (mu) = cos(9«) = 256 cos' 7 u - 576 cos a 4- 432 cos 5 a 

— 120 co^‘ a + 9 cos u 
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The above are obtained by die use of Euler's formula 

[ e J"\>» = ( COS u + j s i n ,<)"* = c f»“ = cos(m«) + j sin (mu) (6-67) 

anti the trigonometric identity sin’ u = 1 — cos"’ u. 
if we let 


z = COS II 


( 6 - 68 ) 


(6-66) can be written as 

m = 0 

cost mu ) 

= 

1 * Hz) 

m = 1 

coM mu) 

= 

2 * Uz) 

m = 2 

cos Unit) 

= 

2z* - i = r 2 (z) 

m = 3 

cos(mtf) 

= 

4z 3 - 3j = Hz) 

in = 4 

cos (urn) 

= 

8c“ - 8z 2 + 1 = Hz) 

in = 5 

cos (mu) 

= 

16s 5 - 20 .- 3 +52= Hz) 

m = 6 

cos {mu) 

= 

32s fi - 48s 4 + 18z 2 - 1 = 7V,(z) 

m = 7 

cos( nm ) 

= 

64s 7 - 112c s + 56s 3 - 7c = T 7 (c) 

in — 8 

cos (iiiii) 

= 

128c” - 256c ft + 160c 4 - 32c 2 + 1 = T»iz) 

m = 9 

cosOnii ) 

= 

256 z v - 576z 7 + 432c 5 - 120c 3 + 9c = Hz) 


and each is related to a Tschebyscheff (Chebyshev) polynomial T in i:.). These relations 
between the cosine functions and the Tschebyscheff polynomials are valid only in the 
- I < - < 4- I range. Because |cos(/»«)| ^ I. each Tschebyscheff polynomial is 
\T„,(z)\ ~ I for - I S;< + |, For \z\ > I, the Tschebyscheff polynomials are 
related to the hyperbolic cosine functions. 

The recursion formula for Tschebyscheff polynomials is 


TJz) = 2zT m ,(z) - .(••) 


(6-70) 


It can he used to lind one Tschebyscheff polynomial if the polynomials of the previous 
Iwo orders are known. Each polynomial can also he computed using 


T,„(z) = cos(m cos '(c)| 

+ 

VI 

N 

VI 

1 

TJz) = cosh|ut cosh '(c)|+ 

Z< -l,t> + l 


(6-71 a) 
(6-7 lb) 


In Figure 6.19 the first six Tschebyscheff polynomials have been plotted. The follow¬ 
ing properties of the polynomials are of interest: 


1. All polynomials, of any order, pass through the point (I. I). 

2. Within the range - I < z < I, the polynomials have values within — 1 to + I. 

3. All roots occur within - I £ z ^ I. and all maxima and minima have values of 
+ I and — I. respectively. 

Since the array factor of an even or odd number of elements is a summation of 
cosine terms whose form is the same as the Tschebyscheff polynomials, the unknown 
coefficients of the array factor can be determined by equating the series representing 


t* = cosh '<>•) = ln|y + ()r - |) w .| 
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the cosine terms of the array factor to the appropriate Tschcbyscheff polynomial. The 
order of the polynomial should be one less than the total number of elements of the 
array. 

The design procedure will be outlined lirst, and it will be illustrated with an 
example. In outlining the procedure, it will be assumed that the number of elements, 
spacing between the elements, and ratio of major-io-minor lobe intensity (/?„) are 
known. The requirements will be to determine the excitation coefficients and the array 
factor of a Dolph-Tschebyscheff array. 


B. Arras Design 

Statement. Design a broadside Dolph-Tschebyscheff array of 2M or 2 M + I elements 
with spacing d between the elements. The side lobes are /?„ dB below the maximum 
of the major lobe. Find the excitation coefficients and form the array factor. 
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Procedure 

a. Select the appropriate array factor as given by (6-61 a) or (6-61 h). 

b. Expand the array factor. Replace each cost mu) function (in - 0, 1. 2. 3_) by 

its appropriate series expansion found in (6-66). 

c. Determine the point z = such that T„(Zq) = Ro (voltage ratio). The order m 
of the Tschebyacheff polynomial ix always one less than the total number of 
elements. The design procedure requires that the Tschebyscheff polynomial in 
the - I s ; ^ 2 ,. where C| is the null nearest to z = + 1. be used to represent 
the minor lobes of the array. The major lobe of the pattern is formed from the 
remaining pari of the polynomial up to point (»,<;< ^). 

d. Substitute 

cos(u) = — (6-72) 

Zo 

in the array factor of step 2. The cos(u) is replaced by c/c,,. and not by z. so that 
(6-72) would be valid for |c| :£ |:J. At |:| = |zo|. (6-72) attains its maximum 
value of unity. 

c. Equate the array factor from step 2. after substitution of (6-72). to a Tjz) from 
(6-69). The T,„(z) chosen should be of order m where m is an integer equal to one 
less than the total number of elements of the designed array. This will allow the 
determination of the excitation coefficients a,,' s. 

f. Write the array factor of (6-61 a) or (6-61 b) using the coefficients found in step 5. 


Example 6.9 

Design a broadside Dolph-Tschebyscheff array of 10 elements with spacing d between 
the elements and with a major-to-minor lobe ratio of 26 dB. Find the excitation 
coefficients and form the array factor. 


SOLUTION 

1. The array factor is given by (6-61a) and (6-6 Ic). That is. 

M = S 

(AF> 2 */ = 2 rt„cos[(2« - I )u] 

I 

77(1 

u = — cos 0 
A 

2. When expanded, the array factor can be written as 

(AF),„ = rj, cos(m) + cos (3 k) 

+ Uj cos(5 u) + a., cos(7 it) + er 5 cos(9w) 

Replace cos(//). cos(3n). cos(5«). cos(7k). and cos(9m) by their series expansions 
found in (6-66). 

3. R„ (dB) = 26 = 20 logio(/?o) or /?„ (voltage ratio) = 20. Determine by 
equating R„ to T,,<z n ). Thus 

R„ = 20 = T 9 (zo) = cosh|9 cosh '<-„)] 
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Figure 6.20 Tschcbyscheff polynomial of order nine (a) amplitude (h) magnitude. 


or 

= eosh[$cosh '(20)] = 1.0851 


Another equation which can. in general, be used to find ^ and docs not require 
hyperbolic functions is [8] 


(6-73) 



where P is an integer equal to one less than the number of array elements (in this 
case P = 9). R„ = H n IH\ and are identified in Figure 6.20. 
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4. Substitute 


costa) = — 
2o 


1.0851 


in the array factor found in step 2. 

5. Equate the array factor of step 2. after the substitution from step 4. to 7g(c). The 
polynomial T 9 iz) is shown plotted in Figure 6.20. Thus 


(AF» M) = c((a J - 3a ; + 5u, - 7a 4 + 9a 5 )/^,l 
+ - 20a, + 56a, ~ 120o 5 W| 

+ z»|(16a, - 112a 4 + 432a 5 )/^ 5 | 

+ i 7 |(64a 4 - 576 o 5 )/Zo 7 ] 

+ r 9 |(256a,)/t D ' , | 

= 9; - I20r’ + 432r* - 576: ; + 256r" 


Matching similar terms allows the determination of the a„'s. That is. 

256 afizn = 256 »u, = 2.0860 

(64a., - 576a 3 >/26 7 = - 576 e a t = 2.8308 

(16a, - I I2a 4 + 432= 432 O a, = 4.1184 

(4 a 2 - 20a, + 56a., - 120a,)/;,,’ = — 120® a, = 5.2073 

(a| — 3a 3 + 5a, - 7a 4 + 9asVai = 9 ® a, = 5.8377 

In normalized form, the a„ coefficients can be written as 


a s = I 
a 4 = 1.357 
a, = 1.974 
an = 2.496 
a, = 2.798 


a, = 0.357 
a 4 = 0.485 
or a, = 0.706 
a 2 = 0.890 
a | = I 


The first (left) set is normalized with respect to the amplitude of the elements at 
the edge while the other (right) is normalized with respect to the amplitude of the 
center element. 

6. Using the lirst (left) set of normalized coefficients, the array factor can he written 
as 


(AF)io = 2.798 costa) + 2.496cos(3«) + l.974cos(5a) 
+ 1.357 cos(7u) + cost 9.a) 

where a = [(ird/X) cos 0 1. 


The array factor patterns of Example 6.9 for <J = A/4 and A 12 are shown plotted 
in Figure 6.21. Since the spacing is less than Md < A), maxima exist only at broadside 
(W = 90°). However when the spacing is equal to At,/ = A), two more maxima appear 
(one toward II = 0° and the other toward 0 = 180°). For d = A the array has four 
maxima, and it acts as an end-fire as well as a broadside array. 
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iso* 


N- 10 

-./ = M 

-,/ = X/; 

Figure 6.21 Array factor power pattern of a l()-elcmcnl broadside Dolph- 
Tschcbyschcff array. 


To better illustrate how the pattern of a Dolph-Tschebyscheff array is formed 
from the Tschebyseheff polynomial, lei us again consider the 10-elcment array whose 
corresponding Tschebyseheff polynomial is of order 9 and is shown plotted in Figure 
6.20. The abscissa of Figure 6.20. in terms of the spacing between the elements Id) 
and the angle 0, is given by (6-72; or 


I ird \ / t rd 

= c,, cos u = cos I — cos II = 1 .085 1 cos I— cos 0 


(6-74) 


For d = A/4. A/2. 3A/4. and A the values of z for angles from 0 = 0° to 90° to 
180° are shown tabulated in Table 6.8. Referring to Table 6.8 and Figure 6.20, it is 
interesting to discuss the pattern formation for the different spacings. 

1. d = A/4. N = I0.fi, = 20 

At 0 = 0° llie value of r is equal to 0.7673 (point A). As 0 attains larger values. 
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Table 6.8 VALUES OH THE ABSCISSA z AS A FUNCTION OF II FOR A 


10-ELEMENT DOLPH-TSCHEBYSCHEFE ARRAY WITH /f„ = 20 


0 

d = A/4 

d = A/2 

d = 3 A/4 

-e 

II 

•« 

z(Eq. 6-74) 

ZtEq. 6-74l 

ZtEq.6-74) 

ZtEq. 6-74) 

(f 

0.7673 

0.0 

HFM Vs 

- 1.0851 

itr 

0.7764 

0.0259 

■'TV; 


20“ 

0.8028 




30“ 

0.8436 

0.2267 

-0.4912 

-0.9904 

40“ 

0.8945 

0.3899 

-0.2518 

-0.8049 


0.9497 

0.5774 

0.0610 

- 0.4706 


1.0025 

0.7673 

0.4153 

0.0 

70“ 

1.0462 

0.9323 

(1.7514 

0.5167 

80° 

1.0750 

1.0450 

0.9956 

0.9276 

90° 

1,0851 

1.0851 



100 

1.0750 

1.0450 

0.9956 

0.9276 

lltf 

1.0462 

0.9323 

0,7514 

0.5167 

120' 

1.0025 

0.7673 

0.4153 

0.0 

130“ 

0.9497 

0.5774 

0.0610 

0.4706 

140“ 


0.3899 

-0.2518 

0.8049 

150° 

0.8436 

0.2267 

-0.4912 

-0.9904 

160“ 

0.8028 

0,1026 

-0.6509 

- 1.0657 

170° 

0.7764 

0.0259 

-0.7394 

- 1,0839 


0.7673 

0.0 

-0.7673 

- 1.0851 


. increases until il reaches its maximum value of 1.0851 for H = 90°. Beyond 90°. z 
begins to decrease and reaches its original value of 0.7673 for 6 = ISO". Thus for d 
= A/4, only the TschebyschelT polynomial between the values 0.7673 ^ c < 1.0851 
H Zq) is used to form the pattern of the array factor. 

2. d = A/2. N = 10./?„ = 20 

At II - 0° the value of ; is equal lo 0 (point H). As II becomes larger, c increases 
until it reaches its maximum value of 1.0851 for II = 90°. Beyond 90°. : decreases 
and comes back to the original point for II = 180°. For d = A/2, a larger part of the 
TschebyschelT polynomial is used (0 r 1-0851: B s ; < 

3. d = 3 A/4. N = 10./f„ = 20 

For this spacing, the value of z for 9 = 0° is -0.7673 (point C), and it increases 
as 0 becomes larger. Il attains its maximum value of 1.0851 at 0 = 90". Beyond 90°. 
it traces back to its original value ( -0.7673 <:<q,). 

4 . J * A. N - 10 ./?„ = 20 

As the spacing increases, a larger portion of the Tschebyscheff polynomial is 
used lo form the pattern of the array factor. When d = A. the value of : for 6 = 0° 
is equal to 1.0851 (point D) which in magnitude is equal to the maximum value of 
z. As W attains values larger than 0°. ; increases until it reaches its maximum value of 
1.0851 for 0 = 90°. At that point the polynomial (and thus the array factor) again 
reaches its maximum value. Beyond 0 = 90°. - and in turn the polynomial and array 
factor retrace their values t - 1 .0851 < - s + 1.0851: D < z ^ r<i)• For d = A there 
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are lour maxima, anti a broadside and an end-fire array have been formed simul¬ 
taneously. 

It is often desired in some Dolph-Tschebyschcff designs to take advantage of the 
largest possible spacing between die elements while maintaining the same level of all 
minor lobes, including the one toward 0 = 0“ and 180". In general, as well as in 
Example 6.8, the only minor lobe that can exceed the level of the others, when the 
spacing exceeds a certain maximum spacing between the elements, is the one toward 
end-fire (fl = 0° or 180° or : = - I in Figure 6.19 or Figure 6.20). The maximum 
spacing which can be used while meeting the requirements is obtained using (6-72) 
or 


Z = C|l cos(u) = Co cos 



(6-75) 


The requirement not to introduce a minor lobe with a level exceeding the others is 
accomplished by utilizing the Tschchyschcff polynomial up to. but not going beyond 
Z = — I. Therefore, for (I = 0° or 180° 


-I 



(6-76) 


or 



(6-76a) 


The excitation coefficients of a Dolph-Tschebyschcff array can be derived using 
various documented techniques |9|-| 11 ] and others. One method, whose results are 
suitable for computer calculations, is that by Barbiere |9|. The coefficients using this 
method can be obtained using 


= 


S <- u- w- , 

(</ - «)!(</ + n — l)!(M — qy. 

for even 2A7 elements 
n = 1.2....A# 




ST (_I)M-„h ( . 


(q + M — 2)\{2M ) 




ejq - n)Uq + n - 2 )!(;V/ - q + 1)! 

for odd 2 M + I elements 

/i = 1,2, ...M + I 

(6-77b) 


where e„ 


■"l* * 


* 1 


C. livtimwidlh and Directivity 

For large Dolpb-Tsehebyscheff arrays scanned not too close to end-lire and with side 
lobes in the range from 20 to —60 d B. the half-power beam width and directivity 
can be found by introducing a beam broadening factor given approximately by [2| 
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/= I + 


0,636 | cosh j 


Vtcosh^ffoT - it 


)’ 


(6-78) 


where R u is the major-to-side lobe vollage ratio. The beam broadening factor is plotted 
in Figure 6.22(a) as a function of side lobe level (in dB). 

The half-power beamwidth of a Dolph-Tschebyscheff array can be determined 
by 


1. calculating the beamwidth of a uniform array (of the same number of elements 
and spacing) using (6-22a) or reading it off Figure 6.11 

2. multiplying the beamwidth of part 1 1) by the appropriate beam broadening factor 
/computed using (6-78) or reading it off Figure 6.22(a) 


The same procedure cun be used to determine the beamwidth of arrays with a cosine- 
on-pedestal distribution [2|. 

The beam broadening factor/ can also be used to determine the directivity of large 
Dolph-TschebyschcfT arrays, scanned near broadside, widt side lobes in the - 20 to 
-60 dB range [2]. That is. 


On = 


2R„ 


+ (R.r - \)f 


tz. + d) 


(6-79) 


which i% shown plotted in Figure 6.22(b) as a function of L t- d tin wavelengths). 
From the data in Figure 6.22(b) it can be concluded that: 

1. The directivity of a Dolph-Tschebyscheff array, with a given side lobe level, 
increases as the array size or number of elements increases. 

2. For a given array length, or a given number of elements in the array, the directivity 
docs not necessarily increase as the side lobe level decreases. As a matter of fact, 
a -15 dB side lobe array has smaller directivity than a - 20 dB side lobe array. 
This may not be the case for all other side lobe levels. 


The beamwidth and the directivity of an array depend linearly, but not necessarily 
at the same rate, on the overall length or total number of elements of the array. 
Therefore, the beamwidth and directivity must be related to each other. Fora uniform 
broadside array this relation is |2| 



(6-80) 


where is the 3-dB beamwidth (in degrees), The above relation can be used as a 
good approximation betwen beamwidth and directivity for most linear broadside 
arrays with practical distributions (including the Dolph-Tschebyscheff array). Equa¬ 
tion (6-80) states that for u linear broadside array the product of the 3-dB beamwidth 
and die directivity is approximately equal to 100. This is analogous to the product of 
the gain and bandwidth for electronic amplifiers. 
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l:il Beam liroinlcnlng factor 



Figure 6.22 Beam broadening factor and directivity of 
TschebyschcfT arrays. tsouRCt;: R. S. Elliott. "Beamwidth 
and Directivity of Large Scanning Arrays." First of Two 
Parts. The Microwave Journal. December 1963). 
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D. Design 

The design of a Dolph-Tschcbyscheff array is very similar to those of other methods. 
Usually a certain number of parameters is specified, and the remaining are obtained 
following a certain procedure. In this section we will outline an alternate method that 
can be used, in addition to the one outlined and followed in Example 6.9. to design 
a Dolph-Tschebyscheff array. This method leads to the excitation coefficients more 
directly, 


Specify 

a. The side lobe level (In dB). 

b. The number of elements. 


Design Procedure 

a. Transform the side lobe level from decibels to a voltage ratio using 

K„( Voltage Ratio) = |/?„(V7?)| = (6-81 1 

b. Calculate P. which also represents the order of the Tschebyscheff polynomial, 
using 

P = number of elements — I 


c. 


d. 

e. 

f. 


i- 


h. 

i. 

j- 

k. 


Determine using (6-73) or 

to = cosh 


-cosh ' 


(/?„(W?)) 


(6-82) 


Calculate the excitation coefficients using (6-77a) or (6-77b). 

Determine the beam broadening factor using (6-78). 

Calculate the half-power beamwidth of a uniform array with the same number of 
elements and spacing between them. 

Find the half-power beamwidth of the Tschebyscheff array by multiplying the 
half-power beamwidth of the uniform array by the beam broadening factor. 

The maximum spacing between the elements should not exceed that of (6-76a). 
Determine the directivity using (6-79). 

The number of complete minor lobes for the three-dimensional pattern on either 
side of the main maximum, using the maximum permissible spacing, is equal to 
IV - I. 

Calculate the array factor using (6-61 a) or (6-61 b). 


This procedure leads to the same results as any other. 


Example 6.10 

Calculate the half-power beamwidth and die directivity for the Dolph-Tschebyscheff 
array of Example 6.9 for a spacing of A/2 between the elements. 

SOLUTION 
From Example 6.9. 

R„ = 26 dB K u = 20 (voltage ratio) 
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Using (0-78) or Figure 6.22(a), the beam broadening factor/is equal to 
/= 1.079 

According to (6-22a) or Figure 6.11. the beamwidth of a uniform broadside army 
with L + d = 5A is equal to 

0,, = 10.17° 

Thus the beamwidth of a Dolph-Txchebyschelf array is equal to 
0,, = 10.17°/= 10.17*0.079) = 10.97° 

The directivity can be obtained using (6-79). and it is equal to 
2 ( 20) 2 

Do = - — -rj-r - 9.l8(dimensionlcss) - 9.63 dB 

I + ((20)’ - |]iy- 

whieh closely agrees with the results of Figure 6.22(b). 


6.9 SUPERDIRECTIVITY 

Antennas whose directivities are much larger than the directivity of a reference antenna 
of the same size are known as superdirective antennas. Thus a superdircctive array is 
one whose directivity is larger than that of a reference array (usually a uniform array 
of the same length). In an array, superdirectivity is accomplished by inserting more 
elements within a fixed length (decreasing the spacing). Doing this, leads eventually 
to very large magnitudes and rapid changes of phase in (lie excitation coefficients of 
the elements of the array. Thus adjacent elements have very large and oppositely 
directed currents. This necessitates a very precise adjustment of their values, Asso¬ 
ciated with this are increases in reactive power (relative to the radiated power) and 
the Q of the array. 

6.9.1 Efficiency and Directivity 

Because of the very large currents in the elements of superdircctive arrays, the ohmic- 
losses increase and the antenna efficiency decreases very sharply. Although practically 
the ohmic losses can be reduced by the use of superconductive materials, there is no 
easy solution for the precise adjustment of the amplitudes and phases of the array 
elements. High radiation efficiency superdircctive arrays can be designed utilizing 
array functions that are insensitive to changes in element values [12|. 

In practice, superdirective arrays ate usually called supergain. However, super- 
gain is a misnomer because such antennas have actual overall gains (because of very 
low efficiencies) less than uniform arrays of the same length. Although significant 
superdirectivity is very difficult and usually very impractical, a moderate amount can 
be accomplished. Superdircctive antennas are very intriguing, and they have received 
much attention in the literature. 

The length of the array is usually the limiting factor to the directivity of an array. 
Schclkunoff 113) pointed out that theoretically very high directivities can be obtained 
from linear end-fire arrays. Bowkanip and de Bruijn (14], however, concluded that 
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theoretically there is no limit in the directivity of a linear antenna. More specifically. 
Riblet 181 showed that Dolph-Tschebyscheff arrays with element spacing less than 
A/2 can yield any desired directivity. A numerical example of a Dolph-Tschebyscheff 
array of nine elements. A/32 spacing between the elements (total length of A/4), and 
a 1/19.5 ( -25.8 dB) side lobe level was carried out by Yarn [6], It was found that to 
produce a directivity of 8.5 times greater than that of a single element, the currents 
on the individual elements must be on the order of 14 X ID 6 amperes and their values 
adjusted to an accuracy of better than one part in 10 11 . The maximum radiation 
intensity produced by such an array is equivalent to that of a single element with a 
current of only 19.5 x 10 ' amperes. If the elements of such an array are l-cm 
diameter, copper. A/2 dipoles operating at 10 MHz. the efficiency of the array is less 
than IO- ,4 ». 


6.9.2 Designs With Constraints 


To make the designs more practical, applications that warrant some superdirectivily 
should incorporate constraints. One constraint is based on the sensitivity factor, and 
it was utilized for the design of superdirective arrays [|5|. The sensitivity factor 
(designated as K) is an important parameter which is related to the electrical and 
mechanical tolerances of an antenna, and it can be used to describe its performance 
(especially its practical implementation). For an /V-element array, such as that shown 
in Figure 6.5(a), it can be written as 115| 


V - 

M 1 


A - 

n - 1 

> 


(6-83) 


where u„ is the current excitation of the nth element, and /•;, is the distance from the 
nth element to the I'ar-field observation point (in the direction of maximum radiation). 

In practice, the excitation coefficients and the positioning of the elements, which 
result in a desired pattern, cannot be achieved as specified. A certain amount of error, 
both electrical and mechanical, will always be present Therefore the desired pattern 
will not be realized exactly, as required. However, if the design is accomplished based 
on specified constraints, the realized pattern will approximate the desired one within 
a specified deviation. 

To derive design constraints, the realized current excitation coefficients e„'s are 
related to the desired ones s by 

i„ = a„ + tt„a„ = a„( I + «.,) (6-83a) 

where a„a„ represents the error in the nth excitation coefficient. The mean square 
value of a„ is denoted by 

r = <kl> : (6-83b) 

To take into account the error associated with the positioning of the elements, we 
introduce 
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where ir is the root-mean-square value of the element position error. Combining 
(6-83b) anti (6-83c) reduces to 

A : = fr + e 2 (6~S3d) 


where A is a measure of the combined electrical and mechanical errors. 
For uncorrelatcd errors [I5| 

^y average radiation intensity of realized pattern 

maximum radiation intensity of desired pattern 

If the realized pattern is to be very close to the desired one. then 


K « I - A < 


V* 


(6-83c) 


Equation (6-83e) can he rewritten, by introducing a safety factor 5. as 



(6-83f) 


S is chosen large enough so that (6-83e) is satisfied. When A is multiplied by 100. 
I00A represents the percent tolerance for combined electrical and mechanical errors. 

The choice of the value of S depends largely on the required accuracy between 
the desired and realized patterns. For example, if the focus is primarily on the reali¬ 
zation of the main beam, a value of S = 10 will probably be satisfactory. For side 
lobes of 20 dl) down. S should he about 1.000. In general, an approximate value of 
S should he chosen according to 


i‘ » 10 X I0 W "' 


(6-83g) 


where h represents the pattern level (in dB down) whose shape is to be accurately 
realized. 

The above method can be used to design, with the safety factor K constrained to 
a certain value, arrays with maximum directivity. Usually one first plots, for each 
selected excitation distribution and positioning of the elements, the directivity D of 
the array under investigation versus the corresponding sensitivity fuctor K (using 
6-83) of the same array. The design usually begins with the excitation and positioning 
of a uniform array (i.e.. uniform amplitudes, a progressive phase, and equally spaced 
elements), The directivity associated with it is designated as l)„ while the correspond¬ 
ing sensitivity factor, computed using (6-83). is equal to K„ = I IN. 

As the design deviates from that of the uniform array and becomes superdirective, 
the values of the directivity increase monotonicallv with increases in K. Eventually a 
maximum directivity is attained (designated as D nxM ). and it corresponds to a K = 
beyond that point (K > K„ m ). the directivity decreases monotonieally. The 
antenna designer should then select the design for which D„ < D < D m .„ and K„ = 
UN < K < K mM . 

The value of D is chosen subject to the constraint that K is a certain number 
whose corresponding tolerance error A of (6-H3f). for the desired safety factor S. can 
he achieved practically. Tolerance errors of less than about 0.3 percent are usually 
not achievable in practice. In general, the designer must trade-off between directivity 
and sensitivity factor: larger />'s (provided D s D mM ) result in larger K 's (AT S 
). and vice-versa. 
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A number of constrained designs can be found in [ 15], For example, an array of 
cylindrical monopoles above an infinite and perfectly conducting ground plane was 
designed for optimum directivity at / = 30 MHz. with a constraint on the sensitivity 
factor. The spacing d between the elements was maintained uniform. 

Fora four-clement array, it was found that for d = OJA the maximum directivity 
was 14.3 dB and occurred at a sensitivity factor of AT = I. However for d = 0.1 A 
the maximum directivity was up to 15.8 dB. with the corresponding sensitivity factor 
up to about l()\ At K,, = I IN = 1/4. the directivities for <1 = OJA and 0.1 A were 
about 11.3 and 8 dB. respectively. When the sensitivity factor was maintained constant 
and equal to K = I. the directivity for d = OJA was 14.5 dB and only 11.6 dB for 
d = 0.1 A. It should be noted that the directivity of a single monopole above an infinite 
ground plane is twice that of the corresponding dipole in Iree-space and equal to about 
3.25 tor about 5.1 dB). 

6.10 PLANAR ARRAY 

In addition to placing elements along a line (to form a linear array), individual radiators 
can be positioned along a rectangular grid to form a rectangular or planar array. Planar 
arrays prov ide additional variables which can be used to control and shape the pattern 
of the array. Planar arrays are more versatile and can provide more symmetrical 
patterns with lower side lobes. In addition, they can be used to scan the main beam 
of the antenna toward any point in space. Applications include tracking radar, search 
radar, remote sensing, communications, and many others. 


6.10.1 Array Factor 

To derive the array factor lor a planar array, let us refer to Figure 6.23. If M elements 
are initially placed along the .i-axis, us shown in Figure 6.23(a). the array factor of it 
can be written according to (6-52) and (6-54) as 

M 

AF = 2 /„,*«*+/».> (6-84) 

m» I 


where l,„, is the excitation coefficient of each element. The spacing and progressive 
phase shift between the elements along the .v-axis are represented, respectively, by d, 
and p,. If A' such arrays are placed next to each other in the y-direetion. a distance rf, 
apart and with a progressive phase /3 V , a rectangular array will be formed as shown 
in Figure 6.23(b). The array factor for the entire planar array can be written as 


AF 


/V w 

2 /„, 2 

I m = I 


l tll \0 ,im ~ * * tb 


e ,m rg.g4s) 


or 


AF= S„„.V, 


(6-85) 


where 

M 

S„„ = 2 /,„ ,e J,m lMW.«nfco»*+A) 

I 


(6-85a) 
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.v 

= V i^j m-A t (6-85b) 

/**= 1 

Equation (6-85) indicates that the pattern of a rectangular array is the product of the 
array factors of the arrays in the .r- and /-directions. 

If the amplitude excitation coefticients of the elements of the array in the y- 
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direction are proportional to those along the .v, the amplitude of the (/>/. n )th element 
can he written as 


lam = /*|/|« ( 6 - 86 ) 

If in addition the amplitude excitation of the entire array is uniform = / n ). (6- 
84a) can be expressed as 

M H 

AF = /,, ^ eJt'«-IWfa/.sm»co S .*+Al ^ e Jyn (6-87) 


According to (6-6). (6-10), and (6-IOc), die normalized form of (6-87) can also be 
written as 



( 6 - 88 ) 


(6-S8a) 

(6-88b) 


When the spacing between the elements is equal or greater than A/2, multiple 
maxima of equal magnitude can be formed. The principal maximum is referred to as 
the major lobe and the remaining as the grating lobes. A grating lobe is defined as 
“a lobe, other than the main lobe, produced by an array antenna when the inter 
element spacing is sufficiently large to permit the in-phase addition of radiated fields 
in more than one direction." To form or avoid grating lobes in a rectangular array, 
the same principles must be satisfied as for a linear array. To avoid grating lobes in 
the x-z and y-z planes, the spacing between the elements in the x- and y-dircclions. 
respectively, must be less than A/2 (</, < A/2 and d y < A/2). 

For a rectangular array, the major lobe and grating lobes of S„„ and S yn in (6-85a) 
and (6-85b) are located at 


kdj sin 0 cos </j + fi, = ±2mir m = 0, 1,2.... (6-89a) 

M v sin 0 sin <b + ft, = ±2mr n = 0, I. 2,. .. (6-8%) 

The phases ft and ft are independent of each other, and they can be adjusted so that 
the main beam of S„„ is not the same as that of S y „. However, in most practical 
applications it is required that the conical main beams of S. m , and S yn intersect and 
their maxima be directed toward the same direction. If it is desired to have only one 
main beam that is directed along 0 = 0„ and </> = <h,. the progressive phase shift 
between the elements in the x- and y-directions must be equal to 

(i, = —led, sin 0q cos </>,, 
ft = - M,. sin Wo sin <bo 


(6-f)0a) 

(6-90b) 
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When solved simultaneously. (6-90a) and (6-90b) can also be expressed as 


tan <ft, 


PA 

PA 


sin 3 ft, = 




(6-91 a) 
(6-9 lb) 


The principal maximum (m = n = 0) and the grating lobes can be located by 
Av/,(sin f) cos tft - sin ft, cos eft,) = ±2 mtr. m = 0. 1.2,,.. (6-92a) 

kd Y ( sin 6 sin «/> — sin ft, sin «ft,) = ±2nn. n = 0. 1. 2.. . . (6-92b) 


or 


sin cos </> - sin ft, cos «A> = 
sin 0 sin tf> - sin ft, sin rft, = 


in A 

4 - - 

' 

nA 

± — . 


m = 0, I. 2_ (6-93a) 

m = 0.1.2.... (6-93b) 


which, when solved simultaneously, reduce to 


■sin ft, sin <ft„ ± »A/</ r 
sin ft, cos ± mMil, 


and 


(6-94a) 


sin ft, cos </),, ± in A/d, 

= sin 1 

sin ft, sin <ft, ± nA/d, 

cos d> 

sin (h 



(6-94b) 


In order Tor a true grating lobe to occur, both forms of (6-94b) must be satisfied 
simultaneously (i.e.. lead to the same ll value). 

To demonstrate the principles of planar array theory, the three-dimensional pattern 
of a 5 X 5 clement array of uniform amplitude, p, ~ p, = 0. and d, - d, = A/4, 
is shown in Figure 6.24. The maximum is oriented along ft, = 0° and only the pattern 
above the x-y plane is shown. An identical pattern is formed in the lower hemisphere 
which can be diminished by the use of a ground plane. 

To examine the pattern variation as a function of the element spacing, the three- 
dimensional pattern of the same 5x5 element array of isotropic sources with il, = 
d v — A f2 and p, = /3„ = 0 is displayed in Figure 6.25. As contrasted with Figure 
6.24. the pattern of Figure 6.25 exhibits complete minor lobes in all planes. Figure 
6.26 displays the corresponding two-dimensional elevation patterns with cuts at 
</» = 0° (.w plane), (ft = 90° ( v-j plane), and <l> = 45°. The two principal patterns 
(<ft = 0° and <ft = 90°) are identical. The patterns of Figures 6.24 and 6.25 display a 
Tour-fold symmetry. 

As discussed previously, arrays possess wide versatility in their radiation char¬ 
acteristics. The most common characteristic of an array is its scanning mechanism. 
To illustrate that, the three-dimensional pattern of the same 5x5 element array, with 
its maximum oriented along the ft, = 30°. <ft, = 45°. is plotted in Figure 6.27. The 
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Figure 6.24 Three-dimensional antenna pattern of a planar array of isotropic elements with 
a spacing of <!, ~ <!, = A/4, and equal amplitude and phase excitations. 


element spacing is <1, = d, = A/2. The maximum is found in the first quadrant of the 
upper hemisphere. The small ring around the vertical axis indicates the maximum 
value of the pattern along that axis ( ft = 0°). The two-dimensional patterns are shown 
in Figure 6.2X. and they exhibit only a two-fold symmetry. The principal plane pattern 
(</< = 0° or i/i = 90°) is normalized relative to the maximum which occurs at ft„ = 
30°. t/t,, - 45°. Its maximum along the principal planes («/* = 0° or (ft = 90°) occurs 
when ft = 21* and it is 17.37 dB down from the maximum at ft,, = 30°. = 45°. 

To illustrate the formation of the grating lobes, when the spacing between the 
elements is large, the three-dimensional pattern of the 5x5 element array with d, 
- d v = A and /3, = /3, = 0 arc displayed in Figure 0.29. Its corresponding two- 
dimensional elevation patterns at d> - 0° hb = 90°) and <l> = 45° are exhibited in 
Figure 6.30. Besides the maxima along ft = 0° and ft = 180°. additional maxima 
with equal intensity, referred to as Rioting lobes, appear along the principal planes 
{x-z and v-; planes) when II = 90' Further increase of the spacing to d, = </, = 2A 
would result in additional grating lobes. 

The array factor of the planar array has been derived assuming that each dement 
is an isotropic source. If the antenna is an array of identical elements, the total field 
can be obtained by applying the pattern multiplication rule of (6-5) in a manner similar 
us for the linear array. 

When only the central element of a large planar array is excited and the others 
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o 

x-z plane (* =* O' » y-t plane i« m ‘I0“) 

Figure 6.25 Three-dimensional antenna pattern of n planar array of isotropic elements with 
a spacing of </. = </ A/2, and equal amplitude and phase excitations. 


Rolutfve 

mugiiltudr 


arc passively terminated, it has been observed experimentally that additional nulls in 
the pattern of the element are developed which are not accounted for by theory which 
does not include coupling The nulls were observed to become deeper and narrower 
116] as the number of elements surrounding the excited element increased and ap¬ 
proached a large array. These effects became more noticeable for arrays of open 
waveguides. It has been demonstrated 1171 that dips at angles interior to grating lobes 
are formed by coupling through surface wave propagation. The coupling decays very 
slowly with distance, so that even distant elements from the driven elements experi¬ 
ence substantial parasitic excitation. Hie angles where these large variations occur 
can he placed outside scan angles of interest by choosing smaller element spacing 
than would he used in the absence of such coupling. Because of the complexity of 
the problem, it will not be pursued here any further but the interested reader is referred 
to the published literature. 

6.10.2 Beamwidth 

The task of finding the beamwidth of nonunifortn amplitude planar arrays is quite 
formidable. Instead, a very simple procedure will be outlined which can be used to 
compute these parameters for large arrays whose maximum is not scanned too far off 
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Figure 6.26 Two-dimensional antenna patterns of a planar array ol' isotropic elements with 
a spacing of it, = </, = A/2, and equal amplitude anti phase excitations. 


broadside. The method 1I8| utilizes results of a uniform linear array and the beam 
broadening factor of the amplitude distribution. 

The maximum of the conical main beam of the array is assumed to be directed 
toward (if,, <l)„ as shown in Figure 6.31. To deline a beam width, two planes arc chosen. 
One is the elevation plane defined by the angle <l> = </>„ and the other is a plane that 
is perpendicular to it. The corresponding half-power beumwidih of each is designated, 
respectively, by 0,, and For example, if the array maximum is pointing along 
0, i = tt/2 and </•>„ = tt!2, W/, represents the beatnwidth in the y-z plane and T / „. the 
beamwidth in the x-y plane. 

For a large array, with its maximum near broadside, the elevation plane half¬ 
power beamwidth is given approximately by f 18] 
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Figure 6.27 Three-dimensional antenna patient of a planar array of isotropic ele¬ 
ments with a spacing of d, = d, = A/2, equal amplitude, and progressive phase 
excitation. 



(6-95) 


where <-),<, represents the half-power beamwidth of a broadside linear urray of M 
elements. Similarly, (-),« represents the half-power beamwidth of a broadside array of 
N elements. 

The values of <“)„i and can be obtained by using previous results. For n 
uniform distribution, for example, the values of (■),„ and W,„ can be obtained by using, 
respectively, the lengths (/., + </,)/A and (L, + r/,)/A and reading the values from the 
broadside curve of Figure 6.11. For a Tschebyscheff distribution, the values of (“),« 
and (”) vl , are obtained by multiplying each uniform distribution value by the beam 
broadening factor of (6-78) or Figure 6.22(a). The same concept can be used to obtain 
the beamwidth of other distributions as long as (heir corresponding beam broadening 
factors arc available. 


For a square array (M = N. = (')„,). (6-y5) reduces to 

0 A = 0,0 sec fy, = 0,o sec % (6-95a) 

Equation (6-95a) indicates that for ft, > 0 the beamwidth increases proportionally to 
sec II ,i = 1/cos t)„. The broadening of the beamwidth by sec as 0„ increases, is 
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Figure 6.28 Two-dimensional antenna patterns of a planar array of isotropic elements with 
a spacing of </, = ,/, - A/2, equal amplitude, and progressive phase excitation. 


consistent with the reduction by cos 0„ oft he projected area of the array in the pointing 
direction. 

The half-power bcamwidth 'I',,, in the plane that is perpendicular to the >!> = <l\, 
elevation, is given by 118| 


1 sin : <A, + cos 2 <A, 
and it does not depend on ft,,. For a square array. (6-96) reduces to 

'F;, = ®*o = <■).«. 


f6-%) 


(6-%a) 
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V-x plane ( 0 = 0 °) 


0 
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Figure 6.29 Three-dimensional antenna pattern ol a planar array nl isotropic elements with 
a spacing of </, </, = A. and equal amplitude and phase excitations. 


The values of H,„ and ©><, are the same as in (6-95) and (6-95a). 

For a planar array, it is useful to define a heani solid angle Sl A by 

U, = ©*** (6-97) 

as it was done in (2-23). (2-24). and (2-26a). Using (6-95) and (6-96). (6-97) can be 
expressed as 


,, _ ©.<)©)<) 

sec 0 n 



’ . , , ©yo 1 2 , ' 

sm- <k, 4- 2 cos- </>,, 

0.0 

1/2 

0 2 

sin- + .. cos- </><> 

“>0 

1/2 


6.10.3 Directivity 

The directivity of the array factor AF(0. </•) whose major beam is pointing in the 
0 = 0„ and (b = (/>,> direction, can be obtained by employing the definition of (2-22) 
and writing it as 


A, = 


47t[AF(0(|. <M[AF(0„. 


n 


(6-99) 


[AF(0. 6)\ |AF(0. <6)|* sin 0 dtl d<!> 
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Figure 6.30 Two-dimensional antenna patterns ol a planar array of isotropic elements with 
a spacing ol’ cl, = i/, = A. and equal amplitude and phase excitations 


A novel method has been introduced 1I9| lor integrating the terms of the directivity 
expression for isotropic and conical patterns. 

As in the case ol the beam width, the task of evaluating (6-99) for nonuni form 
amplitude distribution is formidable. Instead, a very simple procedure will he outlined 
to compute the directivity of a planar array using data from linear arrays. 

U should be pointed out that the directivity of an array wilh bidirectional (two- 
sided pattern in free space) would be half the directivity of (lie same array with 
unidirectional (one-sided pattern) elements (e.g.. dipoles over ground plane). 

For large planar arrays, which are nearly broadside, the directivity reduces to 118| 


Ai — IT COS 0i i A A 


( 6 - 100 ) 
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Figure 6.31 Hnlf-powcr hernnwidths for a conical main beam oriented toward II = II,„ 
<!> = (fo,. (sourci:: R. S. Elliott, “Beamwidth and Directivity of Large Scanning Arrays," 
Last of Two Parts. The Microwuve Journal. January 1964) 


where D , and /J, are the directivities of broadside linear arrays each, respectively, of 
length and number of elements L x . M and L v , N. The factor cos ()„ accounts for the 
decrease of the directivity because of the decrease of the projected area of the array. 
Each of the values. /), and I),. can lx- obtained by using (6-79) with the appropriate 
beam broadening factor/. For Tschebyscheff arrays. D, and D s can be obtained using 
(6-78) or Figure 6-22(n) and (6-79). Alternatively, they can be obtained using the 
graphical data of Figure 6.22(b). 

For most practical amplitude distributions, the directivity of (6-100) is related to 
(he beam solid angle of the same array by 



(6-IOL) 


where 12^ is expressed in square radians or square degrees. Equation (6-101) should 
be compared with (2-26) or (2-27) given by Kraus. 


Example 6.11 

Compute the half-power beamwidths. beam solid angle, and directivity of a planar 
square array of 100 isotropic elements (10 X 10). Assume a Tschebyscheff distri¬ 
bution, M2 spacing between the elements. -26 dB side Jobe level, and the maximum 
oriented along fl 0 = 30°. «/>,, - 45°. 
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SOLUTION 

Since in the ,t- and v-directions 
/., + </, = L y + <K — 5A 
and each is equal to L + cl of Example 6.10. then 
0,0 = H,o = 10.97° 

According to (6-95a) 

<■)„ = sec (*, = 10.97° scc(30°) = 12.67° 
and (6-96a) 


^ = «,n = 10.97° 
and (6-97) 


il A = = 12.67(10.97) = 138.96 (degrees 2 ) 

The directivity can he obtained using (6-100). Since the airay is square. D, - l),. 
each one is equal to the directivity of Example 6.10. Thus 

l\ i = ircos (30°)(9.I8)(9.I8) = 229.28( dimension less) = 23.60 dB 

Using (6-101) 


Do 


32.400 


32.400 


1L,( degrees 2 ) 138.96 

Obviously we huve an excellent agreement 


= 233. l6(dimensionless) 


23.67 dB 


6.11 DESIGN CONSIDERATIONS 

Antenna arrays can be designed to control their radiation characteristics by properly 
selecting the phase and/or amplitude distribution between the elements. It has already 
been shown that a control of die phase can significantly alter the radiation pattern of 
an array. In fact, the principle of scanning arrays, where the maximum of the array 
pattern can be pointed in different directions, is based primarily on control of the 
phase excitation of the elements. In addition, it has been shown that a proper amplitude 
excitation taper between the elements can be used to control the beamwidth and 
sidclobe level. Typically the level of the minor lobes can be controlled by tapering 
the distribution across the array: the smoother the taper from the center of the array 
toward the edges, the lower the sideiobe level and the larger the half-power beam- 
width. and conversely. Therefore a very smooth taper, such as that represented by a 
binomial distribution or others, would result in very low sideiobe but larger half¬ 
power beamwidth. In contrast, an abrupt distribution, such as that of uniform illumi¬ 
nation. exhibits the smaller half-power beamwidth but the highest sideiobe level (about 
-13.5 dB). Therefore, if it is desired to achieve simultaneously both a very low 
sideiobe level, as well as a small half-power beamwidth. a compromise design has to 
be selected. The Dolph-Tschebyschcff design of Section 6.8.3 is one such distribution. 
There are other designs that can be used effectively to achieve a good compromise 
between sideiobe level and beamwidth. Two such examples are the Taylor Line- 
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Source (Tschebyscheff Error) and the Taylor Line-Source (One-Parameter). These 
are discussed in detail in Sections 7.6 and 7.7 of Chapter 7. respectively. Both 
of these are very similar to the Do 1 ph-Tschebyschelf. with primarily the following 
exceptions. 

For the Taylor Tschebyscheff Error design, the number of minor lobes with the 
same level can be controlled as part of the design; the level of the remaining one is 
monotonically decreasing. This is in contrast to the Dolph-Tschebyscheff where all 
the minor lobes are of the same level. Therefore, given the same sidelobe level, the 
half-power beamwidlh of the Taylor Tschebyscheff Error is slightly greater than that 
of the Dolph-Tschebyscheff. For the Taylor One-Parameter design, the level of the 
first minor lobe (closest to the major lobe) is controlled as part of the design; the level 
of the remaining ones are monotonically decreasing. Therefore, given the same side- 
lobe level, the half-power beamwidlh of the Taylor One-Parameter is slightly greater 
than that of the Taylor Tschebyscheff Error, which in turn is slightly greater than that 
of the Dolph-Tschebyscheff design. More details of these two methods, and other 
ones, can be found in Chapter 7. However there are some other characteristics that 
can be used to design arrays. 

Uniform arrays are usually preferred in design of direct-radiating active-planar 
arrays with a large number of elements |20|. One design consideration in satellite 
antennas is the beamwidlh which can be used to determine the "footprint” area of 
the coverage. It is important to relate the beamwidlh to the size of the antenna. In 
addition, it is also important to maximize the directivity of the antenna within the 
angular sector defined by the beamwidlh. especially til the edge-of-the-coverage 
(EOC) [20|. For engineering design purposes, closed-form expressions would be 
desirable. 

To relate the half-power beamwidth, or any other beamwklth. to the length of the 
array in closed form, it is easier to represent the uniform array with a large number 
of elements as an aperture. The normalized array factor for a rectangular array is that 
of (6-88). For broadside radiation (d„ = 0°) and small spaeings between the elements 
(d v A and d y A), (6-88) can be used to spproximate the pattern of a uniform 
illuminated aperture. In one principal plane (i.e.. x-z plane: <l> = 0°) of Figure 6.23. 
(6-88 ) reduces for small element spacing and large number of elements to 


- Mkd i ■ 

sin|—— sm II 


CAF)„(0, <f>= 0) = - 


M ■ H • A 

sinl — sm (I 

• l Mkd ' ■ „ 

sinl—-— sin I) 

Mkcl K . 

—— sin ft 


• ( kL < ■ A 

sinl— sin 0 


kL y . 
sin H 


( 6 - 102 ) 
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where L , is the length of the array in the v direction. The array factor of (6-102) cun 
be used to represent the field in a principal plane of a uniform aperture (see Sections 
115.1, 12.5.2 and Table 12.1). Since the maximum effective area of a uniform array 
is equal lo its physical area A r „ = zi /P |see (12-37)], the maximum directivity is equal 

to 


477 477 477 



(6-103) 


There tore the normalized power pattern in the .vz-plane, mtdtiplied by the maximum 
directivity, cun be written as the product of (6-102) and (6-103). and it can he 
expressed as 



(6-104) 


The maximum of (6-104) occurs when 0 = 0°. However, for any other angle 0 = 
the maximum of the pattern occurs when 


• „ i 

sm — sin 0, | = 1 


or 


L * 

A 

k sin 0, 

_— 

2 sin 0, 


(6-105) 


(6-105a) 


Therefore to maximize the directivity at the edge 0 = 0, of a given angular sector 
O’ s « s 0 ,., the optimum aperture dimension must be chosen according to (6- 105a). 
Doing otherwise leads to a decrease in directivity at the edge-of-lhe-coverage. 

For a square aperture (/., = /.,) the value of the normalized power pattern of 
(6-104) occurs when 0 = 0°, and it is equal to 


IV) 


0°>U = 47rM 

i « 


16 - 106 ) 


while that at the edge of the covering, using the optimum dimension, is 

I *• - - Mx)W 

Therefore the value of the directivity at the edge of the desired coverage (0 0,). 

relative to its maximum value at 0 = 0°. is 


(6-107) 


IV) = Hr) 
P(0 = 0°) 


= — = 0.4053(dimensionlcss) = -3.92dB 


(6-108) 


Thus the variation of the directivity within the desired coverage (0° ^ 0 ^ (),) is less 

than 4 dB. 

If. for example, the length of the array for a maximum half-power beamwidth 
coverage is changed from the optimum or chosen to he optimized at another angle. 
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then the directivity at the edge of the half-power beamwidth is reduced from the 
optimum. 

Similar expressions have been derived for circular apertures with uniform, para¬ 
bolic and parabolic with — 10 dB pedestal [20]. and they can be found in Chapter 12, 
Section 12.7. 


6.12 CIRCULAR ARRAY 

The circular array, in which the elements are placed in a circular ring, is an array 
configuration of very practical interest. Its applications span radio direction finding, 
air and space navigation, underground propagation, radar, sonar, and many other 
systems. 


6.12.1 Array Factor 

Referring to Figure 6.32, let us assume that N isotropic elements are equally spaced 
on the .v-.v plane along a circular ring of the radius a. The normalized field of the array 
can be written as 

£„(/-. (I. <b) = 2 j a »—Z — (6-109) 

M = I I'll 

where R n is the distance from the nth element to the observation point. In general 

R„ = t r + tr - 2dr cos if/)' 11 (6-109a) 

which for r » a reduces to 

R„ =* r — o cos ik, — r — «(a,, • a r ) = r a sin <) cost d> — <f)j (6-109b) 

where 

a,, • A, = (a, cos <l>„ + a, sin </j„) • (a, sin tl cos (l> + a, sin t) sin <l> + a. cos 0) 

= sin 0 cost<6 - (b„) (6-109c) 

Thus (6-109) reduces, assuming that for amplitude variations R„ — r, to 

e ~l*r » 

E„(r, H. 4>) = - 5 ) ( 6 -| 10 ) 

r ,i = i 


where 


a„ = excitation coefficients (amplitude and phase) of nth 
element 


4>„ 



angular position of nth element on x-y plane 


In general, the excitation coefficient of the nth element can be written as 

a n = l n e'°- (6-1II) 
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2 



where 

/„ = amplitude excitation of the nth element 
n„ = phase excitation (relative to the array center) of the nth 
element 

With (6-111), (6-110) can be expressed as 

e~> kr 

E„{r. 0. <!>) = - I AF( 0. </.)l (6-112) 

r 

where 

N 

AF(tf, 0) = £ (6-112a) 

ft *= I 


Equation (6-112a) represents the array factor of a circular array of N equally 
spaced elements. To direct the peak of the main beam in the (6)„. </>o) direction, the 
phase excitation of the nth element can be chosen to be 


a„ = - ka sin % cos(cfo, - <(>„) 
Thus the array factor of (6-112a) can be written as 

N 

AF( H (ft) = y / </>„! -m H 

n= I 
N 


16-113) 


(6-114) 





To reduce (6-114) to a simpler Ibmi. wc define p,, as 


It,, = </|(\in (I cos <l> - sin M»cos <!>,,)' + (sin 6 sin <b — sin 9 a sin </» 0 )~) 


(i 

Thus ihe exponential in (6-114) lakes die form of 
hH cos i/i - cos i/v) 

_ Ayjiilsin II cos(</> - </>„) - sin d„ cos(</i„ - _ 

|(sin 8 cos <f> ~ sin fly cos cfo,) + (sin H sin c/» - sin ()„ sin «A,>'| 1/1 

ft 


(6-115) 


(6-116) 


which when expanded reduces lo 
fat(cos i// - cos (A,) 

I cos i/i„(sin 0 cos <li - s ill On cos <A,) + sin </*„(sm I) sin </» - sin ()„ sin <ft,) 1 
[(sin 0 cos 4> — sin d ( , cos </»,)’ + (sin () sin (/> - sin (>„ sin */)«,)* | ! 

(6-116a) 















328 Chaplcr 6 Arrays: Linear, Planar, and Circular 


Thus (6-116a) and (6-114) can he rewritten, respectively, as 

kui cos ip - cos ip,,) = kpd cos tp„ cos £ -t- sin <p„ sin £) = kp,, cost 6„ - f) 

(6-119) 


( 6 - 120 ) 


(6-120a) 


and f \i is defined by (6-115). 

Equations (6-120). 16-1 15), and (6-l20a) can he used to calculate the array factor 
once N. /„. a. tl„. and <l\, are specified. This is usually very lime consuming, even for 
moderately large values of N. The three-dimensional pattern of the array factor for a 
10-element uniform circular array of ka = 10 is shown in Figure 6.33. The corre¬ 
sponding two-dimensional principal plane patterns are displayed in Figure 6.34. As 
the radius of the array becomes very large, the directivity of a uniform circular array 
approaches the value of N. where N is equal to the number of elements. An excellent 
discussion on circular arrays can be found in |2I |. 

For a uniform amplitude excitation of each element (/„ = /„). (6-120) can be 
writlcn as 

AF( 0. <P) = Nl„ X (6-121) 

IM- -* 

where J,,{x) is the Bessel function of the first kind (see Appendix V). The part of the 
array factor associated with the zero order Bessel function J„(kp„) is called the prin¬ 
cipal term and the remaining terms arc noted as the residuals. For a circular array 
with a large number of elements, the term Juikp,) alone can be used to approximate 
the two-dimensional principal plane patterns. The remaining terms in (6-121) contrib¬ 
ute negligibly because Bessel functions of larger orders arc very small. 


.v 

s 

#1* I 


AF< ».</>) = 2 ° 

where 

£ = tan ' 


sin 0 sin <p — sin 0„ sin tp,, 
sin 0 cos <P - sin H, cos tp,, 
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PROBLEMS 

6.1. Three isotropic sources, with spacing d between them, are placed along the . -axis. The 
excitation coefficient of each outside clement is unity while that of the center element 
is 2. For a spacing of d A/4 between the elements, lind the 
(a) array facior 

(bi angles (in degrees) where the nulls of the pattern occur (()“ n (/ ^ I SO") 
tc) angles tin degrees) where the maxima of the pattern occur (0 C -- 0 ' 180°) 

6.2 Two very short dipoles ("infinitesimal") of equal length are equidistant from the origin 
with their centers lying on the v-axis. and oriented parallel to the z-axis. They arc 
excited with currents of equal amplitude. The current in dipole I (at v d/2) leads 
the current in dipole 2 (at y = +<//2) by 90° in phase. The spacing between dipoles is 
one quarter wavelength. To simplify the notation, let E„ equal the maximum magnitude 
of the lar field at distance / due to either source alone. 

(a) Derive expressions lor the following six principal plane patterns 

1. |£*<0)| for d> = 0° 

2. |E„(W)| Tor <b = 90° 

3. |E,(*)| for 8 = 90' 

4. \E^U)\ Tor <b = IT 

5. \Ej}0)\ for <h = 90° 

6. for 0 = 90° 

(hi Sketch the six held patterns 
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6.3. 


A three-element array of isotropic sources has the phase and magnitude relationships 
shown. The spacing between the elements is d = A/2. 

la) Find the array factor. 

lb) Find all the nulls. 


T 

</ 


1 


*2 


HI 


*3 


♦ I 


6.4. Repeat Problem 6.3 when the excitation coefficients for elements #1. #2 and #3 tire, 
respectively. + I. +J and -j. 

6.5. Four isotropic sources are placed along the . -axis as shown. Assuming that the ampli¬ 
tudes of elements # I and #2 arc + I and the amplitudes of elements #3 and #4 arc 

I (or ISO degrees out of phase with #1 and #2). find 
(a) the array factor in simplified form 
fb) all the nulls when d - A/2 


i 



6,6, Three isotropic elements of equal excitation phase are placed along the \ axis, as shown 
in the figure. If the relative amplitude of #1 is +2 and of #2 and #3 is + 1. find a 
simplified expression for the three-dimensional unnormali/.ed array factor. 



6.7. Design a two-element uniform array of isotropic sources, positioned along the .--axis a 
distance A/4 apart, so that its only maximum occurs along II = 0°. Assuming ordinary 
end-lire conditions, find the 

(a) relative phase excitation of each element 

(b) array factor of the array 

(cl directivity using the computer program DIRF.CTIVITY at the end of Chapter 2. 
Compare it with Kraus' approximate formula 
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6 . 8 . 

ft.'). 


6 . 10 . 


6 . 11 . 


6 . 12 . 


6.13. 


6 . 14 . 


6.15. 


Repeal the design of Problem 6.7 so dial its only maximum occurs along f> = 180°. 
Design a four-element ordinary end-lire array with the elements placed along the .--axis 
a distance d apart and with the maximum of the array factor directed toward H = O' 
For a spacing of d = A/2 between the elements find the 

(a) progressive phase excitation between the elements to accomplish this 

(b) angles tin degrees) where the nulls of the array factor occur 

(c) angles (in degrees) where the maximum of the array factor occur 

(d) beamwidth (in degrees) between the First nulls of the array factor 

(e) directivity (in dB) of the array factor. Verify using the computer program DIREC¬ 
TIVITY at the end of the chapter. 

Design an ordinary end-lire uniform linear array w ith only one maximum so that its 
directivity is 20 dB (above isotropic). The spacing between the elements is A/4, and its 
length is much greater than the spacing. Determine the 

(a) number of elements 

(b) overall length of the array (in wavelengths) 

(c) approximate half-power beamwidth (in degrees) 

id) amplitude level (compared to (he maximum of the major lobe) of the lirst minor 
lobe (in dB) 

te) progressive phase shift between the elements (in degrees). 

Redesign the ordinary end-lire uniform array of Problem 6.10 in order to increase its 
directivity while maintaining the same, as in Problem 6.10. the uniformity, number of 
elements, spacing between them, anil end-fire radiation. 

(a) What different from the design of Problem 6.10 are you going to do to achieve 
this? Be very specific, and give values. 

(b) By how many decibels (maximum) can you increase the directivity, compared to 
the design of Problem 6.10? 

(c) Are you expecting the half-power beamwidth to increase or decrease? Why increase 
or decrease and by how much? 

(d) What antenna figure-of-merit will be degraded by this design? Be very specific in 
naming it. and why is it degraded? 

Ten isotropic elements are placed along the 2 -axis. Design a Hansen-Woodyard end- 
lire array with the maximum directed toward I) = 180°. Find die; 

(a) desired spacing 

(b) progressive phase shift 13 (In radians) 

(c) location of all the nulls (in degrees) 
id) first null beamwidth (in degrees) 

(e) directivity; verify using the computer program DIRECTIVITY at the end of the 
chapter 

An array of 10 isotropic elements are placed along the .--axis a distance d apart. 
Assuming uniform distribution, find the progressive phase (in degrees), half-power 
beamwidth (in degrees), first null beamwidth tin degrees), first side lobe level maximum 
beamwidth (in degrees), relative side lobe level maximum (in dB), and directivity (in 
dB) (using equations and the computer program DIRECTIVITY at I he end ol Chapter 
2. and compare) for 

(a) broadside (c) Hansen-Woodyard end-fire 

(b) ordinary end-lire 

arrays when the spacing between the elements is d = A/4. 

Find the beamwidth and directivity of a 10-element uniform scanning array of isotropic 
sources placed along the --axis. The spacing between the elements is A/4 and the 
maximum is directed at 45° front its axis. 

Show that in order for a uniform array of N elements not to have any minor lobes, the 
spacing and the progressive phase shift between die elements must be 
(a) d = A/,V. fi = 0 Tor a broadside array. 

(bl </ = A/(2/V). /3 = ± kd for an ordinary end-lire array. 
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6.16. A uniform array of 20 isotropic elements is placed along the .’-axis a distance A/4 apart 
with a progressive phase shift of 0 rad. Calculate 0 (give the answer in radians) for the 
following array types: 

(a) broadside 

(b) end-lire with maximum at U = (T 

(c) end-lire with maximum at 0 = 180° 

id I phased array with maximum aimed at I) = 30° 
te) Hansen-Woodyard w ith maximum at 0 = 0° 

(ft Hansen-Woodyurd with maximum at (I = 180° 

6.17. Design a 19-clcment uniform linear scanning array with a spacing of A/4 between the 
elements. 

(a) What is the progressive phase excitation between the elements so that the maximum 
of the array factor Is 30° from the line where the elements arc placed? 

(b) What is the half-power bcamwidlh (in degrees) of the array factor of part a? Verify 
using the computer program at the end of this chapter 

(c) What ts the value (in dBi of the maximum of the first minor lobe? 

6.18. For a uniform broadside linear array of 10 Isotropic elements, determine the approximate 
directivity (in dB) when the spacing beiween the elements is 

(a) A/4 

(b) A/2 

(c) 3A/4 
<d) A 

Compare Ihc values with those obtained using the computer program at (lie end of this 
chapter. 

6.19. The maximum distance d between the elements in a linear scanning array to suppress 
grating lobes is 


I + |cos(tf„)| 

where fl„ is the direction of the pattern maximum. What is the maximum distance 
between the elements, without introducing grating lobes, when the array is designed to 
scan to maximum angles of 
(u) 0 n = 30° 
tb) 6„ = 45° 

<c) 0„ = 60" 

6.20. An array of 4 isotropic sources is formed by placing one ai the origin, and one along 
the y-. and j-axes a distance i1 from the origin. Find the array factor for all space. 
The excitation coefficient of each element is identical. 

6.21. Design a linear array of isotropic elements placed along the . axis such that the nulls 

of the array factor occur at 0 = 0" and II 45". Assume that the elements are spaced 
a distance of A/4 apart and dial 0 0°. 

(a) Sketch and label the visible region on ihc unit circle 
lb) Find the required number of elements 
(ci Determine their excitation coefficients 

6.22. Design a linear array ol isotropic elements placed along the ;-axis such that the zeros 

of the array factor occur at 0 10°. 70°. mid 110°. Assume that the elements are spaced 

a distance of A/4 apart and that 0 = 45°. 

(a) Sketch and label the visible region on the unit circle 

(b) Find ihc required number of elements 

(c) Determine iheir excitation coefficients 

6.23. Repeat Problem 6.22 so dial the nulls occur at 0 = 0°. 50° and 100°. Assume a spacing 
of A/5 and 0 = 0° between the elements. 
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6.24. 


6.25. 

6.26 


6.27. 


6.2X 


6.29. 

6.30. 


6.31. 

6.32. 


6.33. 

6.34. 



Design a three-element binomial array of isotropic elements positioned along the c-axis 
a distance d apart. Find the 

(a) normalized excitation coefficients (c) nulls of the array factor for d - A 

(b) array factor (d) maxima of the array factor for d = A 

Show that a three-element binomial array with a spacing of J £ A/2 between die 
elements docs not have a side lobe. 

Four isotropic sources are placed symmetrically along the c-axis a distance d apart. 
Design a binomial array. Find the 
(a) normalized excitation coefficients 
lb) array factor 

tc) angles (in degrees) where the array factor nulls occur when d = 3A/4 
l ive isotropic sources are placed symmetrically along the r-axis, each separated from 
its neighbor by an electrical distance kd = 5rr/4. For a binomial array, find 

(a) the excitation coefficients 

(b) the array factor 

(c) the normalized power pattern 

(d) the angles (in degrees) where the nulls (if any) occur 

Verify parts of the problem using the computer program at the end of this chaplet. 
Design a four-element binomial array of A/2 dipoles, placed symmetrically ulottg Ihe 
v-axis a distance d apart. The length of each dipole is parallel to the axis, 
tai Find the normalized excitation coefficients. 
lh) Write the array factor for all space. 

(cl Write expressions lor the E-fields for all space. 

Repeat the design of Problem 6.28 when the A/2 dipoles arc placed along the v-axis. 
Design a broadside binomial array of six elements placed along the r-axis separated hy 
a distance d - A/2. 

(a) Find ihe amplitude excitation coefficients (o„'s). 

(hi What is the progressive phase excitation between the elements? 

(c) Write the array factor. 

(d) Now assume that the elements ure A/4 dipoles oriented in the ;-direction. Write the 
expression for the electric field vector in the far field. 

Verify parts of the problem using the computer program at the end of this chapter, 
Repeat Problem 6.30 for an array of seven elements. 

Five isotropic elements, with spacing d between them, are placed along the e-axis. For 
u binomial amplitude distribution. 

(a) write the array factor in its most simplified form 

(b) compute the directivity (in dI3) using the computer program at the end of this 
chapter 1 d = A/2) 

tc> find ihe nulls of the army when d = A(l)° s 0 s 180°) 

Repeat the design of Problem 6.24 for a Dolph-Tschcbvscheff array with a side lobe 
level of - 20 dB 

IX-sign a three-clement. - 40 dB side lobe level Dolph-Tschebyscheff array of isotropic 
elements placed symmetrically along the r-axis. Find the 
la) amplitude excitation coefficients 

(b) array factor 

(O angles where Ihe nulls occur for d = 3A/4 (0° SB 180°) 
idi directivity for d = 3A/4 

(c) half-power beam width for d = 3 A/4 

Design a four-element. 40 dB side lobe level Dolph-Tschebyscheff array of isotropic 
elements placed symmetrically about the r-axis. Find the 

(a) amplitude excitation coefficients (c) angles where the nulls occur 

(b) array factor For d = 3A/4. 

Verify parts of the problem using the computer program at the end of this chapter. 
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6.36. Repeut the design of Problem 6.35 for a five-element. —20 dB Dolph-Tschebyscheff 
array. 

6.37. Repeat die design of Problem 6.35 for a six-element, - 20 dB Dolph-Tschebyscheff 
array. 

6.38. Repeat the design of Problem 6.28 for a Dolph-Tschebyscheff distribution of 40 dB 
side lobe level and A/4 spacing between the elements In addition, find the 

(a) directivity of the entire array 

lb) half-power beamwidths of the entire array in die x-y and y-r planes 
6.30. Repeat the design of Problem 6.29 for a Dolph-Tschebyscheff distribution of —40 dB 
side lobe level and A/4 spacing between the elements. In addition, find the 

(a) directivity of die entire array 

(b) half-power beamwidths of the entire array in the.r-v and a-c planes 

6.40. Design a live-element, 40 dB side lobe level Dolph-Tschebyscheff array of isotropic 
elements, The elements are placed along die r-axis with a spacing of A/4 between them, 
Determine the 

(a) normalized amplitude coefficients 

(b) array factor 

(c) directivity 

(d) half-power beam width 

6.41. The total length of a discrete-element array is 4A. For a 30 dB side lobe level Dolph- 
Tschebyscheff design and a spacing of A/2 between lhe elements along the c-axis, find 
the 

(a) number of elements 

(b) excitation coefficients 

(c) directivity 

(d) half-power bcumwidth 

6.42. Design u broadside three-element. -26 dB side lobe level Dolph-Tschebyscheff array 
of isotopic sources placed along the c-uxis. For this design, find the 

(a) normalized excitation coefficients 

(b) array factor 

(e) nulls of the array factor when d = A/2 (in degrees) 

(d) maxima of the array factor when d = A/2 (in degrees) 

(e) beamwidlh fin degrees) of die array factor when d = A/2 

(f) directivity (in dB) ol die array factor when </ = A/2 

6.43. Design a broadside uniform array, with us elements placed along the - axis, so ihui the 
directivity of ihc array factor is 33 dB (above isotropic). Assuming the spacing between 
the elements is A/16. and it is very small compared to the overall length of the array, 
determine the: 

(a) Closest number of integer elements to achieve this. 

(h) Overall length of the array (in wavelengths). 

(c) Half-power bcamwidth (in degrees). 

(d) Amplitude level (in dB) of the maximum of the first minor lobe compared to the 
maximum of the major lobe. 

6.44. The design of Problem 6.43 needs to be changed to a nonunilorm Dolph-Tschebyscheff 
so that to lower the side lobe amplitude level to —30 dB. while maintaining the same 
number of elements and spacing. For the new nonuniform design, what is the: 

(a) Half-power beamwidlh (in degrees). 

|b) Directivity (in dB). 

6.45. Design a Dolph-Tschebyscheff linear array of N elements with uniform spacing between 
them. The array factor must meet the following specifications: 

(1) -40 dB sidelobe level. 

(2) Four complete minor lobes from 0° s H < 90°; all of the same level. 
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(3) Largest allowable spacing between the elements (in wavelengths) and still meet 
above specifications. 

Determine: 

(a) Number of elements 

(b) Excitation coefficients, normalized so that die ones of the edge elements is unity. 

(c) Maximum allowable spacing (in wavelengths) between die elements and still meet 
specifications. 

(d) Plot (in l c increments) the normalized (max = 0 dB) array factor (in dBl Check 
to see that the array factor meets the specifications. If not. find out what is wrong 
with it 

Verify parts of the problem using the computer program at the end of this chapter. 

6.4(i In high-performance radar arrays low-sidclobes are very desirable. In a particular ap¬ 
plication it is desired to design a broadside linear array which maintains all the sidclobcs 
at the same level of 30 dB, The number of elements must be 3 and the spacing 
between them must be A/4. 

(a) State the design lhal will meet the specifications, 

(b) What are the amplitude excitations of the elements? 

tc) What is the half-power bcamwidth (in degrees) of the main lobe? 

(d) What is the directivity (in dB) of the array? 

6.47 Design a nonuniform amplitude broadside linear array of 5 elements. The total length 
of the array is 2A. To meet the sidelobo and half-power bcamwidth specifications, the 
amplitude excitations of the elements must be that of a uosine-on-a-pedesUil distribution 
represented by 

Amplitude distribution I + cos (itx,JL) 

where ,v„ is the position of the nth clement (in terms of L) measured from the center of 
the array Determine the amplitude excitation coefficients a„\ of the live elements. 
Assume uniform spacing between the elements and the end elements are located at the 
edges of the array length. 

6.48, II is desired It) design a uniform square scanning array whose elevation half-power 
bcamwidlh is 2°. Determine the minimum dimensions of the array when the scan 
maximum angle is 

(a) % = 30° 

(b) () n = 45“ 

(c) ft, = 60" 

6.49, Determine the azimuthal and elevation angles of the grating lobes for a 10 x 10 
clement uniform planar array when the spacing between the elements is A The maxi¬ 
mum of the main beam is directed toward ((, = 60°. ih, = 90® and the array is located 
on the .v-v plane. 

6.50, Design a 10 X 8 (10 in the x direction and 8 in the y) element uniform planar array so 
that the main maximum is oriented along M, = 10°. </«,, = 90°, For a spacing of 
d, = </, = A/8 between the elements, find the 

(a) progressive phase shift between the elements in the x and v directions 

(b) directivity of the array 

(c) half-power beamwidlhs (in two perpendicular planes) of the array 
Verily the design using the computer program at the end of this chapter. 

6,51 The main beam maximum of a 10 x 10 planar array of isotropic elements (100 
elements) is directed toward ft,, = 10® and ib„ = 45°. Find the directivity, beamwidlhs 
(in two perpendicular planes), and beam solid angle for a TschehyschelT distribution 
design with side lobes of - 26 dB. The array is placed on the .v-v plane and the elements 
are equally spaced with d = A/4. It should be noted that an array with bidirectional 
(two-sided pattern) elements would have a directivity which would be half of that of 
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[he same array hui with unidirectional (one-sided pattern) elements. Verify the design 
using the computer program at the end of this chapter. 

6.52. Repeat Problem 6.50 for a Tschebyscheff distribution array of - 30 dB side lobes. 

6.53. In the design of uniform linear arrays, the maximum usually occurs at II - 0 „ at the 
design frequency / = ,/I„ which has been used to determine the progressive phase 
between the elements. As die frequency shifts from the designed center frequency f, to 
ft,, the maximum amplitude of the array factor at f = /„ is 0.707 the normalized 
maximum amplitude of unity at / - J',„ The frequency /* is referred to as the half¬ 
power frequency, and it is used to determine the frequency bandwidth over which the 
pattern maximum vanes over an amplitude of 3 dB. Using the array factor of linear 
uniform array, determine an expression for the 3-dB frequency bandwidth in terms of 
the length L of the array and the scan angle ll„, 


noon nnnnnnnnnnnnnnnnn nnoon non nnnnnnnnnnnnnnonnnon 


COMPUTER PROGRAM - ARRAYS 


THIS IS A FORTRAN PROGRAM THAT COMPUTES THE 
RADIATION CHARACTERISTICS OF: 

I. LINEAR ARRAYS (UNIFORM & BROADSIDE NONUNIFORM) 

II. PLANAR ARRAY (BROADSIDE UNIFORM) 

THE UNIFORM AND BROADSIDE NONUNIFORM LINEAR ARRAYS HAVE N 
ELEMENTS PLACED EQUIDISTANTLY ALONG THE Z-AX1S. 

BROADSIDE PLANAR UNIFORM ARRAY HAS MxN ELEMENTS PLACED 
EQUIDISTANTLY ALONG THE X AND Y AXES 


OPTION I. LINEAR ARRAYS 
OPTION A. UNIFORM 

••CHOICES: ARRAY TYPE 

1. BROADSIDE (Maximum along 0 = 90°) 

2. ORDINARY END-FIRE (Maximum along 9 = 0° or 180°) 

3. HANSEN WOOD YARD END-FIRE (Maximum along 0 = 0° or 180°) 

4. SCANNING (Maximum along 0 = 0 max ) 

••ARRAY INPUT PARAMETERS 

1. NUMBER OF ELEMENTS 

2. SPACING BETWEEN THE ELEMENTS (in X) 

3. DIRECTION OF ARRAY MAXIMUM ©ma, (in degrees) 

•• PROGRAM OUTPUT: 

1. NORMALIZED ARRAY FACTOR 

2. DIRECTIVITY (dimensionless and in dB) USING 
NUMERICAL INTEGRATION OF THE ARRAY FACTOR 

3. HALF-POWER BEAMW1DTH (in degrees) USING AN 
ITERATIVE METHOD (for all maxima in the pattern) 

OPTION B. NONUNIFORM (BROADSIDE) 

••CHOICES: ARRAY TYPE 

1. BINOMIAL 

2. DOLPH-TSCHEBYSCHEFF 

••BINOMIAL ARRAY INPUT PARAMETERS 

1. NUMBER OF ELEMENTS 

2. SPACING BETWEEN THE ELEMENTS (in X) 


(continued on next page) 
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(continued) 


••DOLPH-TSCHEBYSCHEFF ARRAY INPUT PARAMETERS 

1. NUMBER OF ELEMENTS 

2. SPACING BETWEEN THE ELEMENTS (in X) 

3 . SIDE LOBE LEVEL (in positive dB; i.e.. 50 dB) 

••PROGRAM OUTPUT: 

1. NORMALIZED EXCITATION COEFFICIENTS (a„) 

2. NORMALIZED ARRAY FACTOR 

3. DIRECTIVITY (in dB) USING NUMERICAL 
INTEGRATION OF THE ARRAY FACTOR 

4. HALF-POWER BEAMWIDTH (in degrees) USING 

AN ITERATIVE METHOD (for all maxima in the pattern) 


OPTION II. PLANAR ARRAY (BROADSIDE UNIFORM) 

••ARRAY INPUT PARAMETERS 

1. NUMBER OF ARRAY ELEMENTS IN X-DIRECTION 

2. SPACING BETWEEN ELEMENTS IN X-DIRECTION (in \) 

3. NUMBER OF ARRAY ELEMENTS IN Y-DIRECTION 

4. SPACING BETWEEN ELEMENTS IN Y-DIRECTION (in \) 

5. MAXIMUM BEAM DIRECTION ANGLE 9 0 

6. MAXIMUM BEAM DIRECTION ANGLE <>„ 

7. THE AZIMUTHAL ANGLE 4> c | Cvalion < in degrees) AT WHICH 
THE 2-D ANTENNA PATTERN NEEDS TO BE EVALUATED 

••NOTE 

ONLY THE ELEVATION ANTENNA PATTERN IS 
EVALUATED. THIS PATTERN RANGES FROM 0=0° TO 
0=1800. WHEREAS <J> REMAINS CONSTANT AT 

Elevation- IF THE PATTERN NEEDS TO BE EVALUATED 
IN THE BACKSIDE REGION OF THE 2-D ARRAY. THEN 
THE PROGRAM NEEDS TO BE RE-RUN FOR A NEW 

AZIMUTHAL ANGLE <J>' e ievaiioci = ^elevation + 180°. 


••PROGRAM OUTPUT: 

1. NORMALIZED ARRAY FACTOR EVALUATED AT 
A GIVEN ANGLE. 

2. DIRECTIVITY (in dB) USING NUMERICAL 
INTEGRATION OF THE ARRAY FACTOR 

3. HALF-POWER BEAMWIDTH (in degrees) FOR ALL 
MAXIMA THAT OCCUR IN THE ELEVATION PLANE 
OF THE 2-D ARRAY PATTERN 
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CHAPTER 


7 

ANTENNA SYNTHESIS AND 
CONTINUOUS SOURCES 


7.1 INTRODUCTION 

Thus fur in the book we have concentrated primarily on the analysis and design of 
antennas. In the analysis problem an antenna model is chosen, and it is analyzed for 
its radiation characteristics (pattern, directivity, impedance, beamwidth. efficiency, 
polarization, and bandwidth). This is usually accomplished by initially specifying the 
current distribution of the antenna, and then analyzing it using standard procedures. 
If the antenna current is not known, it can usually be determined from integral equation 
formulations. Numerical techniques, such us the Moment Method of Chapter X. can 
be used to numerically solve the integral equations. 

In practice, it is often necessary to design an antenna system that w ill yield desired 
radiation characteristics. For example, a very common request is to design an antenna 
whose far-lield pattern possesses nulls in certain directions. Other common requests 
are for the pattern to exhibit a desired distribution, narrow beamwidth and low side 
lobes, decaying minor lobes, and so forth. The task, in general, is to find not only the 
antenna configuration but also its geometrical dimensions and excitation distribution. 
The designed system should yield, either exactly or approximately, an acceptable 
radiation pattern, and it should satisfy other system constraints. This method of design 
is usually referred to as synthesis. Although synthesis, in its broadest definition, usually 
refers to antenna pattern synthesis, it is often used interchangeably with design. Since 
design methods have been outlined and illustrated previously, in this chapter we want 
to introduce anti illustrate antenna pattern synthesis methods. 

Antenna pattern synthesis usually requires that first an approximate analytical 
model is chosen to represent, either exactly or approximately, the desired pattern. The 
secontl step is to realize the analytical model by an antenna model. Generally speaking, 
antenna pattern synthesis can be classified into three categories. One group requires 
that the antenna patterns possess nulls in desired directions. The method introduced 
by SchelkunolT (11 can be used to accomplish this; it will be discussed in Section 7.3. 
Another category requires that the patterns exhibit a desired distribution in the entire 
visible region. This is referred to as beam shaping, and it can be accomplished using 
the Fourier transform |2| and the Woodward-Lawson [3]. |4] methods. They will be 
discussed and illustrated in Sections 7.4 and 7.5, respectively. A third group includes 
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techniques that produce patterns with narrow beams and low side lobes. Some methods 
that accomplish this have nleady been discussed: namely the binomial method (Section 
6.8.2) and the Dolph-Tschebyscheff method (also spelled Tchebysehcff orChebyshev) 
of Section 6.8.3. Other techniques that belong to this family are the Taylor line-source 
(Tschcbyscheff error) [5] and the Taylor line-source (one-parameter) [6]. They will 
be outlined and illustrated in Sections 7.6 and 7.7. respectively. 

The synthesis methods will be utilized to design line-sources and linear arrays 
whose space factors [as defined by (4o8a)| and array factors [as defined by (6-52)] 
will yield desired far-lield radiation patterns.The total pattern is formed by multiplying 
the space factor (or array factor) by the element factor (or element pattern) as dictated 
by (4-59) [or (6-5 )|. For very narrow beam patterns, the total pattern is nearly the 
same as the space factor or array factor. This is demonstrated by the dipole antenna 
(/ < A) of Figure 4.5 whose element factor, as given by (4-58a). is sin for values 
of 0 near 90° (0 = 90°). sin 0 =* 1. 

The synthesis techniques will be followed with a brief discussion of some very 
popular line-source distributions (triangular, cosine, cosine-squared) and continuous 
aperture distributions (rectangular and circular). 

7.2 CONTINUOUS SOURCES 

Very long tin terms of a wavelength) arrays of discrete elements usually arc more 
difficult to implement, more costly, and have narrower bandwidths. For such appli¬ 
cations. antennas with continuous distributions would be convenient to use. A very 
long wire and a large reflector represent, respectively, antennas with continuous line 
and aperture distributions. Continuous distribution antennas usually have larger side 
lobes, are more difficult to scan, and in general, they are not as versatile as arrays of 
discrete elements. The characteristics of continuously distributed sources can be ap¬ 
proximated by discrete-element arrays, and vice-versa, and their development follows 
and parallels that of discrete-element arrays. 


7.2.1 Line-Source 

Continuous line-source distributions are functions of only one coordinate, and they 
can be used to approximate linear arrays of discrete elements and vicc-vcrsa. 

The array factor of a discrete-element array, placed along the c-axis. is given by 
(6-52) and (6-52a). As the number of elements increases in u fixed-length array, the 
source approaches a continuous distribution. In the limit, the array factor summation 
reduces to an integral. For a continuous distribution, the factor that corresponds to the 
array factor is known as the space factor. For a line-source distribution of length / 
placed symmetrically along the r-axis as shown in Figure 7.1(a). the space factor (SF) 
is given by 



(7-1) 


where l„(z') and «/>„(;'} represent, respectively, the amplitude and phase distributions 
along the souce. For a constant phase distribution <!>„{:') = 0. 

Equation (7-1) is a finite one-dimensional Fourier transform relating the fur-field 
pattern of the source to its excitation distribution. Two-dimensional Fourier transforms 
are used to represent die space factors for two-dimensional source distributions. These 
relations are results of the angular spectrum concept for plane waves, introduced lirsl 
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x 




(hi Discrete MUircc 


Figure 7.1 Continuous and discrete linear sources 


by Booker and Clemmow [2]. and il relates the angular spectrum of a wave to the 
excitation distribution of the source. 

For a continuous source distribution, the total held is given by the product of the 
element and space factors as defined in (4-59). This is analogous to the pattern 
multiplication of (6-5) for arrays. The type of current ami its direction of flow on a 
source determine the element factor. For a finite length linear dipole, for example, 
the toal field of (4-58a) is obtained by summing the contributions of small infinitesimal 
elements which are used to represent the entire dipole. In the limit, as the infinitesimal 
lengths become very small, the summation reduces to an integration. In (4-58a), the 
factor outside the brackets is the element factor and the one within the brackets is the 
space factor and corresponds to (7-1). 


7.2.2 Discretization of Continuous Sources 

The radiation characteristics of continuous sources can be approximated by discrete- 
clement arrays, and vice-versa. This is illustrated in Figure 7.1(b) whereby discrete 
elements, with a spacing d between them, are placed along the length of the continuous 
source. Smaller spacings between the elements yield belter approximations, and they 
can even capture the line details of the continuous distribution radiation characteristics. 
For example, the continuous line-source distribution l„(~') of (7-1) can be approxi¬ 
mated by a discrete-element array whose element excitation coefficients, at the 
specified element positions within -1/2 S -' < //2. arc determined by the sampling 
of l n (z')e'*-' The radiation pattern of the digitized discrete-element array will ap¬ 
proximate the pattern of the continuous source. 

The technique can be used for the discretization of any continuous distribution. 
The accuracy increases as the element spacing decreases; in the limit, the two patterns 
will he identical. For large element spacing, the patterns of the two antennas will not 
match well. To avoid this, another method known as root-matching can he used |7]. 
Instead of sampling (he continuous current distribution to determine the element 
excitation coefficients, the root-matching method requires that the nulls of die contin- 
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UOQS distribution pattern also appear in the initial pattern of the discrete-element array. 
If the synthesized pattern using this method still does not yield ( within an acceptable 
accuracy) the desired patient, a penurbation technique |7| can then be applied to the 
distribution of the discrete-element array to improve its accuracy. 


7.3 SCHELKLNOFF POLYNOMIAL METHOD 

A method that is conducive to the synthesis of arrays whose patterns possess nulls in 
desired directions is that introduced by SchelkunofT [ 11. To complete the design, this 
method requires information on the number of nulls and their locations. The number 
of elements and their excitation coefficients are then derived. The analytical formation 
of the technique follows. 

Referring to Figure 6.5(a). the array factor for an A'-elemcnl. equally spaced, 
nonuniform amplitude, and progressive phase excitation is given by (6-52) as 

N N 

AF = "Z '**«**+*' = ^ (7-2) 

« »i «=i 


where u„ accounts for the nonuniform amplitude excitation of each element The 
spucing between the elements is d and (i is the progressive phase shift. 

Letting 


x + jy = r'+ = e* u 




(7-3) 


wc can rewrite (7-2) as 
s 

AF =2 = «■ + + «JZ 2 + • • • + o n z n ~ 1 (7-4) 

it — i 

which is u polynomial of degree (A/ - I). From the mathematics of complex variables 
and algebra, any polynomial of degree (A/ 1) has (N - I) roots and can be expressed 

as a product of (N — I) linear terms. Thus wc can write (7-4) as 


AF = - ZiKz - z ; )(z - Zi) * • • (z - z N - 1 ) 


(7-5) 


where z,. zj. Zj. Zn- i are the roots, which may he complex, of the polynomial. 

The magnitude of (7-5) can he expressed us 


|AF| 


|fl„l|z - Zllk - Zl\\z - ZjI 


- Zw-ll 


(7-6) 


Some very interesting observations can be drawn from (7-6) which can be used 
judiciously for the analysis and synthesis of arrays. Before tackling that phase of the 
problem, let us lirst return and examine the properties of (7-3). 

The complex variable z of (7-3) can he written in another form as 


Z = UW = |z| L* = I ZL<// 


ITT 


i/< = kd cos 0 + fj = — d cos 0 + fi 
A 


(7-7) 

(7-7a) 


li is clear that for any value of d, t). or /3 the magnitude of z lies always on a unit 
circle; however its phase depends upon d. 0. and /3. For (i = 0. wc have plotted 
in Figures 7-2(aMd) the value of z. magnitude and phase, as 0 takes values of 0 to 
rrrad. It is observed that for d = A/8 the values of z. for all the physically observable 
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(b) a ~kl4.fl = o 

ill = 4 COS® 



Figure 7.2 Visible A’egion (VR) and /nvisible Region (IR) boundaries lor complex 
variable ; when /3 = 0. 


angles ol' I). only exist over the pari of the circle shown in Figure 7.2(a). Any values 
of s outside that arc are not realizable by any observation angle 0 for the spacing 
tl = A/S. We refer to the realizable part of the circle as the visible region and the 
remaining as the invisible region. In Figure 7.2(a) we also observe the path of the z 
values as 0 changes from 0° to 180°, 

In Figures 7.2(b)—(d> we have plotted the values of c when the spacing between 
the elements is A/4. A/2, and 3A/4. It is obvious that the visible region can be extended 
by increasing the spacing between the elements. It requires a spacing of at least A/2 
to encompass, at least once, the entire circle. Any spacing greater than A/2 leads to 
multiple values for 2 . In Figure 7.2(d) we have double values for z lor half of the 
circle when d = 3A/4. 

To demonstrate the versatility of the arrays, in Figures 7.3(a)—(d) we have plotted 
the values of z for the same spacings as in Figures 7.2(a)-(d) but with u /3 = rr/4. A 
comparison between the corresponding figures indicates that the overall visible region 
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(a) 1 1 “ X/8. fi = *14 
* = 5 cost) + J 



110 ,/ - U4.fi ■‘*'4 
i " * cusfl + J 



let d = X/’, j) = »rM 
= ircosO + ^ 


<d> ./ = 3y4.fi = s/4 

.«» - , IT 

C- = y soso + j 


Figure 7.3 Visible Region (VRi and /nvisible Region (IRl boundaries lor com¬ 
plex variable z when fi = jt/4. 


Ibr each spacing has not changed but its relative position on the circle has rotated 
counterclockwise hv an amount equal to fi. 

We can conclude then that the overall extent of the visible region can be controlled 
by the spacing between the elements and its relative position on the circle by the 
progressive phase excitation of the elements. These two can be used effectively in the 
design of the array factors. 

Now let us return to (7-6). The magnitude of the array factor, its form as shown 
in (7-6). has a geometrical interpretation. For a given value of ; in the visible region 
of the unit circle, corresponding to a value of 0 as determined by (7-3). |AF| is 
proportional to the product of the distances between z and z 2 , Zj, . ■ ■ . z,\ the 
roots of AF. In addition, apart from a constant, the phase of AF is equal to the sum 
of the phases between z and each of the zeros (roots). This is best demonstrated 

geometrically in Figure 7.4(a). If all the roots Z|, Zi. Zj.Z*-i are located in the 

visible region of the unit circle, then each one corresponds to a null in the pattern of 
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tnl Room ul'array laclut 



(bl Roots ol array I actor on unit ctrdc 
ami within visible region 


Figure 7.4 Array Inc lor roots within and outside unit circle, and visible and invisi¬ 
ble regions. 


AF| because as 0 changes.- changes and eventually passes through each of the z„'s. 
When it does, the length between c and that z„ is zero and (7-6) vanishes. When all 
the zeros (roots) are not in the visible region of the unit circle, but some lie outside 
it and/or any other point not on the unit circle, then only those zeros on Ihe visible 
region will contribute to the nulls of the pattern. This is shown geometrically in Figure 
7.4(b). If no zeros exist in the visible region of the unit circle, then that particular 
array factor has no nulls for any value of I). However, if a given zero lies on the unit 
circle but not in its visible region, that zero can be included in the pattern by changing 
the phase excitation (i so that the visible region is rotated until it encompasses that 
root. Doing this, and not changing </. may exclude some other zero(s). 

To demonstrate all the principles, we will consider an example along with some 
computations. 


Example 7.1 

Design a linear array with a spacing between the elements of tl A/4 such that it 
has zeros at I) - 0°. 90°. and 180°. Determine the number of elements, their excitation, 
and plot the derived pattern. Use Schelkunoffs method. 


SOLUTION 

For a spacing of A/4 between the elements and a phase shift [i z 0°, the visible region 
is shown in Figure 7.2(b). If the desired zeros of the array factor must occur at (I = 
0°. 90°. and IX()°. then these correspond to .- = j, I. -j on the unit circle. Thus a 
normalized form of the array factor is given by 

AF = (z - z,)(z - z 2 )(z - z 3 ) = (z - JKz - I )(c + j) 

AF = z ! — z 3 + z — I 
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0 * 



180* 

Figure 7.5 Amplitude radiation pattern of a four-element array of isotropic 
sources with a spacing of A/4 between them, /cm degrees progressive phase 
shill, and zeros at 0 - 0". W , and 1 X 0 ° 


Referring to (7-4), the above array factor and the desired radiation characteristics can 
be obtained when there arc lour elements and their excitation coefficients are equal to 

«t = - I 
a 2 = + I 
a, = -I 
04 = + 1 

To illustrate the method, we plotted in Figure 7.5 the pattern of that array: it 
clearly meets ihe desired specilications. Because of the symmetry of the array, the 
pattern of the left hemisphere is identical to that of the right. 


7.4 FOURIER TRANSFORM METHOD 

This method can be used to determine, given a complete description of the desired 
pattern, the excitation distribution of a continuous or a discrete source antenna system. 
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The derived excitation will yield, either exactly or approximately, the desired antenna 
pattern. The pattern synthesis using this method is referred to as beam shaping. 


7.4.1 Line-Source 

For a continuous line-source distribution of length /. as shown in Figure 7.1. the 
normalized space factor of (7-1) can be written as 


SF(fl) 


rtn r02 

/I : >) e )(k« n o k,)? d: > = /(.yft J Z 

J-1/2 


£ = k cos ti - k. & 0 = cos 


— 1 1 


(7-8) 

(7-8a) 


where A is the excitation phase constant of the source. For a normalized uniform 
current distribution of the form Hz') = A,//. (7-8) reduces to 


sin 

SF(0) = A) — 


kJ . At 

2 COSfl " I 


kl „ k. 
2 C ° S ' ' A 


(7-9) 


Tile observation angle 0 of (7-9) will have real values (visible region.) provided that 
- (A + A ) i-: £ s (A - A ) as obtained from (7-8a). 

Since the current distribution of (7-8) extends only over 1/2 'S ^ //2 (and it 
is zero outside it), the limits can be extended to infinity and (7-8) can be written as 


SF(0) = SF(f) 




IU')e l(: dz' 


(7-10a) 


The form of (7-IOa) is a Fourier transform, and it relates the excitation distribution 
/(;’ I of a continuous source to its Car-field space factor SF(0). The transform pair of 
(7-IOa) is given by 


/(;’> = ~ f SF( £)e-#<d£ = I SF(0V > :i d£ 
Itr J • 2v J * 


(7-l(lb) 


Whether (7-1 ()a) represents the direct transform and (7-1 Ob l the inverse transform, 
or vice-versa, does not matter here. The most important thing is that the excitation 
distribution and the fur-field space factor arc related by Fourier transforms. 

Equation (7-IOb) indicates that if SFltf) represents the desired pattern, the exci¬ 
tation distribution /(;') that will yield the exact desired pattern must in general exist 
for all values of r' ( - ^ »). Since physically only sources of finite dimensions 

are realizable, the excitation distribution of <7-1 Ob) is truncated at c' = ± 112 (beyond 
z‘ = ±1/2 it is set to zero). Thus the approximate source distribution is given by 


Oz) 


Hz') 



SF(g> > :( d£ 


- 1/2 S < 1/2 


0 


elsewhere 


(7-11) 
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and il yields an approximate pattern SF(W)„. The approximate pattern is used to 
represent, within certain error, the desired pattern SF( ()),,. Thus 


fl/2 

SF<(»„ = SF<ffl„ = Uz')^' <lz 

J~tl2 


(7-12) 


It can be shown that, over all values of £ the synthesized approximate pattern 
SF( d)„ yields the least mean square error or deviation from the desired pattern SF( «)j. 
However that criterion is not satisfied when the values of £ are restricted only in the 
visible region |8|. [9], 

To illustrate the principles of this design method, an example is taken. 


Example 7.2 

Determine the current distribution and the approximate radiation pattern of a Line- 
source placed along the s-axis whose desired radiation pattern is symmetrical about 
(I = tt/ 2. and it is given by 

f I 7 t/4 <«5 3tt/4 

S¥{0) = |0 elsewhere 

This is referred to as a sectoral pattern, and il is widely used in radar search and 
communication applications. 


SOLUTION 


Since the pattern is symmetrical, k = 0. The values of £ as determined by <7-8a), 
are given by A/ \/2 — ( — - kl \/2. In turn, the current distribution is given bv 
(7-1 Ob) or 




SF (£*-** d* 


±[ k/Vl 
2 7rJ- 1A -’ 


7T\/2 


. I kz 
sin \—f- 

Wl 

kz' 

L V2 J 


and it exists over all values of s' ( - « ^ z 's x), Over the extent of the line source, 
the current distribution is approximated by 


uz') - Hz'), 


If the derived current distribution /(.:') is used in conjunction with (7-1()a) and it is 
assumed to exist over all values of s', the exact and desired sectoral pattern will result. 
If however it is truncated at s' = ± 1/2 (and assumed to be zero outside), then the 
desired pattern is approximated by (7-12) or 

rin 

SF( 0),i - SF(0)„ = I„(z')e j(z ' dz' 

J-112 
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where S,(.x) is the sine integral of (4-68b). 

The approximate current distribution (normalized so that its maximum is unity) 
is plotted in Figure 7.0(a) for / = 5A and / - 10A. The corresponding approximate 
normalized patterns arc shown in Figure 7.6(b) where they are compared with the 
desired pattern. A very good reconstruction is indicated. The longer line source (/ = 
l()A) provides a better realization. The side lobes are about 0.102 ( 19.83 dB) for 

/ = 5A and 0.081 ( 21.83 dB) for / - I0A (relative to the pattern at 0 = 90°). 


7.4.2 Linear Array 


The array factor of an A'-element linear array of equally spaced elements and non- 
uniform excitation is given by (7-2). If the reference point is taken at the physical 
center of the array, the array factor can also be written as 


Odd Number of Elements (N = 2M + I) 

M 

AF(«) = A F( *//) = 2 o m e J "‘* 

w - - M 


Even Number of Elements (N = 2M) 

AFt 0 ) = AFTi//) = V + V wt* 

in = M in - I 


where 


(7-1.7a) 


(7-13b) 


(// = kd cos b +• (8 


(7-130 


For an odd number of elements (N = 2M 4- I), the elements are placed at 

z'm - md. m = 0, ± 1. ±2.± M (7-13d) 

and for an even number {N = 2M) at 


z;„ = 


2 in - I 
2 

2m + I 


d . 
d. 


I < m ^ M 

M < m - I 


(7-l3e) 


An odd number of elements must be utilized to synthesize a desired pattern whose 
average value, over all angles, is not equal to zero. The tn = 0 term of <7-13a) is 
analogous to the d.c. term in a Fourier series expansion of functions whose average 
value is not zero, 

In general, the array factor of an antenna is a periodic function of i//, and it must 
repeat for every 2 tt radians. In order for the array factor to satisfy the periodicity 
requirements for real values of b ( visible region), then 2kd - 27ror </ = A/2. The 
periodicity and visible region requirement of d = A/2 can he relaxed: in fact, it can 
be made d < A/2. However, the array factor AF(i p) must be made pseudoperiodic by 
using till-in functions, as is customarily done in Fourier series analysis. Such a 
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construction leads to nonunique solutions, because each new till-in function will result 
in a different solution. In addition, spacings smaller than A/2 lead to superdirective 
arrays that are undesirable and impractical. If d > A/2, the derived patterns exhibit 
undesired grating lobes; in addition, they must be restricted to satisfy the periodicity 
requirements. 

If AF< »//> represents the desired array factor, the excitation coefficients of the array 
can he obtained by the Fourier formula of 


Odd Number of Elements (N = 2M + 1) 



(7-14a) 


Even Number of Elements (N = 2M) 



1 

AF (line ni2m |V2| V0 

7 4- m 



«m = 

= | APT <l,)e -4I' 2 " * 

2irJ-’ r 

i r m 

r AF(i//)c IU2> " 


- M < m < - 1 


= r— f AF(. h)e 11,2,11 ~ 
2 ttJ-" 


1 sm<M 


(7- 14b) 


(7-l4c) 


Simplifications in the forms of (7-l3a)-(7-l3bl and (7-/4ai-(7-l4e) can be obtained 
when the excitations are symmetrical about the physical center of the array. 


F.xample 7.3 

Determine the excitation coefficients and the resultant pattern for a broadside discrete 
element array whose array factor closely approximates the desired symmetrical sec¬ 
toral pattern of Example 7.2. Use 11 elements with a spacing of d = A/2 between 
them, Repeat the design for 21 elements. 


SOLUTION 

Since the array is broadside, the progressive phase shift between the elements as 
required by (6-1 Xa) is zero </3 = 0). Since the pattern is nonzero only for tt/ 4 < ft < 
3 tt/ 4,Jhe corresponding values of i// are obtained from (7-13c) or it! \/2 > i/» s — 
tt!\/2. The excitation coefficients are obtained from (7-14a) or 

( mtr 

V2 

imr 

V5 . 


I r»VJ 


1 "'+ 


d * = V! 
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Desired pattern 
Llnc-sourcc (/ " JX) 
Unc-KHtree (/ » I OX I 


(b) Space lintIIr 

Figure 7.6 Normalized current distribution, desired pattern, and synthesized patterns 
using the Fourier transform method. 


and they are symmetrical about the physical center of the array |«j - ;!„) 
The corresponding array factor is given by (7-13a). 

The normalized excitation coefficients are 


do = 

1 . ()()()() 

i = 

0.0578 

a ± k = -0.0496 

«xl = 

0.3582 

a ±i = 

- 0.0895 

fl±« = 0.0455 

a- 2 = 

- 0.2170 


0.0518 

a, w = - 0.0100 

«*3 = 

0.0558 

«•! = 

0.0101 



They arc displayed graphically by a dot (•) in Figure 7.6(a) where they are compared 
with the continuous current distribution of Example 7.2. It is apparent that at the 
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•...Desired pattern 

_Ijneur array 

IN - ll.d- x/Jt 

-Linear array 

(/V-21.d-V2t 

Figure 7.7 Desired array raclor and synthesized normalized patterns for linear 
array of 11 and 21 elements using the Fourier transform method. 


element positions, the line-source and linear array excitation values arc identical. Tins 
is expected since the two antennas are of the same length (for N = II. d ~ hfl => 
I = 5A and for N = 21. d = A/2 o / = |()A). 

The corresponding normalized array factors are displayed in Figure 7.7. As it 
should be expected, the larger array (Af = 21. d =» A/2) provides a better reconstruction 
of the desired pattern. The side lobe levels, relative to the value of the pattern at b = 
90°. are 0.061 (- 24.29 dB) for A/ = II and 0.108 (— 19.33 dB) for N = 21. 

Discrete element linear arrays only approximate continuous line-sources. There¬ 
fore. their patterns shown in Figure 7.7 do not approximate as well the desired patient 
as the corresponding patterns of the line-source distributions shown in Figure 7.6(b). 


Whenever the desired pattern contains discontinuities or its values in a given 
region change very rapidly, the reconstruction pattern will exhibit oscillatory over¬ 
shoots which arc referred to us Gibbs' phenomena. Since the desired sectoral patterns 
of Examples 7.2 and 7.3 are discontinuous at 0 = tt/ 4 and 3ff/4. the reconstructed 
patterns displayed in Figures 7.6(b) and 7.7 exhibil these oscillatory overshoots. 


7.5 WOODWARD-LAWSON METHOD 

A very popular antenna pattern synthesis method used for beam shaping was intro¬ 
duced by Woodward and Lawson [3|. |4|. |l()|. The synthesis is accomplished by 
sampling the desired pattern at various discrete locations. Associated with each pattern 
sample is a harmonic current of uniform amplitude distribution and uniform progres- 
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mvc phase, whose corresponding field is referred to as a composing function. For a 
line-source, each composing function is of an b,„ sin( i/',„)/</'„, form whereas for a linear 
array it takes an b,„ sin(/V</v,)/W sin (</>,„) form. The excitation coefficient b,„ of each 
harmonic current is such that its field strength is equal to the amplitude of the desired 
pattern at its corresponding sampled point. The total excitation of the source is 
comprised of a finite summation of space harmonics. The corresponding synthesized 
pattern is represented by u finite summation of composing functions with each term 
representing the field of a current harmonic with uniform amplitude distribution and 
uniform progressive phase. 

The formation of the overall pattern using the Woodward-Luwson method is 
accomplished as follows. The first composing function produces a pattern whose main 
beam placement is determined by the value of its uniform progressive phase while its 
intermost side lobe level is about 13.5 dB; the level of the remaining side lobes 
monotonically decreases. The second composing function has also a similar pattern 
except that its uniform progressive phase is adjusted so that its main lobe maximum 
coincides with the intermost null of the first composing function. This results in the 
lilling-in of the intermost null of the pattern of the first composing function; the 
amount of lilling-in is controlled by the amplitude excitation of the second composing 
function. Similarly, the uniform progressive phase of the third composing function is 
adjusted so that the maximum of its main lobe occurs at the second intermost null of 
the first composing function; it also results in lilling-in of the second intermost null 
of the first composing function. I bis process continues with the remaining finite 
number of composing functions. 

The Woodward-Lawson method is simple, elegant and provides insight into the 
process of pattern synthesis. However, because the pattern of each composing function 
perturbs the entire pattern to be synthesized, it lacks local control over the side lobe 
level in the unshaped region of the entire pattern. In IdXX and l ( )X<) a spirited and 
welcomed dialogue developed concerning the Woodward-Lawson method 1 111| 141. 
The dialogue centered whether the Woodward-Lawson method should be taught and 
even appear in textbooks, and whether it should be replaced by art alternate me I hod 
1151 which overcomes some of the shortcomings of the Woodward-Lawson method. 
The alternate method of 115) is more of a numerical and iterative extension of 
Schclkunoffs polynomial method which may be of greater practical value because it 
provides superior beumshape and pattern control. One of the distinctions of the two 
methods is that the Woodward-Lawson method deals with the synthesis of field 
patterns while that of \ !5| deals with the synthesis of power pum-ms. 

The analytical formulation of this method is similar to the Shannon sampling 
theorem used in communications which suites that "if a function g(t l is band-limited, 
with its highest frequency being the function g(/) can be reconstructed using 
samples taken at a frequency/,. To faithfully reproduce the original function gU). the 
sampling frequency / should be at least twice the highest frequency /,, (/ 2/,,) or 

the function should be sampled at points separated by no more than A/ = I//. = 

1 1(2 ]),) T,J2 where 7), is die period of the highest frequency In a similar 

manner, the radiation pattern of an antenna can he synthesized hy sampling functions 
whose samples are separated by >dl rad, where / is the length of the source I 1 )], 110]. 

7.5.1 Line-Source 

Let the current distribution of a continuous source be represented, within //2 s 
z — 1/2, by a finite summation of normalized sources each of constant amplitude and 
linear phase of the form 
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/ m (z'> = 


-l/ 2 <z' S //2 


(7-15) 


As it will he shown later. 0„, represents the angles where the desired pattern is sampled. 
The total current fiz'l is given hy a finite summation of 2M (even samples) or 
2M +• I (odd samples) current sources each of the form of (7-15). Thus 



(7-16) 


where 


m = 0, ± I. ±2.± M (for 2M + I odd number of samples) (7-16a) 


For simplicity always use odd number of samples. 

Associated with each current source of (7-15) is a corresponding field pattern of 
the form given by (7-9) or 


•*„,(») = K 


sin 


kl 

— (cos 0 — 


cos (),„) 


^ (cos 0 - cos 0,„) 


(7-17) 


whose maximum occurs when /) = The total pattern is obtained by summing 
2M + I (odd samples) terms each of the form given hy (7-17). Thus 


M 

SF<0)= S h m 

m-* —\l 


■ \ k ‘ 

s,n [y 


(cos 0 — cos 



kl 

— (cos 6 — cos 


0J 


(7-18) 


The maximum of each individual term in (7-18) occurs when 0 = II,,,. and it is 
equal to SF(0 = 0,„). In addition, when one term in (7-18) attains its maximum value 
at its sample at 0 = all other terms of (7-18) which me associated with the other 
samples are zero at 0 = 0 m . In other words, all sampling terms (composing functions) 
of (7-18) are zero at all sampling points other than at their own. Thus at each sampling 
point the total field is equal to that of the sample. This is one of the most appealing 
properties of this method. If the desired space factor is sampled at 0 - 0,„. the 
excitation coefficients b„, can be made equal to its value at the sample points ll,„. Thus 


K = SF(0 = 0 m )„ 


(7-19) 


The reconstructed pattern is then given by (7-18). and it approximates closely the 
desired pattern. 

In order for the synthesized pattern to satisfy the periodicity requirements of 2 tt 
for real values of 0 (visible region) and to faithfully reconstruct the desired pattern, 
each sample should be separated by 


*i'A||..| W = 2 ttO A = y 


(7-19a) 
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The location of each sample is given by 


(7-19b i 


(7-190 


Therefore. M should be the closest integer to M = //A. 

As long as the location of each sample is determined by (7-19b). the pattern value 
at the sample points is determined solely by that of one sample and it is not correlated 
to the field of the other samples. 

Example 7.4 

Repeat the design of Example 7.2 for / 5A using odd samples and the Woodward- 
Lawson line-source synthesis method. 

SOLUTION 

Since / - 5 A. M - 5 and the sampling separation is 0.2. The total number ol sampling 
points is II. The angles where the sampling is performed are given, according to 
(7-19b). by 

0„, = cos" ' |m yj = cos' '(0.2m). m = 0. ± I.±5 


The angles and the excitation coefficients at the sample points are listed below. 


m 


I’m = SFUU, 

III 

<L 

I’m = SF< (U/ 

0 

1 

90° 

78.46° 

1 

1 

-1 

101.54“ 

1 

2 

66.42° 

1 

_ 2 

113.58° 

1 

3 

53.13° 

1 

-3 

126.87° 

1 

4 

36.87° 

0 

-4 

143.13° 

0 

5 

0° 

0 

-5 

180° 

0 


The computed pattern is shown in Figure 7.8(a) where it is compared with the desired 
pattern. A good reconstruction is indicated. The side lobe level, relative to the value 
of the pattern at fl = 90°. is 0.160 ( - 15.92 dB). 

To demonstrate the synthesis of the pattern using the sampling concept, wc have 
plotted in Figure 7.8(b) all seven nonzero composing functions s nl (0 ) used for the 
reconstruction of the / = 5A line-source pattern of Figure 7.8(a). Each nonzero 
v,„(0) composing function was computed using (7-17) for m = 0. ± I. ±2. ±3. It 
is evident that at each sampling point all the composing functions arc zero, except 
the one that represents that sample. Thus the value of the desired pattern at each 
sampling point is determined solely by the maximum value of a single composing 
function. The angles where the composing functions attain their maximum values are 
listed in the previous table. 


cos II,„ — in A = in ^ y iii = 0, ± 1, ± 2. . . 

for oiltl samples 


(2 hi - 1) , (2 in - 1) (K\ 



2 ^ 2 V/J- 


eos«,„ = « 

m = + I. +2, .. 

for m*/» samples 


(2 hi + 1) . (2 mi + 11 f A \ 

2 2 \ / / 



/» = -!. -2... 

for even samples 





356 Chapter 7 Antenna Synthesis and Continuous Sources 



-Desired paiicm 

- Line-source ISF (W)l (/ = 5Ai 

-Linear array IAF (0)1 (N = 10, </ = A/2) 

(a) Nonnuii/.cd amplitude puUerns 



-Desired pulk-m 

-Lmc sourcc |ST (0I| t/ = 5Ai 

-Composing (uneinills (Wl. 

m- 0, i l.±i±3 


tbi Composing lima ions lor line-source (/ = 5Ai 

Figure 7.8 Desired and synthesized patterns, and composing functions for Wood- 
wurd-Lawson designs. 
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7.5.2 Linear Array 

Tlie Woodward-Lawson method can also he implemented to synthesize discrete linear 
arrays. The technique is similar to the Woodward-Lawson method for line sources 
except that the pattern of each sample, as given by (7 17). is replaced by the array 
factor of a uniform array as given by (h- 10c). The pattern of each sample can he 
written as 

sin | v kd(cm 0 ~ COS 0,„) 


L(0) 


. ' N i 

sin — l 


1 

I 

N sin - 


(7-20) 


kd(co s 0 - cos 0„) 


t = Nil assumes the array is equal to the length of the line source (the length I of the line 
includes a distance d/2 beyond each end element). The total array factor can be written 
as a superposition of 2M + I sampling, terms (as wus done for the line source) each of 
the form of (7-20). Thus 


sin 

SI 

V L. 

N 

- kd( cos 0 - cos 0 m ) 


^ I'm 

m = — M 

N sin 

^ Ay/( cos 1) - cos «„,) 



(7-21) 


As for the line sources, the excitation coefficients of the array elements at the 
sample points are equal to the value of the desired array factor at the sample points. 
That is. 


b m = AF< 0 = 0J,, 


The sample points are taken at 


cost).. 


= m A =* hi j, in = 0. ± I. T 2, . 

(&> 


COS«„ 


(2m - l) (2//i I) 

-:-A --;- 


in 


(2m +■ I) 


A = 


+ I, +2. . . 

(2m + I) / \ 

2 \Nd)' 


in 


~ I. - 


f or odd samples 


for even samples 


for even samples 


(7-22) 


(7-23a) 


(7-23b) 


The normalized excitation coefficient of each array element, required to give the 
desired pattern, is given by 


(7-24) 


where indicates the position of the nth element (element in question) symmetrically 
placed about the geometrical center of the array 



Example 7.5 

Repeat the design of Example 7.4 for a linear array of 10 elements using the Woodward- 
Lawson method with odd samples and an element spacing of d = a/2. 










358 Chapter 7 Antenna Synthesis and Continuous Sources 


SOLUTION 

According to (7-19), (7-|9b). (7-22) and (7-23a). the excitation coefficients of (he array 
al the sampling points are the same as those of the line source. Using the values of 
/>,„ as listed in Example 7.4. the computed array factor pattern using (7-21) is shown 
in Figure 7.8(a). A good synthesis of the desired pattern is displayed. The side lobe 
level, relative to the pattern value at 0 = 90°. is 0.221 ( - 13.1 dB). The agreement 
between the line-source and the linear array Woodward-Lawson designs are also good. 

The normalized pattern of the symmetrical discrete array can also be generated 
using the array factor of (6-bla) or (6-6lb), where the normalized excitation coeffi¬ 
cients s of the array elements are obtained using (7-24). For this example, the 
excitation coefficients of the 10-element array, along with their symmetrical position, 
are listed below. To achieve the normalized amplitude pattern of unity at 0 = 90° in 
Figure 7.8(a). the array factor of (6-61 a) must be multiplied by l/2a„ = 1/0.5 = 2.0. 


Element Number 

n 

Element Position 

Z'n 

Excitation Coefficient 

±1 

±0.25 A 

0.5695717 

±2 

±0.75 A 

- 0.0344577 

±3 

± I.25A 

- 0.0999999 

±4 

± I.75A 

0.1108508 

±5 

±2.25 A 

0.0459650 


In general, the Fourier transform synthesis method yields reconstructed patterns 
whose mean-square error (or deviation) from the desired pattern is a minimum. 
However, the Woodward-Lawson synthesis method reconstructs patterns whose val¬ 
ues at the sampled points arc identical to the ones of the desired pattern: it does not 
have any control of the pattern between the sample points, and it docs not yield a 
pattern with least mean-square deviation. 

Ruze 19] points out that the least-mean-square error design is not necessarily the 
best. The particular application will dictate the preference between the two. However, 
the Fourier transform method is best suited for reconstruction of desired patterns 
which arc analytically simple and which allow the integrations to be performed in 
closed form. Today, with the advent of high-speed computers, this is not a major 
restriction since integration can be performed (with high efficiency) numerically. In 
contrast, the Woodward-Lawson method is more flexible, and it can be used to 
synthesize any desired pattern. In fact, it can even be used to reconstruct patterns 
which, because of their complicated nature, cannot be expressed analytically. Meas¬ 
ured patterns, either of analog or digital form, can also be synthesized using the 
Woodward-Lawson method. 


7.6 TAYLOR LINE-SOURCE 
( rSCHEBYSCHEFF ERROR) 

In Chapter 6 we discussed die classic Dolph-Tschebyscheff array design which yields, 
for a given side lobe level, the smallest possible first null beamwidth (or the smallest 
possible side Jobe level lor a given first null beamwidth). Another classic design that 
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is closely related to it. but is more applicable for continuous distributions, is that by 
Taylor |5| (this method is different from that by Taylor |6! which will be discussed 
in the next section). 

The Taylor design |5| yields a pattern that is an optimum compromise between 
beamwidlh and side lobe level. In an ideal design, the minor lobes are maintained at 
an equal and specific level. Since the minor lobes are of equal ripple and extend to 
infinity, this implies an infinite power. More realistically, however, the technique as 
introduced by Taylor leads to a pattern whose first few minor lobes (closest to the 
main lobe) are maintained at an equal and specified level; the remaining lobes decay 
numoumically. Practically. even the level of the closest minor lobes exhibits a slight 
monotonic decay. This decay is a function of the space u over which these minor 
lobes are required to be maintained at an equal level. As this space increases, the rate 
of decay of ihe closest minor lobes decreases. For a very large space of u (over which 
the closest minor lobes arc required to have an equal ripple), the rate of decay is 
negligible. It should be pointed out. however, that the other method by Taylor |6) (of 
Section 7.7) yields minor lobes, all of which decay monotomically. 

The details of the analytical formulation are somewhat complex (for the average 
reader) and lengthy, and they will not be included here. The interested reader is 
referred to the literature [5]. [I6|. Instead, a succinct outline of the salient poims of 
the method and of the design procedure will be included The design is for far-field 
patterns, and it is based on the formulation of (7-1). 

Ideally the normalized space factor that yields a pattern with equal-ripple minor 
lobes is given by 


SF(«) = 


cosh | \ZiirAr - ir | 
cosh( ttA ) 


ii 


it - cos 0 
A 


(7-25) 


(7-25a) 


whose maximum value occurs when it = 0. The constant A is related to the maximum 
desired side lobe level R„ by 

cosh( ttA ) = (voltage ratio) (7-26) 

The space factor of (7-25) can be derived from the Dolph-Tschebyscheff array 
formulation of Section 6.8.3. if the number of elements of the array are allowed lo 
become infinite. 

Since (7-25) is idea) and cannol be realized physically. Taylor 15) suggested that 
it be approximated (within a certain error) by a space factor comprised of a product 
of factors whose roots are the zeros of the pattern. Because of its approximation lo 
the ideal Tschcbyscheff design, it is also referred to as Tschehyscheff error. The 
Taylor space factor is given by 


5- 1 

II 

, r lu « m sin(w) - 

1 CJ ] 


M (W. /I. H) 

" n 

II a 1 




(7-27) 
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u = ttv = n— COS 0 
A 


U„ = VV„ = 7T-COS t)„ 


(7-27a) 

(7-27b) 


where 0„ represents the locations of the nulls. The parameter 7i is a constant chosen 
by the designer so that the minor lobes for |u| = |h/tj-| s n are maintained at a nearly 
constant voltage level of \/R {) : for |u| |m/7t| > n the envelope, through the maxima 

of the remaining minor lobes, decays at a rate of \/v = tt/ii. In addition, the nulls of 
(lie pattern for |u| n occur at integer values of v. 

In general, there are Ti - 1 inner nulls for |u| < n and an infinite number of outer 
nulls for |i>| a Ti. To provide a smooth transition between the inner and the outer nulls 
(at the expense of slight beam broadening), Taylor introduced a parameter rr. It is 
usually referred to as the scaling factor, and it spaces the inner nulls so that they blend 
smoothly with the outer ones. In addition, it is the factor by which the beamwidth of 
the Taylor design is greater than that of the Dolph-Tschebyscheff, and it is given by 


(7-28) 


The location of the nulls are obtained using 

/ f ± 7 Ttry/A 2 + in — i ) 2 1 < n < n 

«« = 7TV n = tr-cos 0„ = \ * - ^ , 

A [ ± jitt n s n S ,« 

The normalized line-source distribution, which yields the desired pattern, is given 
by 



(7-29) 




n ~ I 


I + 2 T SF(/?. A, n) cos (27T/? — 
/■-I \ I 


(7-30) 


Tlie coefficients SF (p. A, n) represent samples of the Taylor pattern, and they 
can be obtained from (7-27) with u = Tip. They can also be found using 



r Kn-DU 2 Wf 

1 - I—)' 

SF {p. A.Ti) = • 

(n - 1 + p)\(n — 1 - p)\ "i i | 

lo 

u 


with SF (-p. A. ft) = SF (p. A. n). 

The half-power beamwidth is given approximately by |8| 


(-)„ = 2 sin 


-1 


Act 
7 Ti 


(cosh 1 Rof — cosh 


'$r\ 


\p\ < n 

\p\ 2= n 
(7-30a) 


(7-31) 


7.6.1 Design Procedure 

To initiate a Taylor design, you must 

1. specify the normalized maximum tolerable side lobe level 1 IR„ of the pattern. 
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2. choose u positive integer value for 77 such that for |u| = |(//A) cos 0| == 77 the 
normalized level of the minor lobes is nearly constant a! \/R„. For |u| > 77. (he 
minor lobes decrease monotonically. In addition, for |u| < 77 there exist (77 - 1) 
nulls. The position of all the nulls is found using (7-29). Small values of 77 yield 
source distributions which are maximum at the center and monotonically decrease 
toward the edges. In contrast. large values of 77 result in sources which are peaked 
simultaneously at the center and at the edges, and they yield sharper main beams. 
Therefore, very small and very large values of 77 should be avoided. Typically, 
the value of 77 should be at least 3 and at least 6 for designs with side lobes of 
— 25 and —40 dB. respectively. 

To complete the design, you do the following: 

1. Determine/) using (7-26). ir using (7-28). and the nulls using (7-29). 

2. Compute the space factor using (7-27). the source distribution using (7-30) and 
(7-30a). and the half-power beamwidth using (7-31). 


Example 7.6 

Design a -20 dB Taylor distribution line-source with 77 5. Plot the pattern and 

the current distribution for / = 7A( - 7 S v = ii/tt < 7). 

SOLUTION 

For a 20 dB side lobe level 
/((i (voltage ratio) = It) 

Using (7-26) 

A = -cosh '(10) = 0.95277 

7 T 

and by (7-28) 

a = . , 5 - - „ = 1.0871 

V«>.95277> : + (5 - 0.5)- 

The nulls are given by (7-29) or 

v„ = u„hr = ± 1. 17. ± 1.932. ± 2.91. ± 3.943, ± 5.00. ± 6.00. ± 7.00.... 

The corresponding null angles for / = 7A are 

()„ = 80.38° (99.62°), 73.98° (106.02°). 65.45° (114.55°). 

55.71" (124.29°). 44.41 0 (135.59°). and 31.00° (149.00°) 

The half-power beamwidth for / = 7A is found using (7-31), or 
©„ - 7.95° 

The source distribution, as computed using (7-30) and (7-30a), is displayed in Figure 
7.9(a). The corresponding radiation patient for —7Su = til tt < 7 ( 0 ° < d s 180° 
for / = 7A) is shown in Figure 7.9(h). 

All the computed parameters compare well with results reported in [51 and 116|, 
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Figure 7.9 Normalized current distribution and fur-field space factor pattern 
for a 20 dB side lobe and « = 5 Taylor (Tschebyscheff error) line-source of 
/ = 7A. 

7.7 TAYLOR LINE-SOURCE (ONE-PARAMETER) 

The Dolph-Tschebyscheff array design of Section 6.8.3 yields minor lobes of equal 
intensity while the Taylor (Tschebyscheff error) produces a pattern whose inner minor 
lobes are maintained at a constant level and the remaining ones decrease monotoni- 
cally. For some applications, such as radar and low-noise systems, it is desirable to 
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sacrifice some beam width and low inner minor lobes to have all the minor lobes decay 
as the angle increases on either side of the main beam. In radar applications this is 
preferable because interfering or spurious signals would be reduced further when they 
try to enter through the decaying minor lobes. Thus any significant contributions from 
interfering signals would be through the pattern in the vicinity of the major lobe. 
Since in practice it is easier to maintain pattern symmetry around the main lobe, it is 
also possible to recognize that such signals are false targets. In low-noise applications, 
it is also desirable to have minor lobes that decay away from the main beam in order 
to diminish die radiation accepted through them from the relatively "hot” ground. 

A continuous line-source distribution that yields decaying minor lobes and, in 
addition, controls the amplitude of the side lobe is that introduced by Taylor [6] in 
an unpublished classic memorandum. It is referred to as the Taylor ( one-parameter ) 
design and its source distribution is given by 


(7-32) 


where ./„ is the Bessel function of the first kind of order zero. / is the total length of 
the continuous source |see Figure 7.1(a)). and H is a constant to be determined from 
the specified side lobe level. 

The space factor associated with (7-32) can be obtained by using (7-1). After 
some intricate mathematical manipulations, utilizing Gegenbauer's finite integral and 
Gegenbauer polynomials |I7|. the space factor for a Taylor amplitude distribution 
line-source with uniform phase - d)„ = 0| can be written as 


(7-33) 


where 

(7-33a) 

B = constant determined from side lobe level 
I = line-source dimension 

The derivation of (7-33) is assigned as an exercise to the reader (Problem 7,17). When 
( ttB)~ > ir. (7-33) represents the region near the main lobe. The minor lobes are 
represented by (ttB) 2 < ir in (7-33). Either form of (.7-33) can be obtained from the 
other by knowing that (see Appendix VI) 





sin (jx) = j sinh(.c) 
sinhl jx) = j sin(.v) 


(7-34) 
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When ii =0(0= nfl and maximum radiation), the normalized pattern height 
is equal to 


(SF), 


sinh(7r/?) 
t tB 


(7-35) 


For ir » ( ttR) 1 . the normalized form of (7-33) reduces to 


SF ( 0) = 


sin (\/ir — (irff)'l 
y/u 3 ~ ( ttB)' 


*in(») 

u 


II 7 Tli 


(7-36) 


and it is identical to the pattern of a uniform distribution. The maximum height //, of 
the side lobe of (7-36) is H, = 0.217233 (or 13.2 dB down from the maximum), and 
it occurs when (see Appendix I) 

l«* - (7ri»)*] ,fl - m = 4.494 (7-37) 


Using (7-35). the maximum voltage height of the side lobe (relative to the max¬ 
imum W ( , of the major lobe) is equal to 


W, _l_ = 0.217233 

// 0 R n sin h( nH)HrrH) 


(7-38) 


or 


Ra 


I sinh(7r«) sinh( ttB) 

= 4.603 


0.217233 t Tli 


7 Tli 


(7-38a) 


Equation (7-38u) can be used to find the constant Ii when the intensity ratio R 0 
of the mujor-to-the-side lobe is specified. Values of li for typical side lobe levels are 


SIDE LOBE 
LEVEL 
dlBi 

-10 -15 -20 -25 -30 -35 

-40 

B 

y0.4597 0.3558 0.7386 1.0229 1.2761 1.5136 

1.7415 


The disadvantage of designing an array with decaying minor lobes as compared 
to u design with equal minor lobe level (Dolph-Tschcbyscheff). is that it yields about 
12 to 15% greater half-power beamwidth. However such a loss in beamwidth is a 
small penalty to pay when the extreme minor lobes decrease as l/». 

To illustrate the principles, let us consider an example. 


Example 7.7 

Given a continuous line-source, whose total length is 4A. design a Taylor distribution 
array whose side lobe is 30 dB down from the maximum of the major lobe. 

(a) Find the constant li. 

(b) Plot the pattern (in dB) of the continuous line-source distribution. 
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(c) For a spacing of A/4 between the elements, find the number of discrete 
isotropic elements needed to approximate the continuous source. Assume 
that the two extreme elements are placed at the edges of the continuous line 
source. 

(d) Find die normalized coefficients of the discrete array of part (c). 

(e) Write the array factor of die discrete array of parts (c) and (d). 

(f) Plot the array factor (in dB) of the discrete array of part (e). 

(g) For a corresponding Dolph-Tschebyscheff array, find the normalized coef¬ 
ficients of the discrete elements. 

(h) Compare the patterns of the Taylor continuous line-source distribution and 
discretized array, and the corresponding Dolph-Tschebyscheff discrete ele¬ 
ment array. 


SOLUTION 


For a -30 dB maximum side lobe, the voltage ratio of the innjor-lo-the-side lobe 
level is equal to 


30 = 20 log,= 31.62 

(a) The constant B is obtained using (7-38a) or 

31.61 

ttB 


1.2761 


(b) The normalized space factor pattern is obtained using (7-33). and it is shown 
plotted in Figure 7.10. 

(c) For <1 = A/4 and with elements at the extremes, the number of elements is 
17. 

(d) I'he coefficients are obtained using (7-32). Since we have an odd number 
of elements, their positioning and excitation coefficients are those shown in 
Figure 6.17(b). Thus the total excitation coefficient of the center element is 

2r/| = /„(:%•-„ = MJ4.009) = 11.400 => a, = 5.70 


The coefficients of the elements on either side of the center clement arc 
identical (because of symmetry), and they are obtained from 

= Kz') !«•-**« = y,>03.977) = 11.106 

The coefficients of the other elements are obtained in a similar manner, 
and they are given by 

flj = 10.192 
fl 4 = 8.8X9 
= 7.195 
«„ = 5.426 
ci i = 3.694 
u* = 2.202 
= 1.000 
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</=«) 

—-Diwretbcd 

1/ » 4X. J = \!4, .V = 17) 

Figure 7.10 Far-held amplitude patterns of continuous and discretized Taylor 
(anc-paramcUtr) diiiribuiions. 


(e) The array factor is given by (6-6lb) and (6-61c). or 

•i 

(AFjn = X °n cos|2(7i - II//] 

H-l 

</ IT 

II - 7T- COS 0 = — COS fi> 

A 4 

where the coefficients (</„'s) are those found in part (d). 

(f) The normalized pattern (in dB) of the discretized distribution (discrete ele¬ 
ment array) is shown in Figure 7.10. 

(g) The normalized coefficients of a 17-element Dolph-Tschcbyscheff array, 
with -30 dB side lobes, are obtained using the method outlined in the 
Design Section of Section 6.8.3 and are given by 
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- IMph-IVhtflivxclieir 

-Ijylor (om—parumolcrl; IJIwtim/ol 

Figure 7.11 For-Held amplitude patterns of Taylor (discretized) and Dolph-Tschebyscheff 
distributions (I 4A. il - AM. N 17). 


L'NNORMAUZl-JJ NORMALIZED 


u, = 2.858 

‘fin ~ 

1.680 

a, = 5.597 

«2n = 

3.290 

a, = 5.249 

“<n = 

3.086 

« 4 = 4.706 

“in = 

2.767 

a-. = 4.022 

‘I’m = 

2.364 

= 3.258 

",m = 

1.915 

a, = 2.481 

“U, = 

1.459 

«„ = 1.750 

= 

1.029 

= 1.701 

= 

1.000 


As with the discretized Taylor distribution array, the coefficients are 
symmetrical, and the form of the array factor is that given in part (c). 

(h) The normalized pattern (in dB) is plotted in Figure 7.1 I where il is compared 
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with that of the discretized Taylor distribution. From the patterns in Figures 
7.10 and 7.11. it can be concluded that 

1. the main lobe of the continuous line-source Taylor design is well ap¬ 
proximated by the discretized distribution with a A/4 spacing between 
the elements. Even the minor lobes are well represented, and a better 
approximation can he obtained with more elements and smaller spacing 
Iietween them. 

2. the Taylor distribution array pattern has a wider main lobe than the 
corresponding Dolph-Tschebyscheff, hut it displays decreasing minor 
lobes away from the main beam. 


A larger spacing between the elements does not approximate the continuous 
distribution as accurately. The design ol Taylor and Dolph-Tschebyscheff arrays for 
I = 4A and il = A/2(/V = 9) is assigned as a problem at the end of the chapter 
(Problem 7.18). 

To qualitatively assess the performance between uniform, binomial. Dolph- 
TschcbyschclT. and Taylor (one-parameter) array designs, the amplitude distribution 
of each has been plotted in Figure 7.12(a). It is assumed that / = 4A. </ = A/4. N - 
17. and the maximum side lobe is .30 dB down. The coefficients arc normalized with 
respect to the amplitude of the corresponding element at the center of that array. 

The binomial design possesses the smoothest amplitude distribution (between I 
and 0) from the center to the edges (the amplitude toward the edges is vanishingly 
small). Because of this characteristic, the binomial array displays the smallest side 
lobes followed, in order, by the Taylor. Tschcbyscheff, and the uniform arrays. In 
contrast, the uniform array possesses the smallest half-power bcamwidlb followed, in 
order, by the Tschcbyscheff. Taylor, and binomial arrays. As a rule of thumb, the 
array with the smoothest amplitude distribution (from the center to the edges) has the 
smallest side lobes and the larger half-power bcamwidths. The best design is a trade¬ 
off between side lobe level and beamwidth. 


7.8 TRIANGULAR, COSINE, AND 
COSINE-SQUARED AMPLITUDE DISTRIBUTIONS 

Some other very common and simple line-source amplitude distributions are those of 
the triangular, cosine, cosine-squared, cosine on-a-pedestal. cosine-squared on-a- 
pcdestal, Gaussian, inverse taper, and edge. Instead of including many details, the 
pattern, half-power beamwidth. first-null beamwidth. magnitude of side lobes, and 
directivity for uniform, triangular, cosine, and cosine-squared amplitude distributions 
(with constant phase) are summarized in Table 7.1 (181. (19]. 

The normalized coefficients for a uniform, triangular, cosine, and cosine-squared 
arrays of / = 4A. cl = A/4. /V = 17 are shown plotted in Figure 7.12(b). The array 
with the smallest side lobes and the larger half-power beamwidth is the cosine-squared, 
because it possesses the smoothest distribution. It is followed, in order, by the trian¬ 
gular. cosine, and uniform distributions. This is verified by examining the character¬ 
istics in Table 7.1. 
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Element number (Cram center) 

■••• Uniform-- Taylor I • 4A 

. — Bmoinml - Dot ph-Tse tio by schc IT i/• A/4. iV = P 

la) Amplitude distribution of uniform, binomial. Taylor, 
and Dolpll-T'chcbynclicff discrete-element array. 


1.0 



FJemcnl number (from center) 

.Uniform - Cosine-squared I * 4A 

„ .. </-A/4.,V-|7 

--Triangular -C osine 

lb) Amplitudedislribulion of uniform, triangular, covine, 
and cosine squared discrclc-elemenl arrays 

Figure 7.12 Amplitude distribution of nonuniforra amplitude linear arrays. 


Cosine on-a-pedesial distribution is obtained by the superposition of the uniform 
and the cosine distributions. Thus it can be represented by 


W) - + 6 


—1/2 s z' *U 2 

elsewhere 


(7-39) 













Table 7.1 RADIATION CHARACTF.RIS71CS FOR LINT SOURCES AND LINEAR ARRAYS 

WITH UNIFORM. TRIANGULAR. COSINE, AND COSJNb'-SQUARHD DISTRIBUTIONS 
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where /„ and ! • are constants. The space factor pattern of such a distribution is obtained 
by the addition of the patterns of the uniform and the cosine distributions found in 
Table 7.1. That is. 


SF.« - + , * 


cos u 


2 (tt/ 2)-’ - tr 


(7-40) 


A similar procedure is used to represent and analyze a cosine-squared on-a- 
pedestal distribution. 


7.9 LINE-SOURCE PHASE DISTRIBUTIONS 

The amplitude distributions of the previous section were assumed to have uniform 
phase variations throughout the physical extent of the source. Practical radiators (such 
as reflectors, lenses, horns, etc.) have nonuniform phase fronts caused by one or more 
of the following: 

1. displacement of the reflector feed from the focus 

2. distortion of the reflector or lens surface 

3. feeds whose wave fronts are not ideally cylindrical or spherical (as they are 
usually presumed to be) 

4. physical geometry of the radiator 

These arc usually referred to phase errors, and llicy arc more evident in radiators with 
tilted beams. 

To simplify the analytical formulations, most of the phase fronts are represented 
with linear, quadratic, or cubic distributions, liach of the phase distributions can be 
associated with each of the amplitude distributions. In (7-1), the phase distribution of 
the source is represented by </>„(;•’). For linear, quadratic, and cubic phase variations. 
</>„(.-,') takes the form of 


linear. 

<!>\(:') - P\ j:'. 

-1/2 < ^ !/2 

(7-4 la) 

quadratic. 

&(;') - ;' 3 . 

- HI < z' ^ H2 

(7-4 lb) 

cubic. 


-1/2 H2 

(7-410 


and it is shown plotted in Figure 7.13. The quadratic distribution is used to represent 
the phase variations at the aperture of a horn and of defocused (along the symmetry 
axis) reflector and lens antennas. 

The space factor patterns corresponding to the phase distributions of ( 7-41 a)— 
( 7-41 c) can be obtained by using ( 7 - 1 ). Because the analytical formulations become 
lengthy and complex, especially for the quadratic and cubic distributions, they will 
not be included here. Instead, a general guideline of their effects will be summarized 

[i8i. im 

Linear phase distributions have a tendency to lilt the main beam of an antenna 
by an angle ()„ and to form an asymmetrical pattern. The pattern of this distribution 
can be obtained by replacing the u (lor uniform phase) in Table 7.1 by (it - %). In 
generul. the half-power beamwidth of the tilted pattern is increased by 1/cos ()„ while 
the directivity is decreased hy cos 0„. This becomes more apparent by realizing that 
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*1 









<0 Cubic 

Figure 7.13 Linear, quadratic, and cubic phase variations. 


the projected length of the line source toward the maximum is reduced by cos 0„. 
Thus the effective length of the source is reduced. 

Quadratic phase errors lead primarily to a reduction of directivity, and an increase 
in side lobe level on either side of the main lobe. The symmetry of the original pattern 
is maintained. In addition, for moderate phase variations, ideal nulls in the patterns 
disappear. Thus Lire minor lobes blend into each oilier and into the main beam, and 
they represent shoulders of the main beam instead of appearing as separate lobes. 
Analytical formulations for quadratic phase distributions were introduced in Chapter 
13 on horn antennas. 

Cubic phase distributions introduce not only a tilt in the beam but also decrease 
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ihe directivity. The newly fomted patterns are asymmetrical. The minor Jobes on one 
side are increased in magnitude and (hose on the other side are reduced in intensity. 

7.10 CONTINUOUS APERTURE SOURCES 

Space factors for aperture (two-dimensional) sources can be introduced in a similar 
manner as in Section 7.2.1 for line-sources. 


7.10.1 Rectangular Aperture 


Referring to the geometry of Figure 6.23(b). the space factor for a two-dimensional 
rectangular distribution along the v-v plane is given by 



(7-42) 


where /, and /, are. respectively, the linear dimensions of the rectangular aperture 
along the x and y axes. A„(.v\ v’) and . v') represent, respectively, the amplitude 
and phase distributions on the aperture. 

For many practical antennas (such as waveguides, horns, etc.) the aperture distri¬ 
bution (amplitude and phase) is separable. That is. 


A„(x'. y') = l x (x')l y (y') 

(7-42a) 

<M*',y') = <£,(*') + <My’) 

(7-42b) 

so that (7-42) can be written as 


SF = S,S, 

(7-43) 

where 


— j i { y") 4 J|fc«'sintfcos^+rf,(,ei| 

(7-43a) 

$ — | ' / ( y , Wt*v ,, ln*‘in<A + «A(y'll ily' 

j-ly/3 

<7-43b) 


which is analogous to the array factor of (6-85)-(6-85b) for discrete-element arrays. 

The evaluation of (7-42) can be accomplished either analytically or graphically. 
If the distribution is separable, as in (7-42a) and (7-42h). the evaluation can be 
performed using the results of a line-source distribution. 

The total field of the aperture antenna is equal to the product of the element and 
space factors. As lor the line sources, the element factor for apertures depends on the 
type of current density and its orientation. 


7.10.2 Circular Aperture 

The space factor for a circular aperture can be obtained in a similar manner as for the 
rectangular distribution. Referring to the geometry of Figure 6.32, the space factor 
for a circular aperture with radius a can be written as 
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Table 7.2 RADIATION CHARACTERISTICS FOR CIRCULAR APERTURES AND 
CIRCULAR PLANAR ARRAYS WITH CIRCULAR SYMMETRY AND 
TAPERED DISTRIBUTION 


Distribution 


Uniform 


Radial Taper 


Radial Taper 
Squared 


Distribution 

(analytical) 


+ -{Sf] 


I - P - 


a 


Distribution 

(graphical) 


IS .. 

U ii • 




Space factor (SF) 


/i|2 T7V/~ 


,JAii) 


ii 


lAmr 


,7.(ti) 


i i#; 

M6im - 


Half-power 
bcamwidth 
(degrees) 
a :» A 


29.2 

<«/A) 


36.4 

(fl/A) 


42.1 

l«/A) 


First null 
bcamwidth 
(degrees) 
a » A 


69.9 
• o/A) 


93.4 

(o/A) 


116.3 

(o/A) 


First side 
lobe max. 

(to main max. 
UlH) 


- 17.6 


- 24.6 


30.6 


Directivity factor 


¥) 


(1.75 


2 mi 


0.56 


2 TO 



(7-44) 


where p' is the radial distance (0 ■£ p‘ < a), <l>‘ is the azimuthal tingle over the 
aperture (!) s </»' ^ 27? for 0 ^ p' < a), and A„(p\ </»’) and f„(p\ </»') represent, 
respectively, the amplitude and phase distributions over the aperture. Equation (7 44) 
is analogous to the array factor of (6-112a) for discrete elements 

If the aperture distribution has uniform phase |£„(p\ <!>') — = ()| and azimuthal 

amplitude symmetry [A„(p\ <b‘) = A„(p')], (7-44) reduces, by using (5-48). to 


SF(0) = 2tt I A„(p')Jo(kp'sin())p'dp' 
Jo 


(7-45) 


where 7 0 (.v) is the Bessel function of (he first kind and of order zero. 

Many practical antennas, such as a parabolic reflector, have distributions that 
taper toward the edges of the apertures. These distributions can be approximated 
reasonably well by functions of the form 

































References 375 


fl 

os p's a, 0.1,2, 3,... ,7 " 46) 

(. 0 elsewhere 

For ii = 0. (7-46) reduces to a uniform distribution. 

The radiation characteristics of circular apertures or planar circular arrays with 
distributions (746) with n ~ 0. 1. 2 arc shown tabulated in Table 7.2 |19|. It is 
apparent, as before, that distributions with lower taper toward the edges (larger values 
of n) have smaller side lobes but larger beannvidth.s. In design, a compromise between 
side lobe level and beamwidth is necessary. 
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PROBLEMS 


7.1. A three-element array is placed along the c-uxis. Assuming the spacing between the 
elements is </ = A/4 and the relative amplitude excitation is equal to a, = I. oj = 2, 
a, = I. 

(a) find the angles where the array factor vanishes when fi = 0. 77/2. n. and 377/2 
(hi plot the relative pattern for each amiy factor 

Use Schelkunoff s method. 

7.2 Design a linear array of isotropic elements placed along the r-axis such that the zeros 
of the array factor occur at 0 = 0°. 60°. and 120°. Assume that the elements arc spaced 
A/4 apart and that the progressive phase shift between them is ('f¬ 
lu) Find the required number of elements. 

(b) Determine their excitation coefficients. 

(c) Write the array factor. 

(d) Plot the array factor pattern to verify the validity of the design. 

7.3. The e-plane array factor of an array of isotropic elements placed along the raxis is 
given by 

AF = - I) 

Determine the 

(a) number of elements of the array. If there are any elements with zero excitation 
coefficients (null elements), so Indicate 

(b) position of each element (including that of null elements) along the : axis 

(c) magnitude and phase tin degrees) excitation of each element 

td) angles where the pattern vanishes when the total array length (including null ele¬ 
ments) is 2A 

7.4. Repeal Prob. 7.3 when 

AF = Jfc* - I) 


7.5. 


Repeat Example 7.2 when 


SF<«) = 



40° £ 0< 140° 
elsewhere 


7.6. 


Repeat the Fourier transform design of Example 7.2 for a line source along the :-axis 
whose sectoral pattern is given by 


SF(0> 


{ 


60° s 0 120° 

elsewhere 


Use / = 5A and I0A. Compare the reconstructed patterns with the desired one. 

7.7. Repeat the Fourier transform design of Problem 7.6 for a linear array with a spacing 
of d = A/2 between the elements and 

(a) N = II elements 

(b) N = 21 elements 

7.S. Repeat the design of Problem 7.6 using the Wood ward-Law son method for line-sources. 
7.9. Repeat the design of Problem 7.7 using the Woodward-Lawsoit method for linear arrays 
for N = 10. 20. 

7.10. Design, using the Woodward-Lawson method, a line-source of I = 5A whose space 
factor pattern is given by 

SP(0) = sin* (0) 0 ° s 0 < 1 80° 


Determine the current distribution and compare the reconstructed pattern with the 
desired pattern. 
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7.11. Repeal the design of Problem 7.10 for u linear array of N = 10 elements with a spacing 
of d = A/2 between them. 

7.12. In target-search, grounding-mapping radars, and in airport beacons it is desirable to 
have the echo power received from a target, of constant cross section, to be independent 
of its range R. 

Generally, the far-zone field radiated by an antenna is given by 


| E)R. ». </))| = C„ 


|m*)| 


R 


where C„ is a constant. According to the geometry of the figure 
R = /i/sin (0) = h esc 10) 



7.13. 


7.14. 


For a constant value of </;. the radiated field expression reduces to 


\E(R. 0. <l> = <M = Co 


lm <i> = „ l m 

- = C I- 


R 


R 


A constant value of field strength can be maintained provided the radar is flying 
at a constant altitude li and the far-field antenna pattern is equal to 

/(0) = Cj csc(fl) 

This is referred to as a cosecant pattern, and it is used to compensate for the range 
variations. For very narrow beam antennas, the total puttem is approximately equal to 
the space or array factor. Design a line-source, using the Woodwind-Lawson method, 
whose space factor is given by 

i.342 csc(0), 20° SOS 60° 

elsewhere 


SF<0) 


r o.3 
to 


Plot the synthesized pattern Tor / = 20A. and compare it with the desired pattern. 
Repeat die design of Problem 7.12 for a linear array of N = 41 elements with a spacing 
of il = A/2 between them. 

For some radar search applications, it is more desirable to have an antenna which has 
a square beam for 0 S 0 < 0„, a cosecant pattern for 0„ SOS 0 m . and it is zero 
elsewhere. Design a line-source, using die Woodward-Lawson method, with a space 
factor of 


SF<0> 


r l 

0.342 esc (0) 
-0 


15 ° <#< 20 ° 

20° S 0 < 60° 

elsewhere 


7.15. 


7.16. 


7.17. 


Plot the reconstructed pattern for / = 20A. and compare it with the desired pattern. 
Repeat the design of Problem 7.14, using the Woodward-Lawson method, for a linear 
array of 41 elements with a spacing of </ = A/2 between them. 

Design a Taylor (Tschebyscheff error) line-source with a 
(a) - 25 dB side lobe level and 7J = 5 
(h) -20 dB side lobe level and n = 10 

For each, find the half-power beamwidth mid plot the normalized current distribution 
and the reconstructed pattern when I — I0A. 

Derive (7-33) using (7-1). (7-32), and Gegenbaucr's finite integral and polynomials. 
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7.18. Repeat the design of Example 7.7 for an array with / = 4A. d = A/2. N = 9. 

7.19. Design a broadside five-element. 40 dB side lobe level Taylor (one-parameter) dis¬ 
tribution array of isotropic sources. The elements are placed along the .v-nxis with u 
spacing of A/4 between them. Determine the 

(a) normalized excitation coefficients tamplitude and phase) of each element 
|b) array factor 

7.20. Derive the space factors for uniform, triangular, cosine, and cosine squared line-source 
continuous distributions. Compare with the results in Table 7.1. 

7.21. Compute the half-power beamwidth. first null bcamwidlh. first side lobe level (in dB). 
and directivity of a linear array of closely spaced elements with overall length of 4A 
when its amplitude distribution is 

(u) uniform (b) triangular 

(c) cosine (d) cosine squared 

7.22. Derive the space factors for the uniform radial taper, and radial tape!-squared circular 
aperture continuous distributions. Compare with tire results in Table 7.2. 

7.23. Compute the half-power beamw idth. first null beamwidth. tirsi side lobe level (in dB), 
and gain factor of a circular planar array of closely spaced elements with radius of 2A 
when its amplitude distribution is 

(a) uniform 

(b) radial taper 

tc) radial taper-squared 




CHAPTER 


8 

INTEGRAL EQUATIONS, 
MOMENT METHOD, AND SELF 
AND MUTUAL IMPEDANCES 


8.1 INTRODUCTION 

In Chapter 2 it was shown, by the Thevenin and Norton equivalent circuits of Figures 
2.21 anil 2.22. that an antenna can be represented by an equivalent impedance 
Zf\Z A = (ft, + ft,) + 7 'XJ. The equivalent impedance is attached across two terminals 
(terminals a — /> in Figures 2.21 and 2.22) which are used to connect the antenna to 
a generator, receiver, or transmission line. In general, this impedance is called the 
driving-point impedance. However, when the antenna is radiating in an unbounded 
medium, iri the absence of any other interfering elements or objects, the driving-point 
impedance is the same as the self-impedance of the antenna. In practice, however, 
there is always the ground whose presence must be taken into account in determining 
the antenna driving-point impedance. The self- and driving point impedances each 
have, in general, a real and an imaginary part. The real part is designated as the 
resistance and the imaginary part is called the reactance. 

The impedance of an antenna depends on many factors including its frequency 
of operation, its geometry, its method of excitation, and its proximity to the surround¬ 
ing objects. Because of their complex geometries, only a limited number of practical 
antennas have been investigated analytically. For many others, the input impedance 
has been determined experimentally. 

The impedance of an antenna at a point is defined as the ratio of the electric to 
the magnetic lields at that point: alternatively, at a pair of terminals it is defined as 
the ratio of the voltage to the current across those terminals. There are many methods 
that can be used to calculate the impedance of an antenna [ I). Generally, these can 
be classilied into three catogories: (I) the boundary-value method. (2) the transmis¬ 
sion-line method, and (3) the Poynting vector method. Extensive and brief discussions 
and comparisons of these methods have been reported 111.12|. 

The boundary-value approach is the most basic, and it treats the antenna as a 
boundary-value problem. The solution to this is obtained by enforcing the boundary 
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conditions (usually that the tangential electric field components vanish at the con¬ 
ducting surface). In turn, the current distribution and finally the impedance (ratio of 
applied emf to current) are determined, with no assumptions as to their distribution, 
as solutions to the problem. The principal disadvantage of this method is that it has 
limited applications. It can only be applied and solved exactly on simplified geomet¬ 
rical shapes where the scalar wave equation is separable. 

The transmission-line method, which has been used extensively by Schelkunoff 
131. treats the antenna as a transmission line, and it is most convenient lor the bieonical 
antenna. Since it utilizes tangential electric field boundary conditions for its solution, 
this technique may also he classified as a boundary-value method. 

The basic approach to the Poynling vector method is to integrate the Poynting 
vector (power density) over a closed surface. The closed surface chosen is usually 
either a sphere of a very large radius r (r - 2 Dr IK where /> is the largest dimension 
of the antenna) or a surface that coincides with the surface of the antenna. The large 
sphere closed surface method has been introduced in Chapters 4 and 5. hut it lends 
itself to calculations only of the real part of the antenna impedance (radiation resis¬ 
tance). The method that utilizes the antenna surface has been designated as the induced 
emf method, and it has been utilized |4]-[6| for the calculation of antenna impedances. 

The impedance of an antenna can also be found using an integral equation with 
a numerical technique solution, which is widely referred to us the Integral Equation- 
Method of Moments |7H 14]. This method, which in the late 1960s was extended to 
include electromagnetic problems, is analytically simple, it is versatile, but it requires 
large amounts of computation. The limitation of this technique is usually the speed 
and storage capacity of the computer. 

In this chapter the integral equation method, with a Moment Method numerical 
solution, will lx- introduced and used first to find the sell- and driving-point impe¬ 
dances. and mutual impedance of wire type of antennas. This method casts the solution 
for the induced current in the form of an integral (hence its name) where the unknown 
induced current density is part of the integrand. Numerical techniques, such as the 
Moment Method (7|-| 14). can then be used to solve the current density. In particular 
two classical integral equations for linear elements. Pocklington's and Hallthi's In¬ 
tegral Equations, will be introduced. This approach is very general, and it can be used 
witli todays modern computational methods and equipment to compute the character¬ 
istics of complex configurations of antenna elements, including skewed arrangements. 
For special cases, closed form expressions for the self, driving point, and mutual 
impedances will be presented using the induced emf method. This method is limited 
to classical geometries, such as straight wires and arrays of collincar and parallel 
straight wires. 


8.2 INTEGRAL EQUATION METHOD 

The objective of the Integral Equation (IE) method lor radiation or scattering is to 
cast the solution for the unknown current density, which is induced on the surface of 
the radiation scatlerer. in the form of an integral equation where the unknown induced 
current density is purt of the integrand. The integral equation is then solved for the 
unknown induced current density using numerical techniques such as the Moment 
Method (MM l. To demonstrate this technique, we will initially consider some specific 
problems. For introduction, we will start with an electrostatics problem and follow it 
with time-harmonic problems. 
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8.2.1 Electrostatic Charge Distribution 


In electrostatics, the problem of finding the potential that is due to a given charge 
distribution is often considered. In physical situations, however, it is seldom possible 
to specify a charge distribution. Whereas we may connect a conducting body to a 
voltage source, and thus specify the potential throughout the body, the distribution of 
charge is obvious only for a few rotationaUy symmetric geometries. In this section 
wc will consider an integral equation approach to solve for the electric charge distri¬ 
bution once the electric potential is specified. Some of the material here and in other 
sections is drawn from | IS|, 116]. 

From statics we know that a linear electric charge distribution p(r') creates an 
electric potential. V(r), according to 1171 


V(r) 


I 

4-rren 



( 8 - 1 ) 


where /• »•', .-’) denotes the source coordinates, r(. r. y. :) denotes the observation 

coordinates, ill' is the path of integration, and R is the distance from any one point 
on the source to the observation point, which is generally represented by 


Rtr, r') = |r - r'| = \/(.x - x')" 2 + (y - /)* + <; - z’) 1 (8-la) 


We see that (8-1) may be used to calculate the potentials that are due to any 
known line charge density. However, the charge distribution on most configurations 
of practical interest, i.c.. complex geometries, is not usually known, even when the 
potential on the source is given. It is the nontrivial problem of determining the charge 
distribution, for a specified potential, that is to be solved here using an integral 
equation-numerial solution approach. 


A. Finite Straight Wire 

Consider a straight wire of length / and radius a. placed along the y axis, as shown 
in Figure 8-1(a). The wire is given a normalized constant electric potential of 1 V. 

Note that (8-1 1 is valid everywhere, including on the wire itself (V W j re = I V). 
Thus, choosing the observation along the wire axis (x = z = 0) and representing the 
charge density on the surface of the wire. (8-1) can be expressed as 


, i 

4—e,, J" R( y, y ) 


y ^ / 


( 8 - 2 ) 


where 

tf(y.y') = Rtr. = V<-V - y *) 2 + |U ') 2 + (z’) : | 

= V<.v “ y'T + «' (8-2a) 

The observation point is chosen along the wire axis and the charge density is repre¬ 
sented along the surface of the wire to avoid /?(y, y') = 0. which would introduce a 
singularity in the integrand of (8-2). 

It is necessary to solve (8-2) for (lie unknown p(y') (an inversion problem). 
Equation (8-2) is an integral equation that can be used to find the charge density 
pt y’ i based on the I -V potential. The solution may be reached numerically by reducing 
tH-2) to a series of linear algebraic equations that may be solved by conventional 
matrix equation techniques. To facilitate this, let us approximate the unknown charge 




382 Chapter 8 Integral Equations. Moment Method, and Self and Mutual Impedances 



t (a) Straight wire 

r 


~1 A h~ 



Figure 8.1 Straight wire of constant potential and its segmentation. 


distribution p(y') by an expansion of N known terms with constant, hut unknown, 
coefficients, that is. 


p(v') 








(8-3) 


Thus. (8-2) may he written, using (8-3). us 


(' I N 

4TOl = 


(8-4) 


Because (8-4) is u nonsingular integral, its integration and summation can be inter¬ 
changed. and it can he written as 

' I PI V I 

... (8-4a) 

V(y 


4 — On I K " {> , * —==?«/>’ 1 

»=i Jn v(y - y r + a- 


The wire is now' divided into N uniform segments, each of length A = IIN, as 
illustrated in Figure 8.1(b). The g„(y') functions in the expansion (8-3) are chosen 
for their ability to accurately model the unknown quantity, while minimizing com¬ 
putation. They are often referred to as bam (or expansion) functions, and they will 
be discussed further in Section 8.2.3. To avoid complexity in this solution, subdomain 
piecewise constant (or "pulse") functions will be used. These functions, shown in 
Figure 8.5. are defined to be of a constant value over one segment and zero elsewhere, 
or 


HJ.V) = 


0 y' < {n - I )A 
I (n - l)A< y 's /»A 
.0 «A < y' 


(8-5) 
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Many other basis functions arc possible, some of which will be introduced later in 
Section 8.2.3. 

Replacing y in (8-4) by a lixed point such as y,„. results in an integrand that is 
solely a function of y'. so the integral may be evaluated. Obviously. (8-4) leads to 
one equation with N unknowns a„ written as 


f A St(/) *2(/) , , 

47r6 M = «| —- —ay + «•> — - ~d\ 

J" /?(>*. y') ' ' h R(y m . y ) 


+ 


r 
* L 


&,</> 


I* K(y,„.y ) 


-dy' + ... + 


* f 

J\n- i*ft(y m .y ) ' 


( 8 - 6 ) 


In order to obtain a solution for these N amplitude constants. N linearly independent 
equations are necessary. These equations may be produced by choosing iV observation 
points v,„ each at the center of each A length element as shown in Figure 8.1(b). This 
results in one equation of the form of (8-6) corresponding to each observation point. 
For N such points, we can reduce (8-6) to 


i r #•(/) . . [' Sa(y') 

Jo m.V|.y ) Jw- ha W(yi. y ) 

f A Mi(y') ,, , (' saiy") ,, 

4'7T6,i = </| —- —dy 4* • * * + fly I — - r</v 

Jo m.V/v. y ) Jin 1 14 R(y y , y') 

We may write (8-6a) more concisely using matrix notation as 


(8-6a) 


[V m \ - fZ*,.114.1 


where each Z m „ term is equal to 

7 = r ftn(y') 

j- VU,„ - y’) 2 + <r 


-r 


in |»A \/(y,„ - v’)* + a‘ ■ 


dy' 


(8-7) 


(K-7a) 


and 

14.1 = k,l C8-7b) 

\V m \ = |47T6„|. (8-7c) 

The V,„ column matrix has all terms equal to 47re,|. and the /„ = a„ values arc the 
unknown charge distribution coefficients. Solving (8-7) for |/„] gives 


r/„i = i««j = (8-8) 

Either (8-7) or (8-8) may readily he solved on a digital computer by using any of 
a number of matrix inversion or equation solving routines. Whereas the integral 
involved here may be evaluated in closed form by making appropriate approximations, 
this is not usually possible with more complicated problems. Efficient numerical 
integral computer subroutines are commonly available in easy-to-use forms. 
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One closed form evaluation of (8-7a) is to reduce the integral and represent it by 

- + + & ... w 


^mn 


2 In 



ln U:„„ 4- [(«/-„)- + cr\ ,r - \ 

+ M-) 2 + f] M \ 

At) 


in 9* n but |m — n| ^ 2 (8-9b) 

|m - n\ > 2 (8-9c) 


where 


dmn = L + ^ 

(8-9d) 

dmn ~ 

<8-9c) 


is the distance between the with matching point and the center of the nth source 
point. 

In summary, the solution of (8-2) for the charge distribution on a wire has been 
accomplished by approximating the unknown with some basis functions, dividing the 
wire into segments, and then sequentially enforcing (8-2) at the center ol each segment 
to form a set of linear equations. 

Even for the relatively simple straight wire geometry we have discussed, the exact 
form of the charge distribution is not intuitively apparent. To illustrate the principles 
of the numerical solution, an example is now presented. 


Example 8.1 

A 1-m long straight wire of radius u - 0.001 m is maintained at a constant potential 
of I V. Determine the linear charge distribution on the wire by dividing the length 
into 5 and 20 uniform segments. Assume subdomain pulse basis functions. 


SOLUTION 

I. N = 5. When the 1-m long wire is divided into five uniform segments each of 
length A = 0.2 m. (8-7) reduces to 
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0.51 
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Inverting this matrix leads to the amplitude coefficients and subsequent charge 
distribution of 


a i = %.%\pC/m 
a; = 8.09 pC/m 
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Figure 8.2 Charge distribution on a 1-tn straight wire at I V. 


a i = 7.97pC/irt 
fl 4 = %.09pC/m 
(/■, = ti.SlpC/m 

The charge distribution is shown in Figure 8.2(a). 

2. /V = 20. Increasing the number of segments to 20 results in a much smoother 
distribution, as shown plotted in Figure 8.2(b). As more segments are used, a 
better approximation of the actual charge distribution is attained, which has 
smaller discontinuities over die length of the wire. 


It. Rent Wire 

In order to illustrate the solution of a more complex structure, lei us analyze a body 
composed of two noricollinear straight wires; that is, a bent wire. If a straight wire is 
bent, the charge distribution will be altered, although the solution to Find it will differ 
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only slightly from the straight wire ease. We will assume a bend of angle a. which 
remains on the vi-plunc. as shown in Figure 8.3. 

For the first segment I, of the wire, the distance R can be represented by (8-2a). 
However, for the second segment l : we can express the distance as 

R = V'.v - v')“ + (z - -')• (8-10) 


Also because of the bend, the integral in (8-7a) must be separated into two parts of 




( 8 - 11 ) 


where /1 and /> are measured along the corresponding straight sections from their left 
ends. 


Example 8.2 

Repeat Example 8.1 assuming that (he wire lias been bent 90° at its midpoint. Sub¬ 
divide the wire into 20 uniform segments. 

solution 

The charge distribution for this case, calculated using (8-10) and (8-11). is plotted 
in Figure 8.4 for N = 20 segments. Note that (he charge is relatively more con¬ 
centrated near the ends of this structure than was the case for a straight wire of 
Figure 8.2(b). Further, the overall density, and thus capacitance, on the structure 
has decreased. 


Arbitrary wire configurations, including numerous ends and even curved sections, 
may be analyzed by the methods already outlined here. As with the simple bent wire, 
the only alterations generally necessary are those required to describe the geometry 

analytically. 
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8.2.2 Integral Equation 

Equation (8-2) for the l-V potential on a wire of length / is an integral equation, 
which can he used to solve for the charge distribution. Numerically this is accom¬ 
plished using a method, which is usually referred to as Moment Method or Method of 
Moments |7|-(I4J. To solve (8-2) numerically the unknown charge density ply") is 
represented by N terms, as given by (8-3). In (8-3) g„(y') are a set of N known 
functions, usually referred to as basis or expansion functions, while a n represents a 
set of N constant, hut unknown, coefficients. The basis or expansion functions are 
chosen to best represent the unknown charge distribution. 

Equation (8-2) is valid at every point on the wire. By enforcing (8-2) at /Vdiscrete 
but different points on the wire, the integral equation of (8-2) is reduced to a set of N 
linearly independent algebraic equations, its given by (8-6a). This set is generalized 
hy (K-7)-(H-7c). which is solved for the unknown coefficients a„ by (8-8) using matrix 
inversion techniques. Since the system of N linear equations each with N unknowns, 
as given hy <8-haH8-X|. was derived b_\ applying the boundary condition (constant 
l-V potential) at N discrete points on the wire, the technique is referred to as point- 
mail liiiii; (or collocation) method (7], |X|. Thus, by finding the elements of the |V| 
and | Z]. and then the inverse |Z| ' matrices, we can then determine the coefficients 
a„ of the |/1 matrix using (8-8). This in turn allows us to approximate the charge 
distribution p(y') using (8-3). This was demonstrated by Examples 8.1 and 8.2 for 
the straight and bent wires, respectively. 

In general, there arc many forms of integral equations. For time-harmonic elec¬ 
tromagnetic'-. two of the most popular integral equations are the electric field integral 
equation (EFIE) and the magnetic Held integral equation (Midi-) |I4|. The EF1E 
enforces the boundary condition on the tangential electric field while the MFIE 
enforces the boundary condition on the tangential components of the magnetic field. 
The F.FIF. is valid for both closed or open surfaces while the MFIE is valid for closed 
surfaces. These integral equations can be used for both radiation and scattering prob¬ 
lems. Two- and three-dimensional F.FIF. and MFIF. equations for TF. and I'M polari¬ 
zations arc derived and demonstrated in f I4|. For radiation problems, especially wire 
antennas, two popular BFTEs arc the Poeklington Integral Equation and the Halien 
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Integral Equation. Both of these will be discussed and demonstrated in the section 
that follows. 

8.3 FINITE DIAMETER WIRES 

In this section we want to derive and apply two classic three-dimensional integral 
equations, referred to as Pocklington '.v integrodifferential equation and Hallen \v in¬ 
tegral equation |I8|-|26|. that can be used most conveniently to find the current 
distribution on conducting wires. Halldn’s equation is usually restricted to the use of 
a delta-gap voltage source model at the feed of a wire antenna. Pocklington's equation, 
however, is more general and it is adaptable to many types of feed sources (through 
alteration of its excitation function or excitation matrix), including a magnetic frill 
[27|. In addition, Halldn’s equation requires the inversion of an N + I order matrix 
(where N is the number of divisions of the wire) while Pocklington's equation requires 
the inversion of an N order matrix. 

l or very thin wires, the current distribution is usually assumed to be of sinusoidal 
form as given by (4-56). For linite diameter wires (usually diameters d of d > 0.05A), 
the sinusoidal current distribution is representative but not accurate. To find a more 
accurate current distribution on a cylindrical wire, an integral equation is usually 
derived and solved. Previously, solutions to the integral equation were obtained using 
iterative methods [201: presently, it is most convenient to use moment method tech¬ 
niques [7]-|9|. 

If we know the voltage at the feed terminals of a w ire antenna and find the current 
distribution, the input impedance and radiation pattern can then be obtained. Similarly, 
if a wave impinges upon the surface of a wire scatterer. it induces a current density 
that in turn is used to find the scattered field. Whereas the linear wire is simple, most 
of the information presented here can be readily extended to more complicated struc¬ 
tures. 


8.3.1 Pocklington's Integral Equation 

To derive Pocklington’s integral equation, refer to Figure 8.5. Allhough this derivation 
is general, it can be used either when the wire is a scatterer or an antenna. Let us 
assume that an incident wave impinges on the surface of a conducting w ire, as shown 
in Figure 8.5(a). and it is referred to as the incident electric field E'(r). When the wire 
is an antenna, the incident field is produced by the Iced at Ihe gap. as showrn in Figure 
8.7. Part of the incident field impinges on the wire and induces on its surface a linear 
current density J, (amperes per meter). The induced current density J, reradiates and 
produces an electric field that is referred to as the scattered electric field E‘(r). 
Therefore, at any point in space the total electric field E'(r) is the sum of the incident 
and scattered fields, or 

E'(r) = E'(r) + E N (r) (8-12) 

where 

E'(r) = total electric field 
E‘(r.) = incident electric field 
E*(r) = scattered electric field 

When the observation point is moved to the surface of the wire (r = r.) and the 
wire is perfectly conducting, the total tangential electric field vanishes. In cylindrical 
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tut Geometry ib.i Equivalent current 

Figure 8.5 Uniform plane wave obliquely incident on a conducting wire. 


.coordinates, the electric field radiated by the dipole has a radial component (£,,) and 
a tangential component (E-). These are represented by (8-55a) and (8-55b). Therefore 
on the surface of the wire the tangential component of (8-12) reduces to 

EL(r = r,) = £!(r = r.) + B(r = r # ) = 0 (8-13) 

or 

£I(r = r.) = -£!-(r = r.) (8-13a) 

In general, the scattered electric field generated by the induced current density J„ 
is given by (3-15). or 

F; v (r) = -jw A - j —— V(V • A) 

tofxe 

» -7—1** A + V(V • A)| (8-14) 

IDfXf 

However, lor observations at the wire surface only the z component of (8-14) is 
needed, and we can write it as 

E\ {r ) = -j— le A. + '^) (8-15) 

w/ie \ f)z‘ I 

According to (3-51) and neglecting edge effects 


u ff *->** a f tW f 1 ' e /ul 

A. = f- = f- ( 8 - 16 ) 

4 irJJs ‘ R 4t rJ-m Jo * R 

If the wire is very thin, the current density J is not a function of the azimuthal 
angle 4>. and we can write it as 


2iroJ ; = IAz') » J- 


r—/,(?') 

lira 


(8-IT) 
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(in On the surface (h) Along ilic center 

Figure 8.6 Dipole segmentation and its equivalent current. 


where l.(z') is assumed to be an equivalent filament line-source current located a 
radial distance p a from the axis, as shown in Figure 8.6(a). Thus (8-16) reduces 
10 


A. = 





UK 


Uz') 


R 


-<i d(li' 


dz‘ 


R « \/(* - .*') 7 + (y - y't + (z - z'j* 

= vV + n 1 - 2/hi cos( <l> - i!>) + (z - z')‘ 


(8-18, 


(8-1 Sal 


where p is ihe radial distance to the observation point and a is the radius. 

Because of the symmetry of the scan ever, the observations are not a function of 
<l>. For simplicity, let us then choose </> = I). For observations on the surface p = « 
of the scatterer (8-18) and (8-18a) reduce to 
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Thus for observations at the surface p - a of the scalterer. the z component of the 
scattered electric field can be expressed as 

E- ; (p = a) = -j— (/r + f L(z')GU. z')Jz‘ (8-20) 

(i>t \ dzr)i-n 

which by using (8-13a) reduces to 

-j —(£ + **) f lAz')G{z.z')dz = -EUp = a) (8-21) 
(oe\dzr I J-in 

or 



-jiotE'Sp = a) 


Interchanging integration with differentiation, we can rewrite (8-21 a) as 



juteE‘.(p = a) 


(8-2 la) 


( 8 - 22 ) 


where z' l is given by (8-19a). 

Equation (8-22) is referred to as Poeklington’s integral equation | 11. and it can be 
used to determine the equivalent filamentary line-source current of the wire, and thus 
current density on the wire, by know ing the incident field on the surface of the wire. 

II we assume that the wire is very thin (a <z A) such that (8- 19a) reduces to 


0(2.2*) = G(R) 


e-** 

AnR 


(8-23) 


(8-22) can also be expressed in a more convenient form as |22| 


1 


- m 


a# 


-m 


|(l +jkRK2R 2 - 3 a 2 ) + (koRf\ dz' 
= -jioeE'.lp = a) 


where lor observations along the center of the wire (p = 0) 

R = \/er + (z - z') 2 


(8-24) 

(8-24a) 


In f8-22) or (8-24). / (;’) represents the equivalent filamentary line-source current 
located on the surface of the wire, as shown in Figure 8.5(b). and it is obtained by 
knowing the incident electric field on the surface of the wire. By point-matching 
techniques, this is solved by matching the boundary conditions at discrete points on 
the surface of the wire. Often it is easier to choose the matching points to be at the 
interior of the wire, especially along the axis as shown in Figure 8.6(a). where l (z') 
is located on the surface of the wire. By reciprocity, the configuration of Figure 8.6(a) 
is analogous to that of Figure 8.6(h) where the equivalent filamentary line-source 
current is assumed to be located along the center axis of the wire and the matching 
points are selected on the surface of the wire. Either of the two configurations can be 
used to determine the equivalent filamentary line-source current / : (;’): the choice is 
left to ihc individual. 
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H.3.2 Ilallen's Integral Equation 

Referring again to Figure 8.5(a), let us assume that the length of the cylinder is much 
larger than its radius (/ » a) and its radius is much smaller than the wavelength 
in <• A) so that the effects of the end faces of the cylinder can be neglected. Therefore 
the boundary conditions for a wire with infinite conductivity are those of vanishing 
total tangential E fields on the surface of the cylinder and vanishing current at the 
ends of the cylinder |/ (;' = ±1/2) = 0]. 

Since only an electric current density (lows on the cylinder and it is directed along 
the * axis (J = a ./ ), then according to (3-14) and (3-51) A = a-A.(r'). which for 
small radii is assumed to he only a function of Thus (3-15) reduces to 


fit = —ju>A- - j 


! frA 


W/J.C i). 


-A. I \d\ 

rj- = - j - -rf + or fj.eA. 

9: iofic dr 


(8-25) 


Since the total tangential electric field £' vanishes on the surface of the cylinder. 
(8-25) reduces to 


d-A. 

—r + frA. = 0 

dr 


(8-25a) 


Because the current density on the cylinder is symmetrical l J.(z') = J t - j’)], 
the potential A is also symmetrical (i.e.. /L(z') = AA -;')|. Thus the solution of 
(8-25a) is given by 

A r (z) = -iVg £ l fl i cos Ikz) + C | sin(A-!r|)J (8-26) 

where B, and C, are constants. For a current-carrying wire, its potential is also given 
by (3-53). Equaling (8-26) to (3-53) leads to 






-J 


-\B\ cos (At) + Ci sin(A|d)| 


(8-27) 


If a voltage V, is applied at the input terminals of the wire, it can be shown that the 
constant C, = V t fl. The constant H, is determined from the boundary condition that 
requires the current to vanish at the end points of the wire. 

Equation (8-27) is referred to as Hallen's integral equation for a perfectly con¬ 
ducting wire Ft was derived by solving the differential equation (3-15) or (8-25a) 
with the enforcement of the appropriate boundary conditions. 


8.3.3 Source Modeling 

Let us assume that the wire of Figure 8,5 is symmetrically fed by a voltage source, 
as shown in Figure 8.7(a). and the element acting as a dipole antenna. To use. for 
example, Poeklington's intcgrodillcrential equation (8-22) or (8-23) we need to know 
how to express Etp = a). Traditionally there have been two methods used to model 
the excitation to represent Etp = a. 0 < < 2tt. -Ill < ; < +1/2) at all points 

on the surface of the dipole: One is referred to as the delta-gup excitation and the 
other as the equivalent magnetic ring current (better known as magnetic frill gen¬ 
erator ) 1271. 
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Figure 8.7 Cylindrical dipole, its segmentation, and gap modeling. 


A. Delta Gap 

The delta-gap source modeling is the simplest and most widely used of the two. but 
it is also the least accurate, especially for impedances. Usually it is most accurate lor 
smaller width gaps. Using the delta gap. it is assumed that the excitation voltage at 
the feed terminals is of a constant V, value and zero elsewhere. Therefore the incident 
electric lield B(p = u. 0 s ^ < 2 t r. -1/2 s z < +1/2) is also a constant (V,/A 
where A is the gap width) over the feed gap and zero elsewhere, hence the name delta 
gap. For the delta-gap model, the feed gap A of Figure 8.7(a) is replaced by a narrow 
bund of strips of equivalent magnetic current density of 

M« = - n x E' = -a p xi : ^ = ^ s z ’s | (8-28) 

The magnetic current density M t is sketched in Figure 8.7(a). 

H. Magnetic Frill Generator 

The magnetic frill generator was introduced to calculate the near- as well as the far- 
zone fields from coaxial apertures [27]. To use this model, the feed gap is replaced 
with a circumferentially directed magnetic current density that exists over an annular 
aperture with inner radius a. which is usually chosen to he the radius of the wire, and 
an outer radius h, as shown in Figure 8.7(b). Since the dipole is usually fed by 
transmission lines, the outer radius b of the equivalent annular aperture of the magnetic 
frill generator is found using the expression for the characteristic impedance of the 
transmission line. 
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Over ihe annular aperture of the magnetic frill generator, the electric field is 
represented by the TEM mode field distribution of a coaxial transmission line given 
by 

E ' = |8 - 29) 

Therefore the corresponding equivalent magnetic current density M, for the magnetic 
frill generator used to represent the aperture is equal to 

M, = -2ft x E, = -2a. x = -a , k a s p' s b (8-30) 

The fields generated by the magnetic frill generator of (8-30) on the surface of 
the wire are found by using [271 

El |/» = a, 0 == <l> < 2tr. - < c < 

b 1 - 


tktf - f J 1 

'\ 8 ln(h/a)/??, \ [kR 0 


+ / 1 - 


2Rl 


cr 


MRo 7 \ 2R;\ { J R u 




Ro 


where 


R<> = V*' + 1,2 


(8-31) 


(8-3 la) 


The liclds generated on the surface of the wire computed using (8-31) can be 
approximated by those found along the axis (p = 0). Doing this leads to a simpler 
expression of the form J 27 J 

/ I l\ V, [e lkR < e - ,kN A 

4 =0 '-H s 2)--:n*kibr--srj < 8 - 32 > 


where 

R\ = \/r + a 1 (8-32aj 

R 2 ~ Vr + l> 7 (8-32b) 

To compare Lite results using the two source modelings (delta-gap and magnetic- 
frill generator), an example is performed. 


Example 8.3 

For a center-fed linear dipole of / = 0.47A and a = 0.005A, determine the induced 
voltage along the length of the dipole based on the incident electric field of the 
magnetic frill of (8-32). Subdivide the wire into 21 segments (TV = 21). Compare the 
induced voltage distribution based on the magnetic frill to that of the delta gap. Assume 
a 50-ohm characteristic impedance with free space between the conductors for the 
annular feed. 




8.4 Moment Method Solution 395 


SOLUTION 

Since the characteristic impedance of the annular aperture is 50 ohms, then 

k!£^) = 50 0 t = 23 

\J e 0 2 tt a 

Subdividing (be total length (/ = 0.47A) of the dipole to 21 segments makes 
A = = 0.0224A 

fa 1 


Using (8-32) to compute B. the corresponding induced voltages obtained by multi¬ 
plying the value of - B at each segment by the length of the segment arc listed in 
Table 8.1, where they are compared with those of the delta gap. In Table 8.1 ii = I 
represents the outermost segment and n = II represents the center segment, Because 
of the symmetry, only values for the center segment and half of the other segments 
are shown. Although the two distributions are not identical, the magnetic-frill distri¬ 
bution voltages decay quite rapidly away from the center segment and they very 
quickly reach almost vanishing values. 


Table 8. 1 UNNORMALIZED AND NORMALIZED DIPOI .Ii INDUCED VOLTAGEt 
DIFFERENCES FOR DELTA-GAP AND MAGNETIC-FRILL GENERATOR 
_ (/ = 0.47A, a 0.005A, N = 21) _ 

Segment Delta-Gap Voltage 

Number Unnor- Normal- _ Magnetic Frill Generato rVolta ge _ 


ii malized ized Unnormalized Normalized 


1 

0 

0 

1.J1 X 

ur J 

-26.03° 

7.30 X 

10 5 

- 26.03° 

2 

0 

0 

1.42 X 

10 

-20.87° 

9.34 X 

1(1 " 

- 20.87“ 

3 

0 

0 

1.89 x 

III * 

- 16.15 

1.24 X 

10 4 

- 16.13“ 

4 

0 

0 

2.62 X 

It) 1 

- 11.90° 

1.72 X 

IO' 4 

1 1.90° 

5 

0 

0 

3.88 X 

10 J 

-8.23° 

2.55 x 

I0' 4 

- 8.23° 

6 

0 

0 

6.23 X 

io 

-5.22° 

4.10 X 

10 1 

- 5.22° 

7 

0 

0 

1.14 X 

to * 

-2.91" 

7.5 x 

io 4 

-2.91° 

8 

0 

0 

2.52 X 

10 ’ 

- 1 .33° 

1.66 x 

io 5 

- 1.33° 

4 

0 

t) 

7.89 X 

1(1 1 

-0.43° 

5.19 X 

10 1 

- 0.43° 

10 

0 

0 

5.25 x 

III ’ 

0.06" 

3.46 X 

10 J 

-0.06° 

11 

1 

1 

1.52 


0° 

1.0 


0° 


■(Voltage differences us defined here represent ihe produel of the incident electric field at the center o( 
each segment and the corresponding segment length. 


8.4 MOMENT METHOD SOLUTION 

Equations (8-22). (8-24), and (8-27) each has the form of 

F{g) = h (8-33) 

where F is a known linear operator, h is a known excitation function, and g is the 
response function. For (8-22) F is an integrodifferential operator while for (8-24) and 
(8-27) it is an integral operator. The objective here is to determine g once F and h 
are specified. 
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While the inverse problem is often intractable in closed form, the linearity of the 
operator F makes a numerical solution possible. One technique, known as the Moment 
Method |7]-| I4| requires that the unknown response function be expanded us a linear 
combination of N terms and written as 

N 

g(z') - fliSi(z') + 02 * 2 ( 2 ') + • • • + o„Kv(.~') = 2 a„g„cj) (8-34) 

n — I 

Each a„ is an unknown constant and each g„(z') is a known function usually referred 
to as a basis or expansion function. The domain of the #„(;') functions is the same 
as that of^(r’), Substituting (8-34) into (8-33) and using the linearity of the /‘operator 
reduces (8-33) to 

N 

2 a„F(g„) = It (8-35) 

n— I 

The basis functions g„ are chosen so that each F(g„) in (8-35) can be evaluated 
conveniently, preferably in closed form or at the very least numerically. The only task 
remaining then is to find the a„ unknown constants. 

Expansion of (8-35) leads to one equation with N unknowns. It alone is not 

sufficient to determine the N unknown a„ l/i = 1.2.A) constants. To resolve 

the N constants, it is necessary to have N linearly independent equations. This can be 
accomplished by evaluating (8-35) (e.g.. applying boundary conditions) at .V different 
points. This is referred to as point-mutch in ft (or collocation). Doing this. (8-35) lakes 
the form of 

v 

2 /„/•'<*,.) = h m . m = 1.2. N (8-36) 

H • I 

In matrix form. (8-36) can be expressed as 

KJM.I = MU (8-37) 

where 

Zm = Ffa) (8-37a) 

/„ = «„ (8-37b) 

V m = h m (8-37c) 

The unknown coefficients a„ can be found bv solving (8-37) using matrix inver¬ 
sion techniques, or 

U„\ = IZ,J '[VJ (8-38) 


8.4.1 Basis Functions 

One very important step in any numerical solution is the choice of basis functions. In 
general, one chooses as basis functions the set that has the ability to accurately 
represent and resemble the anticipated unknown function, while minimizing the com¬ 
putational effort required to employ it |28|-|30). Do not choose basis functions with 
smoother properties than the unknown being represented. 

Theoretically, there are many possible basis sets. However, only a limited number 
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Figure 8.8 Piecewise constant subdomain functions. 


are used in practice. These sets may be divided into two general classes. The lirst 
class consists of subdomain functions, which arc nonzero only over a part of the 
domain of the function e(.v’): its domain is the surface of the structure. The second 
class contains entire domain functions that exist over the entire domain of the unknown 
function. The entire domain basis function expansion is analogous to the well-known 
Fourier series expansion method. 


A Subdomain Functions 

Of the two types of basis functions, subdomain functions arc the most common. 
Unlike entire domain bases, they may be used without prior knowledge of the nature 
of the function that they must represent. 

The subdomain approach involves subdivision of the structure into N nonover¬ 
lapping segments, as illustrated on the axis in Figure 8.8(a). For clarity, the segments 
are shown here to be collinear and of equal length, although neither condition is 
necessary. The basis functions are defined in conjunction with the limits of one or 
more of the segments. 

Perhaps the most common of these basis functions is the conceptually simple 
piecewise constant, or "pulse" function, shown in Figure 8.8(a). It is defined by 

Piecewise Constant 

, Jl sx'„ 

1 () elsewhere 


(S-.W) 
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tel Function representation 

Figure 8.9 Piecewise linear subdomain functions. 


Once the associated coefficients arc determined, this function will produce a staircase 
representation of the unknown function, similar to that in Figures 8.8(b) and (c). 

Another common basis set is the piecewise linear, or '‘triangle.” functions seen 
in Figure 8.9(a). These are defined by 


Piecewise Linear 




■*' ~ y » i 
x'„ - x'„ _, 




0 


•V/i - I — -V < x„ 


X„ < X — X/,.i | 
elsewhere 


(8-40) 


and are seen to cover two segments, and overlap adjacent functions [Figure 8.9(b)], 
The resulting representation [Figure 8.9(c)] is smoother than that for “pulses.” but 
at the cost of increased computational complexity. 

Increasing die sophistication of subdomain basis functions beyond the level of 
the “triangle” may not be warranted by the possible improvement in accuracy. 
However, there arc eases where more specialized functions are useful for other rea¬ 
sons, For example, some integral operators may be evaluated without numerical 
integration when their integrands are multiplied by a sin(tv') or cos ilex') function, 
where .T is the variable of integration. In such examples, considerable advantages in 
computation time and resistance to errors can be gained by using basis functions like 
the piecewise sinusoid of Figure 8.10 or truncated cosine of Figure 8.11. These 
functions are defined by 
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(c) Puncllun reprcsoniailon 

Figure 8.10 Piecewise sinusoids subdomain functions. 


Piecewise Sinusoid 


g»(x') = 


sin|A: (.v* - .v,', ,)[ 

sin|A(4 - 4- 1 )] 
sin|t(4, i ~ v )| 
sinlA(4 + 1 - 4)| 
0 


<x„ 

4 s , r 's 4 + , 

elsewhere 


(8-41) 


Initialled Cosine 


*,(4) = 


cos 

0 


’4'- 


4-t ^4 s4 

elsewhere 


(8-42) 


B. Entire Domain Functions 

Entire domain basis functions, as their name implies, are defined and are nonzero 
over the entire length of the structure being considered. Thus no segmentation is 
involved in their use. 

A common entire domain basis set is that of sinusoidal functions, where 
Entire Domain 



(8-43) 
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Figure 8.11 Truncated cosines subdomain functions. 


Note that this basis set would be particularly useful for modeling the current distri¬ 
bution on a wire dipole, which is known to have primarily sinusoidal distribution. 
The main advantage of entire domain basis functions lies in problems where the 
unknown function is assumed a priori to follow a known pattern. Such entire-domain 
functions may render an acceptable representation of the unknown while using far 
fewer terms in the expansion of (8-34) than would be necessary for subdomain bases. 
Representation of a function by entire domain cosine and/or sine functions is similar 
to the Fourier series expansion of arbitrary functions. 

Because wc are constrained to use a finite number of functions (or modes, as they 
are sometimes called), entire domain basis functions usually have difficulty in mod¬ 
eling arbitrary or complicated unknown functions. 

Entire domain basis functions, sets like (8-43). can be generated using Tsehebys- 
eheff. Muclaurin. Legendre, and Hennite polynomials, or other convenient functions. 


8.4.2 Weighting (Testing) Functions 

To improve Lite point-matching solution of (8-36). (8-37). or (8-38) an inner product 
(w. g) can be defined which is a scalar operation satisfying the laws of 


g) = (g. »•> 

(8-44a) 

(bf + eg. tv) = b{f. tv) + c{g. w) 

(8-44b) 

(g* g) > 0 ifg * 0 

(8-44c) 

(g*.g) = 0 ifg = 0 

(8-44d) 
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where b and c are scalars and the asterisk (*) indicates complex conjugation. A typical, 
but not unique, inner product is 


<w, g) = 



(8-45) 


where the tv’s are the weighting (texting) functions and S is the surface of the structure 
being analyzed. Note that the functions tv and g can be vectors. This technique is 
better known as the Moment Method or Method of Momenta (MM) |7|. [8], 

The collocation (point-matching) method is a numerical technique whose solu¬ 
tions satisfy the electromagnetic boundary conditions le.g.. vanishing tangential elec¬ 
tric lields on the surface of an electric conductor) only at discrete points. Between 
these points the boundary conditions may not be satisfied, and we define lire deviation 
as a residual (e.g.. residual = A£| lan = E (scattered|| U1 „ + E (incident)| lul , ¥= 0 on 
the surface of an electric conductor). For a half-wavelength dipole, a typical residual 
is shown in Figure 8.12(a) for pulse basis functions and point-matching and Figure 
8.12(b) exhibits the residual for piecewise sinuxoids-Galerkin method [311. As ex¬ 
pected. the pulse basis point-matching exhibits the most ill-behaved residual and the 
piecewise sinusoids-Galerkin method indicates an improved residual. To minimize 
the residual in such a way that its overall average over the entire structure approaches 
zero, the method of weighted residuals is utilized in conjunction with the inner product 
of (8-45). This technique, referred to as the Moment Method (MM), does not lead to 
a vanishing residual at every point on the surface of a conductor, but it forces the 
boundary conditions to be satisfied in an average sense over the entire surface. 

To accomplish this, wc define a set of N weighting (or testing) functions {vc„,( = 

vt-'i. w 2 .Wjv iri the domain of the operator F. Forming the inner product between 

each of these functions, (8-35) results in 

N 

X a H (w m .F(g„)) = < w„,,h) m — 1.2. N (8-46) 

r»~ I 

This set of N equations may be written in matrix form as 

IVhJKl = IAJ (8-47) 


where 


<H'|. /•'(#,)) <VV|. F(g 2 )) ••• 


\Fm] = 

(wj, 

F(g i)> (ns, F(g 2 )) 


«i 


<VV|. h) 

[«-,] = 

a 2 

1 U = 

(w-;. It) 


°v 


(w N , h) 


(8-47a) 


(8-47b) 


The matrix of (8-47) may be solved for the a„ by inversion, and it can be written as 


k,l = |F,J '\hj 


(8-48) 


The choice of weighting functions is important in that (he elements of [tv„l must 
be linearly independent, so that the N equations in (8-46) will be linearly independent 
[7|-I91, [291. [30]. Further, it will generally be advantageous to choose weighting 
functions that minimize the computations required to evaluate die inner product. 

The condition of linear independence between elements and (he advantage of 




Figure 8.12 Tangential electric field on the conducting surface of a A/2 dipole, (sol wu: 
E. K. Miller and F. J. Dcadrick. "Some computational aspects of thin-wire modeling" in 
Numerical and Asymptotic Techniques in Electromagnetics, 1975. Springer-Vedag.) 


computational simplicity are also important characteristics of basis functions. Because 
of this, similar types of functions are often used for both weighting and expansion. A 
particular choice of functions may be to let the weighting and basis function be the 
same, that is. w„ = g„. This technique is known as Galerkin's method [32]. 
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Ii should he noted that there are N 2 terms to he evaluated in (8-47a). Each term 
usually requires two or more integrations; at least one to evaluate each F{g„) and one 
to perform Lhe inner products of (8-45). When these integrations are to be done 
numerically, as is often the ease, vast amounts ol'computation time may be necessary. 
There is. however, a unique set of weighting functions that reduce the number or 
required integrations. This is the set of Dirac delta weighting functions 

[wj = |S(/> - />„,)] = |«5(/; - />,). fi(p - i> 2 )-1 (8-49) 

where p specifies a position with respect to some reference (origin) and p m represents 
a point at which the boundary condition is enforced. Using (8-45> and (8-49) reduces 
(8-46) to 

(Sip - />„,). h) = "ZdniSip - p,„), Fig,,)) in = 1.2.<V 

it 

I ls S(p ~ Pm)h ^ = ] J V 8(p ~ I'm)Fig,,) (Is III = 1.2. N (8-50) 

^1/1 p,n = S &II Sn)\l>- t p,„ 1,1 ~ 2. N 

II 

Hence, the only remaining integrations are those specified by Fig,,). This simplification 
may lead to solulions that would be impractical if other weighting functions were 
used. Physically, the use of Dirac delta weighting functions is seen as the relaxation 
of boundary conditions so that they are enforced only at discrete points on the surface 
of the structure, hence the name point-matching. 

An important consideration when using point-matching is the positioning of the 
N points (/),„). While equally space points often yield good results, much depends on 
the basis functions used. When using subsectional basis functions in conjunction with 
point-matching, one match point should be placed on each segment (to maintain linear 
independence). Placing the points at the center of the segments usually produces the 
best results. It is important that a match point docs not coincide with the “peak" ol 
a triangle or u similar discontinuous function, where the basis function is not dilTcr- 
cntiably continuous. This may cause errors in some situations. 

8.5 SELF IMPEDANCE 

The input impedance of an antenna is a very important parameter, and it is used to 
determine the efficiency of the antenna. In Section 4.5 the real part of the impedance 
(referred either to the current at the feed terminals or to the current maximum) was 
found. At that lime, because of mathematical complexities, no attempt was made to 
find the imaginary part (reactance) of the impedance. In litis section the self impedance 
of a linear element will be examined using both the Integral Equation-Moment Method 
and the induced eraf method. The real and imaginary parts of the impedance will be 
found using both methods. 

8.5.1 Integral Equation-Moment Method 

To use this method to find the self impedance of a dipole, the first thing to do is to 
solve the integral equation for the current distribution. This is accomplished using 
either Pocklington's Integral equation of (8-22) or (8-24) or Mullen's integral equation 
ol (8-27). f or Pocklington's integral equation you can use either the delta-gap voltage 
excitation of (8-28) or the magnetic frill model of (8-31) or (8-32). 1 (alien's integral 
equation is based on the delta-gap model of (8-28). 
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Once the current distribution is found, using either or both of the integral equa¬ 
tions. then the self (input) impedance is determined using the ratio of the voltage to 
current, or 

= 7* (8-51) 

'in 

A computer program MOMENT METHOD has been developed based on Pockling- 
ton's and Hallen's integral equations, and it is found at the end of this chapter. 
Pocklington's uses both the delta-gap and magnetic-frill models while Malian's uses 
only the delta-gap feed model. Both, however, use piecewise constant subdomain 
functions and point-matching. The program computes the current distribution, nor¬ 
malized amplitude radiation pattern, and input impedance. The user must specify the 
length oi the wire, its radius (both in wavelengths), and the type of feed mixleling 
(delta-gap or magnetic-frill) and the number of segments. 

To demonstrate the procedure and compare the results using the two-sourcc 
modelings (delta-gap and magnetic-frill generator) for Pocklington's integral equation, 
an example is performed. 


Example 8.4 

Assume a center-fed linear dipole of / = 0.47A and ti = 0.005A. This is the same 
element of Example 8.3. 

1. Determine the normalized current distribution over the length of the dipole using 
/V = 21 segments to subdivide the length. Plot the current distribution. 

2. Determine the input impedance using segments of N = 7. 11. 21.29.41,51. 61, 
71. and 79. 

Use Pocklington's integrodifferential equation (8-24) wiih piecewise constant sub¬ 
domain basis functions and point-matching to solve the problems, model the gap with 
one segment, and use both the delta-gap and magnetic-lrill generator to model the 
excitation. Use (8-32l for the magnetic-frill generator. Because the current ai the ends 
of the wire vanishes, the piecewise constant subdomain basis functions are not the 
most judicious choice. However, because of their simplicity, they are chosen here lo 
illustrate the principles even though the results are not the most accurate. Assume that 
the characteristic impedance of the annular aperture is 50 ohms and the excitation 
voltage V, is I V. 


SOLUTION 

1. The voltage distribution was found in Example 8.3. and it is listed in Table 8.1. 
The corresponding normalized currents obtained using (8-24) with piecewise 
constant pulse functions and point-matching technique for both the delta-gap and 
magnetic frill-generator arc shown plotted in Figure 8.13(a). It is apparent that 
the two distributions are almost identical in shape, and they resemble that of the 
ideal sinusoidal current distribution which is more valid for very thin wires and 
very small gaps. The distributions obtained using Pocklington's integral equation 
do not vanish at the ends because of the use of piecewise constant subdomain 
basis functions. 
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Table 8.2 DIPOLE INPUT IMPEDANCE FOR 
DELTA-GAP AND MAGNETIC- 
FRILL GENERATOR USING 
POCKLINGTON'S INTEGRAL 
EQUATION (/ = 0.47A. a = 0.005A) 


N Delta Gap _Magnetic Frill 


7 

122.8 

+ 

,/113.9 

26.8 

+ 

;24.9 

11 

94.2 

+ 

749.0 

32.0 

+ 

716.7 

21 

77.7 

— 

70.8 

47.1 

- 

70.2 

29 

75.4 

- 

/6.6 

57.4 

- 

,/4.5 

41 

75.9 

- 

,/2-4 

68.0 

- 

71.0 

51 

77.2 

+ 

,/2.4 

73.1 

+ 

,/4.0 

61 

78.6 

+ 

/6.I 

76.2 

+ 

78.5 

71 

79.9 

+ 

77.9 

77.9 

+ 

711-2 

79 

80.4 

+ 

78.8 

78.8 

+ 

712.9 


2. The input impedances using both the delta-gap and the magnetic-frill generator 
are shown listed in Table 8.2. It is evident that the values begin to stabilize and 
compare favorably to each other once 61 or more segments are used. 


To further illustrate the point on the variation of the current distribution on a 
dipole, il has been computed by Moment Method and plotted in Figure 8.13(b) for 
/ = A/2 and / = A for wire radii of a = 10 'A and 10“ 'A where it is compared with 
that based on the sinusoidal distribution. Il is apparent that the radius of the wire does 
not influence to a large extent the distribution of the / - A/2 dipole. However it has 
a profound effect on the current distribution of the / = A dipole at and near the feed 
point. Therefore the input impedance of the / = A dipole is quite different for the 
three cases of Figure 8.13(b). since the zero current at the center of the sinusoidal 
distribution predicts an infinite impedance. In practice, the impedance is not infinite 
but is very large. 

8.5.2 Induced EMF Method 

The induced emf method is a classical method to compute the self and mutual 
impedances 111-|6|, 1331. The method is basically limited to straight, parallel and in 
echelon elements, and it is more difficult to account accurately for the radius of the 
wires as well as the gaps at the feeds. However it lends to closed form solutions which 
provide very good design data. From the analysis of the infinitesimal dipole in Section 
4.2, it was shown that the imaginary part of the power density, which contributes to 
the imaginary power, is dominant in the near-zone of the element and becomes 
negligible in the far-field. Thus, ncar-lields of an antenna are required to find its input 
reactance. 

A. Near-Field of Dipole 

In Chapter 4 the far-zone electric and magnetic fields radiated by a finite length dipole 
with a sinusoidal current distribution were found. The observations were restricted in 
the far-field in order to reduce the mathematical complexities. The expressions of 
these fields were used to derive the radiation resistance and the input resistance of the 
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DiMuncc from tlipiile center (wiivclcnpihk) 


ihi/* A/3 and / *■ A 

Figure 8.13 Currcnl distribution on a dipole antenna. 


dipole. However, when the input reactance and/or the mutual impedance between 
elements are desired, the near-fields of the clement must be known. It is the intent 
here to highlight the derivation. 

The fields are derived based on the geometry of Figure 8.14. The procedure is 
identical to that used in Section 4.2.1 for the infinitesimal dipole. The major difference 
is that the integrations are much more difficult. To minimize long derivations involving 
complex integrations, only the procedure will be outlined and the final results will be 
given. The derivation is left as an end of the chapter problems. The details can also 
be found in the first edition of this book. 

To derive the fields, the first thing is to specify the sinusoidal current distribution 
for a finite dipole which is that of (4-56). Once that is done, then the vector potential 
A of (4-2) is determined. Then the magnetic field is determined using (3-2a). or 
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If 


-V x A 
P 


\_dA £ 

V 


(8-52) 


li is recommended ihal Cylindrical coordinates arc used. By following (his procedure 
and alter some lengthy analytical details, it can be shown by referring to Figure 
8.14(b) that the magnetic held radiated by the dipole is 


where 


H = A = 






r = V?T77? = v7 T7 


*■ = 

R z = 




(8-53) 


(8-53a) 


(8-53b) 


x 2 + y 2 + (- + ^ 


(8-53c) 
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The corresponding electric field is found using Maxwell's equation of 


I 


E = —V x H 
jtoe 


(8-54) 

Once this is done, it can he shown that the electric field radiated by the dipole is 

E = a p E„ + a.E. = -a„—(ptf,) (8-55) 

' I toe dz J we pop 

where 


= £, = J 


4ttv 


1 e M 

2 R, 


+ U + - 


l\e 


2 R, 


- 2: cos - 


kl\e^' 


2 r 


„ e **' , (U\e^ 

E. = —/—-1-— 2 cos — - 

J 4ir /?, /?> \2/ r 


(8-55a) 

(8-55b) 


It should be noted that the last term in (8-53), (8-55u), and (8-55b) vanishes when 
the overall length of the clement is an integral number of odd half wavelengths 
(I = /iA/2, n = 1. 3. 5. ...) because cos(W/2) = cos(«ir/2) = 0 for n = I. 3, 
5. 

The fields of (8-53). (K-55a). and (8-55b) were derived assuming a zero radius 
wire. In practice all wire antennas have a finite radius which in most cases is very 
small electrically (typically less than A/200). Therefore the fields of (8-53). (8-55a), 
and (8-55b) are good approximations for finite, but small, radius dipoles. 


li. Seff Impedance 

The technique, which is used in this chapter to derived closed form expressions for 
the self- and driving point impedances of Unite linear dipoles, is known as the induced 
em]'method. The general approach of this method is to form the Poynting vector using 
(8-53). (8-55a), and (8-55b). and to integrate it over the surface that coincides with 
the surface of the antenna (linear dipole) itself. However, the same results can he 
obtained using a slightly different approach, as will he demonstrated here. The ex¬ 
pressions derived using this method are more valid for small radii dipoles. Expressions, 
which are more accurate for larger radii dipoles, were derived in the previous section 
based on the Integral Equation-Moment Method. 

To find (he input impedance of a linear dipole of finite length and radius, shown 
in Figure 8.15. the tangential electric field component on the surface of the wire is 
needed. This was derived previously and is represented by (8-55b). Based on the 
current distribution and tangential electric field along the surface of the wire. the. 
induced potential developed at the terminals of the dipole based on the maximum 
current is given by 

C. in 

V m = J_, fl dv m 

i r w 

= — — I o l : (p = a. z = z')E : (p = a, z = 2 ) dz' (8-56) 

I J-(tl 



8.5 Self Impedance 409 



Figure 8.15 Uniform linear currcnl density over cylindrical surface of wire. 


where /,„ is the maximum current. The input impedance (referral to at the current 
maximum /„,) is defined as 

Zm - 7 = ( 8 - 57 ) 

'Ml 

and can he expressed using (8-56) as 


z m = - p-J ' Up = a. z = z')E : (p = «/.: = :') dz' 


(8-57a) 


Equation (8-57a) can also be obtained by forming the complex power density, inte¬ 
grating it over the surface of the antenna, and then relating the complex power to the 
tcrminul and induced voltages |2|. The integration can be performed either over the 
gap at the terminals or over the surface of the conducting wire. 

For a wire dipole, the total current / is uniformly distributed around the surface 
of the wire, and it forms a linear current sheet J . The current is concentrated primarily 
over a very small thickness of the conductor, as shown in Figure 8.15. and it is given, 
based on (4-56). by 

/. = 2iraJ ; = /„, sin k{^ - |r'|)j (8-58) 

Therefore (8-57a) can be written as 


1 f*° 


= — — sin 

* i - \z'\] 

/*■>-« 

\2 7J 




a. 


') dz' 


(8-59) 


For simplicity, it is assumed that the /•.-field produced on the surface of the wire 
by a current sheet is the same as if the current were concentrated along a filament 
placed along the axis of the wire. Then the /.-field used in (8-59) is the one obtained 
along a line parallel to the wire at a distance p = a from the filament. 

Letting /„, = /„ and substituting (8-55b) into (8-59) it can be shown, after some 
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lengthy hut straightforward manipulations, that the real and imaginary parts of the 
input impedance (referred to at the current maximum) can be expressed as 


R, = K m = -~-(C + ln(W) - C,U/> + |stn<*/)|S ( (2W) - 

27r 2 

- 2S,[kl)\ 


+ '-coslkl)\C + lnU7/2) + Cj(2kl) - 2C,(kl)\) 


(8-60a) 

X m = 1 2S,ikl) + cos(A/)[2S,(A7) - S,{2kl)] 


-sin Ikl) 2C,{kl) - C,akl) - C.&f) 

} 

(8-60b) 

where S,U) and C,(v) are the sine and cosine integrals of Appendix III. Equation 
(8-60a) is identical to (4-70). In deriving (8-60a) it was assumed that the radius of 
the wire is negligible (in this case set to zero), and it has little effect on the overall 
answer. This is a valid assumption provided / » a. and il has been continued by 
other methods. 

The input resistance and input reactance ( referred to at the current at the input 
terminals I can be obtained by a transfer relation given by (4-79). or 

R *’ 

“ \lj ' sin 2 (A7/2) 


(8-6 la) 

. » 1 

v i M v Xm 

\J m sin J (Jt//2) 


(8-6 lb) 


For a small dipole the input reactance is given by 1341 


K 


nno/ao - n 

tan(*//2 


IK-62) 


while its input resistance and radiation resistance are given by (4-37). Plots of the self 
impedance, both resistance and reactance, based on (8-60a). (8-60b) and (8-ftla), 
(8-61 b) for 0 s / S 3A are shown in Figures 8.l6(a.b). The radius of the wire is 
10 'A. It is evident that when the length of the wire is multiples of a wavelength the 
resistances and reactances become inJinite: in practice they are large. 

Ideally the radius of the wire docs not affect the input resistance, as is indicated 
by (8-60a). However in practice it does have an effect, although it is not as significant 
as it is for the input reactance. To examine the effect the radius has on the values of 
the reactance, its values ns given by (8-60) have been plotted in Figure 8.17 ford = 
10 'A. 10 ‘A. 10 'A. and 10 : A. The overall length of the wire is taken to be 0 < 
I --- 3A. Il is apparent that the reactance can be reduced to zero provided the overall 

length is slightly less than n A/2, n ~ 1.3.or slightly greater than ;tA/2. n 2, 

4.This is commonly done in practice for / = A/2 because the input resistance is 

close to 50 ohms, an almost ideul mutch for the widely used 50-ohm lines. For small 
radii, the reactance for / = A/2 is equal to 42.5 ohms. 

From (8-60b) it is also evident that when / = n A/2, n = I. 2. 3,_the terms 

within the last bracket do not contribute because sin (kl) = sin(mr) = 0. Thus for 
dipoles whose overall length is an integral number of half-wavelengths, the radius 








Example 8.5 

Using the induced end' method, compute the input reactance for u linear dipole whose 
lengths are nAt 2. where // = I - 6. 


SOLUTION 

The input reactance for a linear dipole based on the induced entf method is given by 
(8-60b) whose values are equal to 42.5 for A/2, 125.4 for A. 45.5 for 3A/2, 133.1 for 
2A. 46.2 for 5A/2, and I35.X for 3A. 
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« = io 5 x 



Dipole Icnielli < wavelength!) 

Figure 8.17 Reactance (referred to the current maximum) ol linear dipole with sinusoidal 
current distribution for different wire radii. 


8.6 MUTUAL IMPEDANCE BETWEEN 
LINEAR ELEMENTS 


It) Ibe previous .section, the input impedance of a linear dipole was derived when the 
element was radiating into an unbounded medium. The presence of an obstacle, which 
could be another element, would alter the current distribution, the lield radiated, and 
in turn the input impedance of the antenna. Tlius the antenna performance depends 
not only on its own current but also on the current of neighboring elements. For 
resonant elements with no current excitation of their own. there could be a substantial 
current induced by radiation from another source. These arc known as parasitic 
elements, as in the case of a Yagi-Uda antenna, and play an important role in the 
overall performance of the entire antenna system. The antenna designer, therefore, 
must take into account the interaction and mutual effects between elements. The input 
impedance of the antenna in the presence of the other elements or obstacles, which 
will be referred to as driving-point impedance . depends upon the self impedance 
(input impedance in the absence of any obstacle or other element) and the mutual 
impedance between the driven element and the other obstacles or elements. 

To simplify the analysis, it is assumed that the antenna system consists of two 
elements. The system can be represented by a two-port (four-terminal) network, as 
shown in Figure 8.18. and by the voltage-current relations 


V, = Z„/, + 2,,/al 
V 2 = Z,,/, + Z 22 I 2 ) 


( 8 - 6 . 1 ) 


where 


Z,. 


fi /,=o 


(8-63a) 


is the input impedance at port #1 with port #2 open-circuited. 


Z|2 



(8-63H) 
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(it) Twu-port network 


m 7.. 7.. 

h 

m *11 *12 

+ 

*'27 *'2i m 

v\ 

- ] Vi 



- 


lb) T-nuHvorkequlvalciil 

Figure 8.18 Two-port network mid its 7-equivalent. 


is the mutual impedance at port #1 due to a current at port #2 (with port #1 open 
circuited), 


Zjt 


v* 
/1 


/ 3 =d 


(8-63c) 


is the mutual impedance at port #2 due to a current in port #1 (with port #2 open- 
circuited), 



(8-63»l) 


is the input impedance at port #2 with port #1 open-circuited. For a reciprocal 
network. Z l2 = Zj,. 

The impedances Z,, and Z 22 are the input impedances of antennas I and 2, 
respectively, when each is radiating in an unbounded medium. The presence of another 
element modifies the input impedance and the extent and nature of the effects depends 
upon (I) the antenna type. (2) the relative placement of the elements, and (3) the type 
of feed used to excite the elements. 

Equation (8-63) can also be written as 

Vi lh\ 

Z\d — ~r — Z|| + Z|il—I (8-64a) 

* i vtl 


Zhl ~ ~f ~ Zyi + Zi| J 

n / j 


(8-64b) 


Z\j and Z,,/ represent tile driving point impedances of antennas I and 2. respectively. 
Each driving point impedance depends upon the current ratio l,/l 2 . the mutual impe¬ 
dance. and the self-input impedance (when radiating into an unbounded medium). 
When attempting to match any antenna, it is the driving point impedance that must 
be matched. It is. therefore, apparent that the mutual impedance plays an important 
role in the performance of an antenna and should be investigated. However, the 
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analysis associated with it is usually quite complex and only simplified models can 
be examined with the induced emf method. Integral Equation-Moment Method tech¬ 
niques can be used for more complex geometries, including skewed arrangements of 
elements. 

Referring to Figure 8.19. the induced open-circuit voltage in antenna 2. referred 
to its current ut the input terminals, due to radiation from antenna I is given by 

Vv = - t IT E c2I (z')/ 2 (z') dz' (8-65) 

ItjJ ' ‘i« 

where 

£. 2 i U') £- field component radiated by antenna I. which is parallel to antenna 2 

/,(;') - current distribution along antenna 2 

Therefore the mutual impedance of (8-63c), (referred to at the input current I,, of 
antenna I ). is expressed as 


Z 


Vu 

/./ 


I f«»« 
fufj-td* 


E :2 Az')r 2 (z')dz‘ 


( 8 - 66 ) 


8.6.1 Integral Equation-Moment Method 

To use this method to find the mutual impedance based on (8-66). an integral equation 
must be formed to find E. :I . which is the held radiated by antenna I at any point on 
antenna 2. This integral equation must be a function of the unknown current on 
antenna 1. and it can be derived using a procedure similar to that used to form 
Pocklington's Integral Equation of (8-22) or (8-24). or Hallcn's Integral Equation of 
(8-27). The unknown current of antenna 1 can be represented by a series of finite 






8.6 Mutual Impedance Between I.inear Elements 415 


number of terms with N unknown coefficients and a set of known (chosen) basis 
functions. The current I A:) must also be expanded into a finite series of N terms with 
N unknown coefficients and a set of N chosen basis functions. Once each of them is 
formulated, then they can be used interactively to reduce (8-66) into an N X N set of 
linearly independent equations to find the mutual impedance. 

To accomplish this requires a lengthy formulation, computer programming, and 
usually a digital computer. The process usually requires numerical integrations or 
special functions for the evaluation of the impedance matrices of and the integral 
of (8-66). There are national computer codes, such as the Numerical Electromagnetics 
Code (NEC) and the simplified version Mini Numerical Electromagnetics Code (MIN- 
INEC). for die evaluation of the radiation characteristics, including impedances, of 
wire antennas |35|-|37|. Both of these are based on an Integral Equation-Moment 
Method formulation. Information concerning these two codes follows. There arc other 
codes: however, these two seem to be the most popular, especially for wire type 
antennas. 

Another procedure that has been suggested lo include mutual effects in arrays of 
linear elements is to use a convergent iterative algorithm |38|. |39|. This method can 
be used in conjunction with a calculator |38|, and it has been used to calculate 
impedances, patterns and directivities of arrays of dipoles |39|. 

A. Numerical Electromagnetics Cotie (NEC ) 

The Numerical Electromagnetics Code (NEC) is a user-oriented program developed 
at Lawrence Livermore Laboratory. II is a moment method code for analyzing the 
interaction ol electromagnetic waves with arbitrary structures consisting of conducting 
wires and surfaces. It combines an integral equation for smooth surfaces with one for 
wires to provide convenient and accurate modeling Idr a wide range of applications. 
The code can model nonradiating networks and transmission lines, perfect and im¬ 
perfect conductors, lumped element loading, and perfect and imperfect conducting 
ground planes. Il uses the electric held integral equation (EITH) for thin wires and tile 
magnetic lield integral equation (MITE) for surfaces. The excitation can be either an 
applied voltage source or an incident plane wave. The program computes induced 
currents and charges, near- and fur-zone electric and magnetic fields, radar cross 
section, impedances or admittances, gain and directivity, power budget, and antenna- 
to-antenna coupling. 

li. Mini-Numerical Electromagnetics Cotie (MININEC) 

The Mini-Numerical Electromagnetics Code (MININEC) [36], |37| is a user-oriented 
compact version of the NEC developed at the Naval Ocean Systems Center (NOSC). 
It is also a moment method code, but coded in BASIC, and has retained the most 
frequently used options of the NEC. It is intended to be used in mini, micro, and 
personal computers, as well as work stations, and it is most convenient lo analyze 
wire antennas. It computes currents, and near- and far-lield patterns. It also optimizes 
the feed excitation voltages that yield desired radiation patterns. 

Information concerning the NEC and MININEC. and their availability, can be 
directed to: 

Professor Richard W. Adler 
Naval Postgraduate School 
Code 62 AB 

Monterey, California 93943 
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N.6.2 Induced KMK Method 

The induced emf method is also based on (8-66) except that />(;') is assumed to be 
the ideal current distribution of (4-56) or (8-58) while k- 2 dz') is the electric field of 
<8-55b> Using (8-58) and (8-55b). we can express (8-66) as 



(8-67) 


where r. R t , and R are given, respectively, by (8-53a). (8-53b) and (8-53c) bin with 
y = 1 7 and / = /|. / (m . and I\,. !y represent, respectively, the maximum and inpul 
currents for antennas I anil 2. By referring each of the maximum currents to those at 
the input using (4-78) and assuming free space, wc can write (8-67) as 



The mutual impedance referred to the current maxima is related to that at the input 
of (8-68) by 


Z. 


:i«i 





(8-69) 


which for identical elements (/, = / 3 = /) reduces to 


7-l\m ~ 



(8-70) 


whose real and imaginary parts are related by 


R 


21 HI 


R 2 1, sin'll 


Xiim - %2h s >n" |— 


(8-70a) 

(8-70b) 


For a two-eletnenl array of linear dipoles, there are three classic configurations 
for which closed-form solutions for (8-68), in terms of sine and cosine integrals, are 
obtained 133]. Those are shown in Figure 8.20. and they are referred to as the side- 
by-side [Fig. 8.20(a)|. collincar |Fig 8.20(h)], and parallel-in-echelon [Fig. 8.20(c)]. 
For two identical elements (each with odd multiples of A/2. I = »A/2. n = 1.3. 5. 
.. .) (8-70) reduces for each arrangement to the expressions that follow. Expressions 
for linear elements of any length are much more complex and can be found in [33 f. 

A computer program referred to as SELF AND MUTUAL IMPEDANCES, based 
on (8-71 aH8-73i). is included at (he end of the chapter. 



8.6 Mutual Impedance Between Linear Elements 417 


T 



tm Side-by-side lb) Collinear (el Parallel In echelon 

Figure 8.20 Dipole configuration of two identical elements for mutual 
impedance computations. 


Side-by-Side Configuration I Figure 8.20(a)! 

Bum * *r|2Ci(i«o> - Oi) - (8-71 a) 

4t r 

Xu. = — -5-125,(110) - SM) - S,<« 2 )| (8-7lb) 

47T 

M 0 = kd (8-71 c) 

m, = kiy/d* + I' + /) (8-7 Id) 

u 2 = k(\/d~ + I 2 - I) (8-7le) 

Collinear Configuration [Figure 8.20(b) [ 


K’u. - ~ ~ cos(u 0 )|—2C/(2uo) + Cfiih) + C,(v ,) ln(u,)l 

+ sin(t/ 0 )I2S ( (2o„) - S,(v 2 ) - (8-72a) 

o7T 

*:im = - ~ cos(v„)(2S,(2wo) - S,(v 2 ) - S,(u,)] 

077 

+ sin(y„)(2C/(2u 0 ) - C,(v 2 ) - C,(v,) - Into,)] (8-72b) 

o7T 

Vo = kb (8-72c) 

v, = 2 k(b + /) (8-72d) 

(8-72e) 
(8-720 


w 2 = 2k(h - /) 
Wi = (/r 1 - /’)//r 
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ParaUel-in-Eclu’lim Configuration I Figure 8.20(c) / 

Ri\,„ = ~ cos(m' 0 )[-2C,(m'|) - 2CAw \) + C t (w,) 

o7r 

+ C,( wi) + CM) + c,(wi) 1 

+ sin(u',))l2.V,(vi',) - 2S/(h>I) - S,(w 2 ) 

o7r 

+ SM) - S,(Wy) + 5i(w 3 )1 (8-73a) 

X 2 \ m = ~ ^cos(u' 0 )[2.S,(w,) + 25,(It'D ~ Sfiw,) 

— 5,(iv!) — SfiWj) ~ 5,(vi'I)] 

+ sin(w„)[2C,(w,) - 2C,(\v[) - CM.) + CM) 

an 


C,(w 3 ) + C,(»i)| 

(8-73b) 

vv„ = kh 

(8-73c) 

»v, = kC\/d ' + Ir + //) 

(8-73d) 

w| = k(y/ti 2 + Ir - h) 

(8-73e) 

w 2 = k\y/d z + (/» - /)- + (/t - /)] 

(8-731) 

w'i = k\\/d 2 + (/» - /)' - (h - 1 )| 

(8-73g) 

wj = kW/d* + (/i + /)' + (/» + /)1 

(8-73h) 

K*J = k\\/d 2 + (1, + I) 1 - (li + /)] 

(8-73i) 


The mutual impedance, referred to the current maximum, based on the induced 
emf method of a side-by-side and a collinear arrangement of two half-wavelength 
dipoles is shown plotted in Figure 8.21. It is apparent that the side-by-side arrangement 
exhibits larger mutual effects since the antennas are placed in the direction of maxi¬ 
mum radiation. The data is compared with diose based on the Moment Method/NEC 
[351 using a wire with a radius of 10 3 A. A very good agreement is indicated between 
the two sets because a wire with a radius of 10 'A for the MM/NEC is considered 
very thin. Variations as a function of the radius of the wire for both the side-by-side 
and collinear arrangements using the MM/NEC arc shown, respectively, in Figures 
8.22(a,b). Similar sets of data were computed for the parallel-in-echelon arrangement 
of Figure 8.20(c). and they are shown, respectively, in Figures 8.23(a) and 8.23(b) 
for d = A/4. 0 < /i -s A and li = A/2, 0 < d < A for wire radii of 10 'A. Again a 
very good agreement between the induced emf and Moment Method/NEC data is 
indicated. 


Example 8.6 

Two identical linear half-wavelength dipoles are placed in a side-by-side arrangement, 
as shown in Figure 8.20(a). Assuming that die separation between the elements is 
<1 = 0.35A. find the driving point impedance of each. 
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Ini Slitc-hy-iidc 



(hi Col lineal 

Figure 8.21 Mutual impedance ol two side-by-side and eollinear A/2 dipoles using the mo- 
mem method and induced emf method. 


SOLUTION 
Using (8-64a) 

Since the dipoles ure identical, /, = A. Thus 
Ziu — Zn + Z12 
From Figure 8.21(a) 

Z, 2 = 25 - y 38 
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(b) C'lillliiau 

Figure 8.22 Variations of mutual impedance as a function of wire radius 
for side-by-side and collinear A/2 dipole arrangements. 


Since 

Z„ = 73 + >42.5 
Z tlJ reduces to 

Z u = 98 + >4.5 

which is also equal to Z^, of (8-64b). 
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fl» h = 0.3A 

Figure 8.23 Mutual impedance for two parallel-m-echelon A/2 dipoles with 
wire radii of 10 s A. 


As discussed in Chapter 2, Section 2.13. maximum power transfer between the 
generator and the transmitting antenna occurs when their impedances are conjugate- 
matched. The same is necessary for the receiver and receiving antenna. This ensures 
maximum power transfer between the transmitter and receiver, when there is no 
interaction between the antennas. In practice, the input impedance of one antenna 
depends on the load connected to the other antenna. Under those conditions, the 
matched loads and maximum coupling can be computed using the Linvillc method 
1401. which is used in if amplifier design. This technique has been incorporated into 
the NF.C [35]. Using this method, maximum coupling is computed using [351 
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Figure 8.24 Maximum coupling for the two A/2 dipoles in side- 
by-side and collinear arrangements as a function of separation. 


c„, M = tH - (i - ^)' n l 


(8-74) 


where 


L = 


\Yn.Yu 


2Re(K,,) RetKsj) - Re(T l2 K 2l ) 


(8-74a) 


To ensure maximum coupling, the admittance of the matched load on the receiving 
antenna should he [35J 


Yi = 


1 ~ P 
| I + p 


+ I 


RcOV,) - T :2 


(8-75) 


where 


P = 


CMAx(^l2^2l>’ t ' 

1^.2 P 2 || 


(8-75a) 


The corresponding input admittance of the transmitting antenna is 


K,n = Y 


II 


^1 K, 2 

Y,. + Yi2 


(8-76) 


Based on (8-74)-(8-76), maximum coupling for two half-wavelength dipoles in 
side-by-side and collinear iirrangements as a function of the element separation (</ for 
side-by-side and s for collinear) was computed using the NEC. and it is shown in 
Figure 8.24. As expected, the side-by-side arrangement exhibits much stronger coup¬ 
ling, since the elements are placed along the direction of their respective maximum 
radiation. Similar curves can be computed for the paraliel-in-echelon arrangement. 


8.7 MUTUAL COUPLING IN ARRAYS 

When two antennas are near each other, whether one and/or both are transmitting or 
receiving, some of the energy that is primarily intended for one ends up at the other. 
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The amount depends primarily on the 

a. radiation characteristics of each 

b. relative separation between them 

c. relative orientation of each 

There are many different mechanisms that can cause this interchange of energy. For 
example, even if both antennas arc transmitting, some of the energy radiated from 
each will be received by the other because ol the nonideal directional characteristics 
of practical antennas. Part of the incident energy on one or both antennas may be 
rescaticred in different directions allowing them to behave ns secondary transmitters. 
This interchange of energy is known as "mutual coupling." and in many cases it 
complicates the analysis and design of an antenna. Furthermore, for most practical 
configurations, mutual coupling is difficult to predict analytically but must be tuken 
into account because of its significant contribution. Because the mutual effects of any 
antenna configuration cannot be generalized, in this section we want first to briefly 
introduce them in a qualitative manner and then examine their general influence on 
the behavior of the radiation characteristics of the antenna. Most of the material and 
presentation iri this section is followed from a well written document on this subject 
141). 


8.7.1 Coupling in the Transmitting Mode 

To simplify the discussion, let us assume that two antennas m and n of an array arc 
positioned relative to each other as shown in Figure 8.25(a). The procedure can be 
extended to a number of elements. If a source is attached to antenna n. the generated 
energy traveling toward the antenna labeled as (0) will be radiated into space (I) and 
toward the mth antenna (2), The energy incident on the w.th antenna sets up currents 
which have a tendency to rescatter some of the energy (3) and allow the remaining 
to travel toward the generator ol in (4). Some of the rescattered energy (3) may be 
redirected back toward antenna n (5). This process can continue indefinitely. The 
same process would take place if antenna m is excited and antenna n is the parasitic 
element. II' both antennas, m and ii, are excited simultaneously, the radiated and 
rescattered fields by and from each must he added veetorially to arrive at the total 
field at any observation point. Thus, "the total contribution to the fur-field pattern of 
a particular element in the array depends not only upon the excitation furnished by 
its own generator (the direct excitation) hut upon the total parasitic excitation as 
well, which depends upon the couplings from and the excitation of tlic other generators 

14)1.” 

The wave directed from the n to the m antenna and finally toward its generator 
(4) adds veetorially to the incident and reflected waves of the in antenna itself, thus 
enhancing the existing standing wave pattern within m. For coherent excitations, the 
coupled wave (4) due to source n differs from the reflected one in m only in phase 
and amplitude. The manner in which these two waves interact depends on the coupling 
between them and the excitation of each. It is evident then that the vector sum of 
these two waves will influence the input impedance looking in at the terminals of 
antenna m and will be a function of die position and excitation of antenna n. This 
coupling effect is commonly modeled as a change in the apparent driving impedance 
of the elements and it is usually referred to as mutual impedance variation. 

To demonstrate the usefulness of die driving impedance variation, let us assume 
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Figure 8.25 Transmitting mode coupling paths between antennas m and n (Reprinted will) 
permission of MIT Lincoln Laboratory. Lexington. MA). 

that a set of elements in an array are excited. For a given element in the array, the 
generator impedance that is optimum in the sense of maximizing the radiated power 
for that element is that which would be a conjugate impedance match at the element 
terminals. This is accomplished by setting a reflected wave which is equal in amplitude 
and phase to the backwards traveling waves induced due to the coupling. Even though 
this is not the generator impedance which is a match to a given element when all 
other elements are not excited, it does achieve maximum power transfer. 

To minimize confusion. let us adopt the following terminology [41]: 

1. Antenna impedance: The impedance looking into a single isolated element. 

2. Passive driving impedance: The impedance looking into a single element of an 
array with all other elements of the array passively terminated in their normal 
generator impedance unless otherwise specilied. 

3. Active driving impedance: The impedance looking into a single element of an 
array with all other elements of the array excited. 
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Since the passive driving impedance is of minor practical importance and differs 
only slightly from the antenna impedance, the term driving impedance will be used 
to indicate active driving impedance, unless otherwise specified. 

Since the driving impedance for a given element is a function of the placement 
and excitation of the other elements, then optimum generator impedance that maxi¬ 
mizes array radiation efficiency Igain) varies with array excitation. These changes, 
with element excitation variations, constitute one of the principal aggravations in 
electronic scanning arrays. 


8.7.2 Coupling in the Receiving Mode 

To illustrate the coupling mechanism in the receiving mode, let us again assume that 
the antenna system consists of two passively loaded elements of a large number, as 
shown in Figure 8.25(b), Assume that a plane wave (0) is incident, and il strikes 
antenna m first where it causes current llow. Part of the incident wave will be rescat¬ 
tered into space as (2), the other will be directed toward antenna n as (3) where it will 
add vectorially with the incident wave (0), and part will travel into its feed as (I). It 
is then evident that the amount of energy received by each element of an antenna 
array is the vector sum of the direct waves and those that are coupled to it parasitically 
from the other elements. 

The amount of energy that is absorbed and reradiated by each element depends 
on its match to its terminating impedance. Thus, the amount of energy received by 
any clement depends upon its terminating impedance as well as that of the other 
elements. In order to maximize the amount of energy extracted from an incident wave, 
we like to minimize the total backscattered (2) energy into space by properly choosing 
the terminating impedance. This actually can be accomplished by mismatching the 
receiver itself relative to the antenna so that the reflected wave back to the antenna 
(4) is cancelled by the rescattered wave, had the receiver been matched to the actual 
impedance of each antenna. 

As a result of the previous discussion, il is evident that mutual coupling plays an 
important role in the performance of an antenna. However, the analysis and under¬ 
standing of it may not be that simple. 


8.7.3 Mutual Coupling on Array Performance 

The effects of the mutual coupling on the performance of an array depends upon the 

a. antenna type and its design parameters 

b. relative positioning of the elements in the array 

c. feed of the array elements 

d. scan volume of the array 

These design parameters influence the performance of the antenna array by varying 
its element impedance, reflection coefficients, and overall antenna pattern. In a finite- 
element array, the multipath routes the energy follows because of mutual coupling 
will alter the pattern in the absence of these interactions. However, for a very large 
regular array (array with elements placed at regular intervals on a grid and of sufficient 
numbers so that edge effects can be ignored), the relative shape of the pattern will be 
the same with and without coupling interactions. It will only require a scaling up or 
down in amplitude while preserving the shape. This, however, is not true for irregular 
placed elements or for small regular arrays where edge effects become dominant. 
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8.7.4 Coupling in an Infinite Regular Array 

The analysis and understanding of coupling can be considerably simplified by con¬ 
sidering an infinite regular array. Although such an array is not physically realizable, 
it does provide an insight and in many cases answers of practical importance. For the 
infinite regular array we assume that 

a. all the elements are placed at regular intervals 

b. all the elements arc identical 

c. all the elements have uniform (equal) amplitude excitation 

d. there can be a linear relative phasing between the elements in the two orthogonal 
directions 

The geometry of such an array is shown in Figure 6.23 with its array factor given by 
(6-87) or ( 6 - 88 ). This simplified model will be used to analyze the coupling and 
describes fairly accurately the behavior of most elements in arrays of modest to large 
size placed on flat or slowly curve surfaces with smoothly varying amplitude and 
phase taper. 

To assess the behavior of the element driving impedance as a function of scan 
angle, we can write the terminal voltage of any one element in terms of the currents 
(lowing in the others, assuming a single-mode operation, as 

^mn = 2 2 ^mn.pqlpq (8-77) 

P <1 

where defines die terminal voltage at antenna mn due to a unity current in 
element pq when the current in all the other elements is zero. Thus the Z,„„ w terms 
represent the mutual impedances when the indices mn and pq are not identical. The 
driving impedance of the /with element is deiined as 

7-o. nn = 7 ^ = 2 2 Zunjf- (8-78) 


Since we assumed that the amplitude excitation of the elements of the array was 
uniform and the phase linear, we can write that 


= to** + *' 

(8-7%) 


(8-7%) 

Thus. (8-78) reduces to 


Zonm =22 z, mm e^ "'^e^ 

(8-80) 


/• i 


It is evident that the driving point impedance of mn element is equal to the vector 
sum of the element self impedance (mn = pq) and the phased mutual impedances 
between it and the other elements (mn # pq). The element self impedance (mn = 
pq) is obtained when all other elements are open-circuited so that the current at their 
feed points is zero | l m (pq * mn) - 0]. For most practical antennas, physically this 
is almost equivalent to removing the pq elements and finding the impedance of a 
single isolated element. 

A consequence of the mutual coupling problem is the change of the array impe¬ 
dance with scan angle. In order not to obscure the basic principle with the complexity 
of the problem, this can best be illustrated by examining the behavior of the reflection 
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in) Incident plane wave on resistive sheet (b) /T-pliine scan reflection 



2 


Ic) //-plane scan reflection 

Figure 8.26 Geometry for plane wave reflection from resistive sheet. (Reprinted 
with permission of MIT Lincoln Laboratory. Lexington. MA.) 


coefficient of a uniform plane wave in free-space incident on a resistive sheet of 
infinite extent backed by an open circuit so that there are no transmitted fields through 
the sheet, as shown in Figure 8.26(a). Although the open circuit is not physically 
realizable, nevertheless the model is useful. This is accomplished by choosing the 
surface resistivity of the sheet to be that of free-space (rj ( , = 12()7r) so that the sheet 
is an exact match for u normally incident wave. Referring to Figure 8.26(b) lor an 
E-plane scan and Figure 8.26(c) for an //-plane scan, we impose that at the boundary 
(z = 0 for all x and v) the ratio of the total tangential electric field to the total 
tangential magnetic field is equal to the surface impedance of the sheet. The same 
procedure is used in electromagnetics to derive the Fresnel reflection and transmission 
coefficients from planar interfaces for vertical and horizontal polarizations 1141. 

Referring to Figure 8.26(b). we cart write that the incident and reflected waves 
for the E- and II-fields as 


= E(',(a, cos 6, - a sin 

(8-8 la) 

H 1 = a H^e rt+;en*(t) 

(8-8 lb) 

= E ( )(a v cos t), + 3. sin 0 r )e~ A<_y#i ' , '''^ ew/7 ' ) 

(8-810 

W = _ g -'*«t"«+!a»ftl 

<8-8Id) 
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Applying boundary conditions on the tangential components of the electric and mag¬ 
netic Held of (8-8laM8-8ld) gives 


Since 


Eim 

Eh cos + £' cos ft r e^"' n0 - 

(8-82) 

Vil - fj 

•Man 

Hbe**** - // ( V Vv,m " 


//' - M 

(8-82a) 

Vo 

_ Eh 

''n - 

<8-82h) 

Vn 



we can write (8-82) as 


Eu(COS ft, - | )**»«"•« = - E^icos ft, + 
whose only solution independent of y occurs when ft, = ft,. Thus. 


r,= 


Eh 

Eh 


I - cos ft, , / flA 

- = tan - 1 — I 

I + cos ft, \21 


which can also be written as 


(8-83) 


(8-84) 


£fi _ I — cos ft, _ cos 0, 

El>~ I + cos ft, “ I 
cos ft, 


Z, ~ I 

4 + 1 


(8-85) 


By comparison with the reflection coefficient I' of a transmission line with a normal¬ 
ized load Z, 


r = 


i 

z, + i 


( 8 - 86 ) 


the sheet represents an impedance to the wave that varies as 


4 = 


COS ft) 


(8-87) 


This is usually referred to as a normalized directional impedance. 

Referring to Figure 8.26(c), it can be shown that for the //-plane scan the reflection 
coefficient is 


I* 


I - cos ft, 
I + cos ft, 



and the sheet represents to the wave an impedance that varies as 


( 8 - 88 ) 


Z,, = cos ft, 


(8-89) 


It is clear that even for such a simple problem of a plane wave impinging on a 
resistive sheet, there is a change, as a function of the scan angle, of the apparent 
impedance that the resistive sheet represents to the wave. 

To illustrate the practical importance of the resistive sheet problem, the computed 
reflection coefficient magnitude for the £- and //-plane scans for arrays of half- 
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(a) /--plane *cun lb) W-pl.ua- sum 

Figure 8.27 Magnitude of reflection coefficient as a function of principal plane 
scan angle. (Reprinted with permission of MIT Lincoln Laboratory. Lexington. MA.) 


wavelength dipoles for various spacings did = d, = d r ) and height h above a ground 
plane arc shown in Figures 8.27(a,b) [41]. The height h was chosen to minimize the 
mismatch in the principal planes of scan. The curves are discontinued at the angles 
where major lobes are equally disposed about broadside and retrace themselves be¬ 
yond that point. The angles of discontinuity become smaller for wider spacings. It is 
also evident that the reflection coefficient for a given scan angle in ihe principal plane 
becomes smaller as the elements are brought closer together. In the same figures and 
indicated by small r's is the reflection coefficient of the central element of a large 
array of short dipoles with a spacing of d, = d % = 0.1 A but without a ground plane. 
The resistive sheet reflection coefficient is also plotted for comparison purposes. It 
should he noted that the results of Figure 8.27 were computed assuming Ihe generator 
impedance is matched to the element driving impedance when the array's major lobe 
was toward broadside. This requires the tuning of ihe driving reactance for broadside 
conditions, which for small spacings is exceedingly large. 

8.7.5 Grating Lobes Considerations 

Because of the periodic nature of an infinite array, the impedance behavior as a 
function ol scan volume for different elements and interelemeni spacing can be 
described in the form of an infinite series. This is accomplished by expressing the 
radiated and stored (real and reactive) powers in the vicinity ol' the array in terms of 
the current, lield distribution or pattern, of u typical element. The analysis, which was 
pioneered by Wheeler [42]: Edelberg and Oliner [43]. [44]: and Stark [45] is straight¬ 
forward. but it will not be included here because it requires a knowledge of Fourier 
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transforms, and it is beyond the scope of the book at (his point. However, some 
qualitative results will be briefly discussed. 

It was shown in Section 6.10.1 that grating lobes in an array can be formed 
provided (6-89a) and (6-89b) am satisfied. This was illustrated by the three-dimen¬ 
sional pattern of Figure 6.29. It was indicated there that additional grating lobes can 
be formed by increasing the interelement spacing. The grating lobes disappear as the 
spacing recedes toward zero. In general, grating lobes can be moved into and out of 
the visible region by controlling the spacing and/or relative phase between the ele¬ 
ments. 

The dependence of the element driving impedance Z„(ft, (3,) on the pointing 
direction (scan) of the main beam of the array is demonstrated by examining it for 
different elements, spacings. and the presence of a ground plane. The discussion is 
restricted to planar arrays and the impedance variations are illustrated for the £-. //-. 
and //-planes. We define D- as the diagonal plane (45° from the E- and //-planes) and 
tl r . Oh, and 0,i as the angles of the main beam from broadside for the E-, //- and 
D-planes. respectively. 

If the elements are polarized in the v-dircction. then according to (6-90a) and 
(6-90b) the progressive phase shifts between the elements must he¬ 


ft = 0 

f3 , = - kd, sin 0, 


E-plane scan (<I>„ ~ 90". 0 tl = 0,.) 


(8-90) 


ft ~ kd x sin 0 h 

ft = 0 



//-plane scan (<ft - 0°. 0 „ = (),,) 


//-plane scan (fft = 45°, 0„ = 0,,) 


(8-91) 

(8-92) 


To make the presentation of the results more uniform, the element driving im¬ 
pedance Z„(0) is displayed on a Smith chart in a normalized form 


Zi)(0 ) mln „ 


z,ao) - ; x „( 0 ) 

/?„(()) 


(8-93) 


where 


Z,M» = K„m + jX o (0) 


(8-93a) 


ftj ( 0 ) = ft ,(0 = 0 °) 

beam pointed at broadside 

X„(0) = X p (0 = 0°) 


(8-93b) 


In Figure 8.28. we display the normalized driving impedance in the E-, H- and 
D-planes for a planar array of half-wavelength dipoles (/ = 0.5A) spaced d, = d, = 
0.55A |4I|. The E- and //-planes aa* discontinued at 65°. Physically that angle cor¬ 
responds to a grating lobe at —65°, symmetrically disposed relative to the main beam. 
Scanning beyond that point is equivalent to moving the main beam in from 65° or 
retracing the curve. 

For a VSWR of 3:1. the half-wavelength dipole array of Figure 8.28 can be 
scanned up to 45° in the //-plane. 79° in die D-planc. and anywhere in the E-planc: 
for a VSWR of 2:1. then the maximum scan angles are 50° in the E-plane. 40° in the 
//-plane, and 77° in the D-plane. For a small dipole (/ = 0.1 A) the maximum scans 
are 47° in the //-plane. 79° in the D-plane, and anywhere for the E-plane for a 3:1 
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Figure 8.28 Nomadized clement impedance versus scan angle on the E-. // . and /J-planes 
for a planar array of half-wavelength dipoles U = 0.5A) widi </, r d, = 0.55A and with no 
ground plane. (Reprinted with permission of MI T Lincoln Laboratory, Lexington, MA.I 


VSWR; maximum scans of 40° in the //-plane, 7f>° in the //-plane, and anywhere in 
the £-plane fora 2:1 VSWR. The results are summarized in Table 8.1 |4I |. 

To demonstrate the effects of a ground plane on the element driving impedance, 
the normalized impedance of the half-wavelength (/ = 0.5A ) dipole arrays, when 
placed horizontally a height It - U.25A above an infinite electric ground plane, arc 
displayed in Figure 8.29. Physically, the introduction of the ground plane below the 


Table 8.3 MAXIMUM SCAN VOLUME OF SHORT AND HALF¬ 
WAVELENGTH DIPOLE PLANAR ARRAY WITH ,/. </, 

0.55A AND WI THOUT GROUND PLANE FOR VSWRs 
OF 3:1 AND 2:1 

(Reprinted with permission of MIT Lincoln Laboratory. 


Lexington. MA| 



Maximum Scan Angle 



Short Dipole 

Half-Wavelength 

VSWR 

Scan Plane 

(/ = 0.1A) 

Dipole (/ = 0.5A) 


E-Plane 

— 

— 

3:1 

//Plane 

47° 

45" 


D Plane 

79* 

79° 


E-Plane 

— 

50° 

2:1 

//-Plane 

40" 

40“ 


0-Plune 

76“ 

IT 
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Figure 8.29 Normalized element impedance versus scan angle on the E-. //-, and O-planes 
for a planar army of half-wavelength (f 0.5A) dipoles with d, </, = 0.55A and placed 
h - 0.23A above a ground plane. (Reprinted with permission of MIT Lincoln Laboratory, 
Lexington, MA.) 


horizontal electric dipoles prevents them from radiating along the ground plane, so 
the impedance is continuous when a grating lobe moves into the visible region. The 
maximum scan angles for VSWR's of 3:1 and 2:1 are shown listed in Table 8.4 |41 J. 

The impedances of a short dipole (/ = 0.1 A) are similar to those of the half¬ 
wavelength dipole shown in Figures 8.28 and 8.29. The most striking variation in 


Tabic 8.4 MAXIMUM SCAN VOLUME OF SHORT AND HALF¬ 
WAVELENGTH DIPOLE PLANAR ARRAY WITH d, = d, = 
0.55A AND WITH GROUND PLANE t/i = 0.25A) FOR VSWRs 
01 fcl AND 2:1 

[Reprinted with permission of MIT Lincoln Laboratory. 

Lexington. MA| 

Maximum Scan Angle 

Short Dipole Half-Wavelength 

VSWR Scan Plane_(/ = 0.1 A)_Dipole (/ = O.SA) 


/•'-Plane 

55° 

50® 

//-Plane 

50° 

50“ 

//-Plane 

62® 

62® 

£'-Plane 

45® 

40° 

//-Plane 

40® 

40° 

//-Plane 

52® 

50® 
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Figure 8.30 VSWR ai versus height above ground plane lor two large planar square 
arrays of hall-wavelength if = (7.5A) dipoles. (Reprinted with permission of MIT Lincoln 
Laboratory. Lexington, MA.) 


impedance of a given array of dipoles is accomplished by the introduction of the 
ground plane particularly for scan angles near graling-lobe formation. 

By comparing the results of Tables 8.3 and 8.4 it is evident that if for dipole 
arrays the element spacing for allowing grating lobes to appear marginally is used as 
u design criterion, placing the arrays above a ground plane would give vastly better 
(but still poor) VSWR performance at extreme scans. If. however, the element spacing 
is chosen to maintain the maximum VSWR below a given value, there appears little 
difference between the elements but results in a smaller maximum scan For a given 
element spacing. 

To examine the effect the height h above the ground plane has on the maximum 
VSWR (within a specified scan volume), the maximum VSWR as a function of the 
height for £- and /-/-plane scans of two large square arrays of half-wavelength dipoles 
with (I, = d y = 0.5A and d t = d v = 0.6A spacing between the elements are displayed 
in Figure 8.30. The maximum scan angle is 40° and the arrays are assumed to be 
matched at broadside. It is evident from the results that as the height is decreased the 
maximum E-plane mismatch becomes very large while that of the //-plane decreases 
monotonically. The optimum height which leads to equal maximum mismatches in 
the E- and //-planes of scan for a given scan volume is determined by the spacing 
between the elements. The optimum heights for the two arrays are indicated in Figure 
8.30. 

It can be concluded that when an array is placed at its optimum height above the 
ground plane for u given scan volume and the spacing between the elements of the 
array is smaller than that required by the grating lobes, that array will exhibit less 
impedance variations than the one which just satisfies the scan volume requirement. 

To demonstrate the variations of the input reflection coefficient, and thus of the 
input impedance, of an infinite array as a function of scan angle, the input reflection 
coefficient of an infinite array of circular microstrip patches matched at broadside is 
shown in Figure 8.31 for the E-plane and //-plane [46]. The variations are due mainly 
to coupling between the elements. The variations are more pronounced for the 
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0., (degrees) 

Figure 8.31 Typical magnitude of inpui reflection coefficient versus scan angle in E- and 
//-planes for infinite array of microstrip patches (courtesy J. T. Aberle and F, Zavosh). 


/{-plane than for the //-plane. For microstrip patches, coupling is attributed to space 
waves (with Mr radial variations), higher order waves (with \/p 2 radial variations), 
surface waves (with Mpr radial variations), and leaky waves [with exp(-A p)/p M 
radial variations!. As is shown in Chapter 14 and Figures 14.36. 14.37. the variations 
of the reflection coefficient can he reduced by suppressing the surface waves supported 
by the substrate using cavities to back the patches [46|. The variations of the reflection 
coefficient as a function of scan angle can lead, due to large values of the reflection 
coefficient (ideally unity), to what is usually referred as array scan blindness |47|- 
1501. This is evident for the /-.'-plane near 72°-73° and is due to excitation in that plane 
ol' a leaky-wave mode, which is not as strongly excited as the scan angle increases 
beyond those values. Scan blindness is reached at a scan angle of 90". Also there can 
he degradation of side lobe level and main beam shape due to the large variations of 
the reflection coefficient. 

Scan blindness is attributed to slow waves which are supported by the structure 
of the antenna array. These structures may lake the form of dielectric layers (such as 
rndomes, superstates and substrates) over the face of the array, or metallic grids or 
fence structures. The scan blindness has been referred to as a “forced surface wave" 
|47|. |4X|. or a “leaky wave" [49], resonant response of the slow wave structure by 
the phased array. For the microstrip arrays, the substrate layer supports a slow surface 
wave which contributes to scan blindness |5()|. 
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PROBLEMS 

8.1. Derive Pocklington's integral equation 8-24 using (8-22) and (8-23). 

8.2. Derive the solution of (8-26) to the differential equation of (8-25a). Show that Halldn's 
integral equation can be written as (8-27). 

8.3. Show that the incident tangential electric field (E 1 .) generated on the surface of a wire 
of radius a by a magnetic field generator of (8-30) is given by (8-31). 

8.4 Reduce (8-31) to (8-32) valid only along the ; axis ip = 0). 
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8.5. For the center-fed dipole of Example 8.3 write the |Z) matrix for /V = 21 using for the 
gup the delta-gap generator and the magnetic-frill generator. Use the computer program 
MOMENT METHOD (POCKLINGTON) at the end of the chapter. 

8.6. For an infinitesimal center-fed dipole of ( = A/50 of radius u = 0.005A. derive the 
input impedance using Pocklington's integral equation with piecewise constant sub- 
domain basis functions and point-matching. Use N = 21 and model the gap as a delta- 
gap generator and as a magnetic-frill generator. Use the MOMENT METHOD (POCK¬ 
LINGTON ) computer program at the end of the chapter. 

8.7. Using the MOMENT METHOD iIIALLEN) computer program ut the end of the 
chapter, compute the input impedance of a A/4 and 3A/4 dipole with an l/d ratio of 
l/il = 50 and 25. Use 20 subsections. Compare the results with the impedances of a 
dipole with Ihl 10“ Plot the current distribution and the far-field patient of each 
dipole. 

8.8. Derive (8-53)-<8-55h) using (8-52). (3-2a), and (4-56). 

8.v For a linear dipole with sinusoidal current distribution, radiating in tree-space, find the 
radiation Z, m and the input impedances when a A/20. Verify using the computer 
program SELF AND MUTUAL IMPEDANCES at the end of Ihe chapter. 

(a) / = A/4 (b) / = A/2 

(c) I = 3A/4 (d) / = A 

8.10. A A/2 dipole of finite radius is not sell-resonant. However, if the dipole is somewhat 
less than A/2, it becomes sell-resonant. For a dipole with radius of a = A/200 radiating 
in Iree-space. find the 

(a) nearest length by which the A/2 dipole becomes self-resonant 

(b) radiation resistance (referred to the current maximum) of the new resonant dipole 
(e) input resistance 

(d) VSWR when the dipole is connected to a 50-ohm line 

8.11. Find the length, at the first resonance, of linear dipoles with wire radii of 

(a) 10-*A (b) I0* 4 A 

(c) 10 -, A (d) 10' 2 A 

Compute the radiation resistance of each. 

8.12 A quarter-wavelength monopole of radius a = 10 *A is placed upon an infinite ground 
plane. Determine the 
(a) impedance of the monopole 

(f» length hy which it must he shortened to become self-resonant Hirst resonance) 

(c) impedance of the monopole when its length is that given in part b. 

(d) VSWR when the monopole of part b is connected to a 50-ohm line 

8.13, For two half-wavelength dipoles radiating in Iree-space. compute (using equations, not 
curves) the mutual impedance Z ;im referred to the currant maximum for 
(a) side-by-side arrangement with d - A/4 
lb) collincar configuration with » = A/4 

Vcnl> using the computer program SELF AND MUTUAL IMPEDANCES at the end 
of the chapter. 

8.14 Two identical lineur A/2 dipoles are placed in a collincar arrangement u distance -v = 
0.35A apart. Find the driving point impedance of each. Verify using the computer 
program SELF AND MUTUAL IMPEDANCES at the end of the chapter. 

8.15 Two identical linear A/2 dipoles are placed in a collincar arrangement. Find the spttcings 
between them so that the driving point impedance of each has the smallest reactive 
part. 





nnnnnonnnnnnonnnnnnnnnnnnnnnooonnnnnnonnnn 


COMPUTER PROGRAM - MOMENT METHOD 


THIS IS A FORTRAN MOMENT METHOD PROGRAM USING 

I. POCKLINGTON'S [Equ. (8-24)] 

II. HALLEN’S [Equ. (8-27)] 

INTEGRAL EQUATIONS TO COMPUTE THE: 

A. CURRENT DISTRIBUTION 

B. INPUT IMPEDANCE 

C. NORMALIZED AMPLITUDE RADIATION PATTERN 

OF A LINEAR SYMMETRICALLY EXCITED DIPOLE. 

THIS PROGRAM USES PULSE EXPANSION FOR THE ELECTRIC 
CURRENT MODE AND POINT-MATCHING THE ELECTRIC 
FIELD AT THE CENTER OF EACH WIRE SEGMENT 

DELTA-GAP FEED MODEL IS USED IN BOTH FORMULATIONS. 

IN ADDITION, MAGNETIC-FRILL GENERATOR IS AVAILABLE IN 
THE POCKLINGTON'S INTEGRAL EQUATION 


OPTION I. POCKLINGTON'S INTEGRAL EQUATION 
OPTION D. HALLEN'S INTEGRAL EQUATION 

••INPUT PARAMETERS 

1. TL = TOTAL LENGTH OF THE DIPOLE (in wavelengths) 

2. RA = RADIUS OF THE WIRE (in wavelengths) 

3. NM = TOTAL NUMBER OF SUBSECTIONS 

(must be an odd integer) 

4. IEX = OPTION TO USE EITHER MAGNETIC-FRILL 

GENERATOR OR DELTA-GAP FEED 
IEX = 1: MAGNETIC-FRILL GENERATOR 
IEX = 2: DELTA-GAP FEED 

••NOTE 

IGNORE INPUT PARAMETER IEX WHEN CHOOSING OPTION II 
(i.e„ HALLEN'S FORMULATION) 
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COMPUTER PROGRAM - SELF AND MUTUAL IMPEDANCES 


..... 

c 

C THIS IS A FORTRAN PROGRAM THAT COMPUTES THE: 

C 

C I. SELF IMPEDANCE FOR ANY LENGTH DIPOLE 
C II. MUTUAL IMPEDANCE BETWEEN TWO IDENTICAL 
C LINEAR DIPOLES 

C 

C BASED ON THE INDUCED EMF METHOD AND THE IDEAL CURRENT 
C DISTRIBUTION OF EQUATION (4-56) 


C 

C 

c 

C 

c 

C 

C 

C 

C 

C 

C 

C 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 

c 


THE IMPEDANCES CAN BE COMPUTED BASED EITHER ON THE CURRENT 
AT THE INPUT. OR ON THE CURRENT MAXIMUM: 

I. SELF IMPEDANCE (INPUT IMPEDANCE) 

1. BASED ON CURRENT AT THE INPUT: 

Zjn = fyn + j X in 

Rj n = INPUT RESISTANCE [Equs.(8-60a) and (8-6la)) 

X ln = INPUT REACTANCE [Equs.(8-60b) and (8-61 b)] 

2. BASED ON CURRENT MAXIMUM: 

Zinin = R inm j X inm 

Rj nm = SELF RESISTANCE (Equ. (8-60a)) 

X iiun = SELF REACTANCE [Equ. (8-60b)] 

II. MUTUAL IMPEDANCE 


1. BASED ON CURRENT AT THE INPUT: 
Z 211 = R 2 I 1 + j x 21i 1^“- (8-68)] 

R 2H = MUTUAL RESISTANCE 
X 2 u = MUTUAL REACTANCE 


2. BASED ON CURRENT MAXIMUM: 

Z2lm = R 21m + j x 21m 1^“- (8-70)] 

R 21m = MUTUAL RESISTANCE 
X 21m = MUTUAL REACTANCE 

THE DIPOLES FOR MUTUAL IMPEDANCE COMPUTATIONS MUST BE 


C IDENTICAL WITH LENGTH OF ODD MULTIPLES OF X/2 


C (/ = nX/2, n = 1,3.5...). 

C 

C 

C OPTION I. SELF IMPEDANCE (INPUT IMPEDANCE) 

C 

C ••ARRAY INPUT PARAMETERS 

C 1. I = LENGTH OF THE DIPOLE 

C 2. a = RADIUS OF THE DIPOLE 

C 

C (continued on next page) 
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(continued) 


OPTION n. MUTUAL IMPEDANCE 
CHOICE A: SIDE-BY-SIDE [see Fig. 8.19(a)] 

••ARRAY INPUT PARAMETERS 

1. / = LENGTH OF THE DIPOLES 

2. d = HORIZONTAL DISPLACEMENT OF DIPOLES 

CHOICE B: COLLINEAR [see Fig. 8.19(b)] 

••ARRAY INPUT PARAMETERS 

1. / = LENGTH OF THE DIPOLES 

2. h = VERTICAL DISPLACEMENT OF DIPOLES 

CHOICE C: PARALLEL-IN-ECHELON [see Fig. 8.19(c)] 

••ARRAY INPUT PARAMETERS 

1. / = LENGTH OF THE DIPOLE 

2. h = VERTICAL DISPLACEMENT OF DIPOLES 

2. d = HORIZONTAL DISPLACEMENT OF DIPOLES 


••NOTE 

ALL THE INPUT DATA ARE IN WAVELENGTHS. 
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CHAPTER 


9 

BROADBAND DIPOLES AND 
MATCHING TECHNIQUES 


<1.1 INTRODUCTION 

In Chapter 4 the radiation properties (pattern, directivity, input impedance, mutual 
impedance, etc.) of very thin wire antennas were investigated by assuming that the 
current distribution, which in most cases is sinusoidal, is known. In practice, infinitely 
thin (electrically) wires are not realizable but can be approximated. In addition, their 
radiation characteristics (such as pattern, impedance, gain, etc.) arc very sensitive to 
frequency. The degree to which they change as a function ol frequency depends on 
the antenna bandwidth. For applications that require coverage of a broad range of 
frequencies, such as television reception of all channels, wide-band antennas are 
needed. There arc numerous antenna configurations, especially of arrays, that can be 
used to produce wide bandwidth*. Some simple and inexpensive dipole configurations, 
including the conical and cylindrical dipoles, can be used to accomplish this to some 
degree. 

For a finite diameter wire (usually </ > 0.05A) the current distribution may not 
be sinusoidal and its effect on the radiation pattern of the antenna is usually negligible. 
However, it has been shown that the current distribution has a pronounced effect on 
the input impedance of the wire antenna, especially when its length is such that a near 
null in current occurs at its input terminals. The effects are much less severe when a 
near current maximum occurs at the input terminals. 

Historically there have been three methods that were used to take into account 
the finite conductor thickness. The first method treats the problem as boundary-value 
problem 111. the second as a tapered transmission line or electromagnetic horn [2]. 
and the third finds the current distribution on the wire From an integral equation [3]. 
The boundary-value approach is well suited for idealistic symmetrical geometries 
(e.g.. ellipsoids, prolate spheroids) which cannot be used effectively to approximate 
more practical geometries such as the cylinder. The method expresses the fields in 
terms of an infinite series of free oscillations or natural modes whose coefficients arc 
chosen to satisfy the conditions of the driving source. For the assumed idealized 
configurations, the method does lead to very reliable data, but it is very difficult to 
know/ how to approximate more practical geometries (such as a cylinder) by tire more 
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idealized configurations (such as the prolate spheroid). For these reasons the boundary- 
value method is not very practical and will not be pursued any further in this text. 

In the second method Schelkunoff represents the antenna as a two-wire uniformly 
tapered transmission line, each wire of conical geometry, to form a biconieal antenna. 
Its solution is obtained by applying transmission line theory (incident and reflected 
waves), so well known to the average engineer. The analysis begins by first finding 
the radiated fields which in turn are used, in conjunction with transmission line theory, 
to find the input impedance. 

For the third technique, the main objectives are to lind the current distribution on 
the antenna and in turn the input impedance. These were accomplished by Hal ten by 
deriving an integral equation for the current distribution whose approximate solution, 
of different orders, was obtained by iteration and application of boundary conditions. 
Once a solution for the current is formed, the input impedance is determined by 
knowing the applied voltage at the feed terminals. 

The details of the second method will follow in summary form. The integral 
equation technique' of llullcn. along with that of Pocklinglon. form the basis of 
Moment Method techniques which were discussed in Chapter 8. 


9.2 BICONICAL ANTENNA 

One simple configuration that can he used to achieve broadband characteristics is the 
biconieal antenna formed by placing two cones of infinite extent together, as shown 
in Figure 9.1(a). This can be thought to represent a uniformly tapered transmission 
line. The application of a voltage V, at the input terminals will produce outgoing 
spherical waves, as shown in Figure 9.1(b). which in turn produce at any point 
(r. 0 = 6,. 4>) a current / along the surface of die cone and voltage V between the 
cones (Figure 9.2). These can then be used to lind the characteristic impedance of the 
transmission line, which is also equal to the input impedance of an infinite geometry. 
Modifications to this expression, to take into account the finite lengths of the cones, 
will be made using transmission line analogy. 


9.2.1 Radiated Fields 

The analysis begins by first finding the radiated E- and H-lields between the cones, 
assuming dominant TFM mode excitation (E and H arc transverse to the direction of 
propagation). Once these are determined for any point (r. 0, </*), the voltage V and 
current / at any point on the surface of the cone (r. 0 = 0„ <t>) will be formed. Front 
Faraday's law wc can write that 

V x E = —jwq. H (9-1) 

which when expanded in spherical coordinates and assuming that the E-liold has only 
an E„ component independent of tp, reduces to 

V x E = a.* | — ( rL„) = + a „H„ + a^//^) (9-2) 

Since II only has an //,/, component, necessary to form the TEM mode with Eg, 
(9-2) can he written as 


- — (r£„) = -joifxHj, 
r or 


<9-2a) 
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i 




(b) Spltencnl wavcj 

Figure 9.1 Biconical antenna geometry and radiated spherical waves. 


From Ampere's law we have that 

V x H = +jwe E (9-3) 

which when expanded in spherical coordinates, and assuming only E„ and H+ com¬ 
ponents independent of <l>. reduces to 


-j -1 — ^ (r sin 6 H 4 ) - a „—(r sin 0 H 4 ) 
r sin 0 rstn 0 [_dr 


' r 1 sin 0 
which can also be written as 


+;we(u„£„) (9-4) 


- (/• sin ()H„) = 0 


il 


r sin 0 <>r 


— (r sin OH#) = -jiocEg 


(9-4a) 


(9-4b) 
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Figure 9.2 Electric and magnetic fields 
rents, for a biconicnl antenna. 



Rewriting (9-4b) as 


- T ("/,) = —j(ocE„ 
r or 


(9-5) 


and substituting it into t9-2a) we form a differential equation for as 


I ft 
jioer iir 



= -jw/j-Hj, 


(9-6) 


or 



-co-/ae(rW^,) = -*-(rf/,) 


(9-6a) 


A solution for <9-6a) must be obtained to satisfy (9-4a). To meet the condition of 
(9-4a), the ft variations of H, t must be of the form 




f(r) 
sin ft 


(9-7) 


A solution of (9-6a). which also meets Lite requirements of (9-7) and represents an 
outward traveling wave, is 




"n f 
sin ft r 


(9-8) 


where 


Ar) = H„ — 


(9-8a) 


An inward traveling wave is also a solution but does not apply to the infinitely long 
structure. 
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Since the held ts of TEM mode, the electric held is related to the magnetic held 
by the intrinsic impedance, and we can write it as 

<M) 

In Figure 9.2(a) we have sketched the electric and magnetic field lines in the space 
between the two conical structures. The voltage produced between two corresponding 
points on the cones, a distance r from the origin, is found by 


fr- ufl r a— n/2 rn—nfl 

V(r) = J (f/: E-</l = J rfi (S 9 £„) • (&,nW) = J^, E a nlO (9-10) 

or by using (9-9) 


n-it/2 


,W 


V(r) = V H oe -^ —-w* In 


V(r) = 2 V H<*- J * r In 


col(o/4) 

tan(o/4) 


coil - 
,4 


(9-Ida) 


The current on the surface of the cones, a distance r from the origin, is found by 
using (9-8) as 


/(r> 


= f u H+r sin 0 tld> = lh f ,/,/, = 2ttH 0 c Jlr (9-11) 


In Figure 9.2(b) we have sketched the voltage and current at it distance r from the 
origin. 


9.2.2 Input Impedance 


A. fnfiniir Cones 

Using the voltage of (9-IOa) and the current of (9-11). we can write the characteristic 
impedance as 


* 


nr) 

Hr) 



(9-12) 


Since the characteristic impedance is not a function of the radial distance r. it also 
represents the input impedance at the antenna feed terminals of the infinite structure. 
For a firee-spacc medium. (9-12) reduces to 



which is a pure resistance. For small cone angles 
Zm = - In 

n 


la\ 
col - 

= — In 

1 

\4/_ 

7r 

tan(o/4) 


9 . 4 

= — In — 
7r a 


(9-12a) 


(9-12b) 


Variations of /„, as a function of the half-cone angle a/2 are shown plotted in 
Figure 9.3(a) for 0° < a/2 90° and in Figure 9.3(b) in an expanded scale for 
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Ul Input ItltpcdulKV 



(In Input impedance in expanded scale 

Figure 9.3 Inpul impedance of an inlinilely long biconicul antenna radiating m free-spaee 


0° < nfl - 2°. Although the half-cone angle is not very critical in the design, it is 
usually chosen so that the characteristic impedance of the biconical configuration is 
nearly the same as that of the transmission line to which it will be attached. Small 
angle biconical antennas arc not very practical but wide-angle configurations (31)' < 
a/2 < 60°) are frequently used as broadband antennas. 

The radiation resistance of (9-12) can also he obtained by first finding the total 
radiated power 





W uv - d s 



—— r sin 0 dH d<l> = 
2t/ 


TTVlHnl' j 0 


-- td- 


d H 


sin D 
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oil! 


27n7|//,| : In 



and by using (9-1 I) evaluated at r = 0 we form 


R, 


- R mil 

|/(0ll' 




which is identical to (9-12). 


(9-13) 


(9-14) 


S. Finite Cones 

The input impedance of (9-12) or (9-14) is for an infinitely long structure. To take 
into account the finite dimensions in determining the input impedance. Schelkunoff 
[2] has devised an ingenious method where he assumes that for a finite length cone 
(r = 1 /2) some of the energy along the surface of the cone is reflected while the 
remaining is radiated. Near the equator most of the energy is radiated. This can be 
viewed as a load impedance connected across the ends of the cones. The electrical 
equivalent is a transmission line of characteristic impedance Z, terminated in a load 
impedance Z t , Computed values |4| for the input resistance and reactance of small 
angle cones arc shown in Figure 9.4. It is apparent that the antenna becomes more 
broadband (its resistance and reactance variations are less severe) as the cone angle 
increases. 

The biconical antenna represents one of the canonical problems in antenna theory, 
and its model is well suited for examining general characteristics of dipole-type 
antennas. 


C. Unipole 

Whenever one of the cones is mounted on an infinite plane conductor (i.e.. the lower 
cone is replaced by a ground plane), it forms a unipole and its input impedance is 
one-half of the two-cone structure. Input impedances for unipoles of various cone 
angles as a function of the antenna length / have been measured |5|. Radiation patterns 
of biconical dipoles fed by coaxial lines have been computed by Papas and King |6|. 


9.3 TRIANGULAR SHEET, BOW-TIE, 

AND WIRE SIMULATION 

Because of their broadband characteristics, biconical antennas have been employed 
for many years in the VI IF and UHF frequency ranges. However, the solid or shell 
biennial structure is so massive for most frequencies of operation that it is impractical 
to use. Because of its attractive radiation characteristics, compared to those of other 
single antennas, realistic variations to its mechanical structure have been sought while 
retaining us much of the desired electrical features as possible. 

Geometrical approximations to the solid or shell conical unipole or biconical 
antenna are the triangular sheet and bow-tie antennas shown in Figures 9.5(a) and (b), 
respectively, each fabricated from sheet metal. The triangular sheel has been inves¬ 
tigated experimentally by Brown and Woodward [5|. Each of these antennas can also 
be simulated by a wire along the periphery of its surface which reduces significantly 
the weight and wind resistance of the structure. The computed input impedances and 
radiation patterns of wire bow-tie antennas, when mounted above a ground plane. 
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Figure 9.4 Input impedance lat teed terminals) of finite length biconical unicnnu. 
(SOI RC'i : H Jasik led.). Antenna Engineering Handbook, McGraw-Hill, New York. 
I%l. Chapter 3) 


have been computed using the Moment Method |7|. The impedance is shown plotted 
in Figure 9.6. A comparison of the results ol Figure 9.6 with those of reference [5] 
reveals that the bow-tie antenna docs not exhibit as broadband characteristics ti.e,. 
nearly constant resistance and essentially zero reactance over a large frequency range) 
as the corresponding solid biconical antenna for 30° < « 90 Also for a given 

flare angle the resistance and reactance of the bow-tie wire structure fluctuate more 
than for a triangular sheet antenna. Thus the wire bow-tie is very narrowband as 
compared to the biconical surface of revolution or triangular sheet antenna. 

In order to simulate better the attractive surface of revolution of a biconical 
antenna bj low-mass structures, multielement intersecting wire bow-ties were em¬ 
ployed as shown in Figure 9.5(c). It has been shown that eight or more intersecting 
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(cl Wire simiilalfun 


Figure 9.5 Triangular sheet, bow-tie. and wire simulation of biconicnJ antenna. 


wire-constructed bow-ties can approximate reasonably well the radiation character¬ 
istics of a conical hody-ol-revolution antenna. 

9.4 CYLINDRICAL DIPOLE 

Another simple and inexpensive antenna whose radiation characteristics are frequency 
dependent is a cylindrical dipole (i.e.. a wire of finite diameter and length) of the form 
shown in Figure 9.7. Thick dipoles are considered broadband while thin dipoles are 
more narrowband. This geometry can be considered to be a special form of the 
biconieal antenna when a = 0°. A thorough analysis of the current, impedance, 
pattern, and other radiation characteristics can be performed using the Moment 
Method. With that technique the antenna is analyzed in terms of integral formulations 
of the Hallin and Poddinglon type which can he evaluated quite efficiently by the 
Moment Method. The analytical formulation of the Moment Method has been pre¬ 
sented in Chapter 8. In this section we want to present, in summary form, some of its 
performance characteristics. 


9.4.1 Kandwldth 

As has been pointed out previously, a very thin linear dipole has very narrowband 
input impedance characteristics. Any small perturbations in the operating frequency 
will result in large changes in its operational behavior. One method by which its 
acceptable operational bandwidth can be enlarged will be to decrease the l/d ratio. 
For a given antenna, this can he accomplished by holding the length the same and 
increasing the diameter of the wire. For example, an antenna with a l/d — 5,000 has 
an acceptable bandwidth of about 3%. which is a small fraction of the center fre¬ 
quency An antenna of the same length but with a l/d 260 has a bandwidth of about 
30%. 

9.4.2 Input Impedance 

The input impedance (resistance and reactance) of a very thin dipole of length / and 
diameter d can be computed using (8-60a)-(8-61 b ). As die radius of the wire increases. 
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Figure 9.6 Computed impedance of wire bow-tie (or wire untpolc) as it function 
of length for various included angles, (source: C E. Smith. C. M. Butler, and K 
R. Urnashankar. “Characteristics of Wire Biconical Antenna.” Microwave Journal, 
pp. 37-40. September 1979) 
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<1 = 2u 

Figure 9.7 Center-led cylindrical antenna configuration. 


these equations become inaccurate. However, using integral equation analyses such 
as the Moment Method of Chapter 8. input impedances can be computed for wires 
with different l/tl ratios. In general, it lias been observed that for a given length wire 
its impedance variations become less sensitive as a function of frequency as the l/cl 
ratio decreases. Thus more broadband characteristics can be obtained by increasing 
the diameter of a given wire. To demonstrate this, in Figures 9.8(a) and (b) we have 
plotted, us a function of length, the input resistance and reactance of dipoles with 
I/d = 10 4 (0 = 19.81). 50(fl = 9.21). and 25(11 - 6.44) where 11 = 2 \n(2l/d). 
For l/cl = I O'* the values were computed using (8-60a) and (8-61 a) and then transferred 
to the input terminals by (8-60b) and (8-61 b). respectively. The others were computed 
using the Moment Method techniques of Chapter 8, it is noted that the variations of 
each are less pronounced as the I/d ratio decreases, thus providing greater bandwidth. 

Measured input resistances and reactances for a wide range of constant l/tl ratios 
have been reported |8|. These curves are for a cylindrical antenna driven by u coaxial 
cable mounted on a large ground plane on the earth's surface. Thus they represent 
half of the input impedance of a center-fed cylindrical dipole radiating in Iree-space. 
The variations of the antenna's electrical length were obtained by varying the fre¬ 
quency while the length-to-diameter (I/d) ratio was held constant. 


9.4.3. Resonance and Ground Plane Simulation 

The imaginary part of the input impedance of a linear dipole can be eliminated by 
making the total length. I. of the wire slightly less than an integral number of half¬ 
wavelengths (i.e.. / slight less than nA/2. n = 1.2. 3. 4... .). The amount of reduction 
in length, is a function of the radius of the wire, and it can be determined for thin 
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Figure 9.8 (u) Inpui resisuuicc and rcaciunce ol wire dipoles. 


wires iteratively using (K-fiOh) and (8-61 b). At the resonance length, the resistance 
can then he determined using (8-60a) and (8-filu). Empirical equations lt>r approxi¬ 
mating the length, impedance, and the order of resonance ol the cylindrical dipoles 
are found in Table 9.1 |9|. A'„ is called the natural resistance and represents the 
geometric mean resistance at an odd resonance and at the next higher even resonance. 
For a cylindrical stub above a ground plane, as shown in Figure 9.9. the corresponding 
values are listed in Table 9.2 [9], 

To reduce the wind resistance, to simplify the design, and to minimize die costs, 
a ground plane is often simulated, especially at low frequencies, by crossed wires as 
shown in Figure 9.9(b). Usually only two crossed wires (four radials) are employed. 
A huger number of radials results in a better simulation of the ground plane. Ground 
planes are also simulated by wire mesh. The spacing between the wires is usually 
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Table 9.1 CYLINDRICAL DIPOLE RESONANCES 



First 

Second 

Third 

Fourth 


Resonance 

Resonance 

Resonance 

Resonance 

LENGTH 

0.48AF 

Q.96A F 

1.44 A F 

1.92AF 

RESISTANCE 

(ohms) 

67 

*7 

67 

95 

R,r 

95 


F = 7+ i/2a '' R " = 150 


selected to be equal or smaller than A/10. The flat or shaped reflecting surfaces for 
UHF educational TV are usually realized approximately by using wire mesh. 

9.4.4 Radiation Patterns 

The theory lor the patterns of infinitesimally thin wires was developed in Chapter 4. 
Although accurate patterns for finite diameter wires can be computed using current 
distributions obtained by the Moment Method of Chapter 8. the patterns calculated 
using ideal sinusoidal current distributions, valid for infinitely small diameters, pro¬ 
vide a good first-order approximation even for relatively thick cylinders. To illus¬ 
trate this, in Figure 9.10 we have plotted the relative patterns for I = 3A/2 with 
l/d = l(.) 4 (ll = 19.81). 50(11 = 9.21), 25(11 = 6.44). and 8.7(0 = 5.71). where 
11 = 2 ln(2//<7). For l/d = I0 4 the current distribution was assumed to be purely 
sinusoidal, as given by (4-56): for the others, the Moment Method techniques of 
Chapter 8 were used. The patterns were computed using the Moment Method for¬ 
mulations outlined in Section 8.4. it is noted that the pattern is essentially unaffected 
by the thickness of the wire in regions of intense radiation. However, as the radius of 
the wire increases, the minor lobes diminish in intensity and the nulls are replaced by 
low-level radiation. The same characteristics have been observed for other length 
dipoles such as / = A/2, A and 2A. The input impedance for the / = A/2 and / = 
3A/2 dipoles, with I/d = I0 4 . 50. and 25. is equal to 


1 = A/2 

1 = 3 A/2 



ZU'/d= I0 4 ) = 73 + 742.5 
Z, n {l/d = 50) = 85,8 + y 54.9 
ZJI/d = 25) = 88.4 + j 27.5 

Zjl/d = I0 4 ) = 105.49 
Z in (l/d = 50) = 103.3 
Zjl/d = 25) = 106.8 

+ 745.54 
+ 79.2 
+ 74.9 

(9-15) 


Table 9.2 CYLINDRICAL STUB RESONANCES _ _ 


First 

Resonance 

Second 

Resonance 

Third 

Resonance 

Fourth 

Resonance 

LENGTH 

RESISTANCE 

(ohms) 

0.24A r 

34 

0.48AF' 

< F „') 2 

34 

0.72 AF' 

48 

0.96AF' 

I/O 2 

48 


f?' — _ 

n ‘ | 0G 

!»(//«) 



' ~ 1 

, K„ 10 log 

+ la 





(hi Wire xlmulmlon ol (lound plane 

Figure 9.9 Cylindrical monopole above circular solid and wire-simulated ground planes. 


9.4.5 Equivalent Radii 

Up to now, the formulations for the current distribution and the input impedance 
assume that the cross section of the wire is constant and of radius n. An electrical 
equivalent radius can be obtained for some uniform wires of noncircular cross section. 
This is demonstrated in Table 9.3 where the actual cross sections and their equivalent 
radii are illustrated. 

The equivalent radius concept can be used to obtain the antenna or scattering 
characteristics of electrically small wires of arbitrary cross sections. It is accomplished 
by replacing the noncircular cross section wire with a circular wire whose radius is 
the "equivalent” radius of the noncircular cross section. In electrostatics, the equiv¬ 
alent radius represents the radius of a circular wire whose capacitance is equal to that 
of the noncircular geometry. This definition can he used at all frequencies provided 
the wire remains electrically small. The circle with equivalent radius lies between the 
circles which circumscribe and inscribe the geometry and which together bound the 
noncircular cross section. 


9.4.6 Dielectric Coating 

Up to now it has been assumed that the wire antennas arc radiating into free-space, 
The radiation characteristics of a wire antenna (current distribution, far-lield pattern. 
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Figure 9.10 Amplitude* radiation patterns of a 3A/2 dipole of various thicknesses. 


input impedance, bandwidth, radiation efficiency, and effective length) coaled with a 
layer of electrically and magnetically lossless 1101 or lossy (111 medium, as shown 
in Figure 9.11, will be affected unless the layer is very thin compared to the radius 
and the wavelength. The problem was investigated analytically by the Moment 
Method and the effects on the radiation characteristics can be presented by defining 
the two parameters 



(9-16) 


(9-17) 
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Table y.3 CONDI (TOR GEOMETRICAL SI 1APES AND THEIR EQUIVALENT 
_ CIRCULAR CYLINDER RADII _ 

Geometrical Shape Electrical Equivalent Radius 


a,. = 0.25n 




a, - 0 2(u + /» 



,i r = 0.59(1 
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where 

e, = relative (to the ambient medium! complex permittivity 
fx, = relative (to the ambient medium) complex permeability 
a = radius of the conducting wire 
h — a = thickness of coaling 

In general: 

1. Increasing the real part of either P or Q 

a. increases the peak input admittance 

b. increases the electrical length (lowers the resonant frequency ) 

c. narrows the bandwidth 

2. Increasing the imaginary part of P or Q 

a. decreases the peak input admittance 

b. decreases the electrical length (increases the resonant frequency) 

c. increases the bandwidth 

d. accentuates the power dissipated (decreases the radiation efficiency) 

e. accentuates the traveling wave component of the current distribution 

Thus the optimum bandwidth of the antenna can be achieved by choosing a lossy 
dielectric material with maximum imaginary parts of P and Q and minimum real 
parts. However, doing this decreases the radiation efficiency. In practice, a trade-off 
between bandwidth and efficiency is usually required. This is not a very efficient 
technique to broadband the antenna. 





te. 


Figure 9.11 Coated linear dipole. 
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9.5 FOLDED DIPOLE 


To achieve good directional pattern characteristics and at the same time provide good 
matching to practical coaxial lines with 50- or 75-ohm characteristic impedances, the 
length of a single wire element is usually chosen to be A/4 s / < A. The most widely 
used dipole is that whose overall length is / = A/2, and which has an input impedance 
of Z„, = 73 + j 42.5 and directivity of D„ - 1.643. In practice, there arc other very 
common transmission lines whose characteristic impedance is much higher titan 50 
or 75 ohms. For example, a "twin lead" transmission line (usually two parallel wires 
separated by about in. and embedded in a low-loss plastic material used for support 
and spacing) is widely used for TV applications and has a characteristic impedance 
of about 300 ohms. 

lu order to provide good matching characteristics, variations of the single dipole 
element must be used. One simple geometry that can achieve this is a folded wire 
which forms a very thin (.v c A) rectangular loop as shown in Figure ‘J. 12(a). This 
antenna, when the spacing between the two larger sides is very small (usually s < 
0.05A), is known as a folded dipole and it serves as a step-up impedance transformer 
(approximately by a factor of 4 when / A/2) of the single element impedance. Thus 

when / A/2 and the antenna is resonant, impedances on the order of about 300 

ohms can be achieved, and it would be ideal for connections to ■'twin-lead" trans¬ 
mission lines. 

A folded dipole operates basically as an unbalanced transmission line, and it can 
be analyzed by assuming that its current is decomposed into two distinct modes: a 
transmission line mode | figure 9.12(b)) and an antenna mode [Figure 9.12(c)). This 
type of an analytic model can be used to predict accurately the input impedance 
provided the longer parallel wires are close together electrically (.v A). 

To derive an equation for the input impedance, let us refer to the modeling of 
Figure 9,12. For the transmission line mode of Figure 9.12(b). (lie input impedance 
til the terminals a - /> or e - /'. looking toward the shorted ends, is obtained from 
the impedance transfer equation 


4 


Z, + j7 AI lan(A7') 
Za + jZ, tun(*/') 


r-ir. 

4-n 



(9-18) 


where Z M is the characteristic impedance of a two-wire transmission line 


7T a it 


s/2 + \/(s/2f - ir 


(9-19) 


which can be approximated for s/2 -3> a by 
si2 + \/{s/2) : - cr 


Z*) ~ - In 


77 


« - In(-) = 0.733 17 

77 \fl/ 


logj-l (9-19a) 


Since the voltage between the points « and h is V72. and it is applied to a transmission 
line of length 1/2. the transmission line current is given by 



(9-20) 


For the antenna mode of Figure 9.12(c). the generator points r - d and g - h 
are each at the same potential and can be connected, without loss of generality, to 
form a dipole. Each leg of the dipole is formed by a pair of closely spaced wires 
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Figure 9.t2 Folded dipole mid its equivalent transmission line and antenna mode models, 
(sound G. A. Thiele. E. P Ekelmari. Jr., and L W. Henderson, "On (lie Accuracy of the 
Transmission Line Model lor Folded Dipole." IEEE Tram. Antennas Prppagai.. Vol. AP- 
28. No. 5. pp. 700-703. September 1980. © (1980) IEEE) 


(* <k A) extending from the feed (<• - <I or # — It) to the shorted end. Thus the 
current for the antenna mode is given by 


/„ 



(9-21) 


where Z,, is the input impedance of a linear dipole of length / and diameter il computed 
using (8-60a)-(8-6lb). For the configuration of Figure 9.12(c). the radius that is used 
to compute 7.,, for the dipole can he either the half-spacing between the wires f.v/2) or 
an equivalent radius a,.. The equivalent radius a, is related to the actual wire radius a 
by (from Table 9.3) 

ln(a r ) = |In(«) + lln(s) = ln(u) + £ln(^j = ln\/ay (9-22) 


or 


a. 



(9-22a) 


Il should he expected that the equivalent radius yields the most accurate results. 

The total current on the feed leg (left side) of the folded dipole of Figure 9.12(a) 
is given by 


L v_ v_ _ v( 2z,i + z, ) 

' 2 27., 4 Z d AZ,Z d 

and the input impedance at the feed by 

V 2ZMZ,j) _ 4 Z,Z,, 

"" /„. 2Z, + 4 Z„ 2 Za + Z, 


(9-23) 


(9-24) 
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la) Two-clcraem 



Figure 9.13 Equivalent circuits for two-element and /V-element (with equal radii clemcnls) 
folded dipoles. 


Based on (9-24), the folded dipole behaves as the equivalent of Figure 9.13(a) in 
which the antenna mode impedance is stepped up by a ratio of four. The transformed 
impedance is then placed in shunt with twice the impedance of the nonradiating 
(transmission line) mode to result in the input impedance. 

When / = A/2, it cun be shown that (9-24) reduces to 


Zn = *Z, 


(9-25) 


or lhat the impedance of the folded dipole is four times greater than that of an isolated 
dipole of the same length as one of its sides. This is left as an exercise for the reader 
(Prob. 9.9). 

The impedance relation of (9-25) for the / = A/2 can also be derived by referring 
to Figure 9.14. Since for a folded dipole the two vertical arms are closely spaced 
(.v A), the current distribution in each is identical as shown in Figure 9.14(a), The 

equivalent of the folded dipole of Figure 9.14(a) is the ordinary dipole of Figure 
9.14(h), Comparing the folded dipole to the ordinary dipole, it is apparent lhat the 
currents of the two closely spaced and identical arms of the folded dipole are equal 
to the one current of the ordinary dipole, or 


21, = /,/ (9-26) 

where /, is the current of the folded dipole and I,, is ibe curreni of the ordinary dipole. 
Also Ihe input power of the two dipoles are identical, or 


(9-27) 








9.5 Folded Dipole 461 


-H j—* 0 k- 


s 

\ 

\ 

\ 

I \ 

t 

1 

i 

i 

i 

i i 

/ 

/ 

/ 

r 




111) Fiildcd dipole 


(In Kcgtilnr dipole 


Figure 9.14 Folded dipole and equivalent regular dipole. 


Substituting (9-26) into (9-27) leads to 

Z, = AZ d (9-28) 

where Z, is the impedance of the folded dipole while Z,/ is the impedance of the 
ordinary dipole. Equation (9-28) is identical to (9-25). 

To better understand the impedance transformation of closely spaced conductors 
(of equal diameter) and forming a multielement folded dipole, let us refer to its 
equivalent circuit in Figure 9.13(b). For N elements, the equivalent voltage at the 

center of each conductor is V/N and the current in each is /„. n = 1, 2. 3. N. 

Thus the voltage across the lirst conductor can be represented by 

l = 2 l*Z>n (9-29) 

yv n= i 

where Z,„ represents the self or mutual impedance between the first and /tth element. 
Because the elements are closely spaced 

/„ = /, and Z,„ = Z„ (9-30) 

for all values of n = 1.2. N. Using (9-30). we can write (9-29) as 

1 / n n 

Tj- 2 SZu-W.Z,, (9-31) 

N „ -1 „.. i 


or 


Zm = 7 - /V 2 Z,, = N 2 Z, 
m 


(9-31 a) 


since the self-impedance Z| t of the first element is the same as its impedance Z, in 
the absence of the other elements. Additional impedance step-up of a single dipole 
can be obtained by introducing more elements. For a three-element folded dipole with 
elements of identical diameters and of I ~ A/2, the input impedance would be about 
nine times greater than that of an isolated element or about 650 ohms. Greater 
step-up transformations can be obtained by adding more elements; in practice, they 
are seldom needed. Many other geometrical configurations of a folded dipole can be 
obtained which would contribute different values of input impedances. Small varia¬ 
tions in impedance can be obtained by using elements of slightly different diameters 
and/or lengths. 
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To test the validity of the transmission line model for the folded dipole, a number 
of computations were made [12] and compared with data obtained by the Moment 
Method, which is considered to be more accurate. In Figures 9.15(a) and (b) the input 
resistance and reactance for a two-element folded dipole is plotted as a function of 
//A when the diameter of each wire is d - 2 a = 0.001 A and the spacing between the 
elements is s = 0.00613A. The characteristic impedance of such a transmission line 
is 300 ohms. The equivalent radius was used in the calculations of Z,,. An excellent 
agreement is indicated between the results of the transmission line model and the 
Moment Method. Computations and comparisons for other spacings (s = 0.0213A. 
Z,, = 450 ohms and v = 0.0742A. Z„ = 600 ohms) but with elements of the same 
diameter (d = 0.001 A) have been made [12]. It has been shown that as the spacing 
between the wires increased, the results of the transmission line mode began to 
disagree with those of the Moment Method. For a given spacing, the accuracy for the 
characteristic impedance, and in turn for the input impedance, can be improved by 
increasing the diameter of the wires. The characteristic impedance of a transmission 
line, as given by (9-19) or (9- 19a). depends not on the spacing but on the spacing-to- 
diametcr | s/d) ratio, which is more accurate for smaller s/d. Computations were also 
made whereby the equivalent radius was not used. The comparisons of these results 
indicated larger disagreements, thus concluding the necessity of the equivalent radius, 
especially for the larger wirc-to-wire spacings. 

A two-element folded dipole is w idely used as feed element of TV antennas such 
as Yagi-Uda antennas. Although the impedance of an isolated folded dipole may be 
around 300 ohms, its value will be somewhat different when it is used as an element 
in an array or with a reflector. The folded dipole has better bandwidth characteristics 
than a single dipole of the same size. Its geometrical arrangement tends to behave as 
a short parallel stub line which attempts to cancel the off resonance reactance of a 
single dipole. The folded dipole can be thought to have a bandwidth which is the 
same as that of a single dipole but with an equivalent radius (a < u r < si 2). 

Symmetrical and asymmetrical planar folded dipoles can also be designed and 
constructed using strips w hich can be fabricated using printed circuit technology [13], 
The input impedance can be varied over a wide range of values by adjusting the width 
of the strips. In addition, the impedance can lie adjusted to match the characteristic 
impedance of printed circuit transmission lines with four-to-onc impedance ratios. 

9.6 DISCONE AND CONICAL SKIRT MONOPOLE 

There are innumerable variations to the basic geometrical configurations of cones and 
dipoles, some of which have already been discussed, to obtain broadband character¬ 
istics. Two other common radiators that meet this characteristic are the conical skirt 
monopole and the discone antenna 114] shown in Figures 9.16(a) and (b). respectively. 

For each antenna, the overall pattern is essentially the same as that of a linear 
dipole of length / < A (i.e., a solid of revolution formed by the rotation of a ligure- 
eight) whereas in the horizontal (azimuthal I plane it is nearly omnidirectional. The 
polarization of each is vertical. Each antenna because of its simple mechanical design, 
ease of installation, and attractive broadband characteristics has wide applications in 
the VIIF (30-300 MHz) and U1IF (300 MHz-3 GHz) spectrum for broadcast, tele¬ 
vision. and communication applications. 

The discone antenna is formed by a disk and a cone. The disk is attached to the 
center conductor of the coaxial feed line, and it is perpendicular to its axis. The cone 
is connected at its apex to the outer shield of the coaxial line. The geometrical 
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Figure 9.15 Input resistance and reactance of folded dipole. (sni kci--. G. A Thiele. E. P. 
Ekelmnii. Jr., and L. VV. Henderson. "On the Accuracy of the Transmission Line Model for 
Folded Dipole." IEEE Trans. Antennas Propanol.. Vnl. A P-28. No. 5, pp. 700-703, Septem¬ 
ber 1980. 0(1980) IEEE) 
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figure 9.16 Conical skirt monopolc. disconc. and wire-simulated cone surface. 


dimensions and llic frequency of operation of two designs |I4| are shown in Tabic 
9.4. 

In general, the impedance and pattern variations of a discone as a function of 
frequency are much less severe than those of a dipole of lixed length /. The perform¬ 
ance of this antenna as u function of frequency is similar to a high-pass filter. Below 
an effective cutoff frequency it becomes inefficient, and it produces severe standing 
waves in the feed line. At cutoff, the slant height of the cone is approximately A/4, 

Measured elevation (vertical) plane radiation patterns from 250 to 650 MU/., at 
50-MH/ intervals, have been published 114| for a disconc with a cutoff frequency of 
200 MM/. No major changes in the "figure-eight" shape of the patterns were evident 
other than tit the high-frequency range where the pattern began to turn downward 
somewhat. 

The conical skirt monopole is similar to the discone except that the disk is replaced 
by a monopolc of length usually A/4. Its general behavior also resembles that of the 
discone. Another way to view the conical skirl monopole is with a A/4 monopole 
mounted above a finite ground plane. The plane has been tilted downward to allow 
more radiation toward and below the horizontal plane. 

To reduce the weight and wind resistance of the cone, its solid surface can be 
simulated by rudial wires, as shown in figure 9.16(c), T his is a usual practice in the 
simulation of finite size ground planes for monopole antennas. The lengths of the 
wires used to simulate the ground plane are on the order of about A/4 or greater. 

9.7 SLEEVE DIPOLE 

The radiation patterns of asymmetrically driven wire antennas, with overall length 
less than a half-wavelength (/ < A/2), will almost he independent of the point of feed 
along the wire. However for lengths greater than A/2 t/ > A/2) the current variation 
along the wire will undergo a phase reversal while maintaining almost sinusoidal 
amplitude current distribution forced by the boundary conditions at its ends. It would 
then seem that the input impedance would largely be influenced by the feed point. 
Even the patterns may be influenced by the point of excitation for antennas with 
lengihs greater than A/2. 
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Table 9.4 FREQUENCY AND DIMENSIONS OF TWO 
DESIGNS 


Frequency (MHz) 

A (cm) 

B (cm) 

C (cm) 

90 

45.72 

60.96 

50.80 

200 

22.86 

31.75 

35.56 


The inpul impedance 7.„ s of an asymmetric (olT-ccnter) driven dipole is related 
approximately to the input impedance Z, at its center by 




Z, 

cosI 


(9-32) 


where A/ represents the displacement of the feed from the center. Better accuracy can 
be obtained using more complicated formulas [15]. 

An antenna that closely resembles an asymmetric dipole and can Ik- analyzed in 
a similar manner is a sleeve dipole, shown in Figure 9.17(a). This radiator is essentially 
the same as that of a base-driven monopole above a ground plane. The outer shield 
of the coaxial line, which is also connected to the ground plane, has been extended a 
distance / along the axis of the wire to provide mechanical strength, impedance 
variations, and extended broadband characteristics. 

By introducing the outer sleeve, the excitation gap voltage maintained by the 
feeding transmission line has been moved upward from the conducting plate (; - 0) 
to : == li. The theory of images yields the equivalent symmetrical structure of Figure 
9.17(b) in which two generators maintain each equal voltage at j = ± h. 

Because of the linearity of Maxwell's equations, the total current in the system 
will he equal to the sum of the currents maintained independently by each generator 
in each of the two asymmetric excited radiators 116] shown in Figure 9.17(c). Thus 
the antenna can be analyzed as the sum of two asymmetrically fed radiators, ignoring 
the diameter change in each as in Figure 9.17(d). Since the two structures in Figure 
9.17(d) are identical at their feed, the input current is 

4,«u* - /») + Uz = ~h) (9-33) 


where 


/,„ = input current at the feed of the sleeve dipole 
| Figure 9.17(a)] 

/„,(; = /») = current of asymmetric structure ul= h 
|Figure 9.17(d)| 

/„,(: = -/i) = current of asymmetric structure at z = —h 
|Figure 9.l7(d)| 


Ur = /») + l,Jz = -/») 

Ur = h) . 


and the input admittance 


•m 


Uz = li) + /.„(: 



Ur = -in 
Ur = h) 


(9-34) 


where Y a , = l/Z,„ as given by (9-32). 

Through a number of compulations 116], the frequency response of a sleeve dipole 
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Figure 9.17 Sleeve dipole and its equivalents. (soURCn; W. I Weeks. Amennu 
Eiiffinverinn. McGraw-Hill. New York. 1968) 


has been shown lo be much superior than either that of a half-wavelength or lull- 
wavelength dipole. Also the standing wave inside the feed line can be maintained 
reasonably constant by the use of a properly designed reactive matching network. 

9.8 MATCHING TECHNIQUES 

The operation of an antenna system over a frequency range is not completely de¬ 
pendent upon the frequency response of the antenna element itself but rather on the 
frequency characteristics of the transmission line-antenna element combination, In 
practice, the characteristic impedance of the transmission line is usually real whereas 
that of the antenna element is complex. Also the variation of each as a function of 
frequency is not the same. Thus efficient coupling-matching networks must be de¬ 
signed which attempt to couple-match the characteristics of the two elements over the 
desired frequency range. 

There are many coupling-matching networks that can be used to connect the 
transmission line lo the antenna element and which can be designed to provide 
acceptable frequency characteristics. Only a limited number will be introduced here. 

9.8.1 Stub-Matching 

Ideal matching at a given frequency can be accomplished by placing a short- or open- 
circuited shunt stub a distance v from the transmission line-antenna element connec¬ 
tion. as shown in Figure 9.18(a). Assuming a real characteristic impedance, the length 
v is controlled so as to make the real part of the antenna element impedance equal to 
the characteristic impedance. The length I of the shunt line is varied until the suscep- 
tance of the stub is equal in magnitude but opposite in phase to the line input 
susceptanee at the point of the transmission line-shunt element connection. The match- 
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Figure 9.18 Matching and microstrip techniques. 


ing procedure is illustrated best graphically with the use of a Smith chart. Analytical 
methods, on which the Smith chart graphical solution is based, can also be used. The 
short-circuited stub is more practical because an equivalent short can Ik- created by a 
pin connection in a coaxial cable or a slider in a waveguide. This preserves the overall 
length of the stub line lor matchings which may require longer length stubs. 

A single stub with a variable length / cannot always match all antenna (load) 
impedances. A double-stub arrangement positioned a fixed distance .v from the load, 
with the length of each stub variable and separated by a constant length </. will match 
a greater range of antenna impedances. However, a triple-stub configuration will 
always match all loads. 

An excellent treatment of the analytical and graphical methods for the single-, 
double-, triple-stub, and other matching techniques is presented by Collin 1171. The 
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higher-order stub arrangements provide more broad and less sensitive matchings (to 
frequency variations) hut are more complex to implement. Usually a compromise is 
chosen, such as the double-stub. 


9.8.2 Quarter-Wavelength Transformer 

.4. Single Section 

Another technique that can be used to match the antenna to the transmission line is 
to use a A/4 transformer. If the impedance of the antenna is real, the transformer is 
attached directly to the load. However if the antenna impedance is complex, the 
transformer is placed a distance v„ away from the antenna, as shown in Figure 9.18(b). 
The distance v<, is chosen so that the input impedance toward the load at v„ is real and 
designated as R m . To pr ovide a match, the transformer characteristic impedance /, 
should he Z, = \ r R^Z, l , where Z,, is the characteristic impedance (real) of the input 
transmission line. The transformer is usually another transmission line with the desired 
characteristic impedance. 

Because the characteristic impedances of most off-the-shelf transmission lines are 
limited in range and values, the quarter-wavelength transformer technique is most 
suitable when used with microstrip transmission lines. In microstrips, the characteristic 
impedance can be changed by simply varying the width of the center conductor. 

B. Multiple Sections 

Matchings that are less sensitive to frequency variations and that provide broader 
bandwidths. require multiple A/4 sections. In fact the number and characteristic im¬ 
pedance of each section can be designed so that the reflection coefficient follows, 
within the desired frequency bandwidth, prescribed variations which are symmetrica! 
about the center frequency. The antenna (load) impedance will again be assumed to 
be real; if not. die antenna element must be connected to the transformer at a point v„ 
along the transmission line where the input impedance is real. 

Referring to Figure 9.18(c). the total input reflection coefficient P,,, for an N- 
section quarter-wavelength transformer with R, > Z 0 can be written approximately 
as [171 


where 


= 2 ^ 
n = ll 


(9-35) 


P, 


Z „,, + z„ 


0 = kU 


2tt/Ao\ 
A \ 4 / 



(9-35a) 
(9-35b) 


In (9-35). p„ represents the reflection coefficient at the junction of two infinite lines 
with characteristic impedances Z„ and Z„ + |./ n represents the designed center fre¬ 
quency. and / the operating frequency. Equation (9-35) is valid provided the p „'s at 
each junction are small (R t = Z 0 ). If R, < Zt- 'he' p,i s should be replaced by - p„\. 
For a real load impedance, the p„'s and Z„‘s will also be real. 
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For a symmetrical transformer (po = p N , p, = p N i • etc.), (9-35) reduces to 
r,„(/) = 2e-‘ N0 \to cos A/0 + p, cos(/V - 2) 6 + p 2 cos(/V - 4)0 + •. •] (9-36) 

The last term in (9-36) should be 

p lw _i K2 jCOS0 for N = odd integer (9-36a) 

fam) for N ~ even integer (9-36b) 


C. Binomial Design 

One technique, used to design an /V-section A/4 transformer, requires that the input 
reflection coefficient of (9-35) have maximally Hat passband characteristics. For this 
method, the junction reflection coefficients (p„'s) are derived using the binomial 
expansion. Doing this, we can equate (9-35) to 


r, n (/i « 2 wfJ" = Am 

« = <> K l + Z,, 


/v/ + Z<)n = ( i 


fb«> 


where 


From (9-35) 


r v = 

'-'H 


N\ 


IN - «)!«!’ 


n = 0.1.2 . N 


= 

Pn " «/. + Zo " 

For this type of design, the fractional bandwidth Af/f„ is given by 

^ = 2 (y ° 7 f " ] = 2(1 -■£) = 2(1 -~e„ 
fo fit \ fol \ * 


Since 


,, - zl(^\ - itf* 
A w \4/ 2 \fo 


(9-39) reduces using (9-37) to 


Af = T _ £ . _ Pm _ 

fo ‘ ‘ tr L(/J,. - ZoVtRi. + 2b). 


I/.V 


(9-37) 


(9-37a) 


(9-38) 


(9-39) 


(9-40) 


(9-41) 


where p„, is the maximum value of reflection coefficient which can be tolerated within 
the bandwidth. 

The usual design procedure is to specify the 

1. load impedance (/?,.) 

2. input characteristic impedance (Z,,) 

3. number of sections (N) 

4. maximum tolerable reflection coefficient (/>,„) [or fractional bandwidth (A/// n .)J 
and to find the 
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1. characteristic impedance of each section 

2. fractional bandwidth |or maximum tolerable reflection coefficient (p„, 1 1 
To illustrate the principle, let us consider an example. 


Example 9.1 

A linear dipole with an input impedance of 70 + /37 is connected to a 50-ohm line. 
Design a two-section A/4 binomial transformer by specifying the characteristic im¬ 
pedance of each section to match the antenna to the line at J = f„. If the input 
impedance (at the point the transformer is connected) is assumed to remain constant 
as a function of frequency, determine the maximum reflection coefficient and VSWR 
within a fractional bandwidth of 0.375. 


SOLUTION 


Since the antenna impedance is not real, the antenna must he connected to the trans¬ 
former through a transmission line of length v„, Assuming a 50-ohm character¬ 
istic impedance for that section of the transmission line, the input impedance at 
y 0 = 0.062A is real and equal to 100 ohms. Using (9-37a) and (9-38) 

_ - %» r ,v T X K I ~ N\ 


P„ = 2 


R, + Z,, R l + ZoOV - n)!n! 

which for N = 2. R, = 100. Zo = 50 

n = 0 : pn = 7—7 - -pr » Z, = 1.182^ = 59.09 

^1 + M> t-i 

" = l: P' = = ! oZ t= I.399Z| = 82.73 

For a fractional bandwidth of 0.375 (0„, = 1.276 rad = 73.12°) we can write, using 
(9-41) 

TI/2 


A/' 4 

4 = (07.5 = 2- - cos 


Pm 


(Ri. — 7.„)l(Ri + Z„) 


fa w 

which for R, = 100 and Z,, = 50 gives 
Pm = <>028 

The maximum voltage standing wave ratio is 
I + Pm 


VSWR,,, = 


1 - pn 


= 1.058 


The magnitude of the reflection coefficient is given by (9-37) as 
I in = Pin = 


which is shown plotted in Figure 9.19. and it is compared with the response of a 
single section A/4 transformer. 


Rl ~ Za 

2a 1 2 
COS" 0 = —cos" 

2 TTj 

' A(,\ 

1 2 

= —cos 

?( 4 | 

Rl + Za 


A ' 

(4/. 

3 

_ 2 \./(i/ 
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Relative frequency (///<> I 

Figure 9.19 Responses of single-section, and iwo-section binomial and Tschcbyscheff 
quarter-wavelength transfonners. 


Microstrip designs are ideally suited for antenna arrays, as shown in Figure 
9.18(d). In general the characteristic impedance of a microstrip line, whose top and 
end views are shown in Figures 9.18(e) and (f). respectively, is given by 1181. 


Z. = 


87 in / 5.98/i \ 
\A, + 1.41 n \0.8vv -F r) 


For h < 0.8tr (9-42) 


where 


e r - dielectric constant of dielectric substrate (board material) 
h = height of substrate 
vt' = width of microstrip center conductor 
/ = thickness of microstrip center conductor 

Thus for constant values of e,. //. and I, the characteristic impedance can be 
changed by simply varying the width (vv) of the center conductor. 

D. Tschcby.sclieJ'f Design 

The rejection coefficient can be made to vary within the bandwidth in an oscillatory 
manner and have equal-ripple characteristics. This can be accomplished by making 
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r„, behave according to a Tschebysclieff polynomial. For the Tsehebyscheff design, 
the equation that corresponds to (9-37) is 


r,„(/) = e 


• w/ Z/ Ztl i.vlsec t(rj CON U) 

Z, + Z,, 7' A .(sec 0J 


(9-43) 


where 7‘ v ( v) is the Tsehebyscheff polynomial of order A/. 

The maximum allowable rellection coefficient occurs at the edges of the passband 
where H = 0„, and 7. v (sec 0 m cos 0)| fl # = I. Thus 


Zl ~ A) I 

Z/ + Z„7 A (sec II ,„) 


(9-44) 


The first few Tsehebyscheff polynomials are given by (6-69). For ; = sec H,„ cos 0, 
the first three polynomials reduce to 


T | (sec II,„ cos H) = sec H,„ cos I) 

/'qsec 0,„ cos ()) = 2(sec H,„ cos (9) : — I = see*’ tl„, cos 20 + (sec : ()„, - I) 
7"j(sec 0„, cos 0) = 4(scc 0,„ cos 0)' - 3(sec 0,„ cos 0) (9-45) 

= sec’ ()„, cos 30 + 3(sec' (),„ - sec fl„,)cos (I 


The remaining details of the analysis are found in 1171. 

The design of Example 9.1 using a Tsehebyscheff transformer is assigned as an 
exercise to the reader (Prob. 9.17). However its response is shown plotted in Figure 
9.19 for comparison. 

In general, the multiple sections (either binomial or Tsehebyscheff) provide 
greater bandwidths than a single section. As the number of sections increases, the 
bandwidth also increases. The advantage of the binomial design is that die reflection 
coefficient values within the bandwidth monotonically decrease from both ends toward 
the center. Thus the values are always smaller than an acceptable and designed value 
that occurs at the “skirts” of the bandwidth. For the Tsehebyscheff design, the 
reflection coefficient values within the designed bandwidth are equal or smaller than 
an acceptable and designed value. The number of times the reflection coefficient 
reaches the maximum ripple value within the bandwidth is determined by the number 
of sections. In fact, for an even number of sections the rellection coefficient at the 
designed center frequency is equal to the maximum allowable value, while for an odd 
number of sections it is zero. For a maximum tolerable reflection coefficient, the N- 
section Tsehebyscheff transformer provides a larger bandwidth than a corresponding 
N -section binomial design, or fora given bandwidth the maximum tolerable reflection 
coefficient is smaller for a Tsehebyscheff design. 


9.8.3 T-Mutch 

Another effective shunt-matching technique is the T-mateh connection shown in 
Figure 9.20(a). With this method the dipole of length / and radius a is connected to 
the transmission line by another dipole of length /’(/'</) and radius o'. The smaller 
dipole is "tapped" to the larger one at distances I'll from die center and the two are 
separated by a small distance ,v. The transmission line is connected to the smaller 
dipole at its center. The T-match connection is a general form of a folded dipole since 
the two legs are usually not of the same length or diameter. Since the T-match is a 
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Figure 9.20 T-match and its associated equivalents 


symmetrical and balanced system, it is well suited for use with parallel-conductor 
transmission lines such as the “twin lead." Coaxial lines, which are tinsymmctrical 
and unbalanced lines, should be connected to dipoles using the gamma match. 

The design procedure for the T-match is developed similarly to that of the folded 
dipole. The T-match is also modeled by transmission line and antenna modes, as 
shown in Figure 9.12 for the folded dipole. The total current at the input terminals is 
divided between the two conductors in a way that depends on the relative radii of the 
two conductors and the spacing between them. Since the two conductors are not in 
general of the same radius, the antenna mode current division is not unity. Instead, a 
current division factor is assigned which also applies to the voltage division of the 
transmission line mode. 

Instead of including all the details of the analysis, only the steps that arc applicable 
to a T-match design will be included. 
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A. Design Procedure 

I. Calculate the current division factor a by 

Iv 2 - tr + I 


cosh 


iv 


a = 


ln(u) 


cosh 


-1 


t/~ 4- tr - I 
2 vu 


Info) - ln(«) 


(9-46) 


u — -7 (9-46a) 

a 

v = 4 (9-46b) 

a 

2. From Table 9.3. the •■equivalent" radius of the two-wire arrangement can be 
written as 

Into,) — —;— -; |i/'' In a' + a 2 In a + 2 a'a In s| (9-47) 

(« + «)- 


since .S', = 2m/', ,S\ = 2 mi. It can be shown that (9-47) reduces to 

ln(aj = In </' H—-— -*(/r In // + 2u In u) (9-47a) 

(I + uY 


3. Calculate the impedance at the input terminals for the transmission line mode 
[i.e., two-wire shorted transmission line of length l'12 with radii a. a' and separation 
s shown in Figure 9.20(b)| 

Z, = jZ<) tan |a- (9-48) 

where 

- 60 cosh t ~L'“ ) - 276 logi “ fob) Ma) 

Z N is the characteristic impedance of the two-wire transmission line with radii a, a' 
and separation s, as shown in Figure 9.20(c). 

4. The total input impedance, which is a combination of the antenna (radiating) 
and the transmission (nonradiating) modes, can be written as 


Zjn — ^in 4- jX | r 


2Z,|(I 4- arZ„| 
2Z, + (I + a) 2 Z„ 


and die input admittance as 



y.. 

(I + a ) 2 



(9-49) 


(9-50) 


Z„ = l/K„ is the center point free-space input impedance of the antenna in the absence 
of the T-match connection. 


B. Equivalent Circuit 

Based upon (9-49) or (9-50). the T-match behaves as the equivalent circuit of Figure 
9.20(d) in which the antenna impedance is stepped up by a ratio of I + a. 
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and it is placed in shunt with twice the impedance of the nonradiating mode (trans¬ 
mission line) to result in the input impedance. When the current division factor is 
unity (a= I ), the T-match equivalent of Figure 9.20(d) reduces to that of Figure 
9.14(a) for the folded dipole. 

For /' = A/2, the transmission line impedance Z, is much greater than (I + a) 2 Z„ 
and the input impedance of (9-49) reduces to 


Z in — (1 + a) 2 Z„ 


(9-51) 


For two equal radii conductors, the current division factor is unity and 19-51) becomes 


Z,„ = 47, 


(9-52) 


a relation obtained previously. 

The impedance of (9-49) is generally complex. Because each of the lengths 
(/’/2) of the T-match rods are usually selected to be very small (0.03 to 0.06A). Z,„ is 
inductive. To eliminate the reactance (resonate the antenna) at a given center frequency 
and keep a balanced system, two variable series capacitors are usually used, as shown 
in Figure 9.20(e). The value of each capacitor is selected so that Z in of (9-49) is equal 
to ff| n {Zin = /?,„). To accomplish this 


C = 2C Ul 


I 

vfX, „ 


(9-53) 


where / is the center frequency, and Cj„ is the series combination of the two C 
capacitors. The resonant circuit equivalent is shown in Figure 9.20(f). 

The T-match connection of Figure 9.20(e) is used not only to resonate the circuit, 
but also to make the total input impedance equal to the characteristic impedance of 
the feed transmission line. This is accomplished by properly selecting the values of 
I'I2 and C (.v is not usually varied because the impedance is not very sensitive to it). 
In most cases, a trial and error procedure is followed. An orderly graphical method 
using the Smith chart is usually more convenient, and it is demonstrated in the 
following section for the gamma match. 


9.8.4 Gsinmia Match 

Frequently dipole antennas are fed by coaxial cables which are unbalanced transmis¬ 
sion lines. A convenient method to connect the dipole or other antennas (Yagi-Uda. 
log-periodic, etc.) to 50- or 75-ohm "coaxs” and to obtain a match is to use the 
gamma match arrangement shown in Figure 9.21. 


A. Equivalent Circuit 

The gamma match is equivalent to half of the T-match, and it also requires a capacitor 
in series with the gamma rod. The equivalent is shown in Figure 9.21(b). and its input 
impedance is equal to 


Z m JX t 4- 


Z,,|(l + a) 2 Z n ] 
2Z„ + (I + a) 2 Z n 


(9-54) 


where Z„ is the center point tree-space impedance of the antenna in the absence of 
the gamma match connection. The second term of (9-54) is similar in form to that of 
(9-49). 

The usual problem encountered is that the length of the wire antenna (/ ) and the 
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i 

o 


4'- 


<t») l.qulvalcot 

Figure 9.21 Gamma match and its equivalent. 


characteristic impedance of the feed coax (Z,) are known. What is required are the 
values of the radii a and a'. the length I'll, and the capacitance C which will achieve 
a match. Since the arrangement is similar to the T-match or folded dipole, its analysis 
is based on the same theory. 

To accomplish the match, a graphical design technique, which is different front 
that reported in 119| and 120], will be demonstrated. This procedure utilizes the Smith 
chart, and it is based on the equivalent of Figure 9.21(h). A purely mathematical 
procedure is also available 1211. but it will not be included here. 

Because the input impedance is not very sensitive to u. a', and \. the usual 
procedure is to select their values and keep them fixed. The parameters that are usually 
varied are then I'll and C. In practice. /'/2 is varied by simply using a sliding clamp 
to perform the shorted connection at the end of the gamma rod. 

The graphical design method assumes that I'll is given, and C that resonates the 
circuit is found. If the input resistance is not equal to the characteristic impedance Z, 
of the feed line, another salue of I'll is selected, and the procedure is repealed until 
R ln = Z,. The graphical method is suggestive as to how the length ill should he 
changed (smaller or larger) to accomplish the match. 

H. Design Procedure 

1. Determine the current division factor <v by using (9-46)-(9-46h). 

2. Find the free-space impedance (in (he absence of the gamma match) of the 
driven element at the center point. Designate it as Z„. 
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3. 


4. 


5. 


6. 


7. 


8 . 

9. 


10 . 


11. 


12. 


Divide Z„ by 2 and multiply il by the step-up ratio (I + a) 2 . Designate the 
result as Z 2 . 

Z 2 = R 2 + jX> = (I + a) 2 ^ (9-55) 


Determine the characteristic impedance Zb of the transmission line formed by 
the driven element and the gamma rod using (9-48a). 

Normalize Z. of (9-55) by Z„ and designate it as z 2 . 


Z: _ R 2 + jX; 

Z) Z„ 


r 2 + jx 2 


(9-56) 


and enter on the Smith chart. 

Invertc 2 of (9-56) and obtain its equivalent admittance y 2 = + jb 2 . On the 

Smith chart this is accomplished by moving z 2 diagonally across from its posi¬ 
tion. 

In shunt with the admittance y 2 from step 6 is an inductive reactance due to the 
short-circuited transmission line formed by the antenna element and the gamma 
rod. This is an inductive reactance because the length of the gamma rod is very 
small (usually 0.03 to 0.06A), but always much smaller than A/2. Obtain its 
normalized value using 

z„ = j tan (9-57) 


and place on Smith chart. The impedance z g of (9-57) can also be obtained by 
using exclusively the Smith chart. You begin by locating the short-circuited load 
at Z, = 0 + /'(). Then you move this point a distance /72 toward the generator, 
along the outside perimeter of the Smith chart. The new point represents the 
normalized impedance of (9-57). 

Invert the impedance from step 7 (z K ) to obtain its equivalent admittance y K = 
ftg + jb K . On the Smith chart this is accomplished by moving z„ diagonally 
across from its position. 

Add the two parallel admittances (from steps 6 and X) to obtain the total input 
admittance at the gamma feed. That is, 

.Vto = Yi + >’* = (fii + g«) + jib 2 + />«) (9-58) 

and locate it on the Smith chart. 

Invert the normalized input admittance yi n of (9-58) to obtain the equivalent 
normalized input impedance 

2m, = 'in + Jx m (9-59) 

Obtain the unnormalized input impedance bv multiplying z,„ by Z,,. 

Z\ n = /?|„ + jX |„ = Z 0 c ir , (9-60) 

Select the capacitor C so that its reactance is equal in magnitude to .V,„. 


u>C 


I 

2rrf n C 


= 


(9-61) 


If all the dimensions were chosen properly for a perfect match, the real part R,„ 
of (9-60) should be equal to Z,.. If not. change one or more of the dimensions 
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(usually the length of (he rod) and repeal the procedure until R in = Z.. Practically 
the capacitor C is chosen to be variable so adjustments can be made with ease 
to obtain the best possible match. 


Example 9.2 

The driven element impedance of a 20-m </ = 15 MHz: see Appendix VIII) Yagi- 
Uda antenna has a free-space impedance at its center point of 30.44(1 — j) ohms 
|20|. It is desired to connect it to a 50-ohm coaxial line using a gamma match. The 
driven element and the gamma rod are made of tubing with diameters of 0.95 X 
ur 'A (0.75 in. = 1.905 cm) and 3.175 x 10" 4 A (0.25 in. = 0.635 cm), respectively. 
The cemer-to-ccnter separation between the driven element and the rod is 3.81 X 
10 A (3 in. = 7.62 cm). Determine the required capacitance to achieve a match. 
Begin with a gamma rod length of 0.036A (28.35 in. = 72.01 cm). 


SOLUTION 

I. Using (9-46H9-46H) 

In(24) 


£ - 381 
U “ «' “ 0.15875 


tv — 


In<24) - ln(3) 


= 1.528 


24 


and the step-up ratio 

(I + a) 2 = (I + I.528) 3 = 6.39 

2. Z„ = 30.44( I — j), as given. 

3. Using (9-55) 


4. 


5. 


Z-. = (I + 1.528)* 


30.44(1 - j ) 


Z„ = 276 log,,, 
97.25 


2(3.811 ~ 
/0.95(0.3I75)_ 


^2 


315 


LV 

(I -]) = 0.31(1 - j) 


= 97.25(1 - J) 
315.25 — 315 


6 . On the Smith chan in Figure 9.22 locate ,- 2 and invert it to y 2 . It leads to 

y 2 = — = 1.6( I + j) 

<2 

1. On the Smith chart ltKate c, = 0 + j 0 and advance it toward the generator a 
distance 0.036A to obtain 


£, = 0 + y'0.23 
8 . From the Smith chart 


y* 



= -j 4.35 






Figure 9.22 Smilh chart for Example 9.2. Copyright renewal 1976 by P. II Smith. 
Murray Mill. N.J. 


9. Add v. anti y„ 

y,„ = ,V 2 + y„ = 1.6 - y‘2.75 
which is located on the Smith chart. 

10. Inverting v h , on the Smith chart to gives 

= 0.16 + 70.28 

11. Unnormalizing by Z,> = 315. reduces it to 

Z,„ = 50.4 + 788.2 

12. The capacitance should be 


2ir/i,(88.2) 2-115 X I0'’)(88.2) 

= 120.3 X 10 12 = 120 pF 
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Figure 9.23 Omega match arrangement 


Since R,„ = 50.4 ohms is not exactly equal to Z,, = 51) ohms, one of the physical 
dimensions (usually ihe length of the rod) can be changed slightly and then the process 
can be repealed. However in this case they are so close that for practical purposes 
this is not required. 

9.8.5 Omega Match 

A slightly modified version of the gamma match is the omega match shown in Figure 
9.23. The only difference between the two is that in addition to the series capacitor 
C i there is one in shunt C' : which can aid in achieving the match. Usually the presence 
of C< makes it possible to use a shorter rod or makes it easier to match a resonant 
driven element. The primary function of C\ is to change y,„ in step 9 of the design 
procedure so that when it is inverted its unnormalized real part is equal to the 
characteristic impedance of the input transmission line. This will possibly eliminate 
the need of changing the dimensions of the matching elements, if a match is not 
achieved. 

9.8.6 Baiuns and Transformers 

A twin-lead transmission line (two parallel-conductor line) is a symmetrical line 
whereas a coaxial cable is inherently unbalanced. Because the inner and outer (inside 
and outside parts of it) conductors of the coax arc not coupled to the antenna in the 
same way. they provide the unbalance. The result is a net current How to ground on 
the outside part of the outer conductor. This is shown in Figure 9.24(a) where an 
electrical equivalent is also indicated. The amount of current flow /-, on the outside 
surface of the outer conductor is determined by the impedance Z K from the outer 
shield to ground. IfZ ? can be made very large. I, can be reduced significantly. Devices 
that can be used to balance inherently unbalanced systems, by canceling or choking 
the outside current, are known as buluns {balance lo imbalance). 

One type of a balun is that shown in Figure 9.24(h). referred to usually as a 
bazooka balun. Mechanically it requires that a A/4 in length metal sleeve, and shorted 
at its one end. encapsulates the coaxial line. Electrically die input impedance at the 
open end of this A/4 shorted transmission line, which is equivalent to Z K , will be very 
large (ideally infinity). Thus the current /, will be choked, if not completely eliminated, 
and the system will be nearly balanced. 
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> I-i i balanced i 


Reversal 



lunMumretl) 




I balanced I 


icl Ferrite core halun < I > I • 

Figure 9.25 Baiun and ferrite core transformers. 



Another type of a balun Ls that shown in Figure 9.24(c). It requires that one end 
of a A/4 section of a transmission line he connected to the outside shield of the main 
coaxial line while the other is connected to the side of the dipole which is attached 
to the center conductor. This balun is used to cancel the llow of /,, The operation til 
it can be explained as follows: In Figure 9.24(a) the voltages between each side of 
the dipole and the ground are equal in magnitude but 180° out of phase, thus producing 
a current flow on the outside of the coaxial line. If the two currents l\ and h are equal 
in magnitude. /. would be zero. Since terminal #2 of the dipole is connected directly 
to the shield of the coax while terminal #1 is weakly coupled to it. it produces a 
much larger current / ; . Thus there is relatively little cancellation in the two currents. 

The two currents. I, and /.. can be made equal in magnitude if the center conductor 
of the coax is connected directly to the outer shield. If this connection is made directly 
ai the antenna terminals, the transmission line and the antenna would be short-cir¬ 
cuited. thus eliminating any radiation. However, the indirect parallel conductor con¬ 
nection of Figure 9.24(c) provides the desired current cancelation without eliminating 
the radiation. The current How on the outer shield of the main line is canceled at the 
bottom end of the A/4 section (where the two join together) by the equal in magnitude, 
but opposite in phase, current in the A/4 section of the auxiliary line. Ideally then 
there is no current flow in the outer surface of the outer shield of the remaining part 
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of the main coaxial line. It should be stated that the parallel auxiliary line need not 
he made A/4 in length to achieve the balance. It is made A/4 to prevent the upsetting 
of the normal operation of the antenna. 

A compact construction of the balun in Figure 9.24(c) is that in Figure 9.24(d). 
The outside metal sleeve is split and a portion of it is removed on opposite sides. The 
remaining opposite parts of the outer sleeve represent electrically the two shorted 
A/4 parallel transmission lines of Figure 9.24(c). All of the baluns shown in Figure 
9.24 are narrowband devices. 

Devices can be constructed which provide not only balancing hut also step-up 
impedance transformations. One such device is the A/4 coaxial balun, with a 4:1 
impedance transformation, of Figure 9.25(a). The U-shaped section of the coaxial line 
must he A/2 long (22]. 

Because nil the btduns-impedance transformers that were discussed so fur are 
narrowband devices, the bandwidth can be increased by employing ferrite cores in 
their construction (23J. Two such designs, one a 4:1 or 1:4 transformer and the other 
a 1:1 balun. arc shown in Figures 9.25(b) and (c). The ferrite core has a tendency to 
maintain high impedance levels over a wide frequency range [24]. A good design and 
construction can provide bandwidths of X or even 10 to I. Coil coaxial baluns. 
constructed by coiling the coaxial line itself to form a balun |24|. cun provide band- 
widths of 2 or 3 to 1. 
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PROBLEMS 

9.1. A 300-ohm "twin-lead" transmission line is attached to a hiconieul antenna. 

(a) Determine the cone angle that will match the line to an infinite length biconical 
antenna. 

lb) For the cone angle of part (a), determine the two smallest cone lengths that will 
resonate the antenna. 

(c) For the cone angle and cone lengths from part (b). what is the input VSWR7 

9.2. Determine the lirsl two resonant lengths, and the corresponding diameters und input 
resistances, for dipoles with lid - 25. 50. and I0 J using 

(a) the data in Figures 9.8lu) and 9.8(b) 

(b) Table 9.1 

9.3. Design a resonant cylindrical stub monopole of length /. diameter d. and lid of 50. Find 
the length (in A), diameter (in A), and the input resistance (in ohms) at the first lour 
resonances. 

9.4. A linear dipole of lid 25. 50. and I0 J is attached to a 50-ohm line. Determine the 
VSWR of each llil when 

(a) / = A/2 
(hi / = A 
(0) / = 3A/2 

9.5. Find the equivalent circular radius a, lor a 
(a) very thin Hat plate of width A/10 

(hi square wire with sides of A/10 

(c) rectangular wire w ith sides of A/lfl and A/100 

fd) elliptical wire with major and minor axes of A/10 and A/20 
(e> twin-lead transmission line with wire radii of 1.466 x 10 : cm and separation of 
0.8 cm 

9.6. Compute the characteristic impedance of a two-wire transmission line with wire di¬ 
ameter of d = 10 ‘A and centcr-to-center spacings of 

(a) 6.13 X 10 'A 

(b) 2.13 x ur-’A 
(e) 7.42 X 10 ’A 

9.7. Verify (9-47) from the expressions listed in Table 9.3. 

9.8. To increase its bandwidth, a A/4 monopole antenna operating at I GHz is made of two 
side-by-side copper w ires to = 5.7 x I0 7 S/m) of circular cross section. The wires ut 
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each end of the arm are connected (shorted) electrically together. The radius of each 
wire is A/200 and the separation between them is A/50. 

(a) What is the effective radius (in meters) of the two wires? Compare with the physical 
radius of each wire (in meters), 

(b) What is the high-frequency loss resistance of each wire? What is the total loss 
resistance of the two together in a side-by-side shotted at the ends arrangement'' 
What is the loss resistnee based on the effective radius? 

(c) What is the radiation efficiency of one wire by itself? Compare with that of the 
two together in a side-by-side arrangement. What is the radiation efficiency bused 
on the loss resistance of the effective radius? 

9.9 Show that the input impedance of a two-element folded dipole of / - A/2 is four times 
greater than that of an isolated element of the same length. 

9.10. Design a two-clement folded dipole with wire diameter ol It) A and ccnter-to-centcr 
spacing of 6.13 x 10 ‘A. 

(a) Determine its shortest length for resonance. 

(b) Compute the VSWR at the first resonance when it is attached to a 300-ohm line 

9.11. A two-element folded dipole of identical wires has an lid 500 and a ccnter-to-center 
spacing of 6.13 x 10 5 A between the wires. Compute the 

(a) approximate length of a single wire at its first resonance 

(hi diameter of the wire at the first resonance 

(e) characteristic impedance of the folded dipole transmission line 

(d) input impedance of the transmission line mode model 

(e) input impedance of the folded dipole using as the radius of the antenna mode (I) 
the radius of the wire n. (2) the equivalent radius a, of the wires. (3) half of the 
ccnter-to-center spacing (,v/2). Compare the results. 

9.12. The input impedance of a 0.47A folded dipole operating at 10 MHz is 

Z,„ = 306 + y’75.3 


IllpUl 

icniunuls 



To resonate the element, n is proposed to place a lumped element in shunt (parallel) at 
the input terminals where the impedance is measured. 

(a) Whul kind of an element (capacitor or inductor) should be used to accomplish the 
requirement? 

Ih) What is the value of the element (in farads or henries)? 

(el What Is the new value of the input impedance? 

(d) What is the VSWR when the rcsoiuuit antenna is connected to a 300-ohm line? 

9.13. A hall-wavelength, two-element symmetrical folded dipole is connected to a 300-ohm 
"twin-lead" transmission line. In order lor the input impedance of the dipole to be 
real, an energy storage lumped element is placed across its input terminals Determine, 
assuming/= 11)0 MHz. the 

(a) capacitance or inductance of the element that must he placed across the terminals, 
(hi VSWR at the terminals of the transmission line taking into account the dipole and 
the energy storage element. 
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9.14. A half-wavelength, two-element symmetrical folded dipole whose each wire has a 
radius ol 10 A is connected to a 300-ohm "twin-lead” transmission line. The center- 
to-cenlcr spacing of the two wires is 4 x 10 ‘A. In order for the input impedance ol 
the dipole to be real, determine, assuming/= 100 MHz. the 

(a) total capacitance (' that must be placed in senes at the input terminals 

(b) capacitance C, (two of them) that must be placed in series at each of the input 
terminals of the dipole in order to keep the antenna symmetrical. 

(c) VSWR at the terminals of the transmission line connected to the dipole through 
the two capacitances. 

9.15. An I = 0.47A folded dipole, whose wire radius is 5 X 10 A. is fed by a “twin lead” 
transmission line with a 300-ohm characteristic impedance. The ecntcr-to-ccnter spacing 
of the two side-by-side wires of the dipole is i - 0.025A. The dipole is operating at 
/ = 10 MHz. The input impedance of the “regular" dipole of / = (1.47A is Z,, 

79 +713. 

(a) Determine the 

i. Input impedance of die folded dipole. 

ii. Amplification factors of the real and imaginary parts of the input impedance of 
the folded dipole, compared to the corresponding values of the regular dipole. 

iii. Input reflection coefficient. 

iv. Input VSWR. 

(b) To resonate the folded dipole and keep the system balanced, two capacitors teach 
C) are connected each symmetrically in series at the input terminals of the folded 
dipole. 

i What should C be to resonate the dipole? 

ii What is the new reflection coefficient at the input terminals of the "twin lead" 
line? 

iii What is the new VSWR? 

9.16. A A/2 dipole ts fed asymmetrically at u distance ot A/8 from one of its ends. Determine 
its input impedance using (9-32). Compare its value with that obtained using the 
impedance transfer method of Section 4.5.5. 

9.17. Repeat the design of Example 9 I using a Tschebyschel'f transformer. 

9.18. Repeat the design of Example 9.1 for a three-section 

(a) binomial transformer 

(b) Tschcbyschcff transformer 

9.19. A self-resonant (Jim resonance) half-wavelength dipole of radius a = It) 'A is con¬ 
nected to a 300-ohm "twin-lead" line through a three-section binomial impedance 
transformer. Determine the impedances of the three-section binomial transformer re¬ 
quired to mulch the resonant dipole to the "twin-lead" line. 

9.20. Consider a center-fed thin-wire dipole with wire radius a = 0.005A. 

(a) Determine the resonant length /(in wavelengths) and corresponding input resistance 
K,„ of the antenna using assumed sinusoidal current distribution, 
lb) Design a two-section Tschebyscheff quarter-wavelength transformer to match the 
antenna to a 75-ohm transmission line. Design the transformer to achieve an equal 
ripple response to over n fractional bandwidth of 0.25. 

(c> Compare the performance of the matching network in part (b) to an ideal trans¬ 
former by plotting the input reflection coefficient magnitude versus normalized 
frequency for 0 s flf a s 2 for both cases. 

9.21. The frce-spacc impedance at the center point of the driven element of a 15-MHz Yagi- 
Uda array is 25 — j 25. Assuming the diameters of the wires of a T-matcb are 1.9 x 
10 'A(3.8 cm) and 6.35 X 10 J A( 1.27 cm), the center-to-center spacing between the 
wires is 7.62 X 10 'At 15.24 cm), and the length I'll of each T-match rod is 0.02853 
(57 cm), find the 

(a) input impedance of the T-malch 

(b) input capacitance C, M that will resonate the antenna 

(c) capacitance C that must be used in each leg to resonate the antenna 
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V.22. The input impedance of a 145.4 MHz Yagi-Udu antenna is 14 + j 3. Design a gamma 
match using diameters of 0.9525 cm (for the antenna) and 0.2052 cm (for the rod), and 
center-to-center spacing between the wires of 1.5316 cm. The match is for a 50-ohm 
input coaxial line. Find the shortest gamma rod length and the required capacitance. 
First, do the problem analytically. The design must be such that the real part of the 
designed input impedance is within I ohm of the required 50 ohms. Second, check your 
answers with the Smith chart. 

9.23. Repeat Problem 9.22 for an input impedance of 14 - j 3. 

9.24 A A/4 monopole is mounted on u ground plane and has an tnput impedance of 

34 - j 17 at / - 145.4 MHz. Design a gamma match to match the monopole to u 
50-ohm coaxial line. The wire diameters tire identical (0.9525 cm) and the centcr-to- 
center spacing is 3.1496 cm. Find Ihe required capacitance and the shortest gamma rod 
length. First, do the problem analytically. The design must be such that the real part of 

Ihe designed input impedance is within I ohm of the required 50 ohms. Second, check 

your answers with the Smith chart. 

9.25. Using a gamma match, a A/2 dipole is connected to an amateur 425 MHz radio receiver 
using a 78-ohm coaxial line. The length of the gamma match is A/4 and its wire radius 
is identical to that of the dipole. 

(a) What is the input impedance of the antenna-gamma match arrangement at die input 
terminals in the absence of a matching capacitor? 

(b) To resonate the antenna, a capacitor is placed in scries to die ami that is connected 
to the center conductor of the coaxial line. What is the value of the capacitor? 

(c) When the resonant antenna is connected to a 78-ohm coaxial line, what is the 
magnitude of the reflection coefficient? What is the VSWR? 

9.26. A 300 MHz. resonant A/2 dipole with an input impedance of 67 ohms is connected to 
a coaxial line through a gamma match. I he radii of the w ires for the dipole and gamma 
match, and the spacing between them, are such that the turns ratio of the transformer 
is 3:1. The characteristic impedance of the transmission line that the dipole and gamma 
match part form is 250 ohms. The overall length of the gamma match is 0.1 A. 

(a) What is the total input impcduncc at the input terminals of the gamma match? 

(b) What value of capacitor placed in scries shall be selected so that the new input 
impedance is real (resonate the load)? 

9.27. A I -match is connected to the antennas of Problems 9.22 and 9.23. Assuming that the 
w ire diameters and lengdis for each leg of the T-mutch are those derived for each 
gamma match, find the 

ta) input impedance of the T-match 

(b) capacitance C that must be connected in each leg to make the antenna system 
resonant 

9.28. Repeat Problem 9.27 but select the lengths /'/2 of the T match rods so that the input 
resistance is 3(H) ohms. Use diameters of 0.1026 cm (for the rod). 0.9525 cm (for the 
antenna), and center-to-ecnter spacing of 0.7658 cm. This connection is ideal for use 
with a 300-ohm “twin-lead" line. 




CHAPTER 


IQ 

TRAVELING WAVE AND 
BROADBAND ANTENNAS 


1(1.1 INTRODUCTION 

In the previous chapters we have presented the details of classical methods that are 
used to analyze the radiation characteristics of some of the simplest and most common 
forms of antennas ti.e.. inlinitely thin linear and circular wires, broadband dipoles and 
arrays). In practice there is a myriad of antenna configurations, and it would be almost 
impossible to consider all of them in this book. In addition, many of these antennas 
have biz/are types of geometries and it would be almost impractical, if not even 
impossible, to investigate each in detail. However, the general performance behavior 
of some of them will be presented in this chapter with a minimum of analytical 
formulations. Today, comprehensive analytical formulations are available for most of 
them, but they would require so much space that it would be impractical to include 
them in this book. 

10.2 TRAVELING WAVE ANTENNAS 

In Chapter 4. center-fed linear wire antennas were discussed whose amplitude current 
distribution was 

1. constant for infinitesimal dipoles (/ < A/50) 

2. linear (triangular) for short dipoles (A/50 < / ^ A/I0) 

3. sinusoidal for long dipoles (/ > A/10) 

In all cases the phase distribution was assumed to be constant. The sinusoidal current 
distribution of long open-ended linear antennas is a standing wave constructed by two 
waves of equal amplitude and 180° phase difference at the open-end traveling in 
opposite directions along its length. The voltage distribution has also a standing wave 
pattern except that it has maxima (loops) at the end of the line instead of nulls (nodes) 
as the current. In each pattern, the maxima and minima repeal every integral number 
of half-wavelengths. There is also a A/4 spacing between a null and a maximum in 
each of the wave patterns. The current and voltage distributions on open-ended wire 
antennas are similar to the standing wave patterns on open-ended transmission lines. 

488 
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Figure 10.1 Beverage (long-wire) antenna above ground. 


Linear antennas thal exhibit current anil voltage standing wave patterns formed by 
reflections from the open end of the wire are referred to as standing wave or resonant 
antennas. 

Antennas can he designed which have traveling wave (uniform) patterns in current 
ami voltage. 'Phis can be achieved by properly terminating the antenna wire so that 
the reflections arc minimized if not completely eliminated. An example of such an 
antenna is a long wire that runs horizontal to the earth, as shown in Figure 10.1. The 
input terminals consist of the ground and one end of the wire. This configuration is 
known as Beverage or wave antenna. There arc many other configurations of traveling 
wave antennas. In general, all antennas whose current and voltage distributions can 
be represented by one or more traveling waves, usually in the same direction, are 
referred to as traveling wave or nonresonant antennas. A progressive phase pattern t' 
usually associated with the current and voltage distributions. 

Standing wave antennas, such as the dipole, can be analyzed as traveling wave 
antennas with waves propagating in opposite directions (forward and backward) and 
represented by traveling wave currents I, and //, in Figure 10.1(a). Besides the long 
wire antenna there arc many examples of traveling wave antennas such as dielectric 
rod (polyrod), helix, and various surface wave antennas. Aperture antennas, such as 
reflectors and horns, can also he treated as traveling wave antennas. In addition, arrays 
of closely spaced radiators (usually less than A/2 apart) can also he analyzed as 
traveling wave antennas by approximating their current or field distribution by a 
continuous traveling wave. Yagi-Udn, log-periodic, and slots and holes in a waveguide 
are some examples of discrete-element traveling wave antennas. In general, a traveling 
wave antenna is usually one dial is associated with radiation from a continuous source. 
An excellent book on traveling wave antennas is one by C. I I. Waller 111. 
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A traveling wave may he classified as a slow wave if its phase velocity v r (v r = 
10 Ik. io = wave angular frequency, k ~ wave phase constant) is equal or smaller than 
the velocity of light c in free-spacc (v n lc s 11, A last wave is one whose phase 
velocity is greater than the speed of light (t>,,/<■ > I). 

In general, there are two types of traveling wave antennas. One is the surface 
wave antenna defined as "an antenna which radiates power How from discontinuities 
in the structure that interrupt a bound wave on the antenna surface.'** A surface wave 
antenna is. in general, a slow wave structure whose phase velocity of the traveling 
wave is equal to or less than the speed of light in free-space (i > r lc I). 

For slow wave structures radiation takes place only at nonuniformities, curvatures, 
and discontinuities. Discontinuities can be cither discrete or distributed. One type of 
discrete discontinuity on a surface wave antenna is a transmission line terminated in 
an unmatched load, as shown in Figure 10.1(a). A distributed surface wave antenna 
can be analyzed in terms of the variation of the amplitude and phase of the current 
along its structure, In general, power flows parallel to the structure, except when losses 
arc present, and for plane structures the fields decay exponentially away from the 
antenna. Most of the surface-wave antennas are endfire or near-endlire radiators. 
Practical configurations include line, planar surface, curved, and modulated structures. 

Another traveling wave antenna is a leaky-wave antenna defined as "an antenna 
that couples power in small increments per unit length, cither continuously or dis¬ 
cretely. from a traveling wave structure to free-space" Leaky-wave antennas contin¬ 
uously lose energy due to radiation, as shown in Figure 10.2 by a slotted rectangular 
waveguide. The fields decay along the structure in the direction of wave travel and 
increase in others. Most of them are last wave structures, 

10.2.1 Long Wire 

An example of a slow wave traveling antenna is a long wire, as shown in Figure 10.1. 
An antenna is usually classified as a Ion # wire antenna if it is a straight conductor 
with a length from one to many wavelengths, A long wire antenna has the distinction 
of being the first traveling wave antenna. 

The Ions wire of Figure 10.1(a). in the presence of the ground, can be analyzed 
approximately using the equivalent of Figure It). 1(b) where an image is introduced 
to take into account the presence of the ground. The magnitude and phase of the 
image are determined using the reflection coefficient for horizontal polarization as 
given by (4-129). The height h of the antenna above the ground must be chosen so 
that the reflected wave (or wave from the image), which includes the phase due to 
reflection is in phase with the direct wave at (he angles of desired maximum radiation. 
However, lor typical electrical constitutive parameters of the earth, and especially for 
observation angles near grazing, the reflection coefficient for horizontal polarization 
is approximately - I. Therefore the total field radiated by the wire in the presence of 
the ground can be found by multiplying the field radiated by (he wire in free space 
by the array factor of a two-element array, as was done in Section 4.8.2 and represented 
by (4-130). 

The objective now is to find the field radiated by the long wire in free space. This 
is accomplished by referring to Figure 10.3. As the wave travels along the wire from 
the source toward the load, it continuously leaks energy. This can be represented by 


.Hint: Standard Pclinitions of Terms lor Antennas" ilEEE Sid 145-1983). IEEE Trtuw. Antenna* anil 

I'ropttftat., Vol. AP-31. No. (>. Purl II. Nov. ,'083 
ilhid. 
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Figure 10.2 Leaky-wave waveguide slots; upper (broad) and side (narrow) walls. 


an attenuation coefficient. Therefore the current distribution of the forward traveling 
wave along the structure can be represented by 

1/ = = a,V i»«- — A«- «- (10-1) 

where y(z') is the propagation coefticiem lyt;’) = cAz ) + jk.{z') where a(z') is the 
attenuation constant (nepers/metcr) while it. n') is the phase constant (radians/meter) 
associated with the traveling wave). In addition to the losses due to leakage, there are 
wire and ground losses. The attenuation factor «(c') can also he used to take into 
account the ohmic losses of the wire as well as ground losses. However, these, 
especially the ohmic losses, are usually very small and for simplicity arc neglected. 
In addition, when the radiating medium is air. the loss of energy in a long wire 
(/ » A) due to leakage is also usually very small, and it can also be neglected. 
Therefore the current distribution of (10-1) can be approximated by 

I = *'*’ = a.-V (10-la) 

where Hz') = /„ is assumed to be constant. Using techniques outlined and used in 
Chapter 4. it can be easily shown that in the far-field 

(10-2a) 
(10-2b) 


E r * Ej = H, = H„ = 0 


E„ - it )—-- e I'"'-*'' 

Airr 

c^O, fl sin |(W/2)(cos H - K)\ 
ikU 2)(cos 0 - K) 




( 10-20 
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* 



Figure 10.3 Long wire antenna. 


where K is used to represent the ratio of the phase constant of the wave along the 
transmission line (k.) to that of free-space (A), or 



A* = wavelength of the wave along the transmission line 


(10-3) 


Assuming a perfect electric conductor for the ground, the total field for Figure 
It).|(a) is obtained by multiplying each of (IO-2a)-(!0-2c) by the array luctor sin Ikh 
sin 0). 

For k : = k (K ~ I) the time-average power density can be written as 


W„» = W lull = 3,17 


Uni 2 


sin' 0 


Sirr (cos — l ) 2 


k! 


3 sin 2 —(cos H — I) 


(10-4) 


which reduces to 


W 


•V 



(10-5) 


From (10-5) it is evident that the power distribution of a wire antenna of length / is a 
multilobe pattern whose number of lobes depend upon its length. Assuming that / is 
very large such that the variations in the sine function of (10-5) are more rapid than 
those of the cotangent, the peaks of the lobes occur approximately when 

sin 2 ^ (cos 0- 1)J =1 (10-6) 


or 


kl 12m + l\ 

-(cos e m - I) = ± ^ —~— v. 


m = 0. I. 2. 3.... 


(I 0 - 6 a) 
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The angles where ihe peaks occur are given by 


<L = cos 


I ± — (2m + I) 


w = 0. 1. 2. 3_ 


(10-7) 


The angle where the maximum of ihe major lobe occurs is given by m = I) (or 2m + 

I I). As / becomes very large (/ » A) ihe angle of the maximum of the major 
lobe approaches zero degrees and the structure becomes a near endlire array. 

In finding the values of the maxima, the variations of the cotangent term in 
(10-5) were assumed to be negligible (as compared to those of the sine term). If Ihe 
effects of the cotangent term were to be included, then the values of the 2m 4- I term 
in 1 10-7) should be 


2m + I = 0.742.2.93.4.96.(1.97.8.99. II. 13_ (10-8) 


(instead of I. 3. 5. 7. 9. .. .) for the first, second, third, and so fotth maxima. The 
approximate values approach those of the exact for the higher order lobes. 

In a similar manner, the nulls of the pattern can be found and occur when 

= 0 (10-9) 

U-B. 


sin~ 


~~ (cos 0 — I) 


or 


— (cos — I) = ±n7r. n - 1.2. 3. 4- (10-9a) 

The angles where the nulls occur are given by 

0„ = cos*' (i ± nyj. n = 1.2. 3.4.... (10-10) 

for the first, second, third, and so forth nulls. 

The total radiated power can be found by integrating (10-5) over a closed sphere 
of radius r and reduces to 


rail 


w 


Mil 




uo , 4' - am + 

TT 2Id 


( 10 - 11 ) 


where C,(.v) is the cosine integral of (4-68a). The radiation resistance is then found 
to he 



- c ‘ t2kl) + a 'T] 

Using 1 10-5) and (10-11) the directivity can be written as 


- Jl ,/. 0.371 A\ 

2 cor -cos 1 l-— — 

„ 4 7 rU im > L 2 \ 1 l\ 

LJ{) 

p nnt / 2 A sin(2 kl) 

1.415 + ln( A ) C,(2A/J + ^ 
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Figure 10.4 Three-dimensional Irce-space amplitude pattern for traveling and standing 
wave wire antennas of I = 5A. 


A. Amplitude Patterns, Maxima, arid Null* 

To verify some of the derivations and illustrate some of the principles, a number of 
computations were made. Shown in Figure 10.4(a) is the three-dimensional pattern of 
a traveling wire antenna with length / = 5A while in Figure 10.4(h) is the three- 
dimensional pattern for a standing wave wire antenna with length / 5A. The 

corresponding two- dimensional patterns are shown in Figure 10.5. The pattern of 
Figure 10.4(a) is formed by the forward traveling wave current /, = l,e M of Figure 
10.1(a) while I hat of Figure 10.4(b) is formed by the forward /, plus backward I,, 
traveling wave currents of Figure 10.1(a). The two currents I, and /,, together form a 
standing wave: thul is. /, = /,+ //. = l,e~ A: - he**' = ~2/7,, sindtc) when 
h = 1 1 fa. As expected, for the traveling wave antenna of Figure 10.4(a) there is 
maximum radiation in the forward direction while for the standing wave antenna of 
Figure 10.4(h) there is maximum radiation in the forward and backward directions 
The lobe near the axis of the wire in the directions of travel is the largest. The 
magnitudes of the other lobes from the main decrease progressively, with an envelope 
proportional to cor ( 012). toward the other direction. The traveling wave antenna is 
used when it is desired to radiate or receive predominantly from one direction. As the 
length of the wire increases, the maximum of the main lobe shifts closer toward the 
axis and the number of lobes increase. This is illustrated in Figure 10.6 for a traveling 
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Figure 10.5 Two-dimensional frce-space amplitude pattern for traveling and standing wave 
wire antennas of I = 5A. 


wave wire antenna with / = 5A and 10A. The angles of the maxima of the first four 
lobes, computed using (10-8). are plotted in Figure 10.7(a) for 0.5A s / < |()A. The 
corresponding angles of the first four nulls, computed using (10-10), arc shown in 
Figure 10.7(b) for 0.5A S / - I0A. These curves can be used effectively to design 
long wires when the direction of the maximum or null is desired. 


B. Input Impedance 

For traveling wave wire antennas the radiation in the opposite direction from the 
maximum is suppressed by reducing, if not completely eliminating, the current re¬ 
flected from the end of the wire. This is accomplished by increasing the diameter of 
the wire or more successfully by properly terminating it to the ground, as shown in 
Figure 10.1. Ideally a complete elimination of the reflections (perfect match) can only 
be accomplished if the antenna is elevated only at small heights (compared to the 
wavelength) above the ground, and it is terminated by a resistive load. The value of 
the load resistor, to achieve the impedance match, is equal to the characteristic im¬ 
pedance of the wire near the ground (which is found using image theory). For a wire 
with diameter d and height It above the ground, an approximate value of the termi¬ 
nation resistance is obtained from 



(10-14) 


To achieve a reflection-free termination, the load resistor can be adjusted about this 
value (usually about 200-300 ohms) until there is no standing wave on the antenna 
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Figure 10.6 Two-dimensional frec-space amplitude pattern for trav¬ 
eling wave wire antenna of I - SA and I0A. 


wire. Therefore the input impedance is the same as the load impedance or the char¬ 
acteristic impedance of the line, as given by (10-14). 

if the antenna is not properly terminated, waves reflected from the load traveling 
in tlie opposite direction from the incident waves create u standing wave pattern. 
Therefore the input impedance of the line is not equal to the load impedance. To find 
the input impedance, the transmission line impedance transfer equation of (9-18) can 
be used. Doing this we can write that the impedance at the input terminals of Figure 
10 .1(a) is 


Zm</> = Z 


ft; + jZ, tanl/j/) 
Z + /ft, tan(/3/) 


(IQ-15) 


C. Polarization 

A long wire antenna is linearly polarized, and it is always parallel to the plane formed 
by the wire and radial vector from the center of the wire to the observation point. The 
direction of the linear polarization is not the same in all parts of the pattern, but it is 
perpendicular to the radial vector (and parallel to the plane formed by it and the wire). 
Thus the wire antenna of Figure 10.1. when its height above the ground is small 
compared to the wavelength and its main beam is near the ground, is not an effective 
element for horizontal polarization. Instead it is usually used to transmit or receive 
waves that have an appreciable vector component in the vertical plane. This is what 
is known as a Beverage antenna which is used more as a receiving rather than a 
transmitting element because of its poor radiation efficiency due to power absorbed 
in tile loud resistor. 
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Figure 10.7 Angles versus length of wire antenna where maxima and nulls occur. 


When a TF.M wave travels parallel to an air-conductor interface, it creates a 
forward wave till |2| which is determined by applying the boundary conditions on 
the tangential fields along the interface. The amount of till ts a function of the 
constitutive parameters of the ground. If the conductor is a perfect electric conductor 
tPEC). then the wave till is zero because the tangential electric field vanishes along 
ihe PEC. The wave lilt increases with frequency and with ground resistivity.Therefore, 
for a Beverage w ire antenna, shown in Figure 10.1(c) in the receiving mode, reception 
is influenced by the nit angle of the incident vertically polarized wavefront, which is 
formed by the losses of the local ground. The electric held vector of the incident 
wavefront produces an electric force that is parallel to the wire, which in turn induces 
a current in the wire. The current flows in the wire toward the receiver, and it is 
reinforced up to a certain point along the wire by the advancing wavefront. The wave 
along the wire is transverse magnetic. 
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O. Resonant Wires 

Resonant wire antennas are formed when the load impedance of Figure 10.1 (a) is not 
matched to the characteristic impedance of the line. This causes reflections which 
with the incident wave form a standing wave. Resonant antennas, including the dipole, 
were examined in detail in Chapter 4. and the electric and magnetic field components 
of a center fed wire of total length / are given, respectively, by t4-62a) and (4-62b). 
Other radiation characteristics (including directivity, radiation resistance, maximum 
effective area, etc.) are found in Chapter 4. 

Resonant antennas can also be formed using long wires. It can be shown that for 
resonant long wires with lengths odd multiple of half wavelength (/ = /jA/ 2, n = I. 
3, 5....). the radiation resistance is given approximately (within 0.5 ohms) bv 
131. |41 

= 73 + 69 logiot/i) (10-16) 

This expression gives a very good answer even for n = I. For the same elements, 
the angle of maximum radiation is given by 



This formula is more accurate for small values of /». although it gives good results 
even for large values of n. It can also be shown that the maximum directivity is related 
to the radiation resistance by 


On = 


120 


R, sin’ «, r 


(10-18) 


The values based on (10-18) are within 0.5 dB from those based on (4-75). It is 
apparent that all three expressions. (I0-I6.H 10-18). lead to very good results for the 
half-wavelength dipole (n = I). 

Long wire antennas (both resonant and nonresonant) are very simple, economical, 
and effective directional antennas with many uses for transmitting and receiving wuves 
in the MF (300 KHz-3 MHz) and HF (3-30 MHz) ranges. Their properties can he 
enhanced when used in arrays. 


10.2.2 V Antenna 

For some applications a single long wire antenna is not very practical because (I) its 
directivity may be low. (2) its side lobes may lx- high, and (3) its main beam is 
inclined at an angle, which is controlled by its length. These and other drawbacks of 
single long wire antennas can be overcome by utilizing an array of wires. 

One very practical array of long wires is the V antenna formed by using two 
wires each with one of its ends connected to a feed line as shown in Figure 10.8(a). 
In most applications, the plane formed by the legs of the V is parallel to the ground 
leading to a horizontal V array whose principal polarization is parallel to the ground 
and the plane of the V. Because of increased sidelobes. the directivity of ordinary 
linear dipoles begins to diminish for lengths greater than about I.25A. as shown in 
Figure 4.8, However by adjusting the included angle of a V dipole, its directivity can 
be made greater and its side lobes smaller than those of a corresponding linear dipole. 
Designs for maximum directivity usually require smaller included angles for longer 
V\. 

Most V antennas are symmetrical (0, = fT = d„ and l\ — lj = l). Also V 
antennas can be designed to have unidirectional or bidirectional radiation patterns, as 







(V) RulllriMinii.il 

Figure 10.8 Unidirectional anil bidirectional V antennas. 


shown in Figures 10.8(b) and (c). respectively, To achieve the unidirectional charac¬ 
teristics. the wires of the V antenna must be nonresonant which can be accomplished 
by minimizing if not completely eliminating reflections from the ends of the wire. 
The reflected waves can be reduced by making the inclined wires of the V relatively 
thick. In theory, the reflections can even be eliminated by properly terminating the 
open ends of the V leading Vo a purely traveling svave antenna. One way of terminating 
the V antenna will be to attach a load, usually a resistor equal in value to the open- 
end characteristic impedance of the V-wire transmission line, as shown in Figure 
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Figure 10.9 Terminated V antennas. 


10.9(a). The terminating resistance can also be divided in half and each half connected 
to the ground leading to the termination of Figure 10.0(h). If the length of eaeh leg 
of the V is very long (typically / > 5A). there will be sufficient leakage of the field 
along each leg that when the wave reaches the end of the V it will he sufficiently 
reduced that there will not necessarily be a need for tt termination. Of course, termi¬ 
nation with a load is not possible without a ground plane. 

The patterns of the individual wires of the V antenna are conical in form and are 
inclined at an angle from their corresponding axes. The angle of inclination is deter¬ 
mined by the length of each wire. For the patterns of each leg of a symmetrical V 
antenna to add in the direction of the line bisecting the angle of the V and to form 
one major lobe, the total included angle 20,, of the V should be equal to 20 ,which 
is twice the angle that the cone of maximum radiation of each wire makes with its 
axis, When this is done, beams 2 and 3 of Figure 10.8(b) are aligned and add 
constructively. Similarly for Figure 10.8(c). beams 2 and 3 are aligned and add 
constructively in the forward direction, while beams 5 and 6 are aligned and add 
constructively in the backward direction. If the total included angle of the V is greater 
I him 10,,, 121',, 10„) the main lobe is split into two distinct beams. However, if 

20 „ 20 ,then the maximum of the single major lohe is ■still along the plane that 

bisects the V hut it is tilted upward front the plane of the V. This may be a desired 
designed characteristic w hen the antenna is required to transmit waves upward toward 
the ionosphere for optimum reflection or to receive signals reflected downward by the 
ionosphere. For optimum operation, typically the included angle is chosen to be 
approximately % 0.8 0,„. When this is done, the reinforcement of the fields from 
the two legs of the V lead to a total directivity for the V of .ipproximulely twice the 
directivity of one leg of the V. 

For a symmetrical V antenna with legs each of length I. there is an optimum 
included angle which leads to the largest directivity. Design data Tor optimum included 
angles of V dipoles were computed |5| using Moment Method techniques and are 
shown in Figure 10.10(a). The corresponding directivities are shown in Figure 
10 10(b). In eaeh figure the dots (•) represent values computed using the Moment 
Method while the solid curves represent second- or third-order polynomials fitted 
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Figure 10.10 Optimum included angle for maximum directivity as a function of arm 
length for V dipoles, (sch hc i : Ci. A. Thiele and I P. Ekelman. Jr.. "Design Formulas lor 
Vee Dipoles." UA.l Tram, \itiritiuis 1‘ropaftat.. Vol. AP-28. pp 588-590. July 19X0. © 
(1980) IEEF.I 
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through the computed data. The polynomials lor optimum included angles and max¬ 
imum directivities are given by 


(10-19a) 


(10-19b) 


( 10-201 


The dashed curves represent data obtained from empirical formulas |6J. The corre¬ 
sponding inpui impedances of (he V's are slightly smaller than those of straight 
dipoles. 

Another form of a V untenna is shown in the insert of Figure 10.11(a). The V is 
formed by a monopole wire, bent at an angle over a ground plane, and by its image 
shown dashed. The included angle of the V as well as the length can be used to tune 
the antenna. For included angles greater (ban 120° [20,, > 12(F). the antenna exhibits 
primarily vertical polarization with radiation patterns almost identical to those of 
straight dipoles. As the included angle becomes smaller than about 120°, a horizontally 
polarized field component is excited which lends to fill the pattern toward the hori¬ 
zontal direction, making it a very attractive communication antenna for aircraft. The 
computed impedance of the ground plane and free-space V configurations obtained 
by the Moment Method |7| is shown plotted in Figure It). 1 1(a). 

Another practical form of a dipole antenna, particularly useful for airplane or 
ground-plane applications, is the 90° bent wire configuration of Figure 10.1 Kb). The 
computed impedance of the antenna, obtained also by the Moment Method |7|. is 
shown plotted in Figure 10.11(b). This antenna can be tuned by adjusting its perpen¬ 
dicular and parallel lengths li { and h 2 . The radiation patient in the plane of the antenna 
is nearly omnidirectional for A| 0.IA. For h\ > (VIA the pattern approaches that of 
vertical A/2 dipole. 

10.2.3 Rhombic Antenna 

A. Geometry anil Radiation Characteristics 

Two V antennas can be connected at their open ends to form a diamond or rhombic 
antenna, as shown in Figure 10.12(a). The antenna is usually terminated at one end 
in a resistor, usually about 600-800 ohms, in order to reduce if not eliminate reflec¬ 
tions. However, if each leg is long enough (typically greater than 5A) sufficient leakage 
occurs airing each leg that the wave that reaches the far end of the rhombus is 
sufficiently reduced that it may no! be necessary to terminate the rhombus. To achieve 
the single main lobe, beams 2. 3, 6, and 7 are aligned and add constructively. The 
other end is used to feed the antenna. Another configuration of a rhombus is that of 
Figure 9.12(h) which is formed by an inverted V and its image (shown dashed). The 
inverted V is connected to the ground through a resistor. As with the V antennas, the 
pattern of rhombic antennas can be controlled by varying the element lengths, angles 
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(to) Beni wire 

Figure 10.11 Computed impedance (/? + jX) of V and bent wire antennas above ground. 
(source: D. G. Fink led.), Electronics Engineer's Handbook, Chapter 18 (by W. F. 
Croswell), McGraw-Hill. New York. 1975) 







ibl KIuhdIkk formed by invcried V over ground 
Figure 10.12 Rhombic antenna configurations. 


between elements, and the plane of the rhombus. Rhombic antennas are usually 
preferred over V's for nonresonant and unidirectional pattern applications because 
they are less difficult to terminate. Additional directivity and reduction in side lobes 
can be obtained by stacking, vertically or horizontally, a number of rhombic and/or 
V antennas to form arrays. 

The field radiated by a rhombus can be found by adding the fields radiated by its 
four legs Fora symmetrical rhombus with equal legs, this can be accomplished using 
array theory and pattern multiplication. When this is done, a number of design equa¬ 
tions can be derived [SJ-| 111. For this design, the plane formed by the rhombus is 
placed parallel and a height li above a perfect electric conductor. 


B. Design Equations 

Let us assume that it is desired to design a rhombus such that the maximum of the 
main lobe of the pattern, in a plane which bisects the V’of the rhombus, is directed at 
an angle t//,, above the ground plane. The design cun be optimized if the height h is 
selected according to 


hm = "> 

A„ 4 cost90° - «A,)' " 


1.3.5.... 


( 10 - 21 / 


with m = 1 representing the minimum height. 
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'Die minimum optimum length of each leg of a symmetrical rhombus must be 
selected according to 


l_ = _0371_ 

A„ • - sin(90° - i// () )cos 0„ 

The best choice for the included angle of the rhombus is selected to satisfy 

W„ = cos 1 [sin(00° - <//«, > | 


( 10 - 22 ) 


110-23) 


10.3 BROADBAND ANTENNAS 


In Chapter 9 broadband dipole antennas were discussed. There are numerous other 
antenna designs that exhibit greater broadband characteristics than those of the dipoles. 
Some of these aniennu can also provide circular polarization, a desired extra feature 
for many applications. In this section we want to discuss briefly some of the most 
popular broadband antennas. 


10.3.1 Helical Antenna 

Another basic, simple, and practical configuration of an electromagnetic radiator is 
that of a conducting wire wound in the form of n screw thread forming a helix, as 
shown in f igure 10.13. In most cases the helix is used with a ground plane. The 
ground plane can take different forms. One is for the ground to be flat, as shown in 
Figure 10.13. Typically the diameter of the ground plane should he at least 3A/4. 
However, the ground plane can also he cupped in the form of a cylindrical cavity or 
in the form of a Iruslrum cavity |K|. In addition, the helix is usually connected to the 
ccntci conductor of a coaxial transmission line at the Iced point with the outer 
conductor of the line attached to the ground plane. 

The geometrical configuration of a helix consists usually of N turns, diameter I) 
and spacing .V between each turn. The total len gth of the antenna is /.. = NS wh ile 
the total length of the wire is NL,, - Ny/S : + C : where L,, = y/S‘ + C' : is 
the length ol the wire between each turn and C - ttD is the circumference of the 
helix. Another important parameter is the pitch angle a which is the angle formed by 
a line tangent to the helix wire and a plane perpendicular to the helix axis. The pilch 
angle is defined by 



,/ s \ 

ls\ 

a = tan 

—— = tan 

*1 — 1 


\ttD) 

\c) 


When a - 0°. then the winding is flattened and the helix reduces to a loop 
antenna of N turns. On the other hand, when a = 90° then the helix reduces to a 
linear wire. When 0" < a < 90°. then a true helix is formed with a circumference 
greater than zero but less than the circumference when the helix is reduced to u loop 
(a - 0 °). 

The radiation characteristics of the antenna can be varied by controlling the size 
of its geometrical properties compared to the wavelength. I lie Input impedance is 
critically dependent upon the pitch angle and the size of the conducting wire, espe¬ 
cially near the feed point, and it can be adjusted by controlling their values. The 
general polarization of the antenna is elliptical. However circular and linear polari¬ 
zations can he achieved over different frequency ranges. 
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The helical antenna can operate in many modes; however the two principal ones 
are the normal (broadside) and the axial (endfire) modes. The axial (endlire) mode is 
usually the most practical because it can achieve circular polarization over a wider 
bandwidth (usually 2:1) and it is more efficient. 

Because an ellipticallv polarized antenna can be represented as the sum of two 
orthogonal linear components in time-phase quadrature, a helix can always receive a 
signal transmitted from a rotating linearly polarized antenna. Therefore helices are 
usually positioned on the ground for space telemetry applications of satellites, space 
probes, and ballistic missiles to transmit or receive signals that have undergone 
Faraday rotation by traveling through the ionosphere. 


A. Normal Mode 

In the normal mode of operation the field radiated by the antenna is maximum in a 
plane normal to the helix axis and minimum along its axis, as shown sketched in 
Figure 10.14(a), which is a figure-eight rotated about its axis similar to that of u linear 
dipole of / < A or a small loop (« A). To achieve the normal mode of operation, 

the dimensions of the helix are usually small compared to the wavelength ti.e., 
NLo A). 

The geometry of the helix reduces to a loop of diameter t) when the pilch angle 
approaches zero and to a linear wire of length S when it approaches 90°. Since the 
limiting geometries of the helix are a loop and a dipole, the fur-field radiated by a 
small helix in the normal mode can be described in terms of /:„ and E A components 
of die dipole and loop, respectively. In the normal mode, it can be thought that the 
helix consists of /V small loops and N short dipoles connected together in series as 
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la) Normal mode (b) Iqmvalcnl 

Figure 10.14 Normal (broadside) mode for helical antenna and its equivalent. 


shown in Figure 10.14(b). The fields arc obtained by superposition of the fields from 
these elemental radiators. The planes of the loops are parallel to each other and 
perpendicular to the axes of the vertical dipoles. The axes of the loops and dipoles 
coincide with the axis of the helix. 

Since in the normal mode the helix dimensions are small, the current throughout 
its length can be assumed to be constant and its relative far-lield pattern to be 
independent of the number of loops and short dipoles. Thus its operation can be 
described accurately by the sum of the fields radiated by a small loop of radius I) and 
a short dipole of length S. with its axis perpendicular to the plane of the loop, and 
each with the same constant current distribution. 

The far-zone electric field radiated by a short dipole of length S and constant 
current /„ is E„. und it is given by (4-26a) as 

/. / c„ -Jkr 

£// = jy —~r- me 00-25) 

47 rr 

where I is being replaced by S. In addition the electric field radiated by a loop is E,,,, 
and it is given by (5-27b) as 
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kHm?h* ,k ’ . „ 

1)-;-Sill 0 

4 r 


(10-26) 


where D/2 is substituted for a. A comparison of (10-25) and (10-26) indicates that 
the two components are in time-phase quadrature, a necessary hut riot sufficient 
condition for circular or elliptical polarization. 

The ratio of the magnitudes of the E„ and E, t , components is defined as the axial 
ratio (AR), and it is given by 


]£»[ = _45_ = _2AS_ 
|/fj ~kD 2 (tt /)) 2 


(10-27) 


By varying the D and/or 5 the axial ratio attains values off) < AR s «. The value 
of Al< = 0 is a special case and occurs when E„ - 0 leading to a linearly polarized 
wave of horizontal polarization (the helix is a loop). When AR = E+ = 0 
and the radiated wave is linearly polarized with vertical polarization (the helix is a 
vertical dipole). Another special case is the one when AR is unity |AR = I) and 
occurs when 


IKS 

(nD) 1 


(10-28) 


or 


C = ttD => V2SA 

for which 


(IO-28a) 



(10-29) 


When the dimensional parameters of the helix satisfy the above relation, the radiated 
field is circularly polarized in all din-ctinus other than H - 0° where the fields vanish. 

When the dimensions of the helix do not satisfy any of the above special cases, 
the field radiated by the antenna is not circularly polarized. The progression of polar¬ 
ization change can be described geometrically by beginning with the pitch angle of 
zero degrees (a = 0°). which reduces the helix to a loop with linear horizontal 
polarization. As tv increases, the polarization becomes ellipitical with the major axis 
being horizontally polarized. When «. is such that C/A = \^2S/X, AR = I and we 
have circular polarization. For greater values of «. the polarization again becomes 
elliptical but with the major axis vertically polarized. Finally when a = 90° the helix 
reduces to u linearly polarized vertical dipole. 

To achieve the normal mode of operation, it has been assumed that the current 
throughout the length of the helix is of constant magnitude and phase. This is satisfied 
to a large extent provided the total length of the helix wire NL t[ is very small compared 
to the wavelength (L„ <s: A) and its end is terminated properly to reduce multiple 
reflections. Because of the critical dependence of its radiation characteristics on its 
geometrical dimensions, which must be very small compared to the wavelength, this 
mode of operation is very narrow in bandwidth and its radiation efficiency is very 
small. Practically this mode of operation is limited, and it is seldom utilized. 
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Figure 10.15 Axial (endlire) mode of helix. 


B. Axial Mode 

A more practical mode of operation, which can be generated with great case, is the 
axial or endlire vnode. In this mode of operation, there is only one major lobe and its 
maximum radiation intensity is along the axis of the helix, as shown in Figure 10.15. 
The minor lobes are at oblique angles to the axis. 

To excite this mode, the diameter D and spacing S must be large fractions of the 
wavelength. To achieve circular polarization, primarily in the major lobe, the circum¬ 
ference of the helix must be in the ;j < Cl A < $ range (with C/A = l near optimum), 
and the spacing about S = A/4. The pitch angle is usually 12° ^ a < 14°. Most often 
the antenna is used in conjunction with a ground plane, whose diameter is at least A/ 
2. and it is fed by a coaxial line. However other types of feeds (such as waveguides 
and dielectric rods) are possible, especially at microwave frequencies. The dimensions 
of the helix for this mode of operation are not as critical, thus resulting in a greater 
bandwidth. 


C. Design Procedure 

The terminal impedance of a helix radiating in the axial mode is nearly resistive with 
values between 100 and 200 ohms. Smaller values, even near 50 ohms, can be obtained 
by properly designing the feed. Empirical expressions, based on a large number of 
measurements, have been derived [8] and they are used to determine a number of 
parameters. The input impedance (purely resistive) is obtained by 
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which is accurate to about ±20%. the half-power beamwidth by 



52A V2 

ITDT1 \1/ __v 

HrBW (degrees) — (_'\/NS 

the beamwidth between nulls by 


115A 1/3 

riND w 

the directivity by 



C 2 S 

D„ (dimensionless) = 15 N — j- 

A 


the axial ratio (for the condition of increased directivity) by 



(10-30) 


(10-31) 


(10-32) 


(10-33) 


(10-34) 


(10-35) 


(10-35a) 
(10-35b) 


(l()-35c) 


All these relations are approximately valid provided 12° < o < 14°. j < C/A < {, 
and (V > 3. 

The tar-field pattern of the helix, as given by (10-35). has been developed by 
assuming that the helix consists of an array of N identical turns (each of nonuniform 
current a ml identical to that of the others), a uniform spacing S between them, and 
the elements are placed along the z-axis. The cos f) term in (10-35) represents the 
field pattern of a single turn, and the last term in (10-35) is the array factor of a 
uniform array of N elements. The total field is obtained by multiplying the field from 
one turn with the array factor (pattern multiplication). 


and the normalized far-held pattern by 


„ . , n \ sin|(M2)i//| 

E = sin hrrw cos o 

\2N sin[t/»/2] 


where 


ili — kf, I S cos H —— 
P 


P = 


S/A,, + I 


P = 


UK 


S/A|, + 


IN + I 
2 N 


For ordinary end-fire radiation 

For Hansen-'Woodyard end-fire 
radiation 










10.3 Broadband Antennas 511 


The value of p in (IO-35a) is the ratio of the wave velocity along the helix wire 
to that in free space, and it is selected according to (l0-35b) for ordinary end-tire 
radiation or (10-35ci for Hansen Woodyard end-lire radiation. These arc derived as 
follows. 

For ordinary end-lire the relative phase i/t among the various turns of the helix 
(elements of the array) is given by (6-7a). or 


1 1' = k„S cos II + [i 


(10-36) 


where <1 = S is the spacing between the turns of the helix. For an end-lire design, the 
radiation from each one of the turns along II = 0" must be in-phase. Since the wave 
along the helix wire between turns travels a distance / H , with a wave velocity v 
pV (i (/> > I where t.',, is the wave velocity in free space) and the desired maximum 
radiation is along 0 = 0°. then (10-36) for ordinary end-fire radiation is equal to 


i/y (A^.S cos 0 kL[)) 0 — kw\S 


U 


Solving (10-37) for p leads to 


- 2rrw. in — 0. 1. 2.,.. (10-37) 


.S’/A,| + m 


(10-38) 


For in 0 and p = I. I.„ = .S'. This corresponds to a straight wire (« = 90°). and 
not a helix. Therefore the next value is in I. and it corresponds to the lirst 
transmission mode for a helix. Substituting m I in (10-38) leads to 


/-iA i 

S/At, + I 


(IO-38a) 


which is that of i IO-35b). 

In a similar manner, it can In* shown that for Hansen-Woodyard end-lire radiation 
(10-37) is equal to 

i/i = (k, y S cos II - kl^)„ v = A„(.V - — ) = -iliTin + m = 0. 1.2- 


which when solved for p leads to 

P = 

For in - I. (10-40) reduces to 




.S'/Ad + 


2niN + 
2N 


n = 


LrAu 


S/ A„ + 


2N -I I 
2 N 


N, 


(10-39) 


(10-40) 


(IO-4()a) 


which is identical to (I0-35O. 


IX Feed Design 

The nominal impedance of a helical antenna operating in the axial mode, computed 
using (10-30). is 100-200 ohms. However, many practical transmission lines (such 
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as a coax) have characteristic impedance of about 50 ohms. In order to provide a 
better match, the input impedance of the helix must be reduced to near that value, 
There may be a number of ways by which this can be accomplished. One way to 
effectively control the input impedance of the helix is to properly design the first 1/4 
turn of the helix which is next to the feed (8). [ 12). To bring the input impedance of 
the helix from nearly 150 ohms down to 50 ohms, the wire of the first 1/4 turn should 
be fiat in the form of a strip and the transition into a helix should be very gradual. 
This is accomplished by making the wire from the feed, at the beginning of the 
formation of the helix, in the form of a strip of width n> by flattening it and nearly 
touching the ground plane which is covered with a dielectric slab of height [2) 

h = -- (10-41) 

Wir 2 

where 

a 1 = width of strip conductor of the helix starting at the feed 

e, = dielectric constant of the dielectric slab covering the ground plane 

Z„ = characteristic impedance of the input transmission line 

Typically the strip configuration of the helix transitions from the strip to the 
regular circular wire and the designed pitch angle of the helix very gradually within 
the first 1/4-1/2 turn. 

This modification decreases the characteristic impedance of the conductor-ground 
plane effective transmission line, and it provides a lower impedance over a substantial 
but reduced bandwidth l-or example, a 50-ohm helix has a VSWR of less than 2:1 
over a 40 fc v bandwidth compared to a 705f bandwidth for a 140-ohm helix. In addition, 
the 50-ohm helix has a VSWR of less than 1.2:1 over a 125. bandwidth as contrasted 
to a 20** bandwidth for one ol 140 ohms. 

A simple and effective way of increasing the thickness of the conductor near the 
Iced point will be to bond a thin metal strip to the helix conductor [121. For example, 
a metal strip 70-mm wide was used to provide a 50-ohm impedance in a helix whose 
conducting wire was 13-mm in diameter and it was operating at 230.77 MHz. 

10.3.2 Electric-Magnetic Dipole 

It has been shown in the previous section that the circular polarization of a helical 
antenna operating in the normal mode was achieved by assuming that the geometry 
of the helix is represented by a number of horizontal small loops and vertical infini¬ 
tesimal dipoles. It would then seem reasonable that an antenna with only one loop 
and a single vertical dipole would, in theory, represent a radiator with an elliptical 
polarization. Ideally circular polarization, in all space, can be achieved if the current 
in each element cun be controlled, by dividing the available power equally between 
the dipole and the loop, so that the magnitude of the field intensity radiated by each 
is equal. 

Experimental models of such an antenna were designed and built 1131 one oper¬ 
ating around 350 Ml lz and the other near 1.2 GHz. A sketch of one of them is shown 
in Figure 10.16. The measured VSWR in the 1.15-1.32 GHz frequency range was 
less than 2:1. 

This type of an antenna is very useful in UHF communication networks where 
considerable amount of fading may exist. In such cases the fad in a of the horizontal 
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Figure 10.16 Electric-magnetic dipole configuration, (source: A. G. Kandoian. "Three 
New Antenna Types and Their Applications." Proc. IRE, Vol. 34 pp. 7QW-75W. February 
1946. ©(1946) IEEE) 


and vertical components are affected differently and will not vary in the same manner. 
Hopefully, even in severe cases, there will always be one component all the time 
which is being affected less titan the other, thus providing continuous communication. 
The same results would apply in Vlfp and/or UHF broadcasting. In addition, a 
transmitting antenna of this type would also provide the versatility to receive with 
horizontally or vertically polarized elements, providing a convenience in the architec¬ 
tural design of the receiving station. 


10.3.3 Yagi-Uda Array of Linear Elements 

Another very practical radiator in the HF (3—30 MHz). VHF (30-300 MHz), and UHF 
(300-3.000 MHz) ranges is the Yagi-Uda antenna. This antenna consists of a number 
of linear dipole elements, as shown in Figure 10.17. one of which is energized directly 
by a feed transmission line while the others act as parasitic radiators whose currents 
are induced by mutual coupling. The most common feed element for a Yagi-Uda 
antenna is a folded dipole. This radiator is exclusively designed to operate as an 
endlire array, and this is accomplished by having the parasitic elements in the forward 
beam act as directors while those in the rear act as reflectors. Yagi designated the row 
of directors as a “wave canal." The Yagi-Uda array is widely used as a home TV 
antenna: so it should be familiar to most of the readers, if not to the general public. 

The original design and operating principles ol this radiator were lirst described 
in Japanese in articles published in the Journal of l.E.E. of Japan by S. Uda of the 
Tohoku Imperial University in Japan [I4|. In a later, but more widely circulated and 
read article 115], one of Professor Uda's colleagues H. Yagi described the operation 
of the same radiator in English. This paper has been considered a classic, and it was 
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element 

Figure 10.17 Yagi-Uda antenna configuration. 


reprinted in 1084 in its original form in the Proceedings of the IEEE | 15] as part of 
IEEE's centennial celebration. Despite the fact that Yagi in his English written paper 
acknowledged the work of Professor Uda on beam radiators at a wavelength of 
4.4 m. it became customary throughout the world to refer to this radiator as a Yagi 
antenna, a generic term in the antenna dictionary. However, in order for the name to 
relied more appropriately the contributions of both inventors, it should be called a 
Yagi-Uda antenna, a name that will be adopted in this book. Although the work of 
Uda and Yagi was done in the early 1920s and published in the middle 1920s. full 
acclaim in the United Slates was not received until 1928 when Yagi visited the United 
States and presented papers at meetings of the Institute of Radio Engineers (IRF.) in 
New York. Washington, and Hartford. In addition, his work was published in the 
Proceedings of IRE. June 1928. where J. H. Dellinger, Chief of Radio Division. 
Bureau of Standards. Washington. D.C.. and himself a pioneer of radio waves, char¬ 
acterized as "exceptionally fundamental" and wrote "I have never listened to a paper 
that I fell so sure was destined to be a classic." So true!! 

The Yagi-Uda anienna has received exhaustive analytical and experimental in¬ 
vestigation's in the open literature and elsewhere. It would be impractical to list all 
the contributors, many of whom we may not be aware. However, we will attempt to 
summarize the salient point of die analysis, describe the general operation of the 
radiator, and present some design data. 

To achieve the endlire beam formation, the parasitic elements in the direction of 
the beam are somewhat smaller in length Ilian the feed element. Typically the driven 
element is resonant with its length slightly less than A/2 (usually 0.45-0.49A) whereas 
the lengths of the directors will be about 0.4 to 0.45A. However, the directors are not 
necessarily of die same length and/or diameter. The separation between the directors 
is typically 0.3 to 0.4A. and it is not necessarily uniform for optimum designs. It has 
been shown experimentally that for a Yagi-Uda array of GA total length the overall 
gain was independent of director spacing up to about OJA. A significant drop (5-7 dB) 
in gain was noted for director spacings greater than OJA. For that antenna, the gain 
was also independent of the radii of the directors up to about 0.024A. The length of 
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the reflector is somewhat greater than that of the feed. In addition, the separation 
between the driven element and the reflector is somewhat smaller than the spacing 
between the driven element and the nearest director, and it is found to he near optimum 
at 0.25 A. 

Since the length of each director is smaller than its corresponding resonant length, 
the impedance of each is capacitive and its current leads the induced emf. Similarly 
the impedances of the reflectors is inductive and the phases of the currents lag those 
of the induced emfs. The total phase of the currents in the directors and reflectors is 
not determined solely by their lengths but also by their spacing to the adjacent 
elements. Thus, properly spaced elements with lengths slightly less than their corre¬ 
sponding resonant lengths (less than A/2) act us directors because they form an array 
with currents approximately equal in magnitude and with equal progressive phase 
shifts which will reinforce the Held of the energized element toward the directors. 
Similarly, a properly spaced element with a length of A/2 or slightly greater will act 
as a reflector. Thus a Yagi-Uda array may he regarded as a structure supporting a 
traveling wave whose performance is determined by the current distribution in each 
element and the phase velocity of the traveling wave. It should be noted that the 
previous discussion on the lengths of the directors, reflectors, and driven elements is 
based on the first resonance. Higher resonances arc available near lengths of A. 3A/2, 
and so forth, but are seldom used. 

In practice, die major role of the reflector is played by the lirst element next 
to the one energized, and very little in the performance of a Yagi-Uda antenna is 
gained if more titan one (al the most two) elements are used as reflectors. However, 
considerable improvements can be achieved if more directors are added to the array. 
Practically there is a limit beyond which very little is gained by the addition of 
more directors because of the progressive reduction in magnitude of the induced 
currents on the more extreme elements. Usually most antennas have about 6 to 12 
directors. However, many arrays have been designed and built with 30 to 40 el¬ 
ements. Array lengths on the order of 6A have been mentioned 1161 as typical. A 
gain (relative to isotropic) of about 5 to 0 per wavelength is typical for such arrays, 
which would make the overall gain on the order of about 30 to 54 (14.8-17.3 dB) 
typical. 

The radiation characteristics that are usually of interest in a Yagi-Uda antenna 
are 111 c forward and backward gains, input impedance, bandwidth, front-to-back ratio. 
and magnitude of minor lobes. The lengths and diameters of the directors and reflec¬ 
tors. as well as their respective spacings, determine the optimum characterilics. For a 
number of years optimum designs were accomplished experimentally. However, with 
the advent of high-speed computers many different numerical techniques, based on 
analytical formulations, have been utilized to derive the geometrical dimensions of 
the array for optimum operational performance. Usually Yagi-Uda arrays have low 
input impedance and relatively narrow bandwidth (on the order of about 2%). Im¬ 
provements in both can be achieved at the expense of others (such as gain, magnitude 
of minor lobes, etc. ). Usually a compromise is made, and it depends on the particular 
design. One way to increase the input impedance without affecting the performance 
of other parameters is to use an impedance step-up element us a feed (such us a two- 
element folded dipole with a step-up ratio of about 4). Front-to-back ratios of about 
30 (15 dB) can be achieved at wider than optimum element spacings, but they 
usually are compromised somewhat to improve other desirable characteristics. For 
optimum designs, the minor lobes are about 30% or less ( -5.23 dB or smaller) of 
the maximum. 
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Tlie Yagi-Uda array can be summarized by saying that its performance can be 
considered in three parts: 

1. the reflector-feeder arrangement 

2. the feeder 

3. the rows of directors 

It has been concluded, numerically and experimentally, that the reflector spacing and 
size have (I) negligible effects on the forward gain and (2) large effects on the 
backward gain (front-to-back ratio) and input impedance, and they can be used to 
control or optimize antenna parameters without affecting the gain significantly. The 
feeder length and radius lias a small effect on the forward gain hut a large effect on 
the backward gain and input impedance. Us geometry is usually chosen to control the 
input impedance that most commonly is made real (resonant element). Tlie size and 
spacing of the directors have a large effect on the forward gain, backward gain, and 
input impedance, and they arc considered to be the most critical elements of the array. 

Yagi-Uda arrays are quite common in practice because they are lightweight, 
simple to build, low cost, and provide moderately desirable characteristics (including 
a unidirectional beam) for many applications. The design for a small number of 
elements (typically live or six) is simple but the design becomes quite critical if a 
large number of elements are used to achieve a high directivity. To increase the 
directivity of a Yagi-Uda army or to reduce the beamwidlh in the E-plane, several 
rows of Yagi-Uda arrays can be used 1171 to form a curtain antenna. To neutralize 
the effects of the feed transmission line, an odd number of rows is usually used 


A. Theory: Integral Equation-Moment Method 

There have been many experimental 1181.119| investigations and analytical |2(l|-|2')| 
formulations of the Yagi-Uda array. A method |24| based on rigorous integral equa¬ 
tions for the electric field radiated by the elements in the array will be presented and 
it will be used to describe the complex current distributions on all the elements, the 
phase velocity, and the corresponding radiation patterns. The method is similar to that 
of 1241, which is based on Pucklington's integral equation of (8-24) while the one 
presented here follows that of |24| but is based on Pocklington s integral equation of 
(8-22) and formulated by Tirkas |25|. Mutual interactions are also included and. in 
principle, there are no restrictions on the number of elements. However, for compu¬ 
tational purposes, point-matching numerical methods, based on the techniques of 
Section 8.4. are used to evaluate and satisfy the integral equation at discrete points 
on the axis of each element rather than everywhere on the surface of every element. 
The number of discrete points where boundary conditions are matched must he 
sufficient in number to allow the computed data to compare well with experimental 
results. 

The theory is based on Pocklington's integral equation of (8-22) lor the total field 
generated by an electric current source radiating in an unbounded free space, or 
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Since 


H 2 le-> k *\ rf le-W 


(ir\ R I te' -’l R 

(10-42) reduces to 

f ir. J / ,kM\ r- ir. e H* 

= j4moeaE'. 


(10-43) 


(10-44) 


We will now concentrate in the integration of the first term of (10-44). Integrating 
the lirsi term of (10-44) by parts where 
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(10-45) 
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reduces it to 
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(10-47) 


Since we require that ihe current ai the ends of each wire vanish |i.e„ /-U* = +^2) 
= l.(z' = —111) = 0], (10-47) reduces to 
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Integrating (10-48) by parts where 
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reduces (10-48) to 
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When (10-51) is substituted for the first term of (10-44) reduces (10-44) to 
tine) i- ** 1 ’ 63 


dz' R 


+ 


f + w r f/ 2 /fr')l e- JkK 

U 2 /U') + — dz' =j4m U e (l £! (10-52) 

J —IQ |_ CIZ ~ K 

For small diameter wires the current on each element can be approximated by a 
linite series of odd-ordered even modes. Thus, the current on the nth element can be 
written as a Fourier series expansion of the form |2b| 

M 

A|(Z ) — I rim 


m= I 


(2m - 1)^- 

•n 


(10-53) 


where represents the complex current coefficient of mode m on element n and /„ 
represents the corresponding length of the n element. Taking the first and second 
derivatives of (10-53) and substituting them, along with (10-53). into <10-52) reduces 
it to 

r (2 ,»-dv 
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y /„ 
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(10-54) 

Since the cosine is an even function. (10-54) can he reduced by integrating over only 
1/2 to 
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(10-55) 

(10-55a) 
(10-55b) 


n = 1.2.3 .(V 

A' = total number of elements 


where 

/? ± is the distance from the center of each wire radius to the center of any other 
wire, as shown in Figure 10.18(a). 

The integral equation of (10-55) is valid for each clement, and it assumes Unit the 
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ItM Piirasllie I'k'im'itl* tc) Driven elcnii'iil 

Figure 10.18 Geometry of Yagi Udu array for Momeni Method formulation (sonnet:: 
G. A Thiele. "Yagi-Uda Type Antennas." IEEE Trims. Antennas Propugat., Vol. AP- 
17. No. I. pp. 24-31. January 1969. 11969) IEEE) 


number M of current modes is the same for each element. To apply the Moment 
Method solution lo the integral equation of (10-55). each wire element is subdivided 
in M segments. On each element, other than the driven element, the matching is done 
at the center of the wire, and it is required that l' of (10-55) vanishes at each matching 
point of each segment |i.e.. /d(r = .-,) = 0J. as shown in Figure 10.18(h). On the 
driven element the matching is done on the surface of the wire, and it is required that 
£! of (10-55) vanishes at M - I points, even though there are m modes, and it 
excludes the segment at the feed as shown in Figure 10.18(c). This generates M I 
equations. The A/th equation on the Iced element is generated by the constraint that 
the normalized current for all M modes at the feed point (z' = 0) of the driven element 
is equal to unity (24). [261. or 


\l 




huniz' = 0 ) 


n = N 


(10-56) 
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Based on the above procedure, a system of linear equations is generated by taking 
into account the interaction of 

a. each mode in each wire segment with each segment on the same wire. 

b. each mode in each wire segment with each segment on the other wires. 

This system of linear equations is then solved to find the complex amplitude coeffi¬ 
cients of the current distribution in each wire as represented by (10-53). This is 
demonstrated in |24] for a three-element array (one director, one reflector and the 
driven element) with two modes in each wire. 


B. Far-Fieltl Pattern 

Once the current distribution is found, die far-zone lield generated by each element 
can he found using the techniques outlined in Chapter 3. The total field of the entire 
Yagi-Uda array is obtained by summing the contributions from each. 

Using the procedure outlined in Chapter 3. the far-zone electric lield generated 
by the M modes of the nth element oriented parallel to the z axis is given by 


Eon ~ -jtoAvn 


(10-57) 
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(10-57a) 

where ,v„. v„ represent the position of the mh element. The total lield is then obtained 
by summing the contributions from each of the N elements, and it can be written as 




Eg = S Eon = 
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(10-58) 
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For each wire, the current is represented by (10-53). Therefore the last integral 
in (10-58a) can be written as 



(10-59) 

Since the cosine is an even function. 1 10-59) can also be expressed as 



(Equation continues on lop Of page 521.) 
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Using the trigonometric identity 

2 cos(a) cos(/3) = cos(a + /3) + cosla — /3) 
( 10 - 60 ) can be rewritten as 
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Thus, the total licit! represented by < 10-58) and (!0-58a) can be written ns 
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There have been other analyses |27|. |28| based on the integral equation formu¬ 
lation that allows the conversion lo algebraic equations. In order nol to belabor further 
the analytical formulations, which in call cases are complicated because of the antenna 
structure, it is appropriate at this time to present some results and indicate design 
procedures. 


C. Computer Program ami Results 

Based on the preceding formulation, a computer program has been developed [25] 
that computes the E- and //-plane patterns, their corresponding half-power beatn- 
widths. and the directivity of the Yagi-Udn array. The program is included at the end 
of this chapter. The input parameters include the total number of elements (N). the 



522 Chapter 10 Traveling Wave and Broadband Antennas 


number of current modes in each element (M). the length of each element, and the 
spacing between the elements. The program assumes one reflector, one driven element, 
and ;V — 2 directors. For the development of the formulation and computer program, 

the numbering system (» = 1.2. N) for die elements begins with the first director 

(n = I). second director (/t = 2), etc. The reflector is represented by the next to the 
last element (n = N — I). while the driven element is designated as the last element 
(n = N), as shown in Figure 10.17. 

One Yagi-Uda array design is considered here, which is the same as one of the 
two included in [241; the other one is assigned as an end of the chapter problem. The 
patterns, beamwidths, and directivities were computed based on the computer program 
developed here. 


Example 10.1 

Design a Yagi-Uda array of 15 elements (13 directors, one reflector and the exciter). 
Compute and plot the E- and /7-plane patterns, normalized current at the center of 
each element, and directivity and front-to-back ratio its a function of reflector spacing 
and director spacing. Use the computer program at the end of the chapter. The 
dimensions of the array are as follows. 

N = total number of elements = 15 
number of directors = 13 
number of reflectors = I 
number of exciters = I 
total length of reflector = 0.5A 
total length of feeder = 0.47A 
total length of each director = 0.406A 
spacing between reflector and feeder - 0.25A 
spacing between adjacent directors = 0.34A 
</ = radius of wires = 0.003A 

SOLUTION 

Using the computer program at the end of the chapter, the computed £- and /7-plane 
patterns of this design are shown in Figure 10.19. The corresponding beamwidths are: 
E-plane (<-),. = 26.98°). /7-plane (©,, = 27.96°) while the directivity is 14.64 dB. A 
plot of the current at the center of each element versus position of the element is 
shown in Figure 10.20: the current of the feed element at its center is unity, as required 
by (10-56). One important fixure-of-nicrit in Yagi-Uda array is \\k front-to-back ratio 
of the pattern [20 log,,, E(H = 90°. <l> = 90 °)/£(0 = 90°. <\> = 270°)| as a function 
of the spacing of the reflector with respect to the feeder. This, along with the direc¬ 
tivity. is shown in Figure 10.21 for spacing from 0. IA-0.5A. For this design, the 
maximum Iroiu-to-back ratio occurs for a reflector spacing of about 0.23A while the 
directivity is monotonically decreasing very gradually, from about 15.2 dB at a spacing 
of 0.1A down to about 10.4 dB at a spacing of 0.5A. 

Another important parametric investigation is the variation of the front-to-back 
ratio and directivity as a function of director spacing. This is shown in Figure 10.22 
for spacings from 0.1 A to 0.5A. It is apparent that the directivity exhibits a slight 
increase from about 12 dB at a spacing of about 0.1A to about 15.3 dB at a spacing 
of about 0.45A. A steep drop in directivity occurs for spacings greater than about 




Element number 

Figure 10.20 Normalized current at the center of each element of u 15-clcmcnt Yagi-Uda 
array. 


! 
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Kcflccloi spacing (A) 

Figure 10.21 Directivity and front-to-baek ratio, as a function of rcflcctui spacing, ol a 15- 
element Yagi-Uda array. 


0.45A. This agrees with the conclusion arrived at in | IS| and 1271 that large reductions 
in directivity occur in Yagi-Uda array designs lor spacings greater than about 0.4A. 
For this design, the variations of the front-to-baek ratio arc much more sensitive as a 
function of director spacing, as shown in Figure 10.22: excursions on the order of 
20 25 dB ure evident for changes in spacing of about 0.05A. Such variations in frunt- 
lo-back ratio as shown in Figure 10.22. as a function of director spacing, are not 
evident in Yagi-Udtt array designs with a smaller number of elements. However, they 
are even more pronounced for designs with a larger number of elements. Both of 
these are demonstrated in design problems assigned at the end of the chapter. 



Figure 10.22 Directivity and front-to-baek ratio, as a function of director spacing, for 15- 
clement Yagi-Uda array. 
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Table 10.1 DIRECTIVITY OPTIMIZATION FOR SIX-ELEMENT YAGI-UDA 
ARRAY (PERTURBATION OF DIRECTOR SPACINGS). /, - 0.51 A. 


1. = 0.5GA. /, 

= /, = 

Is ~ !'• " r 

0.43 A. a 

= 0.003369A 









Directivity 


• V i|/A 

.Vjj/A 

sjA 

S 54 /A 

•W A 

(dB) 

INITIAL ARRAY 

0.250 

0.310 

0.310 

0.310 

0.310 

11.21 

OPTIMIZED ARRAY 

0.250 

0.336 

0.398 

0.310 

0.407 

12.87 


SOURCE D K. Cheng ;iml C A. C'lien. “Optimum Spaeings for Yagi-Uda Arrays.'' Ill I Inins. 
Antennas Pmiiag.. Vol. AP-il. pp. 616 -02.1. September 19/5. ' i iy/3| IbEh 


D. Optimization 

The radiation characteristics of the array can he adjusted by controlling the geometrical 
parameters of the array. This was demonstrated in Figures 10.21 and 10.22 for the 
15-elcmcnl array using uniform lengths and making uniform variations in spaeings. 
However, these and other array characteristics can be optimized by using nonuniform 
director lengths and spaeings between the directors. For example, the spacing between 
the directors can be varied while holding the reflector-exciter spacing and the lengths 
of all elements constant. Such a procedure was used by Cheng and Chen 1271 to 
optimize the directivity of a six-element (four-director, reflector, exciter) array using 
a perturbations! technique. The results of the initial and the optimized (perturbed) 
array are shown in Table 10.1. For the same array, they allowed all the spaeings to 
vary while maintaining constant all other parameters. The results are shown in Table 
10 . 2 . 

Another optimization procedure is to maintain the spaeings between all the ele¬ 
ments constant and vary the lengths so as to optimize the directivity. The results of a 
six-element array [28] are shown in Table 10.3. The ultimate optimization is to vary 
both the spaeings and lengths. This was accomplished by Chen and Cheng [2X| 
whereby they first optimized the array by varying the spacing, while maintaining the 
lengths constant. This was followed, on the same array, with perturbations in the 
lengths while maintaining the optimized spaeings constant. The results of this pro¬ 
cedure are shown in Table 10.4 with the corresponding //-plane (0 = tt/ 2. <l>) lar- 
lield patterns shown in Figure 10.23. In all. improvements in directivity and front-to- 
back ratio are noted. The ideal optimization will be to allow the lengths and spaeings 
to vary simultaneously. Such an optimization was not performed in 1271 or |28|. 
although n could have been done iteratively by repeating die procedure. 


Table 10.2 DIRECTIVITY OPTIMIZATION FOR SIX-ELEMENT YAGI-UDA 
ARRAY (PERTURBATION OF ALL ELEMENT SPACINGS), 


/, = 0.51 A. I 2 

- 0.50A, / 

s = I -1 

= Is = U 

= 0.43 A. a 

= 0.003369A 


A'21 /A 

s 32 IA 

s 4 .i/a 

S 54 /A 

nJA 

Directivity 

(dB) 

INITIAL ARRAY 


rsa 


0.310 

0.310 


OPTIMIZED ARRAY 


nysyl 


0.354 

0.373 



SOURCE: D. K. Cheng and C. A. Chen. "Optimum Spaeings for Yagi-Uda Arrays." IEEE Trims. 
Antennas Pro/iag.. Vol AP-21. pp. 615-623. September 1973. 0 (1973) IEEE. 
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Tublc 10.3 DIRECTIVITY OPTIMIZATION FOR SIX-ELEMENT YAGI-UDA 

ARRAY (PERTURBATION OF ALL ELEMENT LENGTHS). s ;i = 0.250A. 
_= s 0 » s v , = s M = 0.3 IttA. a = O.OQ3369A_ 



/,/A 

/ 2 /a 

/./A 

/ 4 /a 

/j/A 

u\ 

Directivity 

(dB) 

INITIAL ARRAY 
LENGTH-PERTURBED 

0.510 

0.490 

0.430 

0.430 

0.430 

0.430 

10.93 

ARRAY 

0.472 

0.456 

0.438 

0.444 

0.432 

0.404 

12.16 


SOURCE. C. A Chen and l> K. Cheng. "Optimum Element Lcngilis lor Yagi-Uda Arrays." IEEE Trans. 
Antcnnu* I'm/Mf!. Vol. AP-H. pp. K— 15. January I97S. I 1975 1 IEEE. 


Another parameter that was investigated for the directivity-optimized Yagi-Uda 
antenna was the frequency bandwidth |29|. The results of such a procedure arc shown 
in Figure 10.24. The antenna was u six-clement array optimized at a center frequency 
/;,. The array was designed, using space perturbations on ull the elements, to yield an 
optimum directivity at The geometrical parameters are listed in Table 10.2. The 
3-dB bandwidth scents to be almost the same for the initial and the optimized arrays. 
The rapid decrease in the directivity of the initial and optimized arrays at frequencies 
higher than /„ and nearly constant values below / u may be attributed to the structure 
of the antenna which can support a "traveling wave” at/< f„ but not at />y„. It 
has thus been suggested that an increase in the bandwidth can be achieved if the 
geometrical dimensions of the antenna are chosen slightly smaller than the optimum. 



OhMrviIion angle # <degree!I 

Figure 10.23 Normalized amplitude antenna patterns of initial, perturbed, and optimum 
six-element Yagi-Uda arrays (Table 10.4), (source: C. A. Chen and D. K Cheng. "Opti¬ 
mum Element Lengths for Yagi-Uda Arrays," IEEE Trans. Antennas Pmpagal.. Vol. AP-23. 
pp. 8-15. January 1975. L (1975) IEEE) 










Table 10.4 DIRECTIVITY OPTIMIZATION FOR SIX-ELEMENT YAGI-lTDA ARRAY 


(PERTURBATION OF DIRECTOR SPACINGS AND ALL ELEMENT LENGTHS ), a = 0003.>69A 



f,/A 

t v 'X 

/j/A 

1A 

/,/A 

U A 


ity/A 

C,/A 

SiA 

s* ,/A 

Directivity 

«1B) 

INITIAL ARRAY 

0.510 

0.490 

0.430 

0.430 

0.430 

0.430 

0.250 

0.3IO 

0.310 

o.l to 

0.310 

10.9.3 

ARRAY AFTER 
SPACING 
PERTURBATION 

0.510 

0.490 

0.430 

0.430 

0.430 

0.430 

0.250 

0.2X9 

0.406 

0 323 

0 422 

12 83 

OPTIMUM ARRAY 
AFTER SPACING 
AND LENGTH 
PERTURBATION 

0.472 

0.452 

0,436 

0.430 

0.434 

0.430 

0.250 

0.2X9 

0.406 

0.323 

0.422 

13.41 


SOURCE: C. A. Chen and D. K. Cheng. "Opiimum Element Lengths lot Yagi-Uda Arrays." IEEE frons. Antennaf Pmpag.. Vol. A P-23, pp. 
8-IS, January 1975. 'O 1 1973) IEEE. 
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Figure 10.24 Bandwidth of initial and optimum six-element Yagi-Uda array with 
perturbation of all element spacings (Table 10.2). (kourci : N'. K. Takla and L.-C. 
Shen. "Bandwidth of a Yugi Array with Optimum Directivity.” IEEE Trans. An¬ 
tennas Pmpagat.. Vol. AP-25. pp. 913-914. November 1977 (1977) 11-LiL) 


E. Input Impedance and Matching Tecliic/ties 

The input impedance of a Yagi-Uda array, measured at the center of the driven 
element, is usually small and it is strongly inlluenced by the spacing between the 
reflector and feed element. For a 13-element array using a resonant driven element, 
the measured input impedances arc listed in Table 10.5 |20|. Some of these values 
are low for matching to a 50-. 78-. or 300-ohm transmission lines. 

There are many techniques that can be used to match a Yagi-Uda array to a 
transmission line and eventually to the receiver, which in many cases is a television 
set which has a large impedance (on the order of 300 ohms). Two common matching 
techniques arc the use of the folded dipole, of Section 9.5. as a driven element and 
simultaneously as an impedance transformer, and the Gamma-match of Section 9.8.4. 
Which one of die two is used depends primarily on the transmission line from the 
antenna to the receiver. 

The coaxial cable is now widely used as the primary transmission line for tele¬ 
vision. especially with the wide spread and use of cable TV: in fact, most television 
sets are already prewired with coaxial cable connections. Therefore, if the coax with 
a characteristic impedance of about 78 ohms is the transmission line used from the 
Yagi-Uda antenna to the receiver and since the input impedance of the antenna is 
typically 30-70 ohms (as illustrated in Table 10.5). the Gamma-match is the most 
prudent matching technique to use. This has been widely used in commercial designs 
where a clamp is usually employed to vary the position of the short to achieve a best 
match. 

If, however, a "twin-lead" line with a characteristic impedance of about -BOO 
ohms is used as the transmission line from the antenna to the receiver, as was used 
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Table 10.5 INPUT 1MHEDANCH OP A 13-ELHMENT YAGl- 


UDA ARRAY (REFLECTOR LENGTH = 0.5A; 
DIRECTOR SPACING = 0.34A: DIRECTOR 
LENGTH = 0.406A) 


Reflector Spacing 

<*j./A) 

Input Impedance 
(ohms) 

0.25 

62 

0.18 

50 

0.15 

32 

0.13 

22 

0.10 

12 


widely some years ago. then ii would be most prudent u> use a folded dipole as the 
driven element which acts as a step-up impedance transformer of about 4:1 (4:1 when 
the length of the element is exactly A/2, This technique is also widely used in com¬ 
mercial designs. 

Another way to explain the endlire beam formation and whether the parameters 
of the Yugi-Uda array arc properly adjusted for optimum directivity is by drawing a 
vector diagram of the progressive phase delay from elemeni-io-elemcni. If the current 
amplitudes throughout the array arc equal, the total phase delay for maximum direc¬ 
tivity should be about 180°. as is required by the Hanxen-Woodyard criteria for 
improved endlire radiation. Since the currents in a Yagi-Uda array are not equal in 
all the elements, the phase velocity of the traveling wave along the antenna structure 
is not the same from element-lo-element but it is always slower than the velocity of 
light and faster than the corresponding velocity for a Hansen-Woodyard design. For 
a Yagi-Uda array, the decrease in the phase velocity is a function of the increase in 
total array length. 

In general then, the phase velocity, and in turn the phase shift, of a traveling wave 
in a Yagi-Uda array structure is controlled by the geometrical dimensions of the array 
and its elements, and it is not uniform from elcment-tu-element. 


/•'. Design Procedure 

A government document |30| has been published which provides extensive data of 
experimental investigations carried out by the National Bureau of Standards to deter¬ 
mine how parasitic element diameter, element length, spacings between elements, 
supporting booms of different cross-sectional areas, various reflectors, and overall 
length affect the measured gain. Numerous graphical data is included to facilitate the 
design of different length antennas to yield maximum gain. In addition, design criteria 
are presented for stacking Yagi-Udu arrays either one above the other or side-by-side. 
A step-by-step design procedure has been established in determining the geometrical 
parameters of a Yagi-Uda array for a desired directivity (over that of a A/2 dipole 
mounted at the same height above ground). The included graphs can only be used to 
design arrays with overall lengths {from reflector element to lust director) of 0.4. 0.8, 
1.2. 2.2. 3.2. and 4.2A with corresponding directivities of 7.1. 9.2. 10.2. 12.25. 13.4. 
und 14.2 dB. respectively, and with a diameter-to-wavelength ratio of 0.001 s <//A 
s 0.04. Although the graphs do not cover all possible designs, they do accommodate 
most practical requests. The driven element used to derive the data was a A/2 folded 
dipole, and the measurements were carried out at/ = 400 MHz. To make the reader 
aware of the procedure, it will be outlined by the use of an example. The procedure 
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Table 10.6 OPTIMIZED UNCOMPENSATED LENGTHS OF PARASITIC ELEMENTS 
FOR YAGI-UDA ANTENNAS OF SIX DIFFERENT LENGTHS 


tl/K = 0.0085 

■via = 0.2A _ 

LENGTH OF 
REFLECTO R (/,/A) 

/, 


LENGTH OF YAGI-UDA (IN WAVELENGTHS) 


0.8 

1.20 

2.2 

3.2 

4.2 

0.482 

0.482 

0.482 

0.482 

0.475 

0.428 

0.428 

0.432 

0.428 

0.424 

0.424 

0.420 

0.415 

0.420 

0.424 

0.428 

0.420 


0.420 


BPySTl Ifftggjii [Jf^l 

0.407 



SPACING BETWEEN 
DIRECTORS <a.,M) 

0.20 

DIRECTIVITY RELATIVE 
TO HALF-WAVE 

DIPOLE (dB) 

7.1 



DESIGN CURVE 
(SEE FIGURE 10.25) 


sot'kci Peter P Vie/hiekc. >'«V' \ittrnmi Di-slyii. NBS Technical Note OKU. Deeeinbct IWv 


10.2 

12.25 

13.4 

(A) 

<c> 

<«) 


is identical for all other designs at I'reqcncies where included data can accoinmodale 
the specifications. 

The heart of the design is the data included in 

1. Tabic 10.6 which represents optimized antenna parameters for six different 
lengths and for a r//A = 0.0085 

2. Figure 10.25 which represents uncompensated director and reflector lengths for 
0.001 < d/\ < 0.04 

3. Figure 10.26 which provides compensation length increase for all ihe parasitic 
elements (directors and reflectors) as a function of hoom-to-wavelength ratio 
0.001 < D/A < 0.04 

The specified information is usually the center frequency, antenna directivity. <//A and 
D/A ratios, and it is required to find the optimum parasitic element lengths (directors 
and reflectors). The spacing between the directors is uniform but not the same for all 
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Reflector 


Directors 


Klcmcnl diameter tl I wavelengths) 

Figure 10.25 Design curves to determine element lengths of Yngi-Udn arrays 
(sotiRCi- P. P Viczbickc. "Yagi Antenna Design.'' NBS Technical Note OKU. 
U.S. Department of Commerce/National Bureau of Standards. December 1070) 


designs. However, there is only one reflector and its spacing is s = 0.2A lor all 
designs. 


Example 10.2 

Design a Yagi-Uda array with a directivity (relative to a A/2 dipole at the same height 
above ground) of 9.2 dB at /„ - 50.1 MHz. The desired diameter of the parasitic 
elements is 2.54 cm and of the metal supporting boom 5.1 cm. Find the element 
spacings. lengths, and total array length. 

SOLUTION 

(a) At /ii = 50.1 MHz the wavelength is A = 5.988 m = 598.8 cm. Thus 
r//A = 2.54/598.8 = 4.24 X If) 3 and 1)1 A = 5.1/598.8 = 8.52 X If) 3 . 

(b) From Table 10.6. the desired array would have a total of five elements (three 
directors, one reflector. one feeder). For a <//A = 0.0085 ratio the optimum 
uncompensated lengths would be those shown in the second column of 
Table 10.6 (/ 3 = I, = 0.428A. /., = 0.424A. and /, = 0.482A). The overall 
antenna length would be L = (0.6 + 0.2)A = 0.8A. the spacing between 
directors 0.2A. and the rellector spacing 0.2A. It is now desired to find the 
optimum lengths of the parasitic elements for a r//A = 0.00424. 

(c) Plot the optimized lengths from Table 10.6 (!" = I" = 0.428A. U" = 
0.424A, and 1" = 0.482A) on Figure 10.25 and mark them by a dot (•). 

(d) In Figure 10.25 draw a vertical line through (UK - 0.00424 intersecting 
curves (ti) at director uncompensated lengths /,' = U' = 0.442A and 
reflector length /,' = 0.485A. Mark these points by an x. 
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Diamcli'i .il Mip|>orting boom p (wavelengths) 

Figure 10.26 Increase in optimum length of parasitic elements as a function of metal 
boom diameter, (sonnet:: P. P. Viezbicke." Yagi Antenna Design." NBS Technical Note 
688. U.S- Department of Commcrcc/National Bureau of Standards. December 1976) 


(e) Willi a divider, measure the distance (zl/) along director curve (fl) between 
points /" = / 5 " = 0.428A and I." = 0.424A. Transpose this distance from 
the point /,' = /,' = 0.442A on curve l/i). established in step (d) and marked 
by an x. downward along the curve and determine the uncompensated length 
I / = 0.438A. Thus the boom uncompensated lengths of the array at= 
50.1 MHz arc 

/,' = /,' = 0.442A 
U' = 0.438A 
= 0.485 A 

(f) Correct the element lengths to compensate for the boom diameter. From 
Figure 10.26. a boom diameter-to-wavelength ratio of 0.00852 requires a 
fractional length increase in each element of about 0.005A. Thus the linal 
lengths of the elements should be 

/., = /, = (0.442 + 0.005) A = 0.447A 
U = (0.438 + 0.005 )A = 0.443 A 
/, = (0.485 + 0.005) A = 0.490A 


The design data were derived from measurements carried out on a nonconducting 
Plexiglas boom mounted 3A above the ground. The driven element was a A/2 folded 
dipole matched to a 50-ohm line by a double-stub tuner. All parasitic elements were 
constructed from aluminum tubing. Using Plexiglas booms, the data were repeatable 
and represented the same values as air-dielectric booms. However that was not the 
case for wooden booms because of differences in the moisture, which had a direct 
affect on the gain. Data on metal booms was also repeatable provided the element 
lengths were increased to compensate for the metal boom structure. 
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|--*■» 

0 - 

|-- Directors 

Figure 10.27 Yagi-Uda array of circular loops. 


10.3.4 Yagi-Uda Array of Loops 

Aside from ihe dipole, the loop antenna is one of the most basic - antenna elements. 
The pattern of a very small loop is similar to that of a very small dipole and in the 
far-lield region it has a null along its axis. As the circumference of the loop increases, 
the radiation along its axis increases and reaches near maximum at about one wave¬ 
length 1311. Thus loops can be used as the basic elements, instead of the linear dipoles, 
to form a Yagi-Uda array as shown in Figure 10.27. By properly choosing the 
dimensions of the loops and their spacing, they can form a unidirectional beam along 
the axis of the loops and the array. 

It has been shown that the radiation characteristics of a two-clement loop array, 
one driven element and a parasitic reflector, resulted in the elimination of corona 
problems at high altitudes (32|. In addition, the radiation characteristics of loop arrays 
mounted above ground are less affected by the electrical properties of the soil, as 
compared with those of dipoles 1331. A two-element loop array also resulted in u 1.8 
dB higher gain than a corresponding array of two dipoles [32j. A two-element array 
of square loops (a feeder and a reflector) in a box I ike construction is called a “cubical 
quad" or simply a "quad" antenna, and it is very popular in amateur radio applica¬ 
tions [34]. The sides of each square loop are A/4 (perimeter of A), and the loops are 
usually supported by a lihcrglass or bamboo cross-arm assembly. 

The general performance of a loop Yagi-Uda array is controlled by the same 
geometrical parameters (reflector, feeder, and director sizes, and spacing between 
elements), and it is influenced in the same manner as an urray of dipoles [35|, 

In a numerical parametric study of coaxial Yagi-Uda arrays of circular loops |36| 
of 2 to 10 directors, it has been found that the optimum parameters lor maximum 
forward gain were 

1. circumference of feeder 2i tI> : — 1.1 A. where b : is its radius. This radius was 
chosen so that the input impedance for an isolated element is purely resistive. 

2. circumference of the reflector 2 tt/?, - I.05A. where h, is its radius. The size of 
the reflector does not strongly influence the forward gain hut has a major effect 
on the backward gain and input impedance. 

3. feeder-reflector spacing of about 0.1 A. Because it has negligible effect on the 
forward gain, it can be used to control the backward gain and/or the input 
impedance. 

4. circumference of directors 2nb - 0.7A. where b is the radius of any director and 




f Reflector Feed 
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it was chosen to he the same For all. When the circumference approached a value 
of one wavelength, the array exhibited its cutoff properties. 

5. spacing of directors of about 0.25A, and it was uniform for all. 

The radius a of all the elements was retained constant and was chosen to satisfy 
il = 2 \n(2irbda) = 11 where h 2 is the radius of the feeder. 
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PROBLEMS 


in.I. Given the current distribution of (10-la), show that the 

(a) far-zone electric held intensity is given by (IO-2a) and (10-2b) 

(bt average power density is given by (10-4) and (10-5) 

(c) radiated power is given by (10-11) 

10.2. Determine the phase velocity (compared to free-space) ol the wave on a Beverage 
antenna (terminated long wire) of length / = 50A so thai the maximum occurs at 
angles of 

(a) 10” 

(b) 20° 

from ihe axis of the wire 

10.3. The current distribution on a terminated and matched long linear (traveling wave) 
antenna of length /. positioned along the v-axis and fed at its one end. is given by 

I =* am 0 s .r' S / 


Find the far held electric and magnetic held components in standard spherical coor¬ 
dinates. 

10 4. A long linear ltraveling wave) antenna of length I. positioned along the ;-axis and fed 
at the: - 0 end. is terminated in u load at the ; = / end. There is a nonzero reflection 
at the load such that the current distribution on the wire is given by 


/(:> = V 


* + He > 1 
I + R 


Os.-sl 


Determine as a function of It and / the 

(a) fnr-zonc spherical electric held components 

(b) radiation intensity in the 0 = nil direction 

10.5. Design n Beverage antenna so that the first maximum occurs at 10° from its axis. 
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Assuming the phase velocity of the wave on the line is the same as that of free-spaee. 
lind the 

la) lengths (exact and approximate) to accomplish that 

(hi angles (exact and approximate) where the next six maxima occur 

(c) angles (exact and approximate) where the nulls, between the maxima found in 
parts (a) and (b), occur 

(d) radiation resistance using the exact and approximate lengths 

(e) directivity using the exact and approximate lengths 

It).6. It is desired to place the first maximum of a long wire traveling wave antenna at an 
angle of 25° from the axis of the wire. For the wire antenna, find the 
la) exact required length 
(b) radiation resistance 
(e) directivity (in tW) 

The wire is radiating into free space. 

10.7. Compute the directivity of a long wire with lengths of / = 2A and 3A 

10.8. A long wire of diameter d is placed (in the air) at a height h above the ground. 

(a) Find its characteristic impedance assuming li s> J. 

(b) Compare this value with (10-14). 

103). Beverage (long wire) antennas are used for over-the-horizon communication where 
the maximum of the main beam is pointed few degrees above the horizon. Assuming 
the wire antenna of length I and radius A/200 is placed horizontally parallel to the -- 
axis a height h - A/20 above a fiat, perfect electric conducting plane of infinite extent 
(.v-axis is perpendicular (o (he ground plane). 

(a) Derive the array factor for the equivalent two-element array. 

(b) What is the normalized total electric field of the wire in the presence of the 
conducting plane? 

(C) What value of load resistance should lie placed ai the terminating end to eliminate 
any reflections and not create a standing wave? 

10.10, Compute the optimum directivities of a V antenna with leg lengths of / = 2A and 
/ = 3A. Compare these values with those of Problem 10,7. 

10.11 Design u symmetrical V antenna so that ns optimum directivity is 8 dB. Find the 
lengths of each leg (in A) and the total included angle of (he V (in degrees), 

10.12. Repeal (he design of Problem 10.11 for an optimum directivity of 5 dB. 

10.13. il is desired to design a V-dipolc with a maximized directivity. The length of each 
arm is 0.5A (overall length of the entire V-dipole is A). To meet the requirements of 
the design, what is the 

(a) total included angle of the V-dipole (in degrees)? 

(b) directivity (in dB)? 

(c) gain (in dB) if the overall antenna efficiency is 35'/, ? 

10.14. l en identical elements of V antennas are placed along the c-axis to form a uniform 
broadside array, l-.ach element is designed to have a maximum directivity of 0 dB. 
Assuming each element is placed so that its maximum is also broadside (0 = 90°) 
and the elements are spaced A/4 apart, lind the 

(a) arm length of each V (in A) 

(h) included angle (in degrees) of each V 

(C) approximate total directivity of the array (in dB) 

10.15. Design u resonant 90" beni. A/4 long. 0.25 x 10 ‘A radius w ire antenna placed above 
a ground plane. Find the 

(a) height where the bent must be made 
(b> input resistance of the antenna 

(c) VSWR when the antenna is connected to a 50-ohm line 

10.16. Design a five-turn helical antenna which at 400 MHz operates in the normal mode. 
The spacing between turns is A/50. Il is desired that die antenna possesses circular 
polarization. Determine the 
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(a) circumference ol'lhe helix (in A ami in meters) 

(b) length of a single turn (in A and in meters) 

(c) overall length of the entire helix (in A and in meters) 

Id) pitch angle (in degrees) 

1017. Design a five-turn helical antenna which at 300 MU/ operates in the axial mode and 
possesses circular polarization in the major lobe Determine the 

(a) near optimum circumference (in A and in meters) 

(b) spacing (in A and in meters) for near optimum pitch angle design 

(c) input impedance 

(d) half-power beamwidth (in degrees), first null beumwidlh (in degrees), directivity 
(dimensionless and in dB), and axial ratio 

(e) VSWR when the antenna is connected to 50- and 75-ohm coaxial lines 

10.18. For Problem 10.17. plot, using the 2-D ANTENNA PATTERN PLOTTER: REC¬ 
TANGULAR-POLAR computer program ui the end of Chapter 2. the normalized 
polar amplitude pattern (in dB) assuming phasing for 

(a) ordinary end-lire 

(b) Hansen-Woodyai'd end-tire 

(c) p = I 

10.19. For Problem 10.17. compute the directivity (in dB) using the computer program 
DIRECTIVITY at the end of Chapter 2 assuming phasing for 

(a) ordinary end-lire 

(b) Hansen-Woodyard end-fire 

(c) p = I 

Compare with the value obtained using (10-33). 

10.20. Repeal the design of Problem 10.17 at a frequency of 500 MHz. 

10.21. Design an end-lire right-hand circularly polarized helix having a half-power beam- 
width of 45°. pitch angle of 13°. and a circumference of 60 cm at a frequency or 500 
MHz. Determine the 

(a) turns needed 

(b) directivity (in dB) 

(c) axial ratio 

(Cl) lower and tipper frequencies of file bandwidth over which the required parameters 
remain relatively constant 

(e) input impedance at the center frequency and the edges of the hand from pan (d). 

10.22. Design a helical antenna with a directivity of 15 dB that is operating in the axial mode 
and whose polarization is nearly circular. The spacing between ihe turns is A/10. 
Determine the 

(u) Number of turns. 

(b) Axial ratio, both as an dimensionless quantity and in dB. 

(e) Directivity (in dB) based on Kraus' formula and Tai & Pereira's formula. How 
do they compare with the desired value? 

(d) Progressive phase shills (in degrees) between the turns to achieve the axial mode 
radiation. 

10.23. Design u 10-turn helical antenna so that at the center frequency of 10 GHz. the 
circumference of each turn is 0.95A. Assuming a pitch angle of 14°, determine Ihe 

(a) mode in which the antenna operates 

(b) half-power beam width (in degrees) 

(c) directivity (in dB). Compare this answer with whm you gel using Kraus' 
formula. 

10.24. A lossless 10-turn helical antenna with a circumference of one-wavelength is con¬ 
nected to a 78-ohm coaxial line, and it is used as a transmitting amentia in a 500- 
MHz spacecraft communication system. The spacing between turns is A/I0. The 
power in the coaxial line from the transmitter is 5 watts. Assuming the antenna 
Is lossless: 
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(a) What is radiated power"? 

(b) If the antenna were isotropic, what would the power density (watts/m"’l he at a 
distance of 10 kilometers'? 

Ic) What is the power density (in watts/nr I at the same distance when the transmitting 
antenna is the 10-tum helix and the observations are made along the maximum 
of the major lobe? 

id) II at 10 kilometers along the maximum of the major lobe ait identical 10-lurn 
helix was placed as a receiving antenna, which was polarization-matched to the 
incoming wave, what is the maximum power (in wallst that can be received? 

10-25. A 20-turn helical antenna operating in the axial mode is used as a transmitting antenna 
in a 500-MHz long distance communication system. The receiving antenna is a linearly 
polarized clement, Because the transmitting and receiving elements are not matched 
in polarization, approximately how many dB of losses are introduced hecnusc of 
polari/ulion mismatch? 

10.26. A Yagi-Udu array of lineur elements is used as a TV antenna receiving primarily 
channel 8 whose center frequency is 183 MHz. With a regular resonant A/2 dipole as 
the feed element in the array, the input impedance is approximately 68 ohms. The 
antenna is lo be connected to the TV using a "twin-lead" line with a characteristic 
impedance of nearly 300 ohms. At the center frequency of 183 MHz 

(u) what should the smallest input impedance of the array be if it is desired to maintain 
u VSWU equal ot less than 1.1? 

(b> what is the best way to modify the present feed to meet the desired VSWR 
specifications? Be very specific in explaining why your recommendation will 
accomplish this. 

10.27. Evaluate approximately the effect of the spacing between the director and driven 
element in the three-clement Yagi-Uda array shown in the accompanying figure. 
Assume that the far-zone (radiated) held ot the antenna is given by 


E„ = sin t) I 


sin* _ > 1**11 imtfMn* 


where v,. is the spacing between the rcllcctor and the driven element, and v„ is the 
spacing between the director and the driven clement. For this problem, set j|. = 0.2A 
and lei = 0.15A. 0.20A. 0.25A. 

(a) Generate polar plots of the radiation power patterns in both E- and //-planes, 

Normalize the power pattern to its value for 0 - rr/2 and «/* tt/ 2. Generate two 

plots, one for fc-planc and one for //-plane. 

(b) Compute the front-to-baek ratio (l-BR) in the /T-plane given by 


I RR\ t 





Rcllecim 

l _ 

h - 


Driven element 

/ - 
■*- ’ll 


Director 
/_ 




y 


x 


Leave your answers for both parts in terms of numbers, not dB. 
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10.28. Analyze a 27-elcmeni Yagi-Uda array, using the computer program YAG1-UDA 
ARRAY at the end of this chapter, having the following specifications: 


N = total number of elements = 27 

Number of directors = 25 

Number of reflectors = l 

Total length of reflector = 0.5A 

Total length of feeder = 0.47A 

Total length of each director = 0.406A 

Spacing between reflector and feeder - 0.125A 

Spacing between adjacent directors = 0.34A 

a = radius of wires = 0.003A 


Use 8 modes for each element. Compute the 

(a) fur-lield £'• and /V-plane amplitude patterns (in dB). 

(b) directivity of the array (in JB). 

(c) E-plune half-power beamwidth (in degrees). 

(d) //-plane half-power beamwidth (in degrees), 
tc) E-plane frcml-to-back ratio tin dB). 

(ft //-plane from to back ratio (in dBi. 

10.29. Repeat the analysis of Problem 10.28 for a three-element array having the following 
specifications: 


N = total number of elements = 3 
Number of directors = I 

Number of reflectors = 1 

Total length of reflector = 0.5A 

Total length of feeder = (I.475A 

Total length of director = 0.45A 

Spacing between reflector and feeder = 0.2A 
Spacing between feeder and director = 0.I6A 
a = radius of wires = 0.0Q5A 


Use 8 modes for each element. 

10.30. Design a Yagi-Uda array of linear dipoles to cover all the VHP TV channels (starting 
with 54 MHz for channel 2 and ending with 216 MHz for channel 13. See Appendix 
IX). Perform the design at./;, = 216 MHz. Since lhe gain is mu affected appreciably 
at / < /„. as Figure 10.24 indicates, this design should accommodate all frequencies 
below 2)6 Mllz. The gain of the antenna should be 14.4 dB (above isotropic). The 
elements and the supporting boom should be made of aluminum tubing with outside 
diameters of 3 in. ( 0.95 cm) and \ in. ( 1.90 cm), respectively. Find the number 

of elements, their lengths and spacings. and the total length of the array (in A. meters, 
and feet), 

10.31 Repeat the design of Problem 10.30 for each of the following: 

(a) VHF-TV channels 2-6 (54- 88 MHz. See Appendix IX) 

(b) VHF-TV channels 7-13 (174-216 MHz. See Appendix IX) 

10.32. Design 11 Yagi-Uda antenna to cover the entire FM band of 88 - 108 MHz (100 channels 
spaced at 200 KHz apart. See Appendix IX). The desired gain is 12.35 dB (above 
isotropic). Perform the design at f, 108 MHz. The elements and the supporting 
boom should he made of aluminum tubing with outside diameters of 3 in. i - 0.95 
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cm) and -j in. ( = 1.90 cm), respectively. Find the number of elements, their lengths 
and spacings. and the total length of the array (in A. meters, and feet). 

10.33. IX-Mgn a Yugi-Udu antenna to cover the UHP TV channels (512-806 MH/. Sec 
Appendix IX i. The desired gain is 12.35 dB (above Isotropic), Perform the design at 
/„ = 806 MHz. The elements and the supporting boom should be made of wire with 
outside diameters of vr in. (^ 0.2375 cm) und ^ in t 0.475 cm), respectively Find 
the number of elements, their lengths and spacings. and the total length of the array 
(in A. meters, and feel). 





COMPUTER PROGRAM - YAGI-UDA ARRAY 


. .***** ****** 

C THIS IS A FORTRAN PROGRAM THAT COMPUTES. FOR THE YAGI-UDA 
C ANTENNA ARRAY. THE: 

C 

C I. FAR-ZONE E- AND H-PLANE AMPLITUDE PATTERNS (in dB) 
C II. DIRECTIVITY OF THE ARRAY (in dB) 

C III. E-PLANE IIALF-POWER BEAMWIDTII (in degrees) 

C IV. H-PLANE HALF-POWER BEAM WIDTH (in degrees) 

C V. E-PLANE FRONT-TO-BACK RATIO (in dB) 

C VI. H-PLANE FRONT-TO-BACK RATIO (in dB) 

C 

C THE PROGRAM IS BASED ON POCKLINGTON'S INTEGRAL 
C EQUATION FORMULATION OF SECTION 10.3.3. EQUATIONS 
C (10-42) - (10-65a). M ENTIRE DOMAIN COSINUSOIDAL (FOURIER) 

C BASIS MODES ARE USED FOR EACH OF THE ANTENNA 
C ELEMENTS. 

C 

C 

C ‘"INPUT PARAMETERS 

C I. M = NUMBER OF ENTIRE DOMAIN BASIS MODES 

C 2. N = NUMBER OF ANTENNA ELEMENTS 

C 3. L = LENGTH OF EACH ELEMENT /„ (in A) 

C 4. ALPHA = RADIUS OF EACH ELEMENT a (in A) 

C 5. S = SEPARATION BETWEEN THE ELEMENTS (in A) 

C 

C ""NOTES 

C 1. REFER TO FIGURE 10.17 FOR THE GEOMETRY. 

C 2. DRIVEN ELEMENT IS AT THE ORIGIN. 

C 3. FIRST ELEMENT (N = 1) IS THE FIRST DIRECTOR. 

C 4. REFLECTOR IS THE N-l ELEMENT; ONLY ONE REFLECTOR. 

C 5. DRIVEN ELEMENT IS N. 

C 6. THE RADIUS OF ALL THE ELEMENTS IS THE SAME. 

C 

€*****••*****-*•**•*«*•*••*••**•*•**••********••••*********•* 
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CHAPTER 


11 

FREQUENCY INDEPENDENT 
ANTENNAS AND ANTENNA 
MINIATURIZATION 


II.I INTRODUCTION 

The numerous applications of electromagnetics to the advances of technology have 
necessitated the exploration and utilization of most of the electromagnetic spectrum. 
In addition, the advent of broadband systems have demanded the design of broadband 
radiators. The use of simple, small, lightweight, and economical antennas, designed 
to operate over the entire frequency band of a given system, would be most desirable. 
Although in practice all the desired features and benefits cannot usually be derived 
from a single radiator, most can effectively lie accommodated. Previous to the 1950s, 
antennas with broadband pattern and impedance characteristics had bandwidths not 
greater than 2:1. In the 1950s. a breakthrough in antenna evolution was made which 
extended the bandwidth to as great as 40:1 or more. The antennas introduced by the 
breakthrough were referred to as frequency independent, and they had geometries that 
were specified by angles. These antennas are primarily used in the 10-10,000 MHz 
region in u variety of practical applications such as TV. point-to-point communication, 
feeds for reflectors and lenses, and so forth. 

In antenna scale modeling, characteristics such as impedance, pattern, polariza¬ 
tion. and so forth, are invariant to a change of the physical size if a similar change is 
also made in the operating frequency or wavelength. For example, if all the physical 
dimensions are reduced by a factor of two. the performance of the antenna will remain 
unchanged if the operating frequency is increased by a factor of two. In other words, 
the performance is invariant if the electrical dimensions remain unchanged. This is 
the principle on which antenna scale model measurements are made. For a complete 
and thorough discussion of scaling, the reader is referred to Section 16.10 entitled 
“Scale Model Measurements." 

The scaling characteristics of antenna model measurements also indicate that if 
the shape of the antenna were completely specified by angles, its performance would 
have to be independent of frequency 11|. The infinite biconical dipole of Figure 9.1 
is one such structure. To make infinite structures more practical, the designs usually 
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require that the current on the structure decrease with distance away from the input 
terminals. After a certain point the current is negligible, and the structure beyond that 
point to infinity can be truncated and removed. Practically then the truncated antenna 
has a lower cutoff frequency above which its radiation characteristics are the same as 
those of the inlinite structure. The lower cutoff frequency is that for which the current 
at the point of truncation becomes negligible. The upper cutoff is limited to frequencies 
for which the dimensions of the feed transmission line cease to look, like a "point'' 
(usually about A^/8 where A : is the wavelength at the highest desirable frequency). 
Practical bandwidlhs are on the order of about 40:1. Even higher ratios (i.e.. 1,000:1) 
can be achieved in antenna design but they are not necessary, since they would far 
exceed the bandwidths of receivers and transmitters. 

Even though the shape of die biconical antenna can be completely specified by 
angles, the current on its structure does not diminish with distance away from the 
input terminals, and its pattern does not have a limiting form with frequency. This 
can be seen by examining the current distribution as given by (9-11). It is evident that 
there are phase but no amplitude variations with the radial distance r. Thus the 
biconical structure cannot be truncated to form a frequency independent antenna. In 
practice, however, antenna shapes exist which satisfy the general shape equation, as 
proposed by Rumscy 111. to have frequency independent characteristics in pattern, 
impedance, polarization, and so forth, and with current distribution which diminishes 
rapidly. 

Rumscy's general equation will first be developed, and it will be used as the 
unifying concept to link the major forms of frequency independent antennas. Classical 
shapes of such antennas include the equiangular geometries of planar and conical 
spiral structures investigated thoroughly by Dyson [21. |3|. and the logarithmically 
periodic structures proposed and developed by DuHamel and Isbell |4|. [5]. 

Fundamental limitations in electrically small antennas w ill be discussed in Section 
11.5. These will be derived using spherical mode theory, with the antenna enclosed 
in a virtual sphere. Minimum Q curves, which place limits on the achievable band¬ 
width. will be included. 

11.2 THEORY 

The analytical treatment of frequency independent antennas presented here parallels 
that introduced by Rumsey |l] and simplified by Elliot! (6| for three-dimensional 
configurations. 

We begin by assuming that an antenna, whose geometry is best described by the 
spherical coordinates (r, I). </>), has both terminals infinitely close to the origin and 
each is symmetrically disposed along the 0 = 0.7r-axes. It is assumed that the antenna 
is perfectly conducting, it is surrounded by an infinite homogeneous and isotropic 
medium, and its surface or an edge on its surface is described by a curve 

r = F{0, 4>) (ll-l) 

where r represents the distance along the surface or edge. If the antenna is to be scaled 
to a frequency that is K times lower than the original frequency, the antenna’s physical 
surface must be made K times greater to maintain the same electrical dimensions. 
Thus the new surface is described by 

r' = KF{6. <b) (11-2) 

The new and old surfaces are identical: that is. not only are they similar but they are 
also congruent (if both surfaces are infinite). Congruence can be established only by 
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rotation in 0. Translation is not allowed because the terminals of both surfaces are at 
the origin Rotation in 8 is prohibited because both terminals are symmetrically 
disposed along the II = 0. --axes. 

For the second antenna to achieve congruence with the lirst. it must be rotated 
by an angle C so that 


KF(8, 0) = FI 8. r/j + C) 


(H-3) 


The angle of rotation C' depends on K but neither depends on 8 or <i>. Physical 
congruence implies that the original antenna electrically would behave the same at 
both frequencies. However the radiation pattern will be rotated azimuthaliy through 
an angle C. For unrestricted values of K (0 < K s *). the pattern will rotate hy C in 
r/> with frequency, because C depends on K. but its shape will be unaltered. Thus the 
impedance and pattern will be frequency independent. 

To obtain die functional representation of Fill, </>). both sides of (I 1-3) are dif¬ 
ferentiated with respect to C to yield 

-^1 KFlO, 0)1 = ‘^FiO, 0) = <t> 4 C)J 

lie lie (ic 


il 


;nd> + C) 


- | Fill. (I> 4 C)| 


and with respect to </> to give 


jr 1 KF(0, <b) 1 = K= ± [m 0 + C)] 
r)0 00 00 


(11-4) 


m<t> + c 


I Fill. lb + 0.1 


Equating (11-5) to (11-4) yields 


<>K . ,. „mO.<b) 

— ««. 0, = A— 


Using (11-1) we can write (11-6) as 


1IK 
K <!C 


1^1 

/■ r)0 


(11-5) 


( 11 - 6 ) 


(11-7) 


Since the left side of (11-7) is independent of II and 0, a general solution for the 
surface r = F( 8. ib) of the unteunu is 


( 11 - 8 ) 
(11-8a) 


and fill) is a completely arbitrary function. 

Thus for any antenna to have frequency independent characteristics, its surface 
must be described by (11-8). This can be accomplished by specifying the function 
J\0) or its derivatives. Subsequently, interesting, practical, and extremely useful an¬ 
tenna configurations will be introduced whose surfaces arc described by (11-8). 
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11.3 EQUIANGULAR SPIRAL ANTENNAS 

The equiangular spiral is one geometrical configuration whose surface can be de¬ 
scribed by angles. It thus fulfills all the requirements for shapes that can be used to 
design frequency independent antennas. Since a curve along its surface extends to 
infinity, it is necessary to designate the length of the arm to specify a finite size 
antenna. The lowest frequency of operation occurs when the total arm length is 
comparable to the wavelength (21. For all frequencies above this, the pattern and 
impedance characteristics are frequency independent. 


11.3.1 Planar Spiral 

The shape of an equiangular plane spiral curve can he derived by letting the derivative 
off(6) in (11-8) be 


where A is a constant and <5 is the Dirac delta function. Using (11-9) reduces 
(ll-8)to 


(Ae a * = « = tt/2 

\() elsewhere 


( 11 - 10 ) 


where 


A = 

In wavelengths. (11-10) can he written as 


(11 -10a) 


Pa 


fl = = = (ll-ll) 


A A 


where 


<l> i = -ln(A) 

a 


Another form of (11-10) is 


1 / n\ n 

(/> = - In - = tan t//ln - = tan t//(lnp - In A) 
a \A A 


(11-1 la) 


( 11 - 12 ) 


where I/a is the rate of expansion of the spiral and 1 // is the angle between the radial 
distance p and the tangent to the spiral, as shown in Figure 11.1(a). 

It is evident from (ll-ll) that changing the wavelength is equivalent to varying 
<ft. which results in nothing more than a pure rotation of the infinite structure pattern. 
Within limitations imposed by the arm length, similar characteristics have been ob¬ 
served for finite structures. The same result can be concluded by examining (11-12), 
Increasing the logarithm of the frequency (In/) by C„ is equivalent to rotating the 
structure by C„ tan ■/#. As a result, the pattern is merely rotated hut otherwise unaltered. 
Thus we have frequency independent antennas. 
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t#> Singh *piul (l» Two spiral 10 ,. = 0. ■! 


tel Multiple spiral nil Multiple spiral 

<*e = 0. *IX ». .«»/’> l«o “ o, »/2. IT. J»/2) 

Figure 11.1 Spiral wire antennas. 

The total length I. of the spiral can be calculated by 



which reduces, using (11-10). to 

(11-14) 

where pi, and f>\ represent the inner and outer radii of the spiral. 

Various geometrical arrangements of the spiral have been used to form different 
antenna systems. If </>,, in (11-10) is 0 and jr. the spiral wire antenna takes the form 
of Figure 11.1(b). The arrangements of Figures 11.1 (c) and 11.1(d) arc each obtained 
when (/>„ = 0. -nil, tt. and 3 tt/ 2. Numerous other combinations are possible. 

An equiangular metallic solid surface, designated as P, can be created by defining 
the curves of its edges, using (11 10). as 

Pi = Pi'e a * 




(11-lSa) 
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where 

P/ = pi?-"* (I I-15c) 

such that 

K = — = e -"*< I (11-16) 

Pi 

The two curves, which specify the edges of the conducting surface, are of identical 
relative shape with one maynilied relative to the other or rotated hy an angle <5 with 
respect to the other. The magnification or rotation allows the arm of conductor I’ to 
have a finite width, as shown in Figure 11.2(a). 

The metallic arm of a second conductor, designated as Q. can he defined hy 

Pa = p/e"* = (11-17) 

where 

Ai’ = pjr* m 0 1-17;.) 

Ps = Pa'*"* = Pa'*'"* S) = Pi'e" 1 *' ” 1,1 HI 18) 

where 

Ps’ = PA* " A = fh'* "" r ~ Al (I I-18a) 

The system composed of the two conducting arms. P and Q. constitutes a balanced 
system, and it is shown in Figure 11.2(a). The finite size of the structure is specified 
by the fixed spiraling length Z<, along the centerline of the arm. The entire structure 
can be completely specified hy the rotation angle <5, the arm length Z^, the rate of 
spiral \/ti, and the terminal size p*. However, it has been found that most character¬ 
istics can he described adequately by only three: that Is. />• 1 . and K e as 
given by < 11 -16). In addition each arm is usually tapered at its end. shown hy dashed 
lines in Figure 11.2(a). to provide a better matching termination 

The previous analytical formulations can he used to describe two different anten¬ 
nas. One antenna would consist of two metallic arms suspended in free-space. as 
shown in Figure 11.2(a). and the other of a spiraling slot on a large conducting plane, 
as shown in Figure 11.2(b). The second is also usually tapered to provide better 
matching termination. The slot antenna is the most practical, because it can be con¬ 
veniently fed hy a balanced coaxial arrangement |2| to maintain its overall balancing. 
The antenna in f igure 11.2(a) with b ttH is sol I-complementary, as defined by 
Babinet's principle [7], and its input impedance lor an infinite structure should be 
Z v = 7 X - 188.5 — Wv ohms (for discussion of Bubinel's Principle see Section 
12.8), Experimentally, measured mean input impedances were found to be only about 
164 ohms. The difference between theory and experiment is attributed to the finite 
arm length, finite thickness of the plate, and nonideal feeding conditions. 

Spiral slot antennas, with good radiation characteristics, can be built with one- 
half to three turns. The most optimum design seems to be that with 1.25 to 1.5 turns 
with an overall length equal to or greater than one wavelength. The rate of expansion 
should not exceed about 10 per turn. The patterns are bidirectional, single-lobed. 
broadside (maximum normal to the plane), and must vanish along die directions 
occupied by the infinite structure. The wave is circularly polarized near the axis of 
the main lobe over the usable part of the bandwidth. For a fixed cut, the beamWidth 
will vary with frequency since the pattern rotates. Typical variations are on the order 
of 10°. In general, however, slot antennas with more broad amis and/or more lightly 
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tui Spiral plait* 




Figure 11.2 Spiral plate and slot antennas. 


wound spirals exhibit smoother and more uniform patterns with smaller variations in 
beamwidlh with frequency. For symmetrical structures, the pattern is also symmetrical 
with no till to the lobe structure. 

To maintain the symmetrical characteristics, the antenna must be led by an 
electrically and geometrically balanced line. One method that achieves geometrical 
balancing requires that the coax is embedded into one of the arms of the spiral. To 
maintain symmetry, a dummy cable is usually placed into the other arm. No appre¬ 
ciable currents How on the feed cables because of the rapid attenuation of the fields 
along the spiral. If the feed line is electrically unbalanced, a balun must he used. This 
limits the bandwidth of the system. 

The polarization of the radiated wave is controlled by the length of the arms. For 
very low frequencies, such that the total arm length is small compared to the wave¬ 
length. the radiated held is linearly polarized. As the frequency increases, the wave 
becomes ellipiically polarized and eventually achieves circular polarization. Since the 
pattern is essentially unaltered through this frequency range, the polarization change 
with frequency can he used as a convenient criterion to select the lower cutoff 
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11.3 



Figure 11.3 On-axis polarization its a function of frequency for one-turn spiral slot. 
(SOUrch: J D Dyson. “The Equiangular Spiral Antenna." I HI-: Train-. Antennas Prapagat., 
Vol. AP-7. pp. IKI-187. April 1959. ■ (1959) IF.EF.I 


frequency of the usable bandwidth. In many practical cases, this is chosen to be the 
point where the axial ratio is equal or less than 2 to I. and it occurs typically when 
the overall armlength is about one wavelength. A typical variation in axial ratio of 
the on-axis field as a function of frequency for a one-turn slot antenna is shown in 
Figure 11.3. The off-axis radiated field has nearly circular polarization over a smaller 
part of the bandwidth. In addition to the limitation imposed on the bandwidth by the 
overall length of the arms, another critical factor that can extend or reduce the 
bandwidth is the construction precision of the feed. 

The input impedance of a balanced equiangular slot antenna converges rapidly 
as the frequency is increased, and it remains reasonably constant for frequencies for 
which the arm length is greater than about one wavelength. Measured values for a 
700—2.500 MHz. antenna |2] were about 75-100 ohms with VSWR's of less than 2 
to I for 50-ohm lines. 

For slot antennas radiating in free-space. without dielectric material or cavity 
backing, typical measured efficiencies arc about 98'/, for arm lengths equal to or 
greater than one wavelength. Rapid decreases arc observed for shorter anus. 

11.3.2 Conical Spiral 

The shape of a nonplanar spiral can be described by defining the derivative of f(0) 
to be 

^ = ftf) = A6{$ - 6) Cl 1-19) 

<10 

in which fi is allowed to take any value in the range (I < ^ < j. For a given value 
of /3, 111-19) m conjunction with (11-81 describes a spiral wrapped on a conical 
surface. The edges of one conical spiral surface are defined by 

r , = r ,y«.■"«.»* = r {e h * 

r, = r i 'e u " n *' 6 = n'e 


astiiUAdt til 


111 -20a) 

(I I-20b) 
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where 

r,' = r 2 ‘ e <•*»*>* (I I-20c) 

and f)„ is half of the total included cone angle. Larger values of in 0 < 0 s tt/2 
represent less tightly wound spirals. These equations correspond to (I I-I5a)-(11-15c) 
for the planar surface. The second arm of a balanced system can be defined by shifting 
each of (I l-20aH 11 -20c) by 180°. as was done for the planar surface by (11-17)— 
(I I-18a). A conical spiral metal strip antenna of elliptical polarization is shown in 
Figure I 1.4 J8J. 

The conducting conical spiral surface can be constructed conveniently by forming, 
using printed circuit techniques, the conical turns on the dielectric cone which is also 
used tis a support. The feed cable can be bonded to the metal arms which are wrapped 
around the cone. Symmetry can be preserved by observing the same precautions, like 
the use of a dummy cable, as was done for the planar surface. 

A distinct difference between the planar and conical spirals is that the latter 
provides unidirectional radiation (single lobe) toward ihe apex of the cone with the 
maximum along the axis. Circular polarization and relatively constant impedances are 
preserved over large bandwidths. Smoother patterns have been observed for unidirec¬ 
tional designs. Conical spirals can be used in conjunction with a ground plane, with 
a reduction in bandwidth when they are Hush-mounted on the plane. 



Figure 11.4 Conical spiral metal strip antenna, (source: Antennas, Antenna Masts and 
Mounting Adaptors. American Electronic Laboratories. Inc.. Lansdale. Pa.. Catalog 7.5M- 
7-74. Courtesy of American Electronic Laboratories. Inc.. Montgomeryville. PA 18936 USA) 
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Figure 11.5 Typical metal strip log-periodic configuration and antenna structure. 


11.4 LOG-PERIODIC ANTENNAS 

Another type of an antenna configuration, which closely parallels the frequency in¬ 
dependent concept, is the log-periodic structure introduced by DuHnmel and Isbell 
14), Because the entire shape of it cannot be solely specified by angles, it is not truly 
frequency independent. 


11.4.1 Planar and Wire Surfaces 

A planar log-periodic structure is shown in Figure 11 5(a). It consists of a metal strip 
whose edges are specified by the angle a/2. However, in order to specify the length 
from the origin to any point on the structure, a distance characteristic must be included. 
In spherical coordinates (/•. ft <■/») the shape of the structure can be written as 


0 = periodic function of |/> ln(r)| 
An example of it would be 


U = 0 o sin 


b lnl — 


( 11 - 21 ) 


( 11 - 22 ) 


It is evident from (11-22) that the values of 0 are repeated whenever the logarithm of 
the radial frequency ln(o>) = \n{2irf) differs by 2 n/b. The performance of the system 
is then periodic as a function of the logarithm of the frequency; thus the name 
logarithmic-periodic or log-periodic. 

A typical log-periodic antenna configuration is shown in Figure 11.5(b). It consists 
of two coplanar arms of the Figure 11.5(a) geometry. The pattern is unidirectional 
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Figure 11.6 Planar and wire logarithmically periodic antennas. 


toward the apex of the cone formed by the two arms, and it is linearly polarized, 
Although (he patterns of tins and other log-periodic structures are not completely 
frequency independent, the amplitude variations of certain designs are very slight. 
Thus practically they are frequency independent. 

Log-periodic w ire antennas were introduced by DuHamel (4]. While investigating 
the current distribution on log-periodic surface structures of the form shown in Figure 
11.6(a). he discovered that the lields on the conductors attenuated very sharply with 
distance. This suggested that perhaps there was a strong current concentration at or 
near the edges of the conductors. Thus removing part of the inner surface to form a 
wire antenna as shown in Figure 11.6(b) should not seriously degrade the performance 
of the antenna. To verify this, a wire antenna, with geometrical shape identical to the 
pattern formed by the edges of the conducting surface, was built and it was investigated 
experimentally As predicted, it was found that the performance of this antenna was 
almost identical to that of Figure 11.6(a); thus the discovery of a much simpler, lighter 
in weight, cheaper, and less wind resistant antenna. Nonplanar geometries in the form 
of a V. formed by bending one arm relative to die other, are also widely used. 

II the wires or the edges ol the plates are linear (instead of curs ed), the geometries 
of Figure 11.6 reduce, respectively, to the trapezoidal tooth log-periodic structures of 
Figure 11.7. These simplifications result in more convenient fabrication geometries 
w ith no loss in operational performance. There are numerous other bizarre but practical 
configurations of log-periodic structures, including log-periodic arrays. 

If the geometries of Figure 11.6 use uniform periodic teeth, we define the geo¬ 
metric ratio of the log-periodic structure by 



(11-23) 
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Figure 11.7 Planar and wire trapezoidal toothed log-periodic antennas. 


and the width of the antenna slot by 


X = 


K „. 


1-24) 


The geometric ratio r of (11 -23) defines the period of operation. For example, if two 
frequencies/! and f 2 are one period apart, they are related to the geometric ratio - by 





(11-25) 


Extensive studies on the performance of the antenna of Figure 11.6(b) as a 
function of «, /i r. and ,y. have been performed |9|. In general, these structures 
performed almost as well as the planar and conical structures. The only major differ¬ 
ence is that the log-periodic configurations are linearly polarized instead of circular 
A commercial lightweight, cavity-backed, linearly polarized. Ilush-mountcd log- 
periodic slot antenna and its associated gain characteristics are shown in Figures 
11.8(a) and (b) |8|. Typical electrical characteristics are: VSWR—2:1: /-.'-plane beam- 
width—70°: //-plane hcamwidth—70°. The maximum diameter of the cavity is about 
2.4 in. (6.1 cm), the depth is 1.75 in. (4.445 cm), and the weight is near 5 oz CO. 14 kg). 


11.4.2 Dipole Array 

To the layman, the most recognized log-periodic antenna structure is the configuration 
introduced by Isbell |5| which is shown in l f igurc 11.9(a). Ii consists of a sequence 
of side-by-side parallel linear dipoles forming a coplanar array. Although this antenna 
has similar directivities as (lie Yagi-Uda array (7-12 dB). they arc achievable and 
maintained over much wider handwidths. There are. however, major differences be¬ 
tween them. 

While the geometrical dimensions of the Yagi-Uda array elements do not follow 
any set pattern, the lengths (/„'s), spacing* (AY*), diameters (</„'s), and even gap 
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Figure 11.8 Linearly polarized llush-mounied cavity-bucked log-periodic slot an- 
lennu and typical gain characteristics, (soum i-; Anteiuinx, Anirniui Minis and 
Mounting Adaptors. American I Electronic I .ahorttlorics, Inc.. I.ansdalc. Pa. Catalog 
7.5M-7-79. Courtesy of American F.leetromc Laboratories. Inc, Montgomeryville. 
PA I8‘)36 USA) 


spacings at dipole centers (v„'s) of the log-periodic array increase logarithmically as 
defined by the inverse of the geometric ratio r. That is. 


1 /; /„ , | R„+'\ 

(Is 


_ _ 

• v « -1 

T /, /„ *t R„ 

d) 

d„ 


Sn 


Another parameter that is usually associated with a dipole array is the spacing factor 
it defined by 



(11 -26a) 


Straight lines through the dipole ends meet to form an angle 2o which is a character¬ 
istic of frequency independent structures. 

Because it is usually very difficult to obtain wires or tubing of many different 
diameters and to maintain tolerances of very small gup spacings. constant dimensions 
in these can he used. These relatively minor factors will not sufficiently degrade the 
overall performance. 

While only one element of the Yagi-Udu array is directly energized by the feed 
line, while the others operate in a parasitic mode, all the elements of the log-periodic 
array are connected. There are (wo basic methods, as shown in Figures 11.9(h) and 
11.9(c). which could be used to connect and feed the elements of a log-periodic dipole 
array. In both cases the antenna is led at the small end of the structure. 

The currents in the elements of Figure 11.9(b) have the same phase relationship 
as die terminal phases. If in addition the elements are closely spaced, the phase 
progression of the currents is to the right. This produces an end fire beam in the 
direction of the longer elements and interference effects to the pattern result. 

It was recognized that by mechanically crisscrossing or transposing the feed 
between adjacent elements, its shown in Figure 11.9(c). a 180” phase is added to the 
terminal of each element. Since the phase between the adjacent closely spaced short 
elements is almost in opposition, very little energy is radiated by them and their 



















556 Chapter 11 Frequency Independent Antennas and Antenna Miniaturization 


interference effects are negligible. However, at the same time, the longer and larger 
spaced elements radiate. The mechanical phase reversal between these elements pro¬ 
duces a phase progression so that the energy is beamed endlire in the direction of the 
shorter elements. The most active elements for this feed arrangement arc thrive that 
are near resonant with a combined radiation pattern toward the vertex of the array. 

The feed arrangement of Figure 11.9(c) is convenient provided the input feed line 
is a balanced line like the two-conductor transmission line. Using a coaxial cable as 
a feed line, a practical method to achieve the ISO 0 phase reversal between adjacent 
elements is shown in Figure 11.9(d). This feed arrangement provides a built-in broad¬ 
band balun resulting in a balanced overall system. The elements and the feeder line 
of this array are usually made of piping. The coaxial cable is brought to the feed 
through the hollow part of one ol the feeder line pipes. While the outside conductor 
of the coax is connected to that conductor at the feed, its inner conductor is extended 
und it is connected to the other pipe of the feeder line. 

If the geometrical pattern of the log-periodic array, as defined by (11-26). is to 
be maintained to achieve a truly log-periodic configuration, an infinite structure would 
result. However, to be useful as a practical broadband radiator, the structure is trun¬ 
cated at both ends. This limits the frequency of operation to a given bandw idth. 

The cutoff frequencies of the truncated structure can be determined by the elec¬ 
trical lengths of the longest and shortest elements of the structure. The lower cutoff 
frequency occurs approximately when the longest element is A/2: however, the high 
cutoff frequency occurs when the shortest clcmenl is nearly A/2 only when the active 
region is very narrow. Usually it extends beyond that element. The active region of 
the log-periodic dipole array is near the elements whose lengths are nearly or slightly 
smaller than A/2. The role of active elements is passed from the longer to the shorter 
elements as the frequency increases. Also the energy from the shorter active elements 
traveling toward the longer inactive elements decreases very rapidly so that a negli¬ 
gible amount is reflected from the truncated end. The movement of the active region 
of the antenna, and its associated phase center, is an undesirable characteristic in the 
design of feeds for reflector and lens antennas. 

The decrease of energy toward the longer inactive elements is demonstrated in 
Figure 11.10(a). The curves represent typical computed and measured transmission 
line voltages (amplitude and phase) on a log-periodic dipole array 110| its a function 
of distance from its apex. These are feeder-line voltages at the base of the elements 
of an array w'ith r = 0.95, it = 0.0564. N = 13. and l„/il„ = 177. The frequency of 
operation is such that element No. 10 is A/2. The amplitude voltage is nearly constant 
from the first (the feed) to the eighth element while the corresponding phase is 
uniformly progressive. Very rapid decreases in amplitude and nonlinear phase varia¬ 
tions are noted beyond the eighth element. 

The region of constant voltage along the structure is referred to as the transmission 
region, because it resembles that of a matched transmission line. Along the structure, 
there is about 150° phase change for every A/4 frce-space length of transmission line. 
This indicates that the phase velocity of the wave traveling along the structure is 
i> ( , = 0.6q„ where u, is the free-spacc velocity. The smaller velocity results from the 
shunt capacitive loading of the line by the smaller elements. The loading is almost 
constant per unit length because there are larger spacings tie tween the longer elements. 

The corresponding current distribution is shown in Figure 11.10(b). It is noted 
that die rapid decrease in voltage is associated with strong current excitation of 
elements 7-10 followed by a rapid decline. The region of high current excitation is 
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Figure 11.10 Measured and computed voltage and current distributions on a log-periodic dipole array of 13 elements with 
frequency such that ■= A/2. (sot rcv: R- L. Carrel. ‘Analysis and Design of die Log-Periodic Dipole Antenna." Pb.D. 
Dissertation, Elec. Eng. Dept.. University of Illinois'. 1961, University Microfilms. Inc.. Ami Arbor, Michigan) 
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Figure 11.11 Typical input impedance variation of a log-periodic antenna 
as a function of the logarithm of the frequency. 


designated as the arrive region , and it encompasses 4 to 5 elements for this design. 
Tiie voltage and current excitations of the longer elements (beyond the ninth) are 
relatively small, reassuring that the truncated larger end of the structure is not affecting 
the performance. The smaller elements, because of their length, are not excited effec¬ 
tively. As the frequency changes, the relative voltage and current patterns remain 
essentially the same, hut they move toward the direction of the active region. 

T/iere is a linear increase in current phase, especially in the active region, from 
the shorter to the longer elements. This phase shift progression is opposite in direction 
to that of an unloaded line. It suggests that on the log-periodic antenna structure there 
is a wave that travels toward the feed forming a unidirectional endlire pattern toward 
the vertex, 

The radiated wave of a single log-periodic dipole array is linearly polarized, and 
it hits horizontal polarization when the plane of the antenna is parallel to the ground. 
Bidirectional patterns and circular polarization can he obtained by phasing multiple 
log-periodic dipole arrays. For these, the overall effective phase center can be main¬ 
tained at the feed. 

If the input impedance of a log-periodic antenna is plotted as a function of 
frequency, it will be repetitive. However, if it is plotted as a function of the logarithm 
of the frequency, it will be periodic (not necessarily sinusoidal) with each cycle being 
exactly identical to the preceding one. Hence the name log-periodic, because the 
variations are periodic with respect to the logarithm of the frequency. A typical 
variation of the impedance as a function of frequency is shown in Figure I l.l I. Other 
parameters that undergo similar variations are the pattern, directivity, beamwidth. and 
side lobe level. 

The periodicity of the structure does not ensure broadband operation. However, 
if the variations of the impedance, pattern, directivity, and so forth within one cycle 
are made sufficiently small and acceptable for the corresponding bandwidth of the 
cycle, broadband characteristics are ensured within acceptable limits of variation. The 
total bandwidth is determined by the number of repetitive cycles for the given trun¬ 
cated structure. 

The relative frequency span A of each cycle is determined by the geometric ratio 
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TABLE 11.1 INPUT RESISTANCES </?,„ IN OHMS) AND DIRECTIVITIES 

(dB ABOVE ISOTROPIC) FOR LOG-PERIODIC DIPOLE ARRAYS 


a 

T = 0.81 

- = 0.89 

t = 0.95 





Ai(dB) 
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SOURCi-.; U. H I shell. "Log Periodic Dipole Arrays." IKIi Turn. Amenmis Pi'opagnl., Vol, AP-H. pp. 
260-267. May I960, »n (I96QJ 11-HE. 


us defined by (11-251 and (11-261* Taking the logarithm of both sides in 1 11-25) 
reduces to 

A = ln(/ 2 .) - Inf/,) = ln|~| (11-27) 

The variations that occur within a given cycle (/i / s /', J\/t) will repeat 

identically at other cycles of Ihe bandwidth defined hy f/r" 1 ^ f s I\/t". n = I. 

2, 3. 

Typical designs of log-periodic dipole arrays have apex half angles of 10° s a 
45 and 0.95 > r s: 0.7. There is a relation between the values of a and r. As a 
increases, the corresponding r values decrease, and vice versa, Larger values of « or 
smaller values of r resuli in more compact designs which require smaller number of 
elements separated by larger distances. In contrast, smaller values of or or larger values 
of r require a huger number of elements that are closer together. For this type of a 
design, there are more elements in the active region which are nearly A/2. Therefore 
the variations of the impedance and other characteristics as a function of frequency 
arc smaller, because of the smoother transition between the elements, and the gains 
are larger. 

Experimental models of log-periodic dipole arrays have been built and measure¬ 
ments were made |5). The input impedances (purely resistive) and corresponding 
directivities (above isotropic) for three different designs are listed in Table ILL 
Larger directivities can be achieved by arraying multiple log-periodic dipole arrays. 
There are other configurations of log-periodic dipole array designs, including those 
with V instead of linear elements (III. This array provides moderate bandwidths with 
good directivities at the higher frequencies, and it is widely used as a single TV 
antenna covering the entire frequency spectrum from the lowest VHP channel (54 
MHz) to the highest UHF (806 MHz). Typical gain. VSWR. and /■'- and //-plane half- 

"ln some eases. Ihe impedance (but not the pattern) may vary with a period which is one-half of (11-27). 
That is. A = s Ini I/t), 
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Figure 11.12 Typical gain. VSWR. and hall-power bcamwidth of commercial 
log-periodic dipole arrays (sourcf.: Antenna t. Antenna Musts mill Mounting 
Adaptor*. American Flectronic 1 .a hormones. Inc.. Lonsdale. Pa.. Catalog 7 5M-7- 
7‘I. Courtesy of American Blcctronic Laboratories. Inc.. Montgomcryvillc. PA 
18936 USA) 


power beamwidths of commercial log-pcriodic dipole arrays arc shown in Figures 
11.12(a). (b). (c). respectively [8]. The overall length of each of these antennas is 
about 105 in. (266.70 cm) while (he largest element in each has an overall length of 
about 122 in. (309.88 cm). The weight of each antenna is about 31 Ih (=14 kg). 
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II.4.3 Design of Dipole Array 

The ultimate goal of any antenna configuration is the design that meets certain spec¬ 
ifications. Probably the most introductory, complete, and practical design procedure 
for a log-periodic dipole array is that by Carrel [10]. To aid in the design, lie has a 
set of curves and nomographs. The general configuration of a log-periodic array is 
described in terms of the design parameters r. a. and rr related by 



_ 



1 - T 


« = tan 

4 (T 






Once two of them are specified, the other can be found. Directivity (in dB) contour 
curves as a function of r for various values of cr are shown in Figure 11.13. 

The original directivity contour curves in [ l()| are in error because the expression 
for the £-p)ane field pattern in | J t)| is in error. To correct the error, the leading si n(0) 
function in front of the summation sign of equation 47 in fl()| should he in the 
denominator and not in the numerator [i.e., replace sin 0 by l/sin(0)] [12], The 
influence of this error in the contours of Figure 11.13 is variable and leads to I -2 dB 
higher directivities. However it has been suggested that, as an average, the directivity 
of each original contour curve he reduced by about 1 dB. This has been implemented 
already, and the curves in Figure 11.13 are more accurate as they now appear. 



Figure 11.13 Computed contours of constant directivity versus <r and r 
for log periodic dipole arrays, (source: R. L. Carrel. "Analysis and Design 
of the Log-Periodic Dipole Antenna." Ph.D. Dissertation, Elec. Eng. Dept.. 
University of Illinois, 1961, University Microfilms, Inc.. Ann Arbor 
Michigan) 

Male: The initial curves led to designs whose directivities are 1-2 dB loo 
high. They have been reduced by an average of LIB (see P. C.\ Butson and 
G T. Thompson, "A Note on the Calculation of the Gain of Log-Periodic 
Dipole Antennas." IEEE Trans. Amentias Prnpagat.. AP-24. pp. 105-106. 
January 1976). 
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A. Design Equation* 

In this section a number of equations will be introduced that can be used to design a 
log-periodic dipole array. 

While the bandwidth of the system determines the lengths of the shortest and 
longest elements of the structure, die width of the active region depends on the specific- 
design. Carrel 110] has introduced a semiempirieal equation to calculate the bandwidth 
of the active region B,„ related to « and r by 


li ar = 1.1 + 7.7(1 - t ) 2 cot a 


(11-29) 


In practice a slightly larger bandwidth (/),) is usually designed than that which is 
required (/?). The two are related by 


B, = BB lir = B\ I. I + 7.7( 1 r) : cot <r| 


(11-30) 


where 


B, = designed bandwidth 
B = desired bandwidth 
B ur = active region bandwidth 


The total length of the structure L. from die shortest (/„,,„) to the longest (/„,„) 
element, is given by 



(11-31) 


(I l-3lal 


Prom the geometry of the system, the number of elements are determined by 


N = 


InUU 

ln( 1/r) 


(11-32) 


The centcr-lo-center spacing v of the feeder line conductors can be determined 
by specifying the required input impedance (assumed to be real), and the diameter of 
the dipole elements and the feeder line conductors. To accomplish this, we lirst define 
an average characteristic impedance of the elements given by 


Z„ = 120 



(11-33) 


where /„/</„ is the length-to-diameter ratio of the mil element of the array. For an ideal 
log-periodic design, this ratio should be the same for all the elements of the array 
Practically, however, the elements are usually divided into one. two. three or more 
groups w ith all the elements in each group having the same diameter but not the same 
length. The number of groups is determined by the total number of elements of the 
array. Usually three groups (for the small, middle, and large elements) should be 
sufficient. 
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Figure 11.14 Relative characteristic impedance ol' a feeder line as a function ol 
relative characteristic impedance of dipole element, (source: R. L. Carrel, 
"Analysis and Design of the Log-Periodic Dipole Antenna." Plt.D. Dissertation. 
Flee. Bng. Dept.. University of Illinois. 1961. University Micro!!lots. Inc.. Ann 
Arbor. Michigan) 


The effective loading of the dipole elements on the input line is characterized by 
the graphs shown in Figure 11.14 where 

it' = (Tly/r = relative mean spacing 

Z„ - average characteristic impedance of the elements 

A* ln = input impedance (real) 

Z ( | = characteristic impedance of the feeder line 


The center-to-center spacing s between the two rods of the feeder line, each of 
identical diameter </. is determined by 


s = d cosh 



(11-34) 


B. Design Procedure 

A design procedure is outlined here, based on the equations introduced above and in 
the previous page, and assumes that the directivity (in dB), input impedance R- m (real), 
diameter of elements of feeder line (d), and the lower and upper frequencies (B = 
Jmm/fmJ of the bandwidth are specified. Ii then proceeds as follows: 

1. Given 0 () (dB). determine a and r from Figure 11.13. 

2. Determine a using (11-28). 

3. Determine B,„. using (11-29) and B , using (11-30). 

4. Find L using (11-31) and N using (11-32). 

5. Determine Z„ using (11-33) and if’ = ir/s/r. 

6. Determine Zi/A’i.. using Figure 11.14. 

7. Finds using (11-34). 
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Example 11.1 

Design a log-periodic dipole antenna, of the form shown in Figure 11.9(d). to cover 
all the VIII- TV channels (starting with 54 MHz for channel 2 and ending with 216 
MHz for channel 13. See Appendix IX.) The desired directivity is 8 dB and the input 
impedance is 50 ohms (ideal for a match to 50-ohm coaxial cable). The elements 
should be made of aluminum tubing with 3 in. (1.9 cm) outside diameter for the largest 
element and the feeder line and ^ in. (0.48 cm) for the smallest clement. These 
diameters yield identical lid ratios for the smallest and largest elements. 


SOLUTION 

1. From Figure 11 . 13 . for D t , = 8 dli the optimum it is r r = 0.157 and the 
corresponding r is 7 = 0 . 865 . 

2. Using (11-28) 



3. Using (11-29) 

B„, = l.l + 7.7(1 - 0.865 1 1 cot( 12.13°) = 1.753 
and from (11-30) 

II, = IW,„ = 1.753) = 4(1.753) = 7.01 

4. Using (11-3la) 

A "“=/i"S5^^ = 5 ■ 556m<l8 • :!27ft, 

From (11-31) 

L = ~ y^-)cot(12.l3°) = 5.541 m( 18.178 ft) 

and from (11 -32) 


N = I + 


5. (t‘ 


<r 


ln(7.()l) 
ln< 1/0.865) 
0.157 


\Tt v'0- 8 &5 
At the lowest frequency 


= 14.43 (14 or 15 elements) 
0.169 


- . = 




9.1135(12) 

0.75 


= 145.816 


Using (11-33) 

Z, = 120|Ini 145.816) - 2.25| = 327.88 ohms 
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Thus 


6. 


= 327,88 
K, n ~ 50 

From Figure 11.14 


6.558 

» 


Z,, ~ l.2/? in = 1.2(50) - 60 ohms 

7. Using (1 I -34). assuming the feeder line conductor is made of the same size tuhing 
as the largest element of the array, the center-to-center spacing of the feeder 
conductors is 

3 / 60 \ 

.v = - cosh — = 0.846 - 0.85 in. 

4 \ 120 / 


which allows for a 0.1-in. separation between their conducting surfaces. 


For such a high-gain antenna, this is obviously a good practical design. If a lower 
gain is specified and designed for. a smaller length will result. 

C. Design and Analysis Computer Program 

A computer program entitled LOG-PERIODIC DIPOLE ARRAY has been developed 
based on the design equations of (I I-28;—(11-34), and Figures 11.13 and 11.14, to 
design a log-periodic dipole array whose geometry is shown in Figure 11.9(a). Al¬ 
though most of the program is based on Line same design equations as outlined in the 
design subsection, this program takes into account more design specifications than 
those included in the previous design procedure, and it is more elaborate. Once the 
design is completed, the computer program can be used to analyze the design of the 
antenna. It is included at the end of this chapter, and the listing is found in the 
computer disc available with this book. 'Hie program has been developed based on 
input specifications, which are listed in the program at the end of the chapter. It can 
be used as a design tool to determine the geometry of the array (including the number 
of elements and their corresponding lengths, diameters, and positions) along with the 
radiation characteristics of the array (including input impedance. VSWR. directivity, 
front-to-back ratio. E- and //-plane patterns, etc.) based on desired specifications. The 
input data includes the desired directivity, lower and upper frequency of the operating 
band, length-to-diameter ratio of the elements, characteristic impedance of the input 
transmission line, desired input impedance, termination (load) impedance, etc. These 
and others are listed in the program at the end of the chapter. 

The program assumes that the current distribution on each antenna element is 
sinusoidal. This approximation would be very accurate if the elements were very far 
from each other. However, in the active region the elements are usually separated by 
a distance of about 0.1A when a = 15° and t = 0.9. Referring to Figure 8.21. one 
can see that two A/2 dipoles separated by 0.1A have a mutual impedance (almost real) 
of about 70 ohms. If this mutual impedance is high compared to the resistance of the 
transmission line (not the characteristic impedance), then the primary method of 
coupling energy to each antenna will be through the transmission line. If the mutual 
impedance is high compared to the self-impedance of each element, then the effect 
on the radiation pattern should be small. In practice, this is usually the case, and the 
approximation is relatively good. However, an integral equation formulation with a 
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Moment Method numerical solution would be more accurate. The program uses (8- 
60a) for the self-resistance and (8-60H) for the self-reactance. It uses (8-68) for the 
mutual impedance, which for the side-by-side contiguration reduces to the sine and 
cosine integrals in 113|. similar in form to <8-71a>-(8-71cl for the / = A/2 dipole. 

The geometry of the designed log-periodic dipole array is that of Figure 11.9, 
except that the program also allows Tor an input transmission line (connected to the 
ftrst/shortest element), a termination transmission line (extending beyond the last/ 
longest element), and a termination (load) impedance. The length of the input trans¬ 
mission line changes the phase of computed data (such as voltage, current, reflection 
coefficient, etc.) while its characteristic impedance is used to calculate the VSWR, 
which in turn affects the input impedance measured at the source. The voltages and 
currents are found based on the admittance method of Kyle |14|. The termination 
transmission line and the termination (load) impedance allow for the insertion of a 
matching section whose primary purpose is to absorb any energy which manages to 
continue past the active region. Without the termination (load) impedance, this energy 
would be reflected along the transmission line back into the active region where j| 
would affect the radiation characteristics of the array design and performance. 

In designing the array, the user has the choice to select it and r (hut not the 
directivity) or to select the directivity (but not it and t). In the latter case, the program 
finds it and t by assuming an optimum design as defined by the dashed line of Figure 
11.13. For the geometry of the array, the program assumes that the elements arc placed 
along the .--axis (with the shortest at; = 0 and die longest along the positive z-axis). 
Each linear element of the array is directed along the v-axis (i.c., the array lies on the 
yz-plane). The angle 0 is measured from the : axis toward the yv-plane while angle 
<l> is measured from the .v-axis (which is normal lo the plane of the array) toward (he 
v-axis along the yv-plane. The E-plane of the array is the yr-piane ( <1> 90°. 270°: 

0° < I) aS 180“) while the //-plane is the ir-plunc (<f> = 0°.’ I80 u : 0° < 0 ■£ 180°) 


11.5 FUNDAMENTAL LIMITS OF ELECTRICALLY 
SMALL ANTENNAS 

In all areas of electrical engineering, especially in electronic devices and computers, 
the attention lias been shifted toward miniaturization. Electromagnetics, and antennas 
in particular, are of no exception. A large emphasis in the last few years has been 
placed toward electrically small antennas, including printed board designs. However, 
there are fundamental limits as to how small the antenna elements can be made. The 
basic limitations are imposed by the Iree-space wavelength to which the antenna 
element must couple to. which has not been or is expected to be miniaturized [15]. 

An excellent paper on the fundamental limits in antennas has been published 115], 
and most of the material in this section is drawn from it. It reviews the limits of 
electrically small, superdirective, super-resolution, and high-gain antennas. The limits 
on electrically small antennas arc derived by assuming that the entire antenna structure 
(witli a largest linear dimension of 2 r). and its transmission line and oscillator are all 
enclosed within u sphere of radius r as shown in Figure 11.15(a). Because of the 
arbitrary current or source distribution of the antenna inside the sphere, its radiated 
field outside the sphere is expressed as a complete set of orthogonal spherical vector 
waves or modes. For vertically polarized omnidirectional antennas, only TM„, n cir¬ 
cularly symmetric (no azimuthal variations) modes are required. Each mode is used 
to represent a spherical wave which propagates in the outward radial direction. This 
approach was introduced first by Chu [16]. and it was followed by Harrington (17]. 
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Figure 11.15 Antenna within a sphere of radius r. and its equivalent circuit modeling, 
(sot kc i : C. I Chu. "Physical Limitations of Omnidirectional Antennas." J, Ap/il. I'hyv. 
Vol. 19. pp. 1163 1175. December IW8) 


Earlier papers on the fundamental limitations and performance of small antennas were 
published by Wheeler 1181—[20]. He derived the limits of a small dipole and a small 
loop (used us a magnetic dipole) from the limitations of a capacitor and an inductor, 
respectively. The capacitor and inductor were chosen to occupy, respectively, volumes 
equal to those of the dipole and the loop. 

Using the mathematical formulation introduced by Chu 116]. the source or current 
distribution of the antenna system inside the sphere is not uniquely determined by the 
Held distribution outside the sphere, Since it is possible to determine an infinite number 
of different source or current distributions inside the sphere, for a given held config¬ 
uration outside the sphere. Diu 116] confined his interest to the most favorable source 
distribution and its corresponding antenna structure that could exist within the sphere. 
This approach was taken to minimize the details and to simplify the task of identifying 
tlie antenna structure. It was also assumed that the desired current or source distribution 
minimizes the amount of energy stored inside the sphere so that the Input impedance 
at a given frequency is resistive. 

Because the spherical wave modes outside the sphere are orthogonal, the total 
energy (electric or magnetic) outside the sphere and the complex power transmitted 
across the closed spherical surface are equal, respectively, to die sum of the energies 
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and complex powers associated with each corresponding spherical mode. Therefore 
there is no coupling, in energy or power, between any two modes outside the sphere. 
As a result, the space outside the sphere can be replaced by a number of independent 
equivalent circuits as shown in Figure I 1.15(b). Tire number of equivalent circuits is 
equal to the number of spherical wave modes outside the sphere, plus one. The 
terminals of each equivalent circuit are connected to a box which represents the inside 
of the sphere, and from inside the box a pair of terminals are drawn to represent the 
input terminals. Using this procedure, the antenna space problem has been reduced to 
one of equivalent circuits. 

The radiated power of the antenna is calculated from the propagating modes while 
all modes contribute to the reactive power. When the sphere (which encloses the 
antenna element) becomes very small, there exist no propagating modes. Therefore 
the Q of the system becomes very large since all modes arc evanescent (below 
cutoff) and contribute very little power. However, unlike closed waveguides, each 
evanescent mode here has a real part (even though it is very small). 

For a lossless antenna (radiation efficiency e,.,/ = 100%), the equivalent circuit 
of each spherical mode is a single network section with a series C and a shunt L. The 
total circuit is a ladder network of L — C sections (one for each mode) with a linal 
shunt resistive load, as shown in Figure 11.15(c). The resistive load is used to represent 
the normalized antenna radiation resistance. 

From this circuit structure, the input impedance is found. The Q of each mode is 
formed by the ratio of its stored to its radiated energy. When several modes are 
supported, the Q is formed from the contributions of all the modes. 

It has been shown that the higher order modes within a sphere of radius /• become 
evanescent when kr < I. Therefore the Q of the system, lor the lowest order TM 
mode, reduces to 1151 


Q = 


I + 2 (kr) 2 i J_ 

(Jtr) , | I + {kr ) 2 1 {kr)' 


(11-35) 


When two modes are excited, one TK and the other TM. the values of Q are halved. 
Equation (11 -35), which relates the lowest achievable (J to the lurgest linear dimension 
of an electrically small antenna, is independent of the geometrical configuration of 
the antenna within the sphere of radius r. The shape of the radiating element within 
the bounds of the sphere only determines whether TE. TM. or TE and TM inodes are 
excited. Therefore {11-35) represents the fundamental limit on the electrical size of 
an antenna. In practice, this limit is only approached but is never exceeded or even 
equaled. 

The losses of an antenna can be taken into account by including a loss resistance 
in series with the radiation resistance, as shown by the equivalent circuits of Figures 
2.21(b) and 2.22(b). This influences the Q of the system and the antenna radiation 
efficiency as given by (2-90). 

Computed values of Q versus kr for idealized antennas enclosed within a sphere 
of radius r. and with radiation efficiences of e cj = 100. 50. 10. and 5. are shown 
plotted in Figure 11.16. These curves represent the minimum values or Q that can be 
obtained from an antenna whose structure can be enclosed within a sphere of radius 
r and whose radiated field, outside the sphere, can be represented by a single spherical 
wave mode. 
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Figure 11.16 Fundamental limits of (J versus antenna si/.e (enclosed within a sphere of 
radius r) for single-mode antennas of various radiation efficiencies, (source: R C. Hansen. 
“Fundamental Limitations in Antennas." Prat . IEEE. Vol. 69. No. 2. February 19X1. O 
(1981) IEEE) 


For antennas with equivalent circuits of fixed values, the fractional bandwidth is 
related to the Q of the system by 

I 

fractional bandwidth = FBW = — = — (11-36) 

fa Q 


where 

/o = center frequency 
A/ = bandwidth 

The relationship of (11-36) is valid for Q » 1 since the equivalent resonant circuit 
with tixed values is a good approximation for an antenna. For values of Q < 2. 
(11-36) is not accurate. 

To compare the results of the minimum Q curves of Figure 11.16 with values of 
practical antenna structures, data points for a small linear dipole and a Goubau ]211 
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antenna are included in the same figure. For a small linear dipole of length / and wire 
radius a. its impedance is given by 115) 


Zm 




( 11 - 37 ) 


and its corresponding Q by 



( 11 - 38 ) 


The real part in (11-37) is identical to (4-37). The computed Q values of the small 
dipole were For kll 2 - kr - 0.62 and 1.04 with 112a ~ I/d = 50. and of the Gouhau 
antenna were for kr = 1.04. 

It is apparent that the Q' s of the dipole are much higher than the corresponding 
values of the minimum Q curves even for the 100% efficient antennas. However the 
Goubau antenna, of the same radius sphere, demonstrates a lower value of Q and 
approaches the values of the 100% minimum Q curve. This indicates that the fractional 
bandwidth of the Goubau antenna, which is inversely proportional to its Q as defined 
by (11-36). is higher than that of a dipole enclosed within the same radius sphere. In 
turn, the bandwidth of an idealized antenna, enclosed within the same sphere, is even 
larger. 

From the above, it is concluded that the bandwidth of an antenna (which can he 
closed within a sphere of radius r) can be improved only if the antenna utilizes 
efficiently, with its geometrical configuration, the available volume within the sphere. 
The dipole, being a one-dimensional structure, is a poor utilizer of the available 
volume within the sphere. However a Goubau antenna, being a clover leaf dipole with 
coupling loops over a ground plane (or a double cover leaf dipole without a ground 
plane), is a more effective design for utilizing the available three-dimensional space 
within the sphere. A design that utilizes the space even more efficiently than the 
Goubau antenna would possess a lower Q and u higher fractional bandwidth. Ulti¬ 
mately, the values would approach the minimum Q curves. In practice, these curves 
are only approached but are never exceeded or even equaled. 


References 

1. V. H. Rumsey. “Frequency Independent Antennas," 1957 IKE National Convention 
Record, pt. I, pp. 114-118. 

2. J. D, Dyson. " The Equiangular Spiral Antenna," IKI: Trans. Antennas Prnpagat., Vol, 
AP-7. pp. 181-187, April 1959. 

3. J. D. Dyson, "The Unidirectional Equiangular Spiral Antenna," IRE Trans. Antennas 
Prnpagat., Vol. AP-7. pp. 329-334. October 1959. 

4. R. H. DuHamel and D. E. Isbell, "Broadband Logarithmically Periodic Antenna Struc¬ 
tures." 1957 IKE National Convention Record, pt. I.pp. 119-128. 

5. D. E. Isbell. "Log Periodic Dipole Arrays," IKE Trans. Antennas Prnpagat., Vol, AP- 
8. pp. 260-267. May I960. 



Problems 571 


6 . R. S. EllioU. “A View of Frequency Independent Antennas," The Microwave Journal, 
pp. 61-68, December I‘162. 

7. 1-1, G. Booker. "-Slot Aerials and Their Relation to Complementary Wire Aerials." 
Journal of IE£ (London). Vol. ‘73. pt. IIIA. April 1946. 

8 . Antennas, Antenna Masts anil Mounting Adaptors. American Electronic Laboratories. 
Inc., Lansdalc. PA. Catalog 7.5M-7-79. 

9. R. H. DuHamel and I- R. Ore. "Logarithmically Periodic Antenna Designs." IRE Na¬ 
tional Convention Record, pt. I, pp. 139 152. 1958. 

10. R. L. Carrel. “Analysis and Design of the Log-Periodic Dipole Antenna," Plt.D. Disser- 
tatiun, I let. l ng- Dept.. University of Illinois. 1961, University Miciofdms. Inc., Ann 
Arbor. Ml. 

II P. E. Mayes and R. I... Carrel. "Log-Periodic Resonant-V Arrays." presented at WES- 
CON. San Francisco. California. August 22-25, 1961. 

12. P. C Hudson and G. T. Thompson. "A Note on the Calculation of the Gain of Log- 
Periodic Dipole Antennas." IEEE Trans, Antennas Fropttgttl., AP-24, pp. 105-106. 
January 1976. 

13. II F King. "Mutual Impedance of Unequal Length Antennas in Echelon," IFF Frans. 
Antennas Propagat., Vol. AP-5. pp. 306-313. Inly 1957. 

14. R. H. Kyle. "Mutuu! Coupling Between Log-Periodic Dipole Antennas." General Elec¬ 
tric Tech. Into. Senes. Report No. R69ELS-3. December 1968 

15. R. C. Hansen. "Fundamental Limitations in Antennas." Proc. IFEh:, Vol. 69. No. 2. 
February 1981. 

16 L I. C'liu. "Physical Limitations of Omnidirectional Antennas," J. Appl. Phys.. Vol. 19, 
pp. 116.3-1175. December 1948. 

17. R, F. Hurrington. "Effect of Antenna Si/e on Gain. Bandwidth, and Efficiency." J. lies. 
Nut. Bur Stand.-D. liadlo Propagation. Vol. 64D. pp. 1-12. January-February I960, 

18. II. A. Wheeler. "Fundamental Limitations of Small Antennas.” Proc. IRE. pp. 1479- 
1488. December 1947. 

19 II A. Wheeler. "The Radiansphere Around a Small Antenna." Pro, IRE, pp 1.325- 
1.331. August 1959. 

20. II. A. Wheeler. "Small Antennas." IEEE Trans. Antennas Propagat.. Vol. AP-23. No. 
4. pp 462-469. July 1975. 

21. G. Goubau. "Multi-element Monopole Antennas.” Proc. Workshop on Electrically Small 
Antennas ECOM, Ft. Monmouth, N. J.. pp. 63-67. May 1976. 


PROBLEMS 

ILL Design a symmetrical two-wire plane spiral (</>» = (). n) at / = 10 MHz with total 
feed terminal separation of 10 A. The total length of each spiral should lie one 
wavelength and each wire should be of one turn. 

(a) Determine the rate of spiral of each wire. 

(b) Find die radius (in A mid in meters) of each spiral at its terminal point. 

(c) Plot the geometric shape of one wire. Use meters for its length. 

11.2. Verify (11-28). 

113. Design log-periodic dipole arrays, of the form shown In Figure 11.9(d), each with 
directivities of 9 dB. input impedance of 75 ohms, and each with the following addi¬ 
tional specifications: Cover the (sec Appendix IX) 

(a) VUE TV channels 2-13 (54-216 MHz). Use aluminum lubing with outside diam¬ 
eters ol i m. (1.905 cm) mid 17 ; in. (0.476 cm 1 for die largest and smallest elements, 
respectively. 

(b) VIII TV channels 2-6 (54-88 MHz). Use diameters of 1.905 and 1.1169 cm for 
ihe largest and smallest elements, respectively. 

(c) VIII TV channels 7-13 (174-216 MHz). Use diameters of 0.6 and 0.476 cm for 
the largest and smallest elements, respectively. 
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(d) UHFTV channels (512-806 MHz). The largest and smallest elements should have 
diameters of 0.2 and 0.128 cm. respectively. 

<c) FM hand of 88-108 MHz (100 channels at 200 KHz apart). The largest and 
smallest elements should have diameters of 1.169 and 0.9525 cm. respectively. 
In each design, the feeder line should have die same diameter as the largest element. 

11.4. For each design in Problem 11.3. determine the 

(ai span of each period over which the radiation characteristics will vary slightly 

(b) number of periods (cycles) w ithin the desired bandwidth 

11.5. Using the LOG-PERIODIC DIPOLE ARRAY computer program and Appendix IX. 
design an army which covers the VHF television band. Design the antenna for 7 dlli 
gain optimized in terms of <r-r. The antenna should be matched to a 75-ohin coaxial 
input cable. For this problem, set the input line length to 0 meters, the source resistance 
to 0 ohms, the termination line length to 0 meters, the termination impedance to UK) 
Koliins, the length-to-diameter ratio to 40. and the boom diameter to It) cm To make 
the actual input impedance 75 ohms, one must iteratively find the optimal desired 
input impedance. 

(a) Plot the gain, magnitude of the input impedance, and VSWR versus frequency 
from 30 MHz to 400 MHz. 

(b) Based on the ripples in the plot of gain versus frequency, w hat is f! Compare this 
value to the value calculated by the computer program 

(c) Why does the gain decrease rapidly for frequencies less than the lower design 
frequency yet decrease very slowly for frequencies higher than the upper design 
frequency 

11 .ft. For the antenna of Problem 11.5. replace the 100-Kohm load with a 75 -ohm resistor. 

(a) Plot the gain, magnitude of the input impedance, and VSWR versus frequency 
from 30 MHz to 4(H) MHz. 

(b) What does the termination resistor do which makes this antenna an improvement 
over the antenna of Problem 11.5? 

11.7. For the antenna of Problem 11.5. replace the 100-Kohm termination (load) with a 75- 
ohm resistor and make the source resistance 10 ohms. This resistance represents the 
internal resistance of the power supply as well as losses in the inpul line. 

(a) Plot the gain versus frequency from 30 MHz to 400 MHz. 

(b) What is the antenna efficiency nl tins antenna? 

(C) Based on your result from parts (u) and (hi. what should the gain versus frequency 
plot look like for Problem 11.6? 

11.8 Design a log-periodic dipole array which operates from 470 MHz to 80b MHz (UHP 
band) with 8 dBi gain. I bis antenna should he matched to u 50-ohm cable of length 
2 meters with no source resistance. The termination should he left open. Select the 
length-lo-diamelcr ratio to he 25. At ftOO MHz. do the following. Use the computer 
program at the end of this chapter. 

(a) Plot the E- and H- plane patterns 

(b) Calculate the E- and H-plane half-power hcamwidths. 

<c) Find the front-to-back ratio. 

(d) Why does the E-plane pattern have deep nulls while the H-planc pattern docs not? 
11.9. The overall length of a small linear dipole antenna (like a biconical antenna, or cylin¬ 
drical dipole, or any other) is A/tt. Assuming the antenna is l00'-i efficient, what is; 

(u) I he smallest possible value of Q for an antenna of such a length? Practically it 

will be larger than that value. 

(h) The largest fractional bandwidth (A flf, where /,, is the center frequency) 

11.10. Ii is desired to design a 1009} efficient biconical dipole antenna whose overall length 
is A/20 The design guidelines specify a need to optimize the frequency response 
(bandwidth). To accomplish this, the quality factor Q of the antenna should be mini¬ 
mized. In order to get some indications as to the fundamental limits of the design: 

(ill What is the lowest possible limit of the Q for th)N size antenna? 

(b) In order to approach this lower fundamental limit, should the included angle of 
l he biconical antenna be made larger or smaller, and whv? 
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COMPUTER PROGRAM - LOG-PERIODIC DIPOLE ARRAY 


THIS IS A FORTRAN PROGRAM. AND IT DESIGNS AND ANALYZES A 
LOG-PERIODIC DIPOLE ARRAY BASED ON THE GEOMETRY OF FIGURE 
11.9(a). THE DATA IN FIGURES 11.13 AND 11.14. AND THE DESIGN 
EQUATIONS OF (11-28) - (11-34). 

THE USER CAN TAILOR THE DESIGN AND ANALYSIS BY FOLLOWING 
THE LISTED STEPS AND SELECTING THE APPROPRIATE OPTIONS. 

FOR MORE DETAILS, SEE THE LPDA.DOC FILE IN THE COMPUTER DISC. 

••DESIGN PROCEDURE 

STEP I: CHOOSE ONE OF THE FOLLOWING OPTIONS 

• SPECIFY o AND x. THIS SETS THE DIRECTIVITY. 

• SPECIFY THE DIRECTIVITY. THIS SETS a AND x FOR 
OPTIMUM DIRECTIVITY DESIGN. 

STEP U: CHOOSE ONE OF THE FOLLOWING OPTIONS 

• CHOOSE THE BOOM SPACING AND BOOM DIAMETER. THIS 
SETS THE CHARACTERISTIC IMPEDANCE OF THE 
TRANSMISSION LINE. 

• CHOOSE THE DESIRED INPUT IMPEDANCE AND BOOM 
DIAMETER. THIS SETS THE BOOM SPACING. 

STEP III: CHOOSE ONE OF THE FOLLOWING OPTIONS 

• ROUND THE CALCULATED ELEMENT DIAMETERS TO THE 
NEAREST AVAILABLE WIRE DIAMETERS. 

• DO NOT ROUND THE CALCULATED ELEMENT DIAMETERS. 

AFTER CHOOSING THE DESIGN OPTIONS. PROCEED TO THE 
ANALYSIS. THE OUTPUT DEPENDS ON ANALYSIS OPTIONS CHOSEN. 

••ANALYSIS PROCEDURE 

STEP IV: SELECT ANY COMBINATION OF THE FOLLOWING OPTIONS. 
{DO ONE. TWO. THREE OR ALL OF THE FOLLOWING) 

• NO ANALYSIS 

OUTPUT: 'DESIGN SUMMARY (lists physical parameters and geometry) 

• ANALYZE DESIGN AT A SINGLE FREQUENCY 

OUTPUT: 'DESIGN SUMMARY (lists physical parameters and geometry) 
*E- AND H-PLANE PATTERN ANALYSIS 
•CRITICAL PARAMETERS AT ANALYSIS FREQUENCY 

• ANALYZE DESIGN AT A SINGLE FREQUENCY 

OUTPUT: 'DESIGN SUMMARY (lists physical parameters and geometry) 
♦CUSTOM-PLANE PATTERN ANALYSIS 
•CRITICAL PARAMETERS AT ANALYSIS FREQUENCY 

• ANALYZE DESIGN OVER A FREQUENCY BAND 

OUTPUT: 'DESIGN SUMMARY (lists physical parameters and geometry) 
•CRITICAL PARAMETERS AS A FUNCTION OF 
FREQUENCY, INCLUDING GAIN AT BORESIGHT 


(continued on next page) 
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C (continued) 

C 

C TO COMPLETE THE DESIGN AND ANALYSIS OF ANY OPTION, THE 
C FOLLOWING INPUT AND OUTPUT PARAMETERS WILL GENERALLY BE 
C EITHER SPECIFIED OR CALCULATED. NOT ALL THE PARAMETERS ARE 
C REQUIRED FOR ALL DESIGN AND DESIGN OPTIONS. 

C 

C ••INPUT PARAMETERS FOR ARRAY DESIGN 
C I. Title = NAME OF DESIGN 

C 2. DO = DESIRED DIRECTIVITY (dBi) 

C 3. Fhigh = UPPER DESIGN FREQUENCY (MHz) 

C 4. Flow = LOWER DESIGN FREQUENCY (MHz) 

C 5. Rs = SOURCE RESISTANCE (ohms) 

C 6. ZCin = CHARACTERISTIC IMPEDANCE OF INPUT LINE (ohms) 

C 7. Rin = DESIRED INPUT IMPEDANCE (REAL); TYPICALLY 

C EQUAL TO CHARACTERISTIC IMPEDANCE ZCin 

C 8. LLin = LENGTH OF THE INPUT TRANSMISSION LINE; FROM 

C THE SOURCE TO FIRST/SHORTEST ELEMENT (m) 

C 9. Zout = TERMINATION IMPEDANCE (ohms); TYPICALLY EQUAL 

C TO CHARACTERISTIC IMPEDANCE ZCin 

C 10. LLout = LENGTH OF THE TERMINATION TRANSMISSION LINE; 

C FROM THE LAST-LONGEST ELEMENT TO THE LOAD (m) 

C 11. LD = DESIRED LENGTH-TO-DIAMETER RATIO OF ELEMENTS 

C 12. Navail = NO. OF AVAILABLE ELEMENT DIAMETERS (dimensionless) 

C 13. Davail = DIAMETERS OF AVAILABLE WIRES OR TUBES (cm) 

C 14. SB = CENTER-TO-CENTER BOOM SPACING (cm) 

C 15. DB = DIAMETER OF BOOM TUBES OR WIRES (cm) 

C 16. AFSEH = ANALYSIS FREQ. FOR E-AND H-PATTERNS (MHz) 

C 17. AFSC = ANALYSIS FREQ. FOR CUSTOM PLANE PATTERN (MHz.) 

C 18. AFhigh = HIGHEST FREQ. FOR SWEPT FREQUENCY DATA (MHz) 

C 19. AFlow = LOWEST FREQ. FOR SWEPT FREQUENCY DATA (MHz.) 

C 20. Phi = ANGLE OF PLANE [(E-.H-) AND/OR CUSTOM) (degrees) 

C 

C ••PROGRAM OUTPUT OF ARRAY DESIGN 

C 1. N = NUMBER OF ANTENNA ELEMENTS (integer) 

C 2. L = LENGTHS OF ANTENNA ELEMENTS (m) 

C 3. ZL = STATION (POSITION) OF EACH ARRAY ELEMENT (m) 

C 4. D = DIAMETER OF EACH ARRAY ELEMENT (cm) 

C 5. VSWR = VSWR IN INPUT TRANSMISSION LINE 

C 6. ZinA = ACTUAL INPUT IMPEDANCE OF DESIGN (ohms) 

C 7. DOA = ACTUAL DIRECTIVITY OF DESIGN ALONG (dBi) 

C 8. PDO = PEAK DIRECTIVITY ALONG ANY AXIS (dBi) 

C 9. FTBR = FRONT-TO-BACK RATIO OF AMPLITUDE PATTERN (dB) 

C 10. FSLL = FRONT-TO-MAXIMUM SIDE LOBE LEVEL (dB) 

C 11. Iin = CURRENT IN INPUT TRANSMISSION LINE (A) 

C 12. Id = CURRENTS IN ARRAY ELEMENTS (A) 

C 13. lout = CURRENT IN TERMINATION TRANSMISSION LINE (A) 

C 14. Vin = VOLTAGE AT THE SOURCE (V) 

C 15. Vcl = VOLTAGES OF ARRAY ELEMENTS (V) 

C 16. Voul = VOLTAGE AT THE LOAD (V) 

C 17. Epat = E-PLANE PATTERN (dBi) 

C 18. Hpat = H-PLANE PATTERN (dBi) 

C 19. Cpat = ANY DESIRED CUSTOM PLANE PATTERN (dBi) 
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CHAPTER 


12 

APERTURE ANTENNAS 


12.1 INTRODUCTION 

Aperture antennas are most common at microwave frequencies. There are many 
different geometrical configurations of an aperture antenna with some of the most 
popular shown in Figure 1.4. They may take the form of a waveguide or a horn whose 
aperture may be square, rectangular, circular, elliptical, or any other configuration. 
Aperture antennas arc very practical for space applications, because they can be flush- 
mounted on the surface of the spacecraft or aircraft. Their opening can be covered 
with a dielectric material to protect them from environmental conditions. This type 
of mounting does not disturb the aerodynamic profile of the cruft, which in high¬ 
speed applications is critical. 

In this chapter, the mathematical tools will be developed to analyze the radiation 
characteristics of aperture antennas. The concepts will be demonstrated by examples 
and illustrations. Because they are the most practical, emphasis will be given to the 
rectangular and circular configurations. Due to mathematical complexities, the obser¬ 
vations will be restricted to the fur-field region. The edge effects, due to the finite size 
of the ground plane to which the aperture is mounted, can be taken into account by 
using diffraction methods such as the Geometrical Theory of Diffraction, better known 
as GTD. This is discussed briefly and only qualitatively in Section 12.in. 

The radiation characteristics of wire antennas can be determined once the current 
distribution on the wire is known. For many configurations, however, the current 
distribution is not known exactly and only physical intuition or experimental mea¬ 
surements can provide a reasonable approximation to it. This is even more evident in 
aperture antennas (slits, slots, waveguides, horns, reflectors, lenses). Ii is therefore 
expedient to have alternate methods to compute the radiation characteristics of anten¬ 
nas. Emphasis will be placed on techniques that for their solution rely primarily not 
on the current distribution but on reasonable approximations of the fields on or in 
the vicinity of the antenna structure. One such technique is the I ichl Equivalence 
Principle. 

12.2 FIELD EQUIVALENCE PRINCIPLE: 
HUYGENS’ PRINCIPLE 

Th c field equivalence is a principle by which actual sources, such as an antenna and 
transmitter, are replaced by equivalent sources. The fictitious sources are said to be 
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equivalent within a region because they produce the same fields within that region. 
The formulations of scattering and diffraction problems by the equivalence principle 
arc more suggestive to approximations. 

The lield equivalence was introduced in 1936 by S. A. Schelkunoff 111. [2]. and 
it is a more rigorous formulation of Huygens' principle |3] which states that " each 
point on a primary wavefront can he considered to he a new source of a secondary 
spherical wave and that a secondary wavefront can he constructed as tlu- envelope 
of these secondary spherical waves [4J.” The equivalence principle is based on the 
uniqueness theorem which states that "afield in a lossy region is uniquely specified 
by the sources within the region plus the tangential components of the electric field 
over the houndary, or the tangential components of the magnetic field over the 
houndary. or the former over part of the boundary and the latter over the rest of the 
boundary [2|, |5|.” The lield in a lossless medium is considered to be the limit, as 
the losses go to zero, of the corresponding field in a lossy medium. Thus if the 
tangential electric and magnetic fields are completely known over a closed surface, 
the fields in the source-free region can be determined. 

By the equivalence principle, the lields outside an imaginary closed surface are 
obtained by placing over the closed surface suitable electric- and magnetic-current 
densities which satisfy the boundary conditions. The current densities are selected so 
that the fields inside the closed surface are zero and outside they are equal to the 
radiation produced by the actual sources. Thus the technique can be used to obtain 
the fields radiated outside a closed surface by sources enclosed within it. The for¬ 
mulation is exact but requires integration over the closed surface. The degree of 
accuracy depends on the knowledge of the tangential components of the lields over 
the closed surface. 

In most applications, the closed surface is selected so that most of it coincides 
with the conducting parts of the physical structure. This is preferred because the 
vanishing of the tangential electric field components over the conducting parts of the 
surface reduces the physical limits of integration. 

The equivalence principle is developed by considering an actual radiating source, 
which electrically is represented by current densities J| and M|. as shown in Figure 
12.1(a). The source radiates fields E, and H, everywhere. However, it is desired to 
develop a method that will yield the fields outside a closed surface. To accomplish 
this, a closed surface 5 is chosen, shown dashed in Figure 12.1(a). which encloses the 
current densities J, and M|. The volume within S is denoted by V, and outside S by 
V;.. The primary task will he to replace the original problem, shown in Figure 12. Ila), 
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by tin equivalent one which yields the same fields E| and H, outside S (within V'j). 
The formulation of the problem can be aided eminently if the closed surface is 
judiciously chosen so that fields over most, if not the entire surface, are known a 
priori. 

An equivalent problem of Figure 12.1(a) is shown in Figure 12.1(b). The original 
sources .1, and Mi are removed, and we assume that there exist fields E and H inside 
S and fields E| and H, outside of 5. For these fields to exist within and outside S, 
they must satisfy the boundary conditions on the tangential electric and magnetic field 
components. Thus on the imaginary surface S there must exist the equivalent sources 

J, = A x (H, - H| (12-1) 

M. = —fixfE, — E| (12-2) 

and they radiate into an unbounded space (same medium everywhere). The current 
densities of (12-11 and (12-2) are said to lie equivalent only within IA. because they 
produce the original fields (E|. H|) only outside .V. Fields E, H. different from the 
originals (E,. II,). result within V,. Since the currents of (12-1) and (12-2) radiate in 
an unbounded space, the fields can be determined using (3-27)—(3-30a) anil the ge¬ 
ometry of Figure 12.2(a). In Figure 12.2(a). R is the distance from any point on the 
surface S. where J, and M ( exist, to the observation point. 

So far. the tangential components of both E and II have been used in setting up 
the equivalent problem. From electromagnetic uniqueness concepts, it is known that 
the tangential components of only E or II arc needed to determine the fields. It will 
he demonstrated that equivalent problems can be found which require only the mag¬ 
netic current densities (tangential E) or only electric current densities (tangential H), 
This requires modifications to the equivalent problem of Figure 12.1(b). 

Since the liclds E. II within .S' can be anything (this is not the region of interest), 
it can be assumed that they are zero, In that case the equivalent problem of Figure 
12.1(b) reduces to that of Figure 12.3(a) with the equivalent current densities being 
equal to 

J, = n x (H, - H)| h -o = A x H, (12-3) 

M, = — ft x (E| — E)||{-n = —ft x E| (12-4) 

This form of the field equivalence principle is known as Love's Equivalence Principle 
[2). |ft|. Since the current densities of (12-3) and (12-4) radiate in an unbounded 
medium (same p.. e everywhere), they can be used in conjunction with (3-27)—<3-3()a) 
to find the fields everywhere. 

Love's Equivalence Principle of Figure 12.3(a) produces a null field within the 
imaginary surface S. Since the value of the E = 11 = 0 within S cannot lie disturbed 
if the properties of the medium within it are changed, let us assume that it is replaced 
by a perfect electric conductor (<r = »). The introduction of the perfect conductor 
will have an effect on the equivalent source J,. and it will prohibit the use of (3-27)— 
(3-30a) since the current densities no longer radiate into an unbounded medium. 
Imagine that the geometrical configuration of the electric conductor is identical to the 
profile of the imaginary surface S. over which J. and M. exist. As die electric 
conductor takes its place, as shown in Figure 12.3(b). the electric current density J,, 
which is tangent to the surface S, is short-circuited by the electric conductor. Thus 
the equivalent problem of Figure 12.3(a) reduces to that of Figure 12.3(b). There 
exists only a magnetic current density M, over S. and it radiates in the presence of 
the electric conductor producing outside S the original fields E,. H|. Within S the 
fields are zero hut. as before, this is not a region of interest. The difficulty in trying 
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Observation point 


y .on S 



>■ 


(hi Far-field 

Figure 12.2 Coordinate system for aperture antenna analysis. 


to use the equivalent problem of Figure 12.3(b) is that (3-27)—(3-30a) cannot be used, 
because the current densities do not radiate into an unbounded medium. The problem 
of a magnetic current density radiating in the presence of an electric conducting 
surface must be solved. So it seems that the equivalent problem is just as difficult as 
the original problem itself. 

Before some special simple geometries arc considered and some suggestions arc 
made for approximating complex geometries, let us introduce another equivalent 
problem. Referring to Figure 12.3(a). let us assume that instead of placing a perfect 
electric conductor within S we introduce a perfect magnetic conductor which will 
short out the magnetic current density and reduce the equivalent problem to that 
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(a) Liivvn equivalent 


(h| Weenie conductor equivalent 





ie i Mngneiie conductor cquiviilem 
Figure 12.3 Equivalence principle models. 


shown in Figure 12.3(c). As was with the equivalent problem of Figure 12.3(b). 
(3-27H3-30a) cannot be used with Figure 12.3(c) und the problem is just as difficult 
as that of Figure 12.3(b) or the original of Figure 12.1(a). 

To begin to sec the utility of the field equivalence principle, especially that of 
Figure 12.3(b), let us assume that the surface of the electric conductor is Hat and 
extends to infinity as shown in Figure 12.4(a). For this geometry, the problem is to 
determine how a magnetic source radiates in the presence of a Hat electric conductor. 
From image theory, this problem reduces to that of Figure 12.4(h) where an imaginary 
magnetic source is introduced on the side of the conductor and takes its place (remove 
conductor). Since the imaginary source is in the same direction as the equivalent 
source, the equivalent problem of Figure 12.4(b) reduces to that of Figure 12.4(c). 
The magnetic current density is doubled, it radiates in an unbounded medium, and 
(3-27M3-30a) can be used. The equivalent problem of Figure 12.4(c) yields the 
correct K. II fields to the right side of the interface. If the surface of the obstacle is 
not Hat and infinite, but its curvature is large compared to the wavelength, a good 
approximation is the equivalent problem of Figure 12.3(c). 

SUMMARY 

In (lie analysis of electromagnetic problems, many times it is easier to form equivalent 
problems that yield the same solution within a region of interest. This is the case for 
scattering, diffraction, and aperture antennu problems. In this chapter, the main interest 
is in aperture antennas. The concepts will be demonstrated with examples. 

The steps that must be used to form an equivalent and solve tut aperture problem 
are as follows: 
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Figure 12.4 Equivalent models foi 
electric conductor. 


magnetic source radiation near a perfect 


1. Select an imaginary surface that encloses the actual sources (the aperture). The 
surface must be judiciously chosen so ihai the tangential components of the 
electric and/or the magnetic field are known, exactly or approximately, over its 
entire spun. In many cases this surface is a Hat plane extending to infinity. 

2. Over the imaginary surface form equivalent current densities J,. M, which take 
one of the following forms: 

a. ,), and M, over 5 assuming that the E- and H -lie Ids within S are not zero. 

b. or J, and M, over 5 assuming that the E- and H-fields within .S' are zero 
(Love’s theorem) 

c. or 1V1, over S (J, = 0) assuming that within S the medium is a perfect electric 
conductor 

d. or .1. over S (M, = 0) assuming that within S the medium is a perfect 
magnetic conductor 

3. Solve the equivalent problem. For forms (a) and (b). (3-27M3-30a) can be used. 
For form (c). the problem of a magnetic current source next to a perfect electric 
conductor must he solved |(3-27)-(3-30a) cannot be used directly, because the 
current density does not radiate into an unbounded medium]. If the electric 
conductor is an infinite Hat plane the problem can be solved exactly by image 
theory. For form (d). the problem of an electric current source next to a perfect 
magnetic conductor must be solved. Again (3-27 )-(3-30a) cannot be used directly. 
If the magnetic conductor is an infinite Hut plane, the problem can be solved 
exactly by image theory. 

To demonstrate the usefulness and application of the Held equivalence theorem 
to aperture antenna theory, an example is considered. 


Example 12.1 

A waveguide aperture is mounted on an inlinite ground plane, as shown in Figure 
12.5(a). Assuming that the tangential components of the electric field over the aperture 
are known, and are given by E„, find an equivalent problem that will yield the same 
fields E. H radiated by the aperture to the right side of Hie interface. 
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Figure 12.5 Equivalent models lor waveguide aperture mounted on an infinite Hat electric 
ground plane. 


SOLUTION 

First an imaginary closed surface is chosen. For this problem it is appropriate to select 
a Hal plane extending from minus infinity to plus infinity, as shown in Figure 12.5(b). 
Over the infinite plane, the equivalent current densities J. and M, are formed. Since 
the tangential components of E do not exist outside the aperture, because of vanishing 
boundary conditions, the magnetic current density VI, is only nonzero over the aper¬ 
ture. The electric current density J, is nonzero everywhere and is yet unknown. Now 
let us assume that an imaginary Hat electric conductor approaches the surface S. and 
it shorts out the current density J, everywhere. M, exists only over the space occupied 
originally by the aperture, and it radiates in the presence of the conductor (see Figure 
12.5(c)). By image theory, the conductor can be removed and replaced by an imaginary 
(equivalent) source M, as shown in Figure 12.5(d), which is analogous to Figure 
12.4(b). Finally, the equivalent problem of Figure 12.5(d) reduces to that of Figure 
12.5(e). which is analogous to that of Figure 12.4(c). The original problem has been 
reduced to a very simple equivalent and <3-27)—(3-3()a) can be utilized for its solution. 


In this chapter the theory will be developed to compute the fields radiated by an 
aperture, like that shown in Figure 12.5(a). making use of its equivalent of Figure 
12.5(e). For other problems, their equivalent forms will not necessarily be the same 
as that shown in Figure 12.5(c). 
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12.3 RADIATION EQUATIONS 

In Chapter 3 and in the previous section it was stated that the fields radiated hy sources 
J, and M, in an unbounded medium can be computed by using (3-27)-(3-30a) where 
the integration must be performed over the entire surface occupied by J, and M,. 
These equations yield valid solutions for all observation points [2], [7]. For most 
problems, the main difficulty is the inability to perform the integrations in (3-27) and 
(3-28). However for fur-field observations, the complexity of the formulation can be 
reduced. 

As was shown in Section 4.4.1. for far-field observations R can most commonly 
be approximated by 


R — t — r' cos i// for phase variations 

R — r for amplitude variations 

(!2-5a) 

(12-5b) 

where i // is the angle between the vectors r and r’. as shown in Figure 12.2(b). The 
primed coordinates (x 1 . y*. or r'. O', </>') indicate the space occupied by the sources 
J, and M,, over which integration must be performed. The unprimed coordinates 
U. y. z or r. 0. 1 1>) represent the observation point. Geometrically the approximation 
of (l2-5u) assumes that the vectors R and r are parallel, as shown in Figure I2.2(hi. 

Using (l2-5a) and ( l2-5b). (3-27) and ( 3-28) can he written as 


(12-6) 

N = J) 

(12-6a) 

f ff e~‘ LK ee~ Jkr 

F = — M, —— ds' - -E 

47 t JJ R 47rr 

(12-7) 

L = f| M 

(. l2-7a) 


In Section 3.6 it w as shown that in the far-field only the U and </> components of 
the E- and H-fields arc dominant. Although the radial components are not necessarily 
zero, they are negligible compared to the 0 and </> components. Using (3-58a)-(3- 
59b), the E,, of (3-29) and H, of (3-30) can be written as 


(£ 4 )„=« -jioA„ 

(l2-8u) 

IEa)* = -jfiA a 

(12-8b) 

(W^)#= -jcoFg 

(12-80 

(H r )* =• -JuF* 

(12-8d) 


and the E, of (3-29) and H, of (3-30). with the aid of (12-8u)-( !2-8d), as 


(£»„= + tj (//,)*= -j<ovF* 

(Ef ) A — - 7 ){H F ) e = +ju)T)F a 


(12-9a) 

<l2-9b| 
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<«.)•* - (12-9c) 

V V 

(v » + — = ->- (12-9d) 

9 V 

Combining (12-8«)—{12-Xd) with (12-9aH 12-9d). and making use of (12-6)- 
(12-7u) the lotal E- and H-lields can be wrilten as 


(12-I0a) 
(12-1 Ob) 


(12- 10c) 
(12-1 Od) 
(12-10e) 


(12! Of) 


The N„. Nf, L„. and L A can be obtained from (12-6a) and (12-7a). That is. 

N = J| = fj (a,7, + a v 7 v + ds' (12-1 la) 

•S -V 

L = If dx' = [I (a,A/, + & v M y + a M )<■'*' ds' 

s s (12-1 lb) 

Using the rectangular-to-spherical component transformation, obtained by taking the 
inverse (in (his case also the transpose) of (4-5). (12-1 la) and (12-1 lb) reduce lor the 
I) and i!> components to 

N,i = JJ |7, cos I) cos <l> ■+■ 7, cos W sin <f> - J ; sin d\e rit ' ds' 
s 

Nj, = [j [-7, sin «/> + 7, cos rh' 

s 

L„ = Jl | M x cos 0 cos </> + /W, cos 0 sin <b - M sin H\c ' lkr 'ds' 
s 

L 4 = ff | -M, sin <!> + A/, cos +/*'*«■» ^ 
s 


(12-12a) 

(I2-I2b) 
(I2-I2c) 
(12-12d) 



SUMMARY 

To summarize (lie results, the procedure that must be followed to solve a problem 
using the radiation integrals will be outlined, figures 12.2(a) and 12.2(b) are used to 
indicate the geometry. 
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1. Select a closed surface over which the total electric and magnetic fields E„ and 
U„ .ire known. 

2. Form the equivalent current densities J, and M. over S using (12-3) and (12-4) 
with H, = H„ and E, = E„. 

3. Determine the A and F potentials using (J2-6)—< l2-7a) where the integration is 
over the closed surface S. 

4. Determine the radiated E- and H-fields using (3-29) and (3-30). 

The above steps are valid lor all regions (near-field and far-held) outside the 
surface S. If. however, the observation point is in the far-field. steps 3 and 4 can be 
replaced by 3' and 4 1 That is, 

3'. Determine N„, N A . L„ and L ,* us j„g (l2-l2a)-( I2-I2d). 

4'. Determine the radiated E- and H-fields using (12-10a)—(12-1 Of). 

Some of the steps outlined above can lie reduced by a judicious choice of the 
equivalent model. In the remaining sections of this chapter, the techniques will be 
applied and demonstrated with examples of rectangular and circular apertures. 


12.4 DIRECTIVITY 


The directivity of an aperture can be found in a manner similar to that of other 
antennas. The primary task is to formulate the radiation intensity (/((), <bi, using the 
far-zone electric and magnetic field components, as given by (2-12a) or 

LHH , 4 » = ~Rc|(i»£„ + X (a „H„ + a^,)*] = ^(|/$ 2 + |£*jj 3 ) 

(12-13) 


which in normalized form reduces to 


V„(0, <l>) = <|Eg(ft <bf + |£j(ft ib) I’) = ,b) 


(12-13a) 


The directive properties can then be found using (2-19H2-22). 

Because the radiation intensity LHH. </»> for each aperture antenna will he of a 
different form, a general equation for the directivity cannot be formed. However, a 
general FORTRAN computer program, designated as DIRECTIVITY, has been writ¬ 
ten to compute the directivity of any antenna, including an aperture, once the radiation 
intensity is specified. The program is based on the formulations of 112-13a). (2-19)- 
(2-20). and (2-22). and it is shown at the end of Chapter 2. In the main program, it 
requires the lower and upper limits on 0 and </>. The radiation intensity for the antenna 
in question must be specified in the subroutine U{0. <b. F) of the program. 

Expressions for the directivity of some simple aperture antennas, rectangular and 
circular, will be derived in later sections of this chapter. 


12.5 RECTANGULAR APERTURES 

In practice, the rectangular aperture is probably the most common microwave antenna. 
Because of its configuration, die rectangular coordinate system is the most convenient 
system to express the fields at the aperture and to perform the integration. Shown in 
Figure 12.6 are the three most common and convenient coordinate positions used for 
the solution of an aperture antenna. In Figure 12.6(a) the aperture lies on die y-z plane. 
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* y 



(a) (b) 



(«) 

Figure 12.6 Rectangular aperture positions for antenna system analysis. 


in Figure 12.6(b) on the x-z plane, and in Figure 12.6(c) on the x-y plane. For n given 
field distribution, the analytical forms for the fields for each of the arrangements are 
not the same. However the computed values will be the same, since the physical 
problem is identical in all cases. 

For each of the geometries shown in Figure 12.6. the only difference in the 
analysis is in the formulation of 

1. the components of the equivalent current densities (7,. 7,. 7.. A/,, A/,. AT) 

2. the difference in paths from the source to the observation point ( r' cos i//) 

3. the differential area ds' 

In general, the nonzero components of J, and M, are 

Jy. J ; . M y . M. |Figure 12.6(a)] (I2-I4a) 

7,. J : . M x . A/ |Figure 12.6(b)] (I2-I4b) 

]„Jy,M,.My [Figure 12.6(c)] (12- 14c) 
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The differential paths lake the form of 

r'cosi/r = r'-a, = (a v y' + a.;')-(u,sin Wcos«/» + a,sin0$ind> + a cos6) 

= y' sin 0 sin </> + ;' cos 0 (Figure 12.6(a)) (12-15a» 

r' cos ip = r' - a, = (a,.t' + a.;')*(a, sin fleos </> + a, sin Osin </> + a cos (J) 

= x‘ sin (Pcos d> + z' cos 0 | Figure 12.6(b)] (12-15b) 

r'cos ili = r' - a, = (a,.T + a,.v')*(a,sin decs«/» + a,sin Osin Ji + fi.cos «) 

= .t' sin dcos <f> + y' sin Osin <}> (Figure 12.6(c)] < 12-15c) 

and the differential areas are represented by 

(12-16a) 

(12-16b) 
( 12 - 1 6c) 


ds' = dv'dz’ 

I Figure I2.6(a)| 

ds' = dx'dz 

(Figure 

I2.6(b)| 

ds' — dx' dy' 

(Figure 

12.6(01 


12.5.1 Uniform Distribution on an Infinite Ground Plane 

The lirst aperture examined is a rectangular aperture mounted on an infinite ground 
plane, as shown in Figure 12.7. To reduce the mathematical complexities, initially 
the field over the opening is assumed to be constant and given by 

E„ = a,£(, - all s= *' s= a/2, -h/2 s/sft/2 (12-17) 

where £ u is a constant. The task is to lind the fields radiated by it. the pattern 
beamwidths. the side lobe levels of the pattern, and the directivity. To accomplish 
these, the equivalent will be formed first. 



Figure 12.7 Rectangular aperture on an infinite electric ground plane 
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A. Equivalent 

To form the equivalent, a closed surface is chosen which extends from -<* to + * 
on the x-y plane. Since the physical problem of Figure 12.7 is identical to that of 
Figure 12.5(a). its equivalents are those of Figures 12.5(a)—<e). Using the equivalent 
of Figure 12.5(e) 


M, = | 
= 0 



x 


- 2a.. x a v £ f) 


+ “»2 £„ 


-a/ 2<.v's a/2 
-bl 2 <y' st hi 2 
elsewhere (12-18) 

everywhere 


li. Radiation Fields: Element and Space Factors 

The far-zone fields radiated by the aperture of Figure 12.7 can be found by using (12- 
1 OaM 12-1 Of). (12- 1 2a)-( 1 2- 1 2d). ( 1 2-14c). (12-15c). (12-16c). and (12-18). Thus. 


N » - N.,. - 0 (p.\m 

r + hti r - n /2 

L„ = \M, cos 0 cos </>] dx‘ dv' 

J hi 2 J - a/2 



(12-1%) 


In (12-1%), the integral within the brackets represents the space factor for u two- 
dimensional distribution. It is analogous to the space factor of (4-58a) for a line source 
(one-dimensional distribution). For the L„ component of the vector potential F, the 
dement factor is equal to the product of the factor outside the brackets in (12- 19a) 
and the factor outside the brackets in I I2-I0c). The total field is equal to the product 
of the element and space factors, as defined by (4-59). and expressed in (12-IOb) and 
(12-1 ()c). 

Using the integral 


r +■ <v: 
I i a 



(12-20) 


(12-19a) reduces to 


La — 2abE ls 


cos 0 cos <!> 


sin A'\ /sin )' 


where 


X = — sin d cos <l> 
Y = ^ sin 0 sin </> 


Similarly it can be shown that 
L 


"<i> 




U2-2I) 


(12-21 a) 


(12-2 lb) 


( 12 - 22 ) 
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Substituting (12-19). (12-21). and (12-22) into (12-1 OaH 12-101'). the fields radiated 
by (he aperture can be written as 


E r 

E„ 


E* 

H r 

Ho 

H* 


0 

. abkEuf - ,<f 

1 Zvr 

.ubkE { /- ,kr 

2 -»_ 


0 



V 


sin if> 
cos 6 


I sin X 

\ * 

COS if) 


sin _Y 
Y 
sin X 


sin Y \ 

, Y I 


<!2-23a) 
( 12-23b) 

(12-230 
(12-23d) 
(12-230 

(12-230 


Equations 112-23a)-( 12-230 represent the three-dimensional distributions of the 
far-zone fields radiated by the aperture. Experimentally only two-dimensional plots 
can be measured. To reconstruct experimentally a three-dimensional plot, a series of 
two-dimensional plots must be made. In many applications, however, only a pair of 
two-dimensional plots are usually sufficient. These are the principal E- and W-planc 
patterns whose definition was stated in Section 2.2.2 and illustrated in Figure 2.3. 

For the problem in Figure 12.7. the £-plane pattern is on the y-z plane t<l> = tH2) 
and the //-plane is on (he .v-; plane (t/> - 0). Thus 


£-Plane (tf> = tt/2) 

E, = E+ = 0 


r . . ahkE.f ~ ,kr 

= J TT. 





(12-24u) 


(l2-24b) 


//-Plane (r/» = 0) 

E, = E„ = 0 


E* = J 


. abkEtf-** 


2 Tir 


cos 0 


sin|— sin ii 

kti , 

— sin I) 


(12-1*50) 


(!2-25b) 


To demonstrate the techniques, three-dimensional patterns have been plotted in 
Figures 12.8 and 12.9. The dimensions of the aperture are indicated in each figure, 
Multiple lobes appear, because the dimensions of the aperture are greater than one 
wavelength. The number of lobes increases as the dimensions increase. For (he ap¬ 
erture whose dimensions are a = 3A and h = 2A (Figure 12.8). there are a total of 
five lobes in the principal //-plane and three lobes in the principal /-plane. The pattern 
in the //-plane is only a function of the dimension a whereas that in the /.-plane is 
only influenced by b. In the /'-plane, the side lobe formed on each side of the major 
lobe is n result of A < b £ 2A. In the //-plane, the first minor lobe on each side of 
the major lobe is formed when A < a s 2A and the second side lobe when 2A < a 
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H 

//-plane i t-r. tf. = 0 " I i-planc 11—r. 0 « W I 

Figure 12.8 Three-dimensional held pattern of a constant field rectangular aperture 
mounted on an infinite ground plane (a = 3A. It = 2\). 


Relative 

rnagmln'ie 


•-S 3A Additional lobes are formed when one or both of the aperture dimensions 
increase. This is illustrated in Figure 12.9 for an aperture with a = b = 3A. 

The two-dimensional principal plane patterns for the aperture with a = 3A. h = 
2A arc shown in Figure 12.10. For this and for all other size apertures mounted on an 
infinite ground plane, the //-plane patterns along the ground plane vanish. This is 
dictated by the boundary conditions. The £-pIune patterns, in general, do not have to 
vanish along ihe ground plane, unless the dimension of the aperture in that plane (in 
this case />) is a multiple of a wavelength. 

The patterns computed above assumed that the aperture was mounted on an 
infinite ground plane. In practice, infinite ground planes are not realizable, bin they 
can be approximated by large structures. Edge effects, on ihe patterns of apertures 
mounted on finite size ground planes, can be accounted for by diffraction techniques. 
They will be introduced and illustrated in Section 12.9. Computed results, which 
include diffractions, agree extremely well with measurements 18|-| 10|. 


C. HeamwuUhs 

For the E-plune pattern given by (l2-24b). the maximum radiation is directed along 
the ;-uxis (W = 0). The nulls (zeroes) occur when 

kb . . 

— sin 0\ U=IK = H7T. 


n = 1.2.3. ... 


(12-26) 
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Figure 12.9 Three-dimensional field pattern of a constant field square aperture 
mounted on an infinite ground plane (<t = h = 3A) 


or at the angles of 



I ib'» nA. (12-26a) reduces approximately to 

f)„ =* Y rad = 57.3 degree*. n = J, 2. 3.... 
The total Immiwkllh between nulls is given by 



. In a\ 


(•)„ = 20,, = 2 sin 

1 

5 



IiiA\ 

n = 1.2. 3.... 

= 114.6 sin 1 

\t) degrees - 


or approximately (for large apertures, h » nA) by 



(12-26a) 


(J2-26b) 


(12-27) 


<l2-27ar 
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Figure 12.11) F.- and //-plane umplilude patterns for uniform distribution aper- 
iure mounted on an infinite ground plane (a = 3A, b = 2A). 


The /i/wy null beamwidth (FNBW ) is obtained by letting n I. 
The half-power point occurs when (see Appendix I) 


kb 


-sin»|„ * = 1.391 


or at an angle of 


ft. = sin'' 


2.7X2 

kb 


— sin 


0.443A 


rad 


„ , . , 0.443A , 

= 57.3 sin —-— degrees 


If b » 0.443A. (l2-2Xa) reduces approximately to 

ft, 


0.443 ~ rad - 25.38 degrees 
b \b 


(12-28) 


(l2-28a) 


(I2-2XH) 
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Thus the total half-power beamwidth (1-IPBW) is given by 


(•>,, = 2«„ = 2 sin 1 rad = 114.6 sin i/ 2^ 3A degrees 


(12-29) 


or approximately (when h » 0.443A) by 


ft h - |().886 rad = 50.8 j\ degrees 


(!2-29a) 


The maximum of the first side lobe occurs when (see Appendix 1) 


~ s in tL,* = 4.494 


or at an angle of 


fl, = sin 


rad = 57.3 sin 


. _,/1.43A 


(12-30) 


degrees (12-30a) 


lib » 1.43A. (12-30a) reduces to 


0, =* 1 43^j rad = 8l. l )|^j degrees 
The total beamwidth between first side lobes (FSLBW) is given by 


(12-30b) 


0, = 2b, = 2 sin 1 I—-—I rad = 114.6 sin 1 


degrees 


(12-300 


or approximately (when b I.43A) by 


A A 

(-), - 2.86 rad = 163.8 degrees 
h h , 


(l2-30d) 


D. SUU' Lobe Level 

The maximum of (!2-24b) at the first side lobe is given by (sec Appendix 1) 


i . sin( 4.494) 

- «i * 


0.217 - 13.26 dB 


(12-31) 


which is 13.26 dB dow n from the maximum of the main lobe. 

An approximate value of the maximum of the lirst side lobe can be obtained by 
assuming that the maximum of (l2-24b) occurs when its numerator is maximum. That 
is, when 


kb , 3 tt 

y s <" o|«- * - — 


(12-32) 
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Thus. 


|£„<W = 0.)| - — = 0.212 = - 13.47 dB 

37772 


(12-33) 


These values are very close to the exact ones given by (12-31). 

A similar procedure can be followed to lind the nulls, 3-dB points, beamwidth 
between nulls and 3-dB points, angle where the maximum of lirst side lobe occurs, 
and its magnitude at that point for the //-plane pattern of (12-25b). A comparison 
between the E- and //-plane patterns of (!2-24b) and (l2-25b) shows that they are 
similar in form except for the additional cos 0 term that appears in (!2-25b). An 
examination of the terms in t l2-25h) reveals that the cos ft term is a much slower 
varying function than the sintAa sin 0/2)/[ka sin 0/2) term, especially when a is large. 

As a lirst approximation. (12-26) (12-33). with h replaced hy a, can also be used 
for the //-plane. More accurate expressions can be obtained by also including the cos 
0 term. In regions well removed from the major lobe, the inclusion of the cos 0 term 
becomes more essential for accurate results. 


E. Directivity 

The directivity for the aperture cun be found using (12-23a)-( l2-23c). (12-13)—(12- 
1.3a), and (2-19)-(2-22). The analytical details using this procedure, especially the 
integration to compute the rudiated power are more cumbersome. 

Because the aperture is mounted on an infinite ground plane, an alternate ami 
much simpler method can be used to compute the radiated power. The average power 
density is first formed using the fields at the aperture, and it is then integrated over 
the physical bounds of the opening. The integration is confined to the physical bounds 
of the opening. Using Figure 12.7 and assuming that the magnetic lield at the aperture 
is given by 

H„ = -a. —’ (12-34) 

where r/ is the intrinsic impedance, the radiated power reduces to 



The maximum radiation intensity using the fields of l !2-23aM12-23b), 

occurs toward 0 = 0° and it is equal to 


U nmx = — 


»b\ 2 |£ol' 


A / 27) 


(12-36) 


Thus (he directivity is equal to 


= 


4 ~U mM 


rad 


47T 4jr . 477 

* A- “ ~ A 3 p " A 3 ' 4em 


(12-37) 


Where 


A„ = physical area of the aperture 
/\ cm - maximum effective area of the aperture 
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Using the definition of (2-110). it is shown that the physical and maximum 
effective areas of a constant distribution aperture are equal. 

The beamwidths. side lobe levels, and directivity of this and other apertures arc 
summarized in Table 12.1. 


Example 12.2 

A rectangular aperture with a constant field distribution, with a = 3A and b = 2A, 
is mounted on an infinite ground plane. Compute the 

(a) FlSTiW in the £-plane 

(b) HPBW in the E-plane 

(c) FSLBW in the E-plane 

(d) FSLMM in the E-plane 

(e) directivity using (12-37) 

(f) directivity using the DIRECTIVITY computer program at the end of Chapter 
2. the fields of (l2-23aM 12-230, and the formulation of Section 12.4 

SOLUTION 

(a) Using (12-27) 

0, = 114.6 sin - '(A) = 114.6(0.524) = 60° 

(b) Using (12-29) 

0,, = 114.6 sin = 114.6(0.223) = 25.6° 

(c) Using l l2-30c) 

0, = 2 U, = 114.6 sin = 114.6(0.796) = 91.3° 

(d) Using (12-31) 

I£«!«.„. = 0.217 = - 13.26 dB 

(e) Using (12-37) 

D,i = 4 j 7(3W2) = 75.4 = 18.77 dB 

(f) Using the computer program at the end of Chapter 2 

D„ = 80.4 = 19.05 dB 

The difference in directivity values using (12-37) and the computer program is not 
attributed to the accuracy of the numerical method. The main contributor is the 
aperture tangential magnetic field of (12-34). which was assumed to be related to the 
aperture tangential electric field by the intrinsic impedance. Although this is a good 
assumption for large size apertures, it is not exact. Therefore the directivity value 
computed using the computer program should be considered to be the more accurate. 
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12.5.2 Iniform Distribution in Space 


The second aperture examined is that of Figure 12.7 when it is not mounted on an 
infinite ground plane. The field distribution is given by 



a.£o 



-a/2sx'So/2 


— b/2 s v's Z>/2 


(12-38) 


where t„ is a constant, The geometry tit the opening for this problem is identical to 
tire previous one. However the equivalents anil radiated fields are different, because 
this time the aperture is not mounted on an infinite ground plane. 


A. Equivalent 

To form the equivalent, a closed surface is chosen which again extends from x to 
+ on the i-> plane. Over the entire surface J, and M arc formed. The difficulty 
encountered in this problem is that both .1. and M, arc not zero outside the opening, 
and expressions for them arc not known there. The replacement of the semi-inlinite 
medium to the left of the boundary (negative ;) by an imaginary electric or magnetic 
conductor only eliminates one or the other current densities (J. or M,) hut not both. 
Thus, even though an exact equivalent for this problem exists in principle, it cannot 
be used practically because the fields outside the opening are not known a priori We 
are therefore forced to adopt an approximate equivalent. 

The usual and most accurate relaxation is to assume that both E„ and II„ (and in 
turn M, and ,1 j exist over the opening but are zero outside it. It has been shown, by 
comparison with measurements and other available data, that this approximate equiv¬ 
alent yields the best results. 


H. Radiated Fields 

Using a procedure similar to that of the previous section, the radiation characteristics 
of this aperture can he derived. A summary of them is shown in Table 12.1. 

The field components of this aperture are identical in form to those of the aperture 
when it is mounted on an infinite ground plane if the (I + cos f>) term in each 
component is replaced by 2. Thus for small values of fi(in the main lobe and especially 
near its maximum), the patterns of the two apertures are almost identical. This pro¬ 
cedure can be used, in general, to relate the fields of an aperture when it is and it is 
not mounted on an infinite ground plane. However, the coordinate system chosen 
must have the ;-uxis perpendicular to the aperture. 

A three-dimensional pattern for an aperture with a = 3A, /; 2A was computed, 
and it is shown in Figure 12.1 I. The dimensions of this aperture are the same as those 
of Figure 12.8. However the angular limits over which the radiated fields now exist 
have been extended to 0° < 0 £ 180°. Although the general structures of the two 
patterns are similar, they are not identical. Becuse of the enlarged space over which 
fields now exist, additional minor lobes arc formed. 

C. Beamwidths and Side Lobe Levels 

To find the beamwidths and the angle at which the maximum of the side lobe occurs, 
it is usually assumed that the (1 + cos 0) term is a much slower varying function 
than the sin {ka sin 012)1 [ka sin (111 ) or the sin(A7> sin 1112)1 {kh sin 0/2 ) terms. This is 
an approximation, and it is more valid for large apertures (large a and/or />) and for 







■ LEVELS. AND DIRECTIVITIES (/■ RECTANGULAR APERTURES 


Uniform Distribution Aperture 
in Free-Spacc 

E„ = & r E 0 1 -a/2 5= v' ^ a/2 

H = - a,— | -ft/2 & v' £ ft/2 
r>J 


TE 10 -iVJode Distribution Aperture 
on Ground Plane 


_ _ 17 , — a/2 --i x' S a 

£„ = a, £n cos —jt 




M s = — 6 x E„ 1 - a/2 s .v' £ a/2 


J, = n x H„ -b/2 < v' £ b/2 


M, — J, — 0 elsewhere 


J. = « 


-2n x E„\ — nl2 s x £ till 
J - b/2 S ft/2 
l> elsewhere 

) everywhere 


E, = H r = 0 E, = H r = <1 

C . sin X sin Y tt cos X sin Y 

E„ = -sin <f>(\ + cos ft)—-— E„ = - - C sin </>-— — 77 - 

A r _ , / 7r\“ ' 

- (2) 

(T sill >V sin Y -n cos X s 

E,i, = - cos 1 + cos ft) —-— £„ ~ - — C cos ft cos <6 -- - 
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Table 124 (Continued.) 


Half-power 

heamwicith 

(degrees) 

£-plane 

/>3> A 

50.6 

NX 

tf-plilUC 

a A 

50.6 

a! A 

' 

First null 
beam width 
(degrees) 

t-piane 1 

h A. 

114.6 

b!\ 

/f-plane 

a 3> A 

114.6 

alX 

First side 
lobe max. 

(to ciKtin 
max.) (dB) 

f-piajte 

- 13.26 

W-plane 

- 13.26 
<i » A 

Directivity Q a 
(dimensionless) 

4 77* /c/ZA 

(area) = 4-« -r 
A' -A/ 
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Figure 12.11 Three-dimensional field pattern of a constant field rectangular aper¬ 
ture Ui = 3A. b 2A). 


tingles near the main maximum. More accurate results can be obtained by considering 
the 11 + cos 0) term. Thus 112-26)- (12-33) can be used, to a good approximation, 
to compute the bcamwidths and side lobe level. A summary is included in Table 12,1. 

I). Directivity 

Although the physical geometry of the opening of this problem is identical to that of 
Section 12.5,1. their directivities are not identical. This is evident by examining their 
far-zone field expressions or by realizing that the fields outside the aperture along the 
x-y plane are not exactly the same. 

To derive an exact expression for the directivity of this aperture would be a very 
difficult task. Since the patterns of the apertures arc nearly the same, especially at the 
main lobe, their directivities arc almost the same. To verify this, an example is taken. 


Example 12.3 

Repeal the problem of Example 12.2 for an aperture that is not mounted on an infinite 
ground plane. 

SOLUTION 

Since the E-plune patterns of the two apertures are identical, the FNBW, HI'BW. 
FSLBW. and FS1.MM are the same. The directivities its computed by (12-37). are 
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also the same. Since the fields radiated hy the two apertures are not identical, their 
directivities computed using the Par-zone fields will not be exactly the same. Therefore 
for this problem 

On — 81.16 (dimensionless) = 19.09 dB 

As with Example 12.2. the directivities computed using (12-37) and the computer 
program do not agree exactly. For this problem, however, neither one is exact. For 
(12-37). it has been assumed that the aperture tangential magnetic field is related to 
the aperture tangential electric tield by the intrinsic impedance 7 ;. This relationship is 
good but not exact. For the computer program, the formulation is based on the 
equivalent of this section where the fields outside the aperture were assumed to be 
negligible. Again this is a good assumption for some problems, but it is not exact. 


A summary of the radiation characteristics of this aperture is included in Table 
12.1 where it is compared with that of other apertures. 


12.5.3 TEm-Mode Distribution on an Infinite Ground Plane 

In practice, a commonly used aperture antenna is that of a rectangular waveguide 
mounted on an infinite ground plane. At the opening, the field is usually approximated 
by the dominant TEm-ntodc. Thus 


E„ 


&y f|| COS 



|-all =s.r’s +a/2 
\ —htl Sy' < +/j/2 


(12-39) 


A. Equivalent, Radiated Fields, Beantwidlhs, and Side Lobe Levels 
Because the physical geometry of this antenna is identical to that of Figure 12.7. their 
equivalents and the procedure to analyze each one are Identical. They differ only in 
the field distribution over the aperture. 

The dotuds of the analytical formulation are not included. However, u summary 
of its radiation characteristics is included in Table 12.1. The 6-plane pattern of this 
aperture is identical in form (with ihe exception of a normalization factor) to the 
/f-plane of the aperture of Section 12.5.1. This is expected, since the TEm-mode field 
distribution along the f-plane < v-r. plane) is also a constant. That is not the case for 
the //-plane or at all other points removed from the principal planes. To demonstrate 
that, a three-dimensional pattern for the TEm-mode aperture with a ~ 3A. b 2A 
was computed and it is shown in Figure 12.12. This pattern should he compared with 
that of Figure 12.8. 

The expressions for the beamwidths and side lobe level in the f-plane are identical 
to those given by (I2-26H12-33). However those lor the //-plane are more complex, 
and a simple procedure is not available. Computations for the IIPBW. FNBW. 
FSLBW. FSLMM in the f- and //-planes were made, and they are shown graphically 
in Figures 12.13 and 12.14. 


B Directivity and Aperture Efficiency 

The directivity of this aperture is found in the same manner as that of the uniform 
distribution aperture of Section 12.5.1. Usinu the aperture electric field of (12-39). 
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Relative 

mignllutk- 

1.0 


//-plane I t-.-.« = 0*1 /-plane I0 = 90*) 

Figure 12.12 Three-dimensional field pattern of a TE |ir modc rectangular wave¬ 
guide mounted on an infinite ground plane {a = 3A. b = 2Ai 


and assuming that the aperture magnetic field is related to the electric held by the 
intrinsic impedance 17 , the radiated power can he written as 


°~i = ^ w BV 

s 


• <ls ~ ah 


N: 

4tj 


(12-39a) 


The maximum radiation intensity occurs at II = 0°, and it is given by 


U 


mux 


aH 1 

77 ’ \ A / 4rj 


(12-39b) 


Thus the directivity is equal to 



(12-39c) 

In general, the maximum effective area A,,,, is related to the physical area 3 ;i by 

4..-VV '1240) 


where e,,, is the aperture efficiency. For this problem e ap = 8 / 77 - 0.81. The apenuft 

efficiency is a ligure-of-merit which indicates how efficiently the physical urea of the 
antenna is utilized. Typically, aperture antennas have aperture efficiencies from about 
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Figure 12.13 E-planc be.imwiilths and first side lube relative maximum magnitude for 
TE„ r modc rectangular waveguide tummied on an infinite ground plane. 


30% to 90%. horns from 35% to 80% (optimum gain horns have e„,, - 50%). and 
circular reflectors from 50% to 80%. 

For reflectors, the aperture efficiency is a function of many factors. The most 
prominent arc the spillover, amplitude taper, phase distribution, polarization unifor¬ 
mity, blockage, and surface random errors. These arc discussed in detail in Section 
15.4.1 of Chapter 15. 

12.5.4 Beam Efficiency 

The beam efficiency lor an antenna was introduced in Section 2.10 and was defined 
by (2-53). When the aperture is mounted on the x-v plane, the beam efficiency can 
be calculated using (2-54l. The beam efficiency can be used to judge the ability of 
the antenna to discriminate between signals received through its main lobe and Ihose 
through the minor lobes. Beam efficiencies for rectangular apertures with different 
aperture field distributions are plotted, versus the half-cone angle 0,. in Figure 12.15 
|ll|. The uniform field distribution aperture has the least ability to discriminate 
between main lobe and minor lobe signals. The aperture radiates in an unbounded 
medium, and it is not mounted on an infinite ground plane. The lower abscissa settle 
is in terms of 6, (in degrees), and il should he used only when a = b = 20A. The 
upper abscissa scale is in terms of //[» = (Au/2)sin0, - (A/>/2)sin ()\ |. and il should 
be used for any suuare aperture. 
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Figure 12.14 //-plane bciunwidths and first side lobe relative maxi¬ 
mum magnitude Tor TIi, n -mode rectangular waveguide mounted on an 
infinite ground plane. 


Example 12.4 

Determine the beam efficiency, within a cone of half-angle II, = 10°. for a square 
aperture with uniform field distribution and with 

(a) a — b = 20A 

(b) a — b - 3A 

SOLUTION 

The solution is carried out using the curves of Figure 12.15. 

(a) When u = b - 20A. the lower abscissa scale can be used. For 8, = KT. 
the efficiency for die uniform aperture is about 94%. 

(b) For a = b = 3A and 0, = 10° 

ii = ysin 0, = 37t sin(10°) = 1.64 
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Beam angle 0|(«icgrcesl (u = /> = JOXl 

Figure 12.15 Beam efficiency versus hull-cone angle 0,. for a square aperture with differ¬ 
ent field distributions. The aperture is not mounted on an infinite ground plane, (source 
D. G. Fink (cd.)< Electronics Engineers' Handbook. Section IS (by W F. Croswell). 
McGraw-Hill. New York. 1075) 


Using the upper abscissa scale, the efficiency for the uniform aperture at 
it = 1.64 is about 58%. 


12.6 CIRCULAR APERTURES 

A widely used microwave antenna is the circular aperture. One of the attractive 
features of this configuration is its simplicity in construction. In addition, closed form 
expressions for the fields of all the modes that can exist over the aperture can be 
obtained. 

The procedure followed to determine the fields radiated by a circular aperture is 
identical to that of the rectangular, as summarized in Section 12.3. The primary 
differences lie in the formulation of the equivalent current densities (./,. J>, J.. A/,. 
M y . M ). the differential paths from the source to the observation point (/•' cos i//i, and 
the differential area {els'). Before an example is considered, these differences will be 
reformulated for the circular aperture. 

Because of the circular profile of the aperture, it is often convenient and desirable 
to adopt cylindrical coordinates for the solution of the fields. In most cases, therefore, 
the electric and magnetic field components over the circular opening will lie known 
in cylindrical form: that is. E p . E+. E ... //,*. and H.. Thus the components of the 

equivalent current densities M, and J, would also be conveniently expressed in cylin¬ 
drical form (M p . M.f,. M-. J p , J A . J.). In addition, the required integration over the 
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aperture to line! N„. N.,.. L„. and L,., of <12-12a)—(12-12d) should also be done in 
cylindrical coordinates. It is then desirable to reformulate r' cos i// and </.v'. as given 
by (12- !5aH 12-16c). 

The most convenient position lor placing the aperture is that shown in Figure 
12.16 (aperture on .v-v plane). The transformation between die rectangular and cylin¬ 
drical components of J, is given by (sec Appendix Vlli 




■cos d> ~ sin </»' ()" 


— 

-A 

= 

sin (/>' cos (/>' 0 


V, 

_J-_ 


1 

c 

o 

_1 


L./J 


(1241a) 


A similar transformation exists for the components of VI,. The rectangular and cylin¬ 
drical coordinates are related hy (see Appendix VII) 

x' = p' cos <!>' 

y' = p' sin </>' (1241b) 

y = y 


Using (1241a). (12-12a)—(12-12d) can he written as 


(1242a) 

(1242b) 


(1242c) 
(1242d| 


(1243a) 
(1243b) 

In summary, for a circular aperture antenna the fields radiated can be obtained by 
either of the following: 


N ( ,= 

JJ \J /f cos 0 cos(d> 

C 

— <!>')+ Jj, COS 0 S i 11 (f/> - 

-<!>') — J : sin 0| 


x e + ' Jb ’ eos * ds' 



N.S = 

JJ | -J p sin(</> ~ 

s 

/>') + Jj, COS {(f> - (/)')](• 

jki'auxh dg' 

bn — 

11 | Mp cos ft cos( <l> 

c 

- <!>’) + Mj, cos ft sin(d> 

- </>’) — M. sin 0\ 


x e*> k ' a *+ds' 




jj 1 —Mp sin(d> - 
s 

</>') + Mj, cos (</> - <!>)] 

e • IkCcm* j s ' 

where 

r' cos i/< and ds' can 

be written, using (12-15c) 

and (1241 b). as 


cos t// = x' sin tl cos </> + y' sin 0 sin <l> = p' sin I) cos(0 — </>') 
ds' = <Lx' dy' = p'dp'dd>' 


1. II the fields over the aperture are known in rectangular components, use the same 
procedure as for the rectangular aperture with 11243a) and (1243b) substituted 
in (l2-l2uH12-12d). 

2. If the fields over the aperture are known in cylindrical components, use the same 
procedure as for the rectangular aperture with (1242aM I242d). along with (12- 
43a) and (1243b). taking the place of ( 12~12a)~02-12d). 
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: 



Figure 12.16 Circular aperture mounted on an inlinite ground plane. 


12.6.1 Uniform Distribution on tin Infinite Ground Plane 

To demonstrate the methods, the field radiated by a circular aperture mounted on tin 
infinite ground plane will be formulated. To simplify the mathematical details, the 
field over the aperture is assumed to be constant and given by 

E a — fi v £y p's a (12-44) 


where £„ is a constant. 


A. Equivalent and Radiation Fields 

The equivalent problem of this is identical to that of Figure 12.7. That is. 


Thus, 


M, = 


J, = 


r - 2n x E„ = a,2£u 

lo 

0 


p's a 

elsewhere 

everywhere 


(12-45) 


N„ = N* = 0 (12-46) 

L d = 2£,| cos I) cos d>>J n p \ f o e * '</«/»' I dp (12-47) 
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Because 


(12-48) 


(12-49) 


J u e = 2-rrUkp' sin 0) 

(12-47) can be written as 

L a — AirE q cos 0 cos d>j 0 Mkp' sin ti)p dp' 

where i„(/) is the Bessel function of the first kind of order zero. Making the substitution 

t = kp' sin 0 

dt = k sin (I dp (12-49a) 

reduces (12-49) to 

, 4nE 0 cos 6 cos d> f‘"‘ ln " 

L ‘- itrinW Jo 


Since 


rn fi 

J (1 zJ„ (z) dz = zJ |( 2 ) = jiJ I 


(/a) 


where is die Bessel function of order one. (12-4%) takes the form o| 

t\(ka sin 0) 


Similarly 


ka sin 0 

J,(ku sin ll) 
ka sin 0 


, . -*r- f „ , r./|(*« sin 0) 1 

L„ = cos 0 cos </> ———— \ 

[ l ka sin 0 J 

Lj,= — Ami : E { , sin <l> 


(12-50) 


(12-51) 


(12-52) 


Using (12-46). (12-51). and (12-52). the electric field components of (12-10a)- 
(12-10c) can be written as 


E, = 0 
Eo 


r i L fat sin 0 J J 

v^'^f . r j 

k-6 = j - < cos 0 cos </> - 


(12-53a) 
(I2-53M 


(ka sin 0) 


]) 


ka sin 0 

In the principal £- and //-planes, die electric field components simplify to 

E-Plane (<f> = tt/ 2 ) 

E, = E 4 = 0 

J\(ka sin 0) 


(12-53c) 


.hrErf Jkr [j 

E * = J — 


ka sin 0 


(12-54a) 
(12-54b) 


//-Plane (</> = 0) 

E r = E, = 0 


112-55a) 
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Vfc'„e ,kr 


| cos 0 


J\ika sin 0) 
ko sin II 



(12-55b) 


A three-dimensional pattern has been computed for the constant field circular 
aperture of« = l .5A. and it is shown in Figure 12.17. The patient of Figure 12.17 
seems to be symmetrical. However closer observation, especially through the two- 
dimensional £'- and //-plane patterns, will reveal that not to be the case. It does, 
however, possess characteristics that are almost symmetrical. 


B. Beamwulth, Side Lobe l.cvt‘1, and Directivity 

Exact expressions lor the beamwidths and side lobe levels cannot be obtained easily. 
However approximate expressions are available, and they are shown tabulated in 
Table 12.2 More exact data can be obtained by numerical methods. 

Since the field distribution over the aperture is constant, the directivity is given 
by 


(12-56) 


since the maximum effective area A„„ is equal it) the physical area A,, of the aperture 
[as shown for the rectangular aperture in (I2-37)|. 

A summary of the radiation parameters of this aperture is included in Table 12.2. 
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Figure 12.17 Three-dimensional ticld pattern of a constant held circular aperture 
mounted on an infinite ground plane (<i = I.5A). 









Table 12.2 EQUIVALENTS. FIELDS, BEAM WIDTHS. SIDE LOBE LEVELS. AND DIRECTIVITIES OF C1RCUI .AR 
APERTURES 


Aperture distribution 
of tangential components 
(anaJvJjta)) 


Uniform Distribution Aperture 
on Ground Plane 

E„ = a,f„ p =£ a 


T£ n -Mode Distribution Aperture 
on Ground Plane 

Ef/ ” “ ap — ( 

E,, = AViUvispVffisin tii'If)' X'n = 

£'o = ip'/olcos 4:' 


Aperture distribution 
of tangential components 
(graphical) 



Equivalent 

Far-zone fields 
Z = ka sin 0 


C, =j 


,ka 2 E„e' 


c 2 - J - 1 

vT = 1.841 


.kciF„J,(y,,)e' 


f — 2fl x E„ p' s a 

M. = 

sO elsewhere 

J, = 0 everywhere 

E r = H r = 0 

c . .2,(Z) 

E„ = jC i s>n <l> — 

Ej, ~ jC t cos 0 cos 

H» ~ ~ FJij 
H * = FJr, 


- 2ft x E, 


J. = 11 _ 

Er = H, = 0 

_ „ • ,A(Z) 

to — c. si.n ©—— 

£ t , = C? cos <9 cos - 
H„ = - £,,/>) 
H * = E„/rj 

7 . 


t> a 

elsewhere 

everywhere 


- FZJx'uY 






Table 12.11 (CToiiimucd) 
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12.6.2 TEu-Mode Distribution on an Infinite Ground Plane 

A very practical antenna is a circular waveguide of radius a mounted on an infinite 
ground plane, as shown in Figure 12.16. However, the held distribution over the 
aperture is usually that of the dominant TE, r mode for a circular waveguide given by 



E. = 0 

= i.twi 


The analysis of this problem is assigned, at the end of this chapter, as an exercise 
to the reader (Problem 12.33). However, a three-dimensional pattern torn = |.5A 
was calculated, and it is shown in Figure 12. IX. This pattern should be compared with 
that of Figure 12.17 for the constant aperture field distribution. 

The beamwidlhs and the side lobe levels in the E- and //-planes arc different, and 
exact closed form expressions cannot be obtained. However, they can be calculated 
using iterative methods, and the data arc shown in Figures 12.19 and 12.20 for die E- 
and //-planes, respectively. 

A summary of all the radiation characteristics is included in Table 12.2. 


Rolauvc 

magnitude 



//-plane {*-*,* = 0°) /-plane (>•-:.« = 90’) 

Figure 12.18 Three-dimensional field pattern of a TE M -nu>de circular waveguide 
mounted on an infinite ground plane (// = I.5A). 
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Aperture rndluj# (wavelengths) 

Figure 12.19 /;-pltvnc benrnwidths and first side lobe relative maxi¬ 
mum magnitude for TEn-mode circular aperture mounted on un inli 
nite ground plane. 


12.6.3 Beam Efficiency 

Beam efficiency, as defined by (2-53) and calculated by (2-54). for circular apertures 
noi mounted on infinite ground planes is shown in Figure 12.21 1111. The lower 
abscissa scale (in degrees) is in terms of the half-cone angle It, (in degrees), and it 
should be used only when the radius of the aperture is 20A (a = 20A). The upper 
abseissa scale is in terms of u in = ku sin It ,). and it should be used for tiny radius 
circular aperture. 

The procedure lor finding the beam efficiency of a circular aperture is similar to 
that of a rectangular aperture as discussed in Section 12.5.4. illustrated in Figure 
12.15. and demonstrated by Example 12.4. 

12.7 DESIGN CONSIDERATIONS 

As is the ease for arrays, aperture antennas can be designed to control their radiation 
characteristics. Typically the level of the minor lobes can be controlled by tapering 
the distribution across the aperture: the smoother the taper from the center of the 





612 Chapter 12 Aperture Antennas 



Aperture radius a (wavelengths) 

Figure 12.20 // plane beumwidths and first side lobe relative maxi¬ 
mum magnitude for TEj|-madc circular waveguide mounted on an infi¬ 
nite ground plane. 


aperture toward the edge, the lower the side lobe level and the larger the half-power 
beamwidth. and conversely. Therefore a very smooth taper, such as that represented 
by a binomial distribution or others, would result in very low sidelobes but huger 
half-power bcamwidlhs. In contrast, an abrupt distribution, such as that of uniform 
illumination, exhibits the smaller half-power beamwidth but the highest side lobe 
level (about -13.5 dB). Therefore if it is desired to achieve simultaneously both a very 
low sidelobe level, as well as a small half-power beamwidth. a compromise has to be 
made. Typically an intermediate taper, such as that of a Tschebyscheff distribution or 
any other similar one. will have to be selected. This has been discussed in detail both 
in Chapter 6 lor arrays and in Chapter 7 for continuous sources. These can be used 
to design continuous distributions for apertures. 

Aperture antennas, both rectangular and circular, can also be designed for satellite 
applications where the beamwidth can be used to determine the “footprint" area of 
the coverage. In such designs, it is important to relate the beamwidth to the size of 
the aperture. In addition, it is also important to maximize the directivity of the antennas 
within a desired angular sector defined by the beamwidth. especially at the edee-of- 
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Figure 12.21 Beam efficiency versus half-cone angle «|. for a cir¬ 
cular aperture with different field distributions The aperture is not 
mounted on an infinite ground plane, (sourc i.: D, Ci. Fink tod.i, 
fi’/ecironfcs engineers' Handbook, Section IK tby W. F. Croswell), 
McGraw-Hill. New York. 1975) 


coverage (HOC) | I2J. This can he accomplished, using approximate closed-form 
expressions, as outlined in 1121. lilts procedure was used in Section ft. 11 of Chapter 
ft for arrays, and it is applicable for apertures, both rectangular and circular. 

12.7.1 Rectangular Aperture 

For a rectangular aperture, of dimensions a and b. with a uniform distribution the 
procedure to determine the optimum aperture dimensions a.h to maximize the direc¬ 
tivity at an edge angle ft of a given angular sector (0 ; ; II — II ,) is identical to that 
outlined in Section ft. 11 Thus to determine the optimum dimension b of the aperture 
so that the directivity is maximum at an edge-of-coverttge angle II,.,. of an angular 
sector 0 - - ll < 0,,. in the C-plane is given by (ft-IOSu), oi 

£f-Plane: b = —-— (l2-58a) 

2 sin II,,. 

Similarly for the //-plane, the optimum dimension b is determined by 

//-Plane: a = ■■■ A „ <l2-58b) 

2 stn ft „ 

where ft* is the tingle, in the //-plane, at the edge-of-covcrage (HOC) angular sector 
where the directivity needs to be maximized. 
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Since the aperture antenna is uniformly illuminated, the directivity of (6-103) 
based on the optimum dimensions of (l2-58a) and (l2-58b) is 


47r 4rr 


4 7T | 

A ' 

A 2 1 

2 sin 0,„) 


2 sin 0,, 


(12-59) 


12.7.2 Circular Aperture 

A procedure similar to that for the rectangular aperture can be used for the circular 
aperture. In fact, it can be used for circular apertures with uniform distributions as 
well as tapered (parabolic or parabolic with a pedestal) 112]. 

l or a circular aperture with uniform distribution, the normalized power pattern 
multiplied by the maximum directivity can be written as 

P(Q) = (2ml) 1 { 2y ' ( *" Mn ff) } (12-60) 

{ ka sin (i ) 

The maximum value of (12-60) occurs when 0 = 0. However, for any other angle 
0 = 6 C . the maximum of the pattern occurs when 

ka sin 0 f = 1.841 (12-61) 


or 


1.841 A _ A 

2rrsin0 r 3.413 sin 0, 


(I2-61a) 


Therefore to maximize the directivity at the edge 0 = 0, of a given angular sector 
0 < 6 < 6,. the optimum radius of the uniformly illuminated circular aperture must be 
chosen according to (12-61 a). 

The maximum value of (12-60). which occurs at 0 = 0. is equal to 


p(o = oil,™ = aw 


(12-62) 


while at the edge of the angular sector (0 = 0 C ) is equal to 

[ SSIX) 1 2 

P((t =<),) = (2m,) 2 | - ,' 84[ - [ = (27^(0.3995) (12-63) 

Therefore the value of the directivity at the edge of the desired coverage (0 = 0,). 
relative to its maximum value at f) = 0. is 


PW 1 Jc) 

P«) = 0) 


0.3995 = -3.985 dB 


(12-64) 


Since the aperture is uniformly illuminated, the directivity based on the optimum 
radius of (12-61 a) is 


47r 4 tt / 1.841 _ 3.4129 1.08677 

l) " A : A '' A : ^ \277sin 0,j sin 2 0 C sin 2 f) r 


(12-65) 


A similar procedure can be followed for circular apertures with radial taper 
(parabolic) and radial taper squared of Table 7.2. as well as radial taper (parabolic) 
with pedestal. The characteristics of these, along with those of the uniform, are listed 
in Table 12.3. 
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Table 12.3 EDGE-OF-COVERAGE (EOC) DESIGNS FOR SQUARE AND CIRCULAR 
APERTURES 


Aperture 

Distribution 

Size 

Square: Side 
Circular: Radius 

Directivity 

EOC Directivity 
(relative to peak) 

Square 

Uniform 

A 

IT 

- 3.920 dB 

2 sin ((?,.) 

sin'(ft,) 

Circular 

Uniform 

A 

1.08677 

- 3.985 dB 

3.413 sin (.(),.) 

sin’( 0 ,) 



A 


-4.069 dB 

2.732 sin («,,) 

sirr’lW.) 



A 


-4.034 dB 

3,064 sin (ft,.) 



I SOURCE: K Prabii. "Optimal Aperture lor Maximum Edge-of-Coveruge (EOC) Directivity." IEEE 
Antennas <t- Propagation Magazine. Vol 36, No. 3. pp. 72-74. June 1974. « (17941 IEEE) 


Example 12.5: 

II is desired lo design an aperture antenna, with uniform illumination, so that the 
directivity is maximized at an angle 30° from the normal to the aperture. Determine 
the optimum dimension and its associated directivity when the aperture is 

fa) Square 
(b) Circular 


SOLUTION 

For a square aperture 0 ri . = 61,*. Therefore the optimum dimension, according to (12- 
58a) or (12-58b). is 

“ ~ h ~ 2 sin(30°) ~ A 
while the directivity, according to (12-59), is 


D„ 


IT 

sitr ft,. 


—- — = 12.5664 = 10.992 dB 
stn 2 (30 ) 


The directivity at II = 30° is - 3.920 dB from the maximum at II = 0°. or 7,072 dB. 
For a circular aperture the optimum radius, according to (12-6la), is 


A 

3.413 sin(30°) 


A 

3.413(0.5) 


= 0.5S6A 
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while the directivity, according k> (12-65). is 
1.086 7T 1.086 77 


Ai 


= 13.647 = 11.35 dB 


sin 1 2 0 r sin 2 (30°) 

The directivity at tt = 30° is -3.985 dB from the maximum at H = 0°. or 7.365 dB. 


12.8 B A B I NET'S PRINCIPLE 

Now that wire and aperture antennas have been analyzed, one may inquire as to 
whether there is any relationship between them. This can be answered better by first 
introducing Bahinet v principle which in optics states that when the liehl behind a 
screen with an opening is added to the field of a complementary structure, the sum is 
equal to the field when there is no screen. Babinel's principle in optics does not 
consider polarization, which is so vital in antenna theory; it deals primarily with 
absorbing screens. An extension of Babinel's principle, which includes polarization 
and the more practical conducting screens, was introduced by Booker |13], |I4|. 
Referring to Figure 12.22(a). let us assume that an electric source .1 radiates into an 
unbounded medium of intrinsic impedance r/ = ( pit)' and produces at point A* the 
fields E„. Ho. The same fields can be obtained by combining the fields when the 
electric source radiates in a medium with intrinsic impedance rj = (pJe) u: in the 
presence of 

1. an infinite, planar, very thin, perfect electric conductor with an opening S e . which 
produces at P the fields E,. H, [Figure 12.22(b)] 

2. a flat, very thin, perfect magnetic conductor S,„ which produces at /’ the fields 
E,„. H,„ | Figure 12.22(c)|. 

That is. 

E„ = E, + E„, (l2-66u) 

Ho = H, + H„, 

The lield produced by the source in Figure 12.22(a) can also be obtained by 
combining the fields of 

1. an electric source J radiating in a medium with intrinsic impedance rj (pJe) m 
in the presence of an infinite, planar, very thin, perfect electric conductor S,„ 
which produces at I’ the fields E,.. H, | Figure 12.22(b)| 

2. a magnetic source M radiating in a medium with intrinsic impedance 7= 
(e!p)' a in the presence of u flat, very thin, perfect electric conductor S„. which 
produces at P the fields Ej, H,, [Figure 12.22(d)] 

That is. 

E (J = E, + H,, (12-66b) 

H„ = H, - Ej 

The dual of Figure 12.22(d) is more easily realized in practice titan that of Figure 
12.22(c). 

To obtain Figure 12.22(d) from Figure 12.22(c). .1 is replaced by M. E m by H (/ , 
H,„ by — E,,. e by p. and p by e. This is a form of duality so often used in electro¬ 
magnetics (see Section 3.7. Table 3.2). The electric screen with the opening in Figure 


12.8 Bubinet’s Principle 617 


t 


«.P 


• Eg, Hu. 1 = t/i/e) 1 ** 


(a) 



Perfect electric 
conductor 


IM 


* 


1 



(c) 


r 


I-J 




P 

• Erf, He, no 


on 


Figure 12.22 l-.lectric source in tin unbounded medium and Bahtnci's principle equivalents. 


12.22(b) and the electric conductor of Figure 12.22(d) are also dual. They arc usually 
referred to as complementary structures, because when combined they form a single 
solid screen with no overlaps. A proof of Babinct's principle and its extension can be 
found in the literature |5). 

Using Booker's extension it can be shown 113|. 114| by referring to Figure 12.23, 
that if a screen and its complement are immersed in a medium with an intrinsic 
impedance r; and have terminal impedances of Z, and /.,. respectively, the impedances 
are related by 



(12-67) 
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Perfect electric 
conductor 


Current 


Transmission 
feed line 



(a) Screen with opening 


TranuniMi'Mi 

Iced line VcifeKt 



(bl Complementary dipole 


Figure 12.23 Opening on a screen and its complementary dipole. 


To obtain ihe impedance Z, of the complement (dipole) in a practical arrangement, a 
gap must be introduced to represent ihe Iced points. In addition, the far-zonc fields 
radiated by the opening on the screen E, h . I arc related lo the far-zonc 

fields of ihe complement {E ar , E,^. II,,,. H,,„ ) by 


= 

- Ho., 

E,/,., — Hoh- 

II _ ^ "C 

n m ~ •>» 

H. = 





W 


Infinite, flat, very thin conductors are not realizable in practice but can be closely 
approximated. If a slot is cut into a plane conductor that is large compared to the 
wavelength and ihe dimensions of the slot, the behavior predicted by Babinet's prin¬ 
ciple can be realized to a high degree. The impedance properties of the slot may not 
be affected as much by the finite dimensions of the plane as would be its pattern. The 
slot of Figure 12.23(a) will also radiate on both sides of the screen. Unidirectional 
radiation can be obtained by placing a backing (box or cavity) behind the slot, forming 
a so-called cavity-backed slat whose radiation properties (impedance and pattern) arc 
determined hy the dimensions of the cavity. 

To demonstrate the application of Babinet's principle, an example is considered. 


Example 12.6 

A very thin half-wavelength slot is cut on an infinite, planar, very thin, perfectly 
conducting electric screen as shown in Figure 12.24(a). Find its input impedance. 
Assume it is radiating into free-space. 


SOLUTION 

From Babinet's principle and its extension we know that a very thin hall-wavelength 
dipole, shown in Figure 12.24(b). is the complementary structure to die slot. From 
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Figure 12.24 Half-wavelength thin slot on an electric screen and its complement. 


Chapter 4. the terminal (input) impedance of the dipole is Z, = 73 4- y'42.5. Thus 
the terminal (input) impedance of Ihe slot, using (12-67), is given by 

Vo 2 _ (376.7) 2 35,475.72 

' 4Z, 4(73 4- J42.5) 73 4- J42.5 

Z, =» 362.95 — y211.31 


The slot of Figure 12.24(a) can be made to resonate by choosing the dimensions 
of its complement (dipole) so that it is also resonant. The pattern of the slot is identical 
in shape to that of the dipole except that the E- and H-lields are interchanged. When 
a vertical slot is mounted on a vertical screen, as shown in Figure 12.25(a). its electric 
lield is horizontally polarized while that of the dipole is vertically polarized [Fig. 
12.25(b)). Changing the angular orientation of the slot or screen will change the 
polarization. 

The slot antenna, as a cavity-backed design, has been utilized in a variety of law 
enforcement applications. Its main advantage is that it can be fabricated and concealed 
within metallic objects, and with a small transmitter it can provide covert communi¬ 
cations. There are various methods of feeding a slot antenna [ 15J. For proper operation. 
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<nl X/2 tlm on u screen 


» 



lb) k/2 Dal dipole 

Figure 12.25 Radiation fields of a A/2 slot on it screen and of a A/2 fiat dipole, (source: 
J. D. Kraus. Antennas. McGraw-Hill. New York. 1988. Chapter 13) 


the cavity depth must he equal to odd multiples of A#/4, where A., is the guide 
wavelength. 


12.9 FOURIER TRANSFORMS IN APERTURE 
ANTENNA THEORY 

Previously the spatial domain analysis of aperture antennas was introduced, and it 
was applied to rectangular and circular apertures radiating in an infinite, homogeneous, 
lossless medium. The analysis of aperture antennas mounted on infinite ground planes, 
covered with lossless and/or lossy dielectric media, becomes too complex when it is 
attempted in the spatial domain. Considerable simplification can result with the utility 
of the frequency ( spectraI) domain. 
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12.9.1 Fourier Transfonns-Spectral Domain 

From Fourier series analysis, any periodic Function fix) with a period T can be 
represented by a Fourier series of cosine and sine terms. IF die Function fix) is aperiodic 
and exists only in the interval oF 0 < x < T. a Fourier series can be Formed by 
constructing, in a number of ways, a periodic Function. The Fourier series For the 
constructed periodic function represents the actual aperiodic Function fix) only in the 
interval 0 < x < T. Outside this space, the aperiodic Function fix) is zero and the 
series representation is not needed. A Fourier series For fix) converges to the values 
affix) at each point of continuity and to the midpoint of its values at each disconti¬ 
nuity. 

In addition, fix) can also be represented as a superposition of discrete complex 
exponentials of the form 

ft 

fix) = X (12-69) 

n - -* 

c„ = f Jo flx)r '’ a " vir " dx < 12 - 69 a) 

or of continuous complex exponentials of the Form 
I f' K 

fix) = — ®{co)e ~ lm dm — o® < w < + a> (l2-70a) 
27r J -« 

whose inverse is given by 

&((o) = j fix)e' lm dx -oc<. v <+oo (12-70b) 


The integral operation in (L2-70a) is referred to as the direct transformation and that 
of (l2-70h) iis the inverse transformation and both form a transform pair. 

Another useful identity is Parsevdt’s theorem, which for the transform pair, can 
be written as 

J_ 

27T 


£ 


■ f (w) '%* (w) c/m 


( 12 - 71 ; 


fix )g* (.v) t/.v 


where * indicates complex conjugate. 

From die definitions of (12-70a). (12-70b) and (12-71), the Fourier transforms 
can be expanded to two dimensions and can be written as 



■ t (W|.(Ui) 



^(Wi. M 2 )e~ l,a "' " l ” y) dw I dtti 2 
fix, v )e dxdy 

-00 


(12-72'a) 
(12-72b) 



fix, y) g*(x, y) <lx dy 



if (w,. u> 2 ) ‘S* (<0|, w 2 ) dw | d(o 2 


( 12-720 


The process can be continued to n dimensions. 

The definitions, theorems, and principles introduced will he utilized in the sections 
that Follow to analyze the radiation characteristics of aperture antennas mounted on 
infinite ground planes. 
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ia) Uncovered aperture ihi Diclcelrtc-oivcred aperture 

Figure 12.26 Rectangular apertures mounted on infinite ground planes. 


12.9.2 Radiated Fields 

To apply l-ouricr transforms {.spectral techniques I to the analysis of aperture antennas, 
let us consider a rectangular aperture of dimensions a and h mounted on an infinite 
ground plane, as shown in Figure 12.26. In the source-free region (: > 0), the field 
E(a\ y. z) of a monochromatic wave radiated by the aperture can be written as a 
superposition of plane waves (all of the same frequency, different amplitudes, and 
traveling in different directions) of the form f<A,, k y )e~ jk ' r [16], [17]. The function 
f(A„ A,) is the vector amplitude of the wave, and A, and A v are the spectral frequencies 
which extend over the entire frequency spectrum ( — * < A,. A v S *). Thus the field 
ECv, y. c) can be written as 

Ett. y. z) = ^ j J f(A„ Av)**" ,k ' r ilk, dk y (12-73) 

according to the definition of (12-72a). The object of a plane wave expansion is to 

determine the unknown amplitudes f(A,, k,) and the direction of propagation of the 
plane waves. Since 

r = fi,.v + fi,y + fi ; : (12-74) 

and the propagation factor k (often referred to as the vector wavenumber ) can be 
defined as 

k = a. A, + 4,,Ay + Mi <12-75) 

(12-73) can he written as 

E(-v. y. z) = J J I f<A,. A, )<■-'* > nk ‘ ,U ' n dk, dk r (12-76) 

The part of the integrand within the brackets can be regarded as the transform of 

E(x. v. .:). This allows us to write the transform pair as 


i c * * 

EC*, v, * I = ~ 5 I Sft, «* ' 1 " ilk, ilk 

4v~ J-=* 


(12-77a) 
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m X . ky, Z) = 


J [ E(.v. y. z)e-+M****> dx dy 


(12-77b) 


where 


«(A„ k y . z) = f(A,, k y )e~ Jh * 


(12-770 


In principle (lien, according to (l2-77a) and (l2-77b) the fields radiated by an 
aperture E(.v. v, z) can he found provided its transform %ik,. k y , -) is known. To this 
point the transform field c <£(A,. A,, z.) can only be found provided the actual field 
E(.v, y. z) is known a priori. In other words, the answer must be known beforehand! 
However, as it will be seen from what follows, if the transform field at z = 0 


*(*.. k y . z = 0) * f(A„ k v ) 


(12-78) 


is formed, it will be sufficient to determine E(x V. z). To form the transform %lk,. A v . 
z = 0) = f(A„ k y ). it will he necessary and sufficient to know only the tangential 
components of the E-field at z = 0. For the problem of Figure 12.26(a). the tangential 
components of the E-field at z = 0 exist only over the bounds of the aperture (they 
vanish outside it because of the presence of the infinite ground plane). 

In general 

r< k,.ky) = aJMy.ky) + S v /,( A„ k y ) + &J.(k x , ky) (12-79) 

which can also be written as 

IU„ ky) = ink,, ky) + a //A,, ky) (12-79a) 


«*,. ky) = &J x (ky, ky) + a,/,(A,. k y ) (12-79b) 

For aperture antennas positioned along the .yv-plane, the only components of 
ft A,, ky) that need to be found are/, and/,.. As will be shown in what Follows,/, can 
he found once /j and / are known. This is a further simplification of the problem. 
The functions /, and/, are found, using (l2-77a) and 1 12-77b). provided the tangential 
components of the E-field over the aperture (/■',„ and £,„) are specified. The solution 
of (l2-77c) is valid provided the z variations of E( A„ A v . z) are separable. In addition, 
in the source-free region the field Et.v. y. z) of (l2-77a) must satisfy the homogeneous 
vector wave equation. These allow us to relate the propagation constant A to A,. A,, 
and A = (ars/Jte), by 

= A 3 - (Aj + A?) (12-80) 

or 

k _ J +\kr - (A/ + kf)] ul when A 3 > A 3 + A 3 (12-80a) 

+ A;) - A 2 ] 1 * when A 2 < A 3 + A- (12-80b) 


This is left as an exercise to the reader. The form of A. as given by 112-80a) contributes 
to the propagating waves (radiation field) of (12-76) and (l2-77a) whereas that of 
(l2-80b) Contributes to die evanescent waves. Since the field in the far-zdne of the 
antenna is of Lhe radiation type, its contribution comes from the part of the A,.. k y 
spectrum which satisfies (!2-8()a). The values of A, and A, in (I2-80M l2-80b) are 
analogous to the eigenvalues for the fields inside a rectangular waveguide [12]. In 
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addition, k. is analogous to (he propagation constant for waveguides which is used to 
deline cutoff. 

To find the relation between /. and /„ /,. we proceed as follows. In the source- 
free region (c > 0) the held E(.v, y, :). in addition to satisfying the vector wave 
equation, must also be solenoidal so that 

V • EU. y. z) = V • | J -5 J J k y )e ' k ' r ilk, ilk , J = 0 (12-81) 

Interchanging differentiation with integration and using the vector identity 

V-(oA) = aV • A + A • V« (12-82) 


reduces (12-81) to 


4 it 1 



|f- Vie |k ' r )| dk, dk, = () 


(12-83) 


since V • t(k x . k y ) = 0. Equation (12-83) is satisfied provided that 

f- Ve /k r = -jf-ke Jk ' r = 0 (12-84) 


or 

f-k = (f, + 3/^-k = 0 (12-84a) 


or 


f.k = 

k. k. 


112-84b) 


From (12-84b) it is evident that/, can be formed once/, and/. are known. 

All three components of f (/„/. and/) can be found, using (l2-77b> and (12-78). 
provided the two components of E (£,. E v ) at ’ = 0. which is the plane of the aperture 
and ground plane of Figure 12.26(a). are known. Because E, and E y along the = 0 
plane are zero outside the bounds of the aperture (|.v| > at 2. |y| > bl 2), (!2-77b) and 
(12-78) reduce for/, and /, to 


fy{k t , ky) — 

_ 

■ + W2 

-M2 j 

■ +al2 

E m (x’. v'. z' = 0 fr'MS+W'dx' dv' 

-an 


/(*.. ky) = 

n 

-M2 J 

• -a/2 

EJLx'. v'.z' m 0)e + J a ^^ ) dx' dy' 

—a/2 7 


(12-838) 


where primes indicate source points. E m (. v'. .v’, z' = 0) and E,„(x'. y'. z' = 0). which 
represent the tangential components of the electric field over the aperture, are the only 
fields that need to be known. Once / and /, are found by using (12-85a) and 
(12-85b). / and t\k,. k y . z) can be formed using (12-84a) and (12-77c), respectively. 
Thus, the solution for E(.v. y. c) for the aperture in Figure 12.26(a) is given by 




(£<l tuition continues on ion of pane 625) 
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+ 



+ *! > p 
-i\a; i »•;i 


j)e "** r4 Aj,) dk A clk Y 


( 12 - 86 ) 


m X . ky, Z) = 

Mr + U - •- P* l /A ) 

(> “Ml" 


\ . / J 



(I2-86a) 


where/, and/, are given by (12-8Sa) and (12-85b). 

In summary, the field radiated by the aperture of Figure 12.26(a) can be found 
by the Following procedure: 


1. Specify the tangential components of the E-lield ( E u , and £„,) over the bounds 
of the aperture. 

2. Find /, and/ using (12-85a) and (12-85b), respectively. 

3. Find / using (12-85b). 

4. Find £(A t . A,, :) using (12-86a). 

5. Formulate E(x. y. :) using (12-86). 


This completes the solution for E(.v, y, t). However, as is evident from (12-86). 
the integration is quite difficult even for the simplest of problems. However, if the 
observations are restricted in the Car-field region, many simplifications in performing 
the integrations can result. This was apparent in Chapters 4. 5 and in others. In many 
practical problems, the fur-zone is usually the region of greatest importance. Since it 
is also known that for all antennas the fields in the fur-zone are primarily of the 
radiated type (propagating waves), then only the first integral in (12-86) contributes 
in that region, 

In the next section, our attention is directed toward the evaluation of (I2-86a) or 
(12-73) in the far-zone region (large values of At). This is accomplished by evaluating 
1 12-73) asymptotically for large values of kr by the method of Stationary Phase \ I8|. 

m 

To complete the formulation of the radiated fields in all regions, let us outline the 
procedure to find Hu, v, ;.). From Maxwell's equations 


HU. y. z) = -7— V x E(.v. y, z) 

1 

jtop 

Interchanging integration with differentiation and using the vector identity 
V x (aA) = o V x A + <V«) x A 


j_ r r 

47T J «■ J -* 


fIA„ A,)e /k ' r elk, dk v 


(12-87) 


( 12 - 88 ) 


reduces (12-87) to 

I r+» 

HU. v, ;) = - . , (f x k)e-' kr dk, dk y (12-89) 

47T* Ai} J -* J -*■ 

since V x f(A„ A,) = 0 and V(<--' k ' r ) = -jke ' K-r from (12-84). 


12.9.3 Asymptotic Evaluation of Radiated Field 

The main objective in this section is the evaluation of (12-7.3) or (!2-86a) for obser¬ 
vations made in the Car-field. For most practical antennas, the lield distribution on the 
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aperture is such that an exact evaluation of (12-73) in closed form is not possible. 
However, if the observations are restricted to the far-field region (large Ar). the integral 
evaluation becomes less complex. This was apparent in Chapters 4, 5. and others. 
The integral of (12-73) will be evaluated asymptotically for large values of kr using 
the method of Stationary Phase (Appendix VIII) 118|. | I9J. 

The stationary phase method assumes that the main contribution to the integral 
of (12-73) comes from values of k, and k , where k • r does not change for first order 
changes in k, and A v . That is to say k • r remains stationary at those points. For the 
other values of k, and A\, k • r changes very rapidly and the function v Jk ' r oscillates 
very rapidly between the values of + I and I. Assuming that f(A„ k v ) is a slowly 
varying function of k, and A v , the integrand of (12-73) oscillates very rapidly outside 
the stationary points so that the contribution to the integral from that region is negli¬ 
gible. As the observation point approaches infinity, the contributions to the integral 
from the region outside the stationary points is /ero. For practical applications, the 
observation point cannot lie at infinity. However, it will be assumed to be far enough 
such that the major contributions come from the stationary points. 

The first task in the asymptotic evaluation of 1 12-73) is to find the stationary 
points of k • r. For that k • r is written as 

k • r = (a ,A, + &yk y + a.*.) • a ,r (12-90) 

Using (he inverse transformation of (4-5). (12-90) can be written as 

k • r = r(k, sin 0 cos <b + k y sin 0 sin <j> + L cos 0) (12-91) 

which reduces, using (12-80a) to 


k • r = r|A, sin 0 cos </> 4- k y sin 0 sin </> -I- VA 2 - kj - k? cos 0] (12-92) 

The stationary points can be found by 


atli • r( 

at, 

a(k • r) 


= 0 


dky 

Using (12-92) and (12-80). (12-93a) and (l2-93b) reduce to 

^ r * = rjsin 0 cos </• - j- cos fi j = 0 
fi(k » r) 

a*. 


/•( sin 0 sin </' - ~r cos 0) = 0 

K • 


whose solutions are given, respectively, by 

sin 0 cos <!> 


A, = A. 


k y = A, 


cos 0 

si n 0 sin <l> 
cos 0 


Using (l2-95a) and (l2-95h). (12-80) can he written as 


\ COS- 0/ 


(!2-93a) 
(12-93b) 


(l2-94a) 
(12-94b) 


(12-95a) 
(I2-95H) 


(12-96) 
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which reduces for k. to 

k. = k cos 6 (12-97) 

With the aid of (12-97). the stationary point of (l2-95a) and (12-95b) simplify to 

k, = k sin Wcos <i> — k\ (l2-98a) 

k , = k sin Osin = kj (12-98b) 

The function k ■ r can be expanded into a Taylor series, about the stationary point 
k,, k 2 . and it can be approximated by the zero, first, and second order terms. That is. 


k • r = k • r 


atk • r> 

dk. 


, d(k • r) 
M; ' + 


<*v ~ k 2 ) 


k-i- 


+ - 


I r»-(k • r) 


2 elk; 
rl 2 (k • r) 


J I d^k ■ r) 


(k t — ro 1 + - - 


*,4, 


<*» - kj 


Hkjk, 


*. Jh 


(A, - *,)(*„ - k 2 ) 


(12-99) 


Since the second and third terms vanish at the stationary point k, = k, and k , = ki, 
(12-99) can he expressed as 


k • r = k • r 


M, 


- Ai ; 2 - Brr - C(V 


( 12 - 100 ) 


where 


1 d 3 lk • r) 



A 2 dk 2 , 


(12-100a) 

1 f) 3 (k • r) 



B 2 r»Af 

k,.t. 

(12-100b) 

c _ 3'(k • r) 


(12-100c) 

ilk.itky 

*1 *! 


f = ( k, - A,) 

(12-KKkl) 

T7 = <A V — k 2 ) 

(I2-I00e) 


Using (12-97)-(12-98b). (12-90) reduces to 


k • r 


= kr 


( 12 - 101 ) 


M: 


Similarly, with the aid of (12-92). A. If. and C can be written, alter a few manipula¬ 
tions. as 


1 i )■’( k • r) 

__l( 1 + 

2 Ilk 2 

M, 2k V 

1 a 2 (k • r) 

r /, 

B ~ 2 814 

2k\ l ' 

rtk • r) 

r sin 3 0 

ilk,dk y 

a,> ; * cos 3 H 


sill-' I) cos ' </>' 
cos 2 0 
sin 3 0 sin ’ «// 
cos 3 « 

cos </> sin <l> 


(12-102a) 
(12-102b) 
( 12-1020 
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Thus (12-73) can be approximated around the stationary point k, = k\ and k, = k 2 . 
which contributes mostly to the integral, by 


EU 


; y, z) =* 7 ^-t f f «U, = k,. k v = k 2 )e >«*'-*<* B ’> 3 -cSv) d £ tlr] ( i 2 -l()3) 
Air J J 


or 


E(.v, v. z) = T~J(k h k 2 )c ' h \\ eWf+Hr+Cf") d^dt) (12- 

47T* J j S<j 


103a) 


where .V|, 2 is the surface near the stationary point. 

The integral of (12-103a) can be evaluated with the method of Stationary Phase. 
That is. (see Appendix VIII) 






S = 


+ 1 if AAB > C 1 and A > 0 
-I if AAB > C 2 and A < 0 
-j if AAB < C 2 


(12-104) 


(12-104a) 


With the aid of (!2-l02a>-( 12-102c). the factor AAB - C 2 is 

■ .. ' 2 

AAB - C 2 = 


\k cos I), 

Since AAB • C and A 0. (12-103) reduces to 


1 / 


T-rr k 

eiur+Hf+cf* dSd,! = y— cos H 
s'i3 r 


(12-105) 


(12-106) 


and (12-103a) to 

ke ,kr 

E(/-, I). <!>) — j ——- |cos 0 f(/t| = k sin 0 cos </». k 2 = k sin 0 sin </»)| (12-107) 

2 nr 

In the I'ar-lield region, only the H and components of the electric and magnetic 
fields are dominant. Therefore, the E„ and E l/t components of (12-107) can be written 
in terms of/, and/,. With the aid of (!2-84b). f can be expressed as 


r = aj; + aj; + a : 


,/; = a/, 


„ „ „ (f,k s + Eh?) 

a,7, ~ fi- k ■ (12-108) 


At the slaliomiry point Ik, = k t = k sin 0 cos </•>• k> = k 2 = k sin H sin <p, 
k. ~ k cos 0), (12-108) reduces to 


ft* 


. k 2 ) = a J x 


, + a,/v - CON </> + /v sin */.) 

cos f) 


(12-109) 


Using the inverse transformation of (4-5). the 0 and <l> components of f can be written 
as 


f» = 


/, cos </> + fy sin 4> 
cos D 


(12-110a) 
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f* = ~A sin <l> + A cos <l> 


U2-I H)b) 


The E-field of (12-107) reduces, for the R and </> components, to 



( 12 - 111 ) 


and the H-fickl to 


HO. 0. <l>) = x Eo, 0. d>)\ 


( 12 - 112 ) 


where from (12-85a) and (12-85b) 


(12-11 Ta) 


(12-113b) 


To illustrate the frequency domain (spectral) techniques, the problem of a uniform 
illuminated aperture, which was previously analyzed in Section 12.5.1 using spatial 
methods, will be solved again using transform methods. 


f(k, = *i 

-Lj 

*V = k z ) 

•-n/2 

EUx‘. y'. z’ = 0) e Wj ' si,, " cw * + S**** ,/.»•’ r/y’ 

—(f/2 


A(l< r = *, 

C ha 

J M2 . 

Ay — Aj) 

* + fl/3 

£Ux\ y'.Z* = 0) ^AI-i'nln/Kcw** y'«in#sin<#| fei ^ 

—it/a 


Example 12.7 

A rectangular aperture of dimensions a und b is mounted on an inlinite ground plane, 
as shown in Figure 12.26(a). Find the held radiated by it assuming that over the 
opening the electric field is given by 

.. ... -a/2s/< U /2 

E " — bf2 s y's b/2 

where E n is a constant. 


SOLUTION 

From (12-113a) and (12-113b) 


/.-° 

A = £oJ 


M2 


M2 


^Jky' »m Wmii ily 


*i: 


uT2 

.1/2 


which, when integrated, reduces to 

. . r /sin X\/sin Y\ 

A = ahEi 


c )ix’»n VtusJ, t j x i 
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k(i 

X = — sin 0 cos <b 
Y = sin 0 sin </> 


The 0 anti <j> components of (12-111) can be written as 
abkF.tf ,kr f . [sin xl I"sin Kl 1 

Ea=J -^~ i”*prJrrJ) 


E*=J 


.abkEae ~ Jtr 


2-nr 


| cos 0 


cos </> 


sin X 


sin Y 


which are identical to those of (12-23b) and (!2-23c), respectively. 


12.9.4 Dielectric Covered Apertures 


The transform ( spectraI) technique can easily be extended to determine the field 
radiated by dielectric-covered apertures [20]. |211. l : or the sake of brevity, the details 
will not be included here. 1 lowever, it can be shown that for a single lossless dielectric 
sheet cover of thickness It, dielectric constant e„ unity relative permeability, and free- 
space phase constant A- (l , the far-zonc radiated field E„. E^ of the covered aperture of 
Figure 12.26(b) are related to E 1 ',. E% of the uncovered aperture of Figure 12.26(a) 
by 


E u (r. U. <l>) = f(0 ) E° g (r. B, <t>) 


(12-114a) 


E,M- V. <t>) = 8(0) <>■ <l» 


(12-114b) 


where 


E, h E$ = field components of dielectric covered aperture [Fig. 12.26(b)] 
E\‘>. E'l = Held components of uncovered aperture (Fig. 12.26(a)I 


m = 


(•jkulicmii 


cos ijj + jZ/, sin i// 


8(0) = 


gJkuhimU 


cos i// + JZ„ sin (// 


(A = A,,/' \/e f — sin’ 0 



(12-114c) 


(12-114d) 

(12-1I4e) 

(12-114f) 
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(12-1I4g) 


The above relations do not include surface wave contributions which can be taken 
into account but are beyond the scope of this section [20]. 

To investigate the effect of the dielectric sheet, fur-zone principal E- and //-plane 
patterns were computed for a rectangular waveguide shown in Figure 12.26(b). The 
waveguide was covered with a single dielectric sheet, was operating in the dominant 
'/'/■.'h, mode, and was mounted on an infinite ground plane. The E- and //-plane patterns 
are shown in Figure 12.27(a) and 12.27(b). respectively. In the /{'-plane patterns, it is 
evident that the surface impedance of the modified ground plane forces the normal 
electric field component to vanish along the surface (H = tt/2). This is similar to the 
effects experienced by the patterns of the vertical dipole above ground shown in 
Figure 4.28. Since the //-plane patterns have vanishing characteristics when the ap¬ 
erture is radiating in tree-space, the presence of the dielectric sheet has a very small 
overall effect. This is similar to the effects experienced by the patterns of a horizontal 
dipole above ground shown in Figure 4.30.1 lowcver, both the E- and //-plane patterns 
become more broad near the surface, and more narrow elsewhere, as the thickness 
increases. 


12.9.5 Aperture Admittance 


Another parameter of interest, especially when the antenna is used as a diagnostic- 
tool. is its terminating impedance or admittance. In this section, using Fourier trans¬ 
form ( spectral ) techniques, the admittance of an aperture antenna mounted on an 
infinite ground plane and radiating into I'ree-space will be formulated. Computations 
svill be presented for a parallel-plate waveguide. The techniques can best be presented 
by considering u specific antenna configuration and field distribution. Similar steps 
can be used for any other geometry und field distribution. 

The geometrical arrangement of the aperture antenna under consideration is shown 
in Figure 12.26(a). It consists of a rectangular waveguide mounted on an infinite 
ground plane. It is assumed that the field distribution, above cutoff, is that given by 
the TEia mode, or 


K„ = fi.fc'o cos 



-a/2 £ x' £ al2 
-b/2 rS y' < h/2 


(12-115) 


where /q, is a constant. The aperture admittance is defined as 

Y = Ifl 
“ |Vf 


(12-116) 


where 


P* = conjugate of complex power transmitted by the aperture 
V = aperture reference voltage. 

The complex power transmitted by the aperture can be written as 

P = ^ j s | |E(.y\ v\ z' = 0) x H*-U’. y\ z' = 0)] • a c/.v' dy' 1 12-117) 
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Figure 12.27 Amplitude radiation patterns of a dielectric covered waveguide mounted on 
an infinite ground plane and with a TE I0 mode aperture field distribution. 


where S„ is the aperture of the antenna. E(.v'. y\ = 0) and y'. z' = 0} 
represent the total electric and magnetic fields at the aperture including those of the 
modes which operate below cutoff and contribute to the imaginary power. For the 
field distribution given by (12-115). (12-1 17) reduces to 

P = " I I |£ V U'. ,v\ z' = 0 )H*(x’.y'.z' = 0)] dx' dy' (12-117a) 

2 JX a J 

The amplitude coefficients of all modes that can exist within the waveguide, 
propagating and nonpropagating, can be evaluated provided the total tangential E- 
und/or H-lield at any point within the waveguide is known. Assuming that (12-115) 
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represents the total tangential E-field, it allows the determination of all mode coeffi¬ 
cients. Even though this can be accomplished, the formulation of (12-117a) in the 
spatial domain becomes rather complex (22|. 

An alternate and simpler method in the formulation of the aperture admittance is 
louse Fourier transforms. By Parseval’s theorem of (12-72c).<12-117a)can he written 
as 

/>= - |j | E v U',y\ z’ = 0) H*(x'. /. z' = 0) dx' dy' 

= ' sW - / ■ %{k " k,) ky) <ik ' elk ' <»2-i l8) 


where the limits of the first integral have been extended to infinity since 
Eyf x\ >•'. z‘ = 0) vanishes outside the physical bounds of the aperture. k y ) and 
k„ k y ) arc the Fourier transforms of the aperture E- and //-fields, respectively. 
The transform '£(&,. k y , z = 0) is obtained from (12-78) while 3 K(k„ k t .z = 0) 
can be written, by referring to (12-89), as 

X(k t ,k,.i = 0) = -p(fxk) (12-119) 

k V 

For the problem at hand, the transforms /, and M, are given by 

ty(k x < ky) =fy{k J ,ky) 02 * 120 ) 


Using (l2-77b) and <12-115), (12-120) reduces to 

/,(*.. k y ) = £ 0 f ‘ f 0/1 cos l-Ae**'*** dx- dy’ 
j -w? J-«n \a I 


fM'.ky) = 


vab \ cos X sin Y 

2 r"L(«/2) 2 - (X) J [~Y~. 


where 


X = 

y = 


2 

kjb 

2 


Substituting (12-120)—(12-122b) into (12-118) leads to 
( imbE n 


( 12 - 121 ) 


(12-122) 

(12-122a) 
(12-122b) 


P = 


( irabEn ) 1 f f ' * f (k 2 — k 2 ) cos X I T sin l l ‘ 
32n 2 k V J- 1 k* L(7t/2) j - (AT) 2 J Y 


If the reference aperture voltage is given by 

v= vl E,) 

the aperture admittance can be written as 


(12-123) 


(12-124) 





634 Chapter 12 Aperture Antennas 


i 

Ino-siMc 

region 


Invisible / 
region / 

< 

l Visible 
\ region 

7 * 

Invisible 

region 

1 - L 

A 

I ^ "’X 

Invisible 

region 


Figure 12.28 Visible and invisible regions in A-space. 




~ 



”1 






Ikjn 

2 

IP* 

y ” 

i r*. 


sin 

\ 2 ) 

P*<A~ - Af) 

" " \v\ 2 ' 

ikijJ » 


k y b 

J— A. 




L 

2 

_ 



Jk 



2 


X 

COSI 

2 

L 

dk , 

. dky 



M* 




Ul 


2 / 










( 12 - 125 ) 


where A is given by (12-80a) and (12-80h). As staled before, the values of A as given 
by <l2-80a) contribute to the radiated (real) power and those of 1 12-8<)b) contribute 
to the reactive (imaginary ) power. Referring to Figure 12.28. values of A, and A, within 
the circle contribute to the aperture conductance, and the space is referred to as the 
visible region. Values of A, and A, outside the circle contribute to the aperture suscep- 
tanee and constitute the invisible region. Thus 1 12-125) can be separated into its real 
and imaginary pans, and it can be written as 


Y„ = G„ + JB a 


( 12 - 126 ) 



112 - 126 a) 
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The first term in (12-126b) takes into account the contributions from the strip outside 
the circle for which k y < k. and the second term includes the remaining space outside 
the circle. 

The numerical evaluation of < 12-126a) and (I2-I26b) is complex and will not be 
attempted here. Computations for the admittance of rectangular apertures radiating 
into lossless and lossy half-spaces have been carried out and appear in the literature 
[23]-[27|. Various ingenious techniques have been used to evaluate these integrals. 

Because of the complicated nature of (12-126a) and (12-126b) to obtain numerical 
data, a simpler configuration will be considered as an example. 


Example 12.8 

A parallel plate waveguide is mounted on an infinite ground plane, as shown in Figure 
12.29. Assuming the total electric field at the aperture is given by 

K„ = a, -b/2^y'^b/2 

where E„ is a constant, find the aperture admittance assuming the aperture voltage is 
given by V = bE„. 


SOLUTION 

This problem bears a very close similarity to that of Figure 12.26(a). and most of the 
results of this example can be obtained almost directly from the previous formulation. 
Since the problem is two-dimensional, (12-120)—{12-122) reduce to 
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Figure 1229 Parallel plate waveguide geometry and aperture held distribution. 
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and (12-123) to 



7 


Since the aperture voltage is given by V = />/;„. the aperture slot admittance [per unit 
length (thing the .r direction) of (12-125) can be written as 



and the aperture slot conductance and susceptance of (12-126a) and (12-126b | as 
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tlie expressions lor the slot conductance and susceptance reduce to 
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= —A. 

tiA J< 
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The admittance will always he capacitive since /?„ is positive. 

The expressions for the slot conductance and susceptance (per unit length along 
the .r direction) reduce for small values of kb to [5] 
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and for large values of kb to 





12.10 GROUND PLANE EDGE EFFECTS: THE 
GEOMETRICAL THEORY OF DIFFRACTION 

Infinite size (physically and/or electrically) ground planes are not realizable in practice, 
but they can be approximated closely by very large structures. The radiation charac¬ 
teristics of antennas (current distribution, pattern, impedance, etc.) mounted on finite 
size ground planes can be modified considerably, especially in regions of very low 
intensity, by the effects of the edges. The ground plane edge diffractions for an 
aperture antenna are illustrated graphically in Figure 12.31. For these problems, 
rigorous solutions do not exist unless the object's surface can be described by curvi¬ 
linear coordinates. Presently there are two methods that can be used conveniently to 
account for the edge effects. One technique is the Moment Method (MM) |28) dis¬ 
cussed in Chapter 8 and the other is the Geometrical Theory of Diffraction (GTD) 
1291. 

The Moment Method describes the solution in the form of an integral, and it can 
he used to handle arbitrary shapes. It mostly requires the use of a digital computer 
for numerical computations and. because of capacity limitations of computers, it is 
most computationally efficient for objects that are small electrically. Therefore, it is 
usually referred to as a low-frequency asymptotic method. 

When the dimensions of the radiating object are large compared to the wavelength, 
high-frequency asymptotic techniques can be used to analyze many otherwise not 
mathematically tractable problems. One such technique, which has received consid- 
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Figure 12.31 Diffraction mechanisms for an aperture mounted on a finite size 
ground plane (diffractions at upper-lower and left-right edges of the ground 
plane). 


erable attention in the past few years, is the Geometrical Theory of Diffraction (GTDl 
which was originally developed by Keller [29]. The GTD is an extension of the 
classical Geometrical Optics (GO; direct, reflected, and refracted rays), and it over¬ 
comes some of the limitations of GO by introducing a diffraction mechanism [2]. 

The diffracted held, which is determined by a generalization of Fermat’s principle 
[2]. ]30], is initiated at points on the surface of the object where there is a discontinuity 
in the incident GO Held (incident and reflected shadow boundaries). The phase of the 
field on a diffracted ray is assumed U) be equal to the product of the optical length of 
the ray (front some reference point) and the phase constant of the medium. Appropriate 
phase jumps must be added as a ray passes through caustics.* The amplitude is 
assumed to vary in accordance with the principle of conservation of energy in a 
narrow tube of rays. The initial value of the Held on a diffracted ray is determined 
from the incident Held with the aid of an appropriate diffraction coefficient (which, 
in general, is a dyadic lor electromagnetic fields). The diffraction coefficient is usually 
determined from the asymptotic solutions of the simplest boundary-value problems 
which have the same local geometry at the points of diffraction as the object(s) of 
investigation. Geometries of this type are referred to us canonical problems. One of 
the simplest geometries is a conducting wedge [31], [32], Another is that of a con¬ 
ducting. smooth and convex, surface 133 l—l33[. 

The primary objective in using the GTD lo solve complicated geometries is to 
resolve each such problem into smaller components (81—110). [35]. The partitioning 
is made so that each smaller component represents a canonical geometry of a known 
solution. These techniques have also been applied for the modeling and analysis of 
antennas on airplanes [36|, and they have combined both wedge and smooth con- 

*A caustic is .i point or a line through which all the rays of a wave pasv Examples of it nrc the focal 
point of a paraboloid (parabola of revolution) and the local line of a parabolic cylinder The field at the 
caustic is infinite because, iii principle, an infinite number of rays pass through it. 
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Figure 12.32 Aperture geometry in principal £-plane <rf» = nil). 
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Figure 12.33 Principal E-plane amplitude patterns of an aperture antenna mounted on 
finite size ground plane. 
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Figure 12.34 Measured and computed principal elevation plane amplitude pat¬ 
terns <>l a A/4 monopole above infinite and finite square ground planes. 


ducting surface diffractions |33|. |35|. The ultimate solution is a superposition of the 
contributions from each canonical problem. 

Some of the advantages of GTD are 

1. It is simple to use. 

2. It can be used to solve complicated problems that do not have exact solutions. 

3. [L provides physical insight into the radiation and scattering mechanisms from the 
various parts of the structure. 

4. It yields accurate results which compare extremely well with experiments and 
other methods. 

5. It can he combined with other techniques such as the Moment Method [37]. 

The derivation of the diffraction coefficients for a conducting wedge and their 
application are lengthy, and will not he repeated here. An extensive and detailed 
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Figure 12.35 Measured and computed principal elevation plane amplitude patterns nl a A/4 
monopole (blade) above a circular ground plane. 


treatment of over 100 pages, for both antennas and scattering, can he found in [2J. 
However, to demonstrate the versatility and potential of the GTD. three examples are 
considered. The first is the E-plane pattern of a rectangular aperture of dimensions 
u.b mounted on a finite size ground plane, as shown in Figure 12.31. The GTD 
formulation along the E-plane includes the direct radiation and the fields diffracted 
by the two edges of the ground plane, as shown in Figure 12.32. The computed £• 
plane pattern along with the measured one are shown in Figure 12.33; an excellent 
agreement is indicated. 

The two other examples considered here are the elevation pattern of a A/4 mono- 
pole mounted on square and circular ground planes. The diffraction mechanism on 
the principal planes for these is the same as that of the aperture, which is shown in 
Figure 12.32. The corresponding principal elevation plane pattern of the monopole 
on the square ground plane is displayed in Figure 12.34 while that on the circular one 
is exhibited in Figure 12.35. For each case an excellent agreement is indicated with 
the measurements. It should be noted that the minor lobes near the symmetry axis 








References 643 


(ft = 0° and ft = 180°) for the circular ground plane of Figure 12.33 are more intense 
than the corresponding ones lor the square ground plane of Figure 12.34. These effects 
are due to the ring-source radiation by the rim of the circular ground plane toward 
the symmetry axis [2|, 11()|. 
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PROBLEMS 

12.1. A uniform plane wave traveling in ihe + ; direction, whose magnetic field is expressed 

as 


H' - k, 


Z s0 


X 






I-J IO 
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impinges upon an aperture on an infinite. Hat, perfect electric conductor whose cross 
section is indicated in the figure. 

(a) State the equivalent that must be used to determine the field radiated by the 
aperture to the right of the conductor (z > 0). 

(b,i Assuming the aperture dimension in the y direction is b, determine the far-zone 
fields for z > 0. 

.2. Repeat Problem 12.1 when the incident magnetic Held is polarized in the x direction. 

.3. Repeat Problem 12.1 when the incident electric field is polarized in they direction. 

.4. Repeat Problem 12.1 when the incident electric field is polarized in the x direction. 

12.5. A perpendicularly polarized plane wave is obliquely Incident upon an aperture, with 
dimension a and h. on a perfectly electric conducting ground plane of infinite extent, 
as shown in the figure. Assuming the field over the aperture is given by the incident 
field (ignore diffractions from the edges of the aperture), find the far-zone spherical 
components of die fields for x > 0. 



12.6. Repeat Problem 12.5 for a parullelly polarized plane wave (when the incident magnetic 
field is polarized in the ?. direction, i.e., the incident magnetic field is perpendicular to 
the x-y plane while the incidenl electric field is parallel to the .r-y plane). 

12.7 A narrow rectangular slot of size /. by W is mounted on an infinite ground plane that 
covers the x-y plane. The tangential field over the aperture is given by 

E„ = a,/V wV'w 

Using the equivalence principle and image llieory. we can replace ihc aperture and 
infinite ground plane with an equivalent magnetic current radiating in free space. 
Determine the 
(a) appropriate equivalent 

lb) far-/.one spherical electric field components for z > 0 
tc) direction ( 0 . ib) in which the radiation intensity is maximum 




1 - 

k 1 


• V-/ 



12.8. A rectangular aperture, of dimensions a and b. is mounted on an infinite ground plane, 
as shown in Figure 12.6(a). Assuming the tangential field over the aperture is given 

by 

E„ = a, E„ — a/2 £ y‘ £ a/2. -b/2 £ z' £ b/2 

find die lar-zone spherical electric and magnetic field components radiated by the 
aperture. 
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12.9. Repeal Problem 12.8 when the same aperture is analyzed using the coordinate system 
of Figure 12.6(b) The tangential aperture field distribution is given by 

E, = fi,E„ - 6/2 x' < 6/2. -all < z' £ all 

12.10. Repeat Problem 12.8 when the aperture field is given by 

E„ = a, Eo cosy'j -dP-S >•' £ a/2, -hll £ z' £ 6/2 

12.11. Repeat Problem 12.9 when the aperture field distribution is given by 

E„ = a.EoCosj^z'j — 6/2 Si'<4/2 -all £;:' £ a/2 

12.12. Find the fields radiated by the apertures of Problems 

(a) 12.8 (b) 12.9 

(c) 12.10 (d) 12.11 

when each ol the apertures with their associated field distributions are not mounted 
on a ground plane. Assume the tangential H-field at the aperture is related to the 
E-liold by the intrinsic impedance. 

12.12. Find the fields radiated by the rectangular apenurc of Section 12.5.3 when it is not 
mounted on an infinite ground plane 

12.14. For the rectangular aperture of Section 12.5.3 (with a 4A. 6 = 3A), compute the 
(u) E-planc bcamwidth (in degrees) between the maxima of the second minor lobe 
lb) E-plane amplitude I in dB) of the maximum of the second minor lobe (relative to 

the maximum of the major lobe) 

(c) approximate directivity of the antenna using Kraus' formula. Compare it with the 
value obtained using the expression in Table 12.1. 

12.15. For the rectangular aperture of Section 12.5.1 with a = 6 = 3A. compute the direc¬ 
tivity using (12-37) and the DIRECTIVITY computer program at the end of Chap¬ 
ter 2. 

12.16. For the rectangular aperture of Section 12.5.2 with a h = 3A. compute the direc¬ 
tivity using (12-37) and the DIRECTIVITY computer program at (he end of Chap¬ 
ter 2. 

12.17. Compute the directivity of the aperture of Section 12.5.3. using the DIRECTIVITY 
computer program at the end of Chapter 2. when 

(a) « = 3A. 6 = 2A 

(b) a = 6 = 3A 

12.18. Repeat Problem 12.17 when the aperture is not mounted on an infinite ground plane. 

12.19. For (he rectangular aperture of Section 12.5.3 with a = 3A. 6 = 2A. compute the 
(a) E-plane half-power bcamwidth 

ib) //-plane half-power beamwidth 

(c) E-plune first-null beamwidth 
id) //-plane first-null beamwidth 

(e) E-plane first side lobe maximum (relative to main maximum) 

(f) //-plane first side lobe maximum (relative to main maximum) 

using the formulas of Table 12.1. Compare the results with the data from Figures 
12.13 and 12.14. 

12.20. A square waveguide aperture, of dimensions <i = 6 and lying on the v-v plane, is 
radiating into I'ree-space. Assuming a cost vx'/at by cost nv'/b) distribution over the 
aperture, find the dimensions of the aperture (in wavelengths) so that the beam effi¬ 
ciency within a 37° total included angle cone is 90%. 

12.21. Verify I l2-39a). (12-39b). (l2-39c). and (12-40). 

12.22. A rectangular aperture mounted on an infinite ground plane has aperture electric field 
distributions and corresponding efficiencies of 







Problems 647 


FIELD DISTRIBUTION APERTURE EFFICIENCY 

(a) Triangular 75% 

(b) Cosine square 66.67%' 



What arc the corresponding directives (in dB) if the dimensions of the aperture arc 
ii = A/2 and b = A/4? 

12.23. The physical area of an aperture antenna operating at 10 Gil/ is 200 cm* while its 
directivity is 23 dB. Assuming the antenna has an overall radiation efficiency of 90% 
and it is perfectly matched to the input transmission line, find the aperture efficiency 
of the antenna, 

12.24. Two X-band (8.2-12.4 GH/.) rectangular waveguides, each operating in the dominant 
TE m -inode. are used, respectively, as transmitting and receiving antennas in a long 
distance communication system. The dimensions of each waveguide are « = 2.286 
cm (0.9 in.) and b = 1.016 cm (0.4 in.) and the center frequency of operation is 
10 GH/. Assuming the waveguides are separated by 10 kilometers and they are 
positioned for maximum radiation and reception toward each other, and the radiated 
power is I watt, find the: 

(a) Incident power density at the receiving antenna 

(b) Maximum power that can be delivered to a matched load 

Assume the antennas are lossless, are polarization matched, and each is mounted on 
an infinite ground plane. 

12.25. The normalized far-zone electric field radiated in the /(-plane (.»-; plane; d> = 0") by 
a waveguide aperture antenna of dimensions a and />. mounted on an infinite ground 
plane as shown in the figure, is given by 



Determine in the /(-plane the: 

(a) Vector effective length of the antenna. 
<b) Maximum value of the effective length. 
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Slate the value of 0 (in degrees) which maximizes the effective length. 

12.26. A uniform plane wave is incident upon an X-band rectangular waveguide, with di¬ 
mensions of 2.286 cm and 1.1)16 cm. mounted on an infinite ground plane. Assuming 
die waveguide is operating in the dominant TE,„ mode, determine the maximum power 
that can he delivered to a matched load. The frequency is 10 GHz and the power 
density of the incident plane wave is 10 4 watts/m 2 . 

12.27. Compute the aperture efficiency of a rectangular aperture, mounted on an infinite 
ground plane as shown in Figure 12.7. with an IT field aperture distribution directed 
lowurd v but with variations 

fa) triangular in the x and uniform in the y 
tb) cosine-squared in the v and uniform in the y 
(e) cosine in the x and cosine in the v 
id) cosine-squared in both the v and y directions. 

How do they compare with those of a cosine distribution? 

12.28. An X-band (8.2 12.4 GHz) WR 90 rectangular waveguide, with inner dimensions of 

0.9 in. (2.286 cm) and 0.4 in. (1.016 cm), is mounted on an infinite ground plane. 
Assuming the waveguide is operating in (he dominant TE,,,-mode. find its directivity 
at / 10 GHz. using the 

(u) computer program DIRECTIVITY at (he end of Chapter 2 
(b) formula in Table 12.1 
Compare the answers. 

12.29. Repeal Problem 12.28 ul/ = 20 GHz lor a X-band 1 18-26.5 GHz) WR 42 rectangular 
waveguide with inner dimensions of 0.42 in. 11.067 cm) and 0.17 in. (0.432 cm), 

12.30. Four rectangular X-band waveguides of dimensions a = 0.9 in. (2.286 cm) and b = 
0.4 in. (1.016 cm) and each operating on the dominant TE 10 -niode, arc mounted on 
an infinite ground plane so dial their apertures and the ground plane coincide with the 
.i-v plane. The apertures form a linear array, arc placed along the v-axis with a centcr- 
uxenter separation of d = (J.85A apart, and they arc fed so that they form a broadside 
Dolph-Tschcbyscheff array of - 30 dU minor lobes. Assuming a center frequency of 
10 GHz. determine the overall directivity of the array in decibels. 

12.31. Sixty-four (64) X-band rectangular waveguides are mounted so that the aperture of 

each is mounted on an infinite ground plane that coincides with the x-y plane, and all 
together form an 8 v. 8 64 planar array. Each waveguide has dimensions of a = 

0.9 in. (2.286 cm), b = 0.4 in. (1.086 cm) and the ccntcr-to-centcr spacing between 
the waveguides is il, = </. = 0.85A. Assuming a TE,,,-modc operation for each 
waveguide, a center frequency of It) GHz. and the waveguides are led to form a 
uniform broadside planar array, find the directivity of the total array. 

12.32. Find the far-zone fields radiated when the circular aperture of Section 12.6.1 is not 
mounted on an infinite ground plane. 

12.33. Derive the far-z.onc fields when the circular aperture of Section 12.6.2 
(a) is 

tb) is not 

mounted on an infinite ground plane. 

12.34. A circular waveguide (not mounted on a ground plane), operating in the dominant 
TE,, mode, is used as an antenna radiating In free space. Write in simplified form the 
normalized far-zonc electric field components radiated by the waveguide antenna. You 
do not have to derive them. 

12.35. For the circular aperture of Section 12.6.1, compute its directivity, using the DIREC¬ 
TIVITY computer program at the end of Chapter 2. when its radius is 

(a) a = 0.5A 

(b) u - I.5A 

(c) a 3 3.0A 

Compare the results with data from Tabic 12.2. 

12.36. Repeal Problem 12.35 when the circular aperture of Section 12-6.1 is not mounted on 
an infinite ground plane. Compare the results with those of Problem 12.35. 
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12.37. 


12.38. 


12.39. 


12.40. 


For ihe circular aperture of Problem 12.33. compute the directivity, using the DIREC¬ 
TIVITY computer program at the end of Chapter 2. when its radius is 

(a) u = 0.5A 

(b) a = I.5A 

(c) ii = 3.0A 

Compare the results with data I'mm Table 12.2. 

For the circular aperture o! Section 12.6.2 with a = I.5A. compute the 

(a) t-plane half-power heamwidlh 

(b) //-plane half-power heamwidlh 

(e) C-planc lirsl-null heamwidlh 

(d) //-plane first-null heamwidlh 

(c) /-.'-plane first side lobe maximum (relative to main maximum) 

(f) //-plane first side lobe maximum (relative to main maximum) 

using the formulas of Table 12.2. Compare the results witli the data from Figures 
12.19 and 12.20. 

A circular aperture of radius a is mounted on an infinite electric ground plane. Assum¬ 
ing the opening is on the v-v plane und Us lield distribution is given by 


(a) li., A. /i 0 I 



(b) li„ - n v /T ( , | I | , p'So 

inti Ihe l,u-/.one electric and magnetic lield components radiated by the antenna, 
iepeat Problem 12.39 when the electric lield is given by 


- s 


li„ - A,/t„|l (ft 1 /a) I. p's a 


Find only the radiation vectors I. und N, Work as far as you can. If you liud you 
cannot complete the solution in closed form, stale clearly why you cannot. Simplify 
as much ns possible 

12.41 A coaxial line of inner and outer radii a and />. respectively, is mounted on an infinite 
electric ground plane. Assuming that the electric field over the aperture of the coax is 


F.„ = -i 


'fin(/>/«) p 


a 


p' sb 



where V is the applied voltage and e is the permittivity of the coax medium, find the 
far-/one spherical electric and magnetic field components radiated by the antenna. 
12.42. Ii is desired to design a circular aperture antenna with a field distribution over its 
opening of 

£ = Cfl - (p’/u) \ 

where C is a constant, a its radius, and p any point on the aperture, such that its beam 
efficiency within a 60° total included angle cone is 90%. Find its radius in wavelengths. 







r>j ij 
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12 . 43 . 

12.44. 


12.45. 


.46. 

.47. 


12.4N 


12.4a. 

12.50. 


12.51. 


12 . 52 . 


l or the antenna of Problem 12.42, find its efficiency within a 40° total included angle 
cone when its radius is 2A. 

Design square apertures with uniform illumination so dial the directivity at 60” from 
the normal is maximized relative to that at f) = O'. Determine the: 
tut Dimensions of the aperture tin A) 

(b) Maximum directivity (in dB) 

(c) Directivity tin dB) at 60° from the maximum 

Design a circular aperture with uniform illumination so that the directivity at 60'' from 
the normal is maximized relative to that at II = 0°. Determine the 

(a) Radius of the aperture (in A) 

(b) Maximum directivity (in dB) 

tc) Directivity (in dB) at 60" from the maximum 

Repeat Problem 12.45 for a circular aperture with a parabolic distribution 

Repeat Problem 12.45 for a circular aperture with a parabolic taper on - 10 dB 

pedestal. 

Derive the cdgc-ol''-coverage (HOC) design characteristics for a circular aperture with 
a parabolic taper. 

A vertical dipole is radiating into a free-space medium and produces fields E„ and II.. 
Illustrate alternate methods for obtaining the same fields using Babinet's principle and 
extensions of it. 

(a) (I) Sketch the six principal plane patterns, and (2) define the direction of E and 
II along the three principal axes and at 45° to the axes, for a thin slot one-half 
wavelength long, cut in a conducting sheet which has infinite conductivity and 
extending to infinity, and open on both sides. Inside dimensions of the slot arc 
approximately 0.5A by 0.1 A. Assume that the widlh (0.1 A) of the slot is small 
compared to a wavelength. Assume a coordinate system such that the conducting 
plane lies on the x-v plane with the larger dimension of the slot parallel to the 
v-axis. 

(b) Sketch the six approximate principal plane patterns £„(rfi = 0°). £,,,(</> = 0°), 
En(d> = 90°). £*<«* = 90°). E„(Q = 90°). EJ0 = 9() n ). 

A very thin circular annular slot with circumference of one wavelength is cul 
on a very thin, infinite, flat, perfectly electric concluding plate. The slot is 
radiating into free space. What is the impedance (real and imaginary parts) of 
the slot? 



Repeat Example 12.7 for a rectangular aperture with an electric field distri¬ 
bution of 


E 


a 


a - £u cos 



- all < x' < all 

- bll < >•' < htl 
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HORN ANTENNAS 


13.1 INTRODUCTION 

One of the simplest and probably the most widely used microwave antenna is the 
horn. Its existence and early use dates back to the late 1800s. Although neglected 
somewhat in the early 1900s. its revival began in the late 1930s from the interest in 
microwaves and waveguide transmission lines during the period of World War II. 
Since that time a number of articles have been written describing its radiation mech¬ 
anism. optimization design methods, and applications. Many of the articles published 
since 1939 which deal with the fundamental theory, operating principles, and designs 
of a horn as a radiator can be found in a book of reprinted papers 111 and chapters in 
handbooks |2|. [3|. 

The horn is widely used as a feed element for large radio astronomy, satellite 
tracking, and communication dishes found installed throughout the world. In addition 
to its utility as a feed for reflectors and lenses, it is a common dement of phased 
arrays and serves as a universal standard for calibration and gain measurements of 
other high-gain antennas. Its widespread applicability stems from its simplicity in 
construction, ease of excitation, versatility, lurge gain, and preferred overall perform¬ 
ance. 

An electromagnetic horn can take many different forms, four of which are shown 
in Figure 13.1. The horn is nothing more than a hollow pipe of different cross sections 
which has been tapered (flared) to a larger opening. The type, direction, and amount 
of taper (flare) can have a profound effect on the overall performance of the element 
as a radiator. In this chapter, the fundamental theory of horn antennas will be exam¬ 
ined. In addition, data will be presented that can be used to understand better the 
operation of a horn and its design as an efficient radiator. 

13.2 E-PLANE SECTORAL HORN 

The /•‘-plane sectoral horn is nnc whose opening is flared in the direction of the E- 
field. and it is shown in Figure 13.2(a). A more detailed geometry is shown in Figure 
13.2(h). 

“Portions of this chapter on aperture matched horns, multimode horns, and dielectric-loaded horns were 
first published bv the author in |2), Copyright l‘>88. reprinted by permission of Van Nostrand Reinhold 
Co. 
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(cl Pyramldil Idt Conical 

Figure 13.1 Typical electromagnetic hom antenna configurations. 


13.2.1 Aperture Fields 

The horn can be treated as an aperture antenna. To (ind its radiation characteristics, 
the equivalent principle techniques developed in Chapter 12 can be utilized. To 
develop an exact equivalent of it. it is necessary that the tangential electric and 
magnetic field components over a closed surface are known. The closed surface that 
is usually selected is an infinite plane that coincides with the aperture of the hom. 
When the hom is not mounted on an infinite ground plane, the fields outside the 
aperture are not known and an exact equivalent cannot be formed. However, the usual 
approximation is to assume that the fields outside the aperture arc zero, as was done 
for the aperture of Section 12.5.2. 

The fields at the aperture of the horn can be found by treating the horn as a radial 
waveguide [4]-|6). The fields within the horn can be expressed in terms of cylindrical 
TE and TM wave functions which include Hankcl functions. This method finds the 
fields not only at the aperture of the horn but also within the hom. The process is 
straightforward but laborious, and it will not be included here. However, it is assigned 
as an exercise at the end of the chapter (Problem 13.1). 

It can be shown that if the (I) fields of the feed waveguide are diose of its 
dominant TEm mode and (2) hom length is large compared to the aperture dimensions, 
the lowest order mode fields at the aperture of the horn are given by 

EJ = E‘ = H; = 0 (13-la) 

£ V 'U\ >•') - E| cosjjr'je 


(13-lbi 
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f/,V. /) ^ cos^.v'Jt- (13-Id) 

Pi = p c cos ip, (13- le) 

where E, is a constant. The primes are used to indicate the fields at the aperture of 
the horn. The expressions are similar to the fields of a TE, 0 -mode for a rectangular 
waveguide with aperture dimensions of a and b\(b\ > a). The only difference is the 
complex exponential term which is used here to represent the quadratic phase varia¬ 
tions of the fields over the aperture of the horn. 

The necessity of the quadratic phase term in (I3-Ib)-(13-Id) can be illustrated 
geometrically. Referring to Figure 13.2(b). let us assume that at the imaginary apex 
of the horn (shown dashed) there exists a line source radiating cylindrical waves. As 
the waves travel in the outward radial direction, the constant phase fronts are cylin- 



* 



<b) f-plunc view 

Figure 13.2 E-plane hom and coordinate system. 
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drical. At any point \' at the aperture of the horn, the phase of the Held will not be 
the same as that at the origin (/ = 0). The phase is different because the wave has 
traveled different distances from the apex to the aperture. The difference in path of 
travel, designated as S(y'). can be obtained by referring to Figure 13.2(b). For any 
point v‘ 

|p, + 5(/)] a = p, 2 + I/) 2 (13-2) 


or 


6(.v‘) = -Pi + tpi 2 + („v') 2 ] l/:! = -pi + Pip + 

Using the binomial expansion and retaining only the lirxi two 
reduces to 



(!3-2a) 


terms of it, (!3-2a) 



When (13-2b) is multiplied by the phase factor k, the result is identical to the quadratic 
phase term in (13-lbH13-Id). 

The quadratic phase variation for the lields of the dominant mode at the aperture 
of a horn antenna has been a standard for many years, and it has been chosen because 
it yields in most practical cases very good results. Because of its simplicity, it leads 
to closed form expressions, in terms of sine and cosine Fresnel integrals, for the 
radiation characteristics (far-zone fields, directivity, etc.) of the horn. It has been 
shown recently |7| that using the more accurate expression of (l3-2a) for the phase, 
error variations and numerical integration yield basically the same directivities as 
using the approximate expression of (l3-2b) for large aperture horns (/>, of Figures 
13.2 or a, of Figure 13.10 greater than 50A) or small peak aperture phase error (S = 
p,. - p, of Figure 13.2 or 7 = p,, - p 3 of Figure 13.10 less than 0.2A). However, 
for intermediate aperture sizes (5A s />, or a, ^ 8A) or intermediate peak aperture 
phase errors (0.2A < S or 7 < 0.6A) the more accurate expression of (13-2a) for the 
phase variation yields directivities which are somewhat higher (by as much as a few 
tenths of a decibel) than those obtained using (l3-2b). Also it has been shown using 
a full-wave Moment Method analysis of the horn |8| that as the horn dimensions 
become large the amplitude distribution at the aperture of the horn contains higher 
order modes than ihe TE, 0 inode and the phase distribution at the aperture approaches 
the parabolic phase front. 


Example 13.1 

Design an £-plane sectoral horn so that the maximum phase deviation at the aperture 
of the hom is 56.72°. The dimensions of the horn are a = 0.5A. b - 0.25A, /), = 
2.75A. 


SOLUTION 


Using l !3-2b) 

•^Lih = *ft.v')k = b,a 


k (/>,/2) 2 


2pi 


= 56 4i5, 
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or 


Pi 


2.75 \- IKO 
, 2 I 56.72 A 


6A 


The [oial dare angle of (he horn should be equal to 


2 1 /»,. = 2 tan 



= 2 tan 


2.75/2 


25.81° 


13.2.2 Radiated Fields 

To find the fields radiated by the horn, only the tangential components of the E- and/ 
or II-fields over a closed surface must be known. The closed surface is chosen to 
coincide with an infinite plane passing through the mouth of the horn. To solve for 
the fields, the approximate equivalent of Section 12.5.2 is used. That is. 


J, = —— cos -x')e 1 

7j a 


M. - Et GQsl — V |r 1 
\a 


and 


J. = M, = 0 


- all < x' < all 
-/>,/2 < / s; b ,/2 

elsewhere 


Using (12-12a) 


where 


N„ =--cos II sin «/»/|/i 

V 


/, = j *"co» d.x' 


mi 

2 


fcfl . . , 

cos — sin II cos <b 


ka . , V ... 

— sin II cos </> - - 


r*i> i«t 

/■. = t 

J-b,r> 


- Ai ny tunit Sin 


dv' 


(13-3) 


(!3-3a) 


13-4) 


(13-4a) 


(13-4b) 


The integral of (l3-4h) can also be evaluated in terms of cosine and sine Fresnel 
integrals. To do this. I, can be written, by completing the square, as 

■*h.n 


r ' Pin 

I , = c dy' 

) -Ihl2 

r*i>,n 

-^tiiVptl ( y y i 

J b,n 


(13-5) 
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where 


Making a change of variable 


k , = k sin t) sin <l> 



reduces (13-5) to 


/, 


[e£l P ' 

k K 

IWl «L- 


g-fvW d , 


= /-yV a '7va.J ( I cosfc 2 ) - j sinf^r 2 


/ 


<h 


and takes the form of 


A = ,/^p - C<f,)] - yW/n) - 


where 



(13-5a) 

113-6a) 

(l3-6b) 

(13-60 

03-7) 

(13-8) 

(!3-8a) 

(l3-8h) 

(13-8c) 
(13-8d) 


C{.\ ) and Six) are known as the cosine and sine Fresnel integrals and are well tabulated 
J9] (see Appendi x IV). Computer subroutines are also available for efficient numerical 
evaluation of each 110], 1111- 

Using < 13-4a> and (13-8), (13-4) can be written as 



cos 0 sin »/» 

l k '“\ 

cos T 

V 

.(¥] 

J 

y 1 

J: | r i 

1 

rt 


Fit,, h) 


x 


(13-9) 
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k sin 0 cos </> 


k sin // sin <£ 


(13-9a) 


(!3-9b) 


I (Vz) ~ C(/,)] - HSU,) - SUi )I 


In a similar manner, N tll . L„. /. rf , of (12-12b)—< 12-12d) reduce to 

f— [ cos (t) 1 

n 4 - e $ im*?'** ™ + -T—rr; *..*) 03- 

2 V k * M 2 M 3 


2 \2 


4 = £,^ ?RL e M. : *r 2 *> x — cos 0 cos tf> -— -- F(r,. t,j (13-IOb) 

2 ^ * (t*) - (:) 


U = sin</» -— -—- FU,,i z ) (13-1 Oc) 

2 V k Ik A 2 hrY 


? 7 


The electric field components radiated by the horn can be obtained by using 
(12-1 <)a M12-1 Oc). and (13-9 M 13-1 Oc). Thus. 



E* = -i 


ayj vkp\ F.\e 


x cos «£(cos t) + I) ---- F(/t,r 2 ) 

ffl - (!) 


113-11 c > 
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where t 1 2 . k„ k r , and FU,, t 2 ) are given, respectively, by f 13-8a). (l3-8b). (l3-9a). 
(l3-9b). and fl3-9c). The corresponding H-lield components are obtained using 

(12-IOdM I2-I0f). 

In the principal E- and //-planes, the electric field reduces to 

E- Plane (0 = tt/2) 

E r = Et = 0 (13-12a) 

_/2\~ 1 

(13-12b) 

(13-12c) 

(13-12d) 


a\/TTkp\E\e il ‘ ( ( 2 \- 1 

£'« = -./-—- _ e A^ 1 itn ) « | l±| ,, + cos e)F(ll ' t 



b\ 

— - pi sin 0 


II -Plane (0 = 0) 

E r = E ¥ = 0 


E* = ~r 


a\/irkp\E\e lt ' 


Kr 


(I + cas 0) 


(to . 

coxl— sin 0 




£(/,’. h") 


(13-13a) 


(13-13b) 




(13-13c) 



(13-13d) 


To better understand the performance of an £-plane sectoral horn and gain some 
insight into its performance as an efficient radiator, a three-dimensional normalized 
field pattern has been plotted in Figure 13.3 utilizing (13-11 a)—< 13-1 Ic). As expected, 
the £-plane pattern is much narrower than the //-plane because of the flaring and 
larger dimensions of the horn in that direction. Figure 13.3 provides an excellent 
visual view of the overall radiation performance of the horn. To display additional 
details, the corresponding normalized E- and //-plane patterns (in dB) are illustrated 
in Figure 13.4. These patterns also illustrate the narrowness of the Zs-plane and provide 
information on the relative levels of the pattern in those two planes 

To examine the behavior of the pattern as a function of Haring, the /T-pkine 
patterns for a horn antenna with p, - I5A and with flare angles of 20° '' 2i//, < 35 s 
are plotted in Figure 13.5. A total of four patterns is illustrated. Since each pattern is 
symmetrical, only half of each pattern is displayed For small included angles, the 
pattern becomes narrower as the flare increases. Eventually the pattern begins to 
widen, becomes flatter around the main lobe, and the phase tapering at the aperture 
is such that even the main maximum does not occur on axis. This is illustrated in 
Figure 13.5 by the pattern with 20 = 35°. As the flaring is extended beyond that 
point, the flatness (with certain allowable ripplel increases and eventually the mam 
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//-plane 11-:. 0 « O'I 


/f-plane O '-'. </• “ W* l 


Figure 13.3 Three-dimensional field patient of /.-plane sectoral horn (/>, = hA. 
/>, = 2.75A. a = 0.5A). 


maximum returns again on axis. It is also observed that as the flaring increases, the 
pattern exhibits much sharper cutoff characteristics. In practice, to compensate for the 
phase taper at the opening, a lens is usually placed at the aperture making the pattern 
of the horn always narrower as its flare increases. 

Similar pattern variations occur as the length of the horn is varied while the flare 
angle is held constant. As the length increases, the pattern begins to broaden and 
eventually becomes flatter (with a ripple). Beyond a certain length, the main maximum 
does not even occur on axis, and the pattern continues to broaden and to become 
flatter (within an allowable ripple) until the maximum returns on axis. The process 
continues indefinitely. 

An observation of the A'-plane pattern, as given by (13-12aH 13-12d), indicates 
that the magnitude of the normalized pattern, excluding the factor (I + cos 0), can 
be written as 


E„ n 

•x 



= 2 \/s 


l/l\/>i • 

I - - - — sin f) 
4\.s/ A 


jlSUi') - 5'(/,')| 



(13-14a) 


(13-14b) 
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|-—pi—h 

Figure 13.5 E-planc patterns of E-planc sectoral horn for constant length anil different 
included angles. 


For a given value of the field of (13-14a) can be plotted as a function of 
b,/A sin 0, as shown in Figure 13.6 for \ = J. j. i. j, and I. These plots arc usually 
referred to as universal nin es, because from them the normalized E-planc pattern of 
any E-plane sectoral horn can be obtained. This is accomplished by first determining 
the value of v from a given />, and p, by using (13- 14d). For that value of v, the field 
strength (in dB) as a function of (/>|/A)sin 6 (or as a function of U for a given It,) is 
obtained from Figure 13.6. Finally the value of (1 + cos D). normalized to 0 dB and 
written as 20 log l0 [(l + cos tf)/2], is added to that number to arrive at the required 
field strength. 





662 Chapter 13 Horn Antennas 



13.2 E-Plane Sectoral Horn 663 


Example 13.2 

An £-plane horn has dimensions of a = 0.5A. b = 0.25A. b, - 2.75A. and p, = 6 A. 
Find ils E-plane normalized field intensity (in ilB and as a voltage ratio) at an angle 
of 0 — 90® using the universal curves of Figure 13.6. 


SOLUTION 


Using (I3-I4d) 

hr (2.75? 

8 Ap, 8 ( 6 ) 


0.1575 


6.3 


None of the curves in Figure 13.6 represents s = Therefore interpolation will be 
used between the v = { and ,v = 5 curves. 


At 0 = 90° 

— sin («) = 2.75 sin(90°) = 2.75 
A 


and at that point the field intensity between the s = 3 and s = t curves is about -20 
dB. Therefore the total field intensity at (I = 90° is equal to 

E„ = -20 + 20 log,,! ' t - C ) 0 - )(1 -| = -20 - 6 = -26 dB 


or as a normalized voltage ratio of 
E 0 = 0.05 


which closely agrees with the results of Figure 13.4. 


13.2.3 Directivity 

The directivity is one of the parameters that is often used us a figure-of-mcril to 
describe the performance of an antenna. To find the directivity, the maximum radiation 
is formed. That is. 


r_ 

2 V 


Umm “ U{0, |E|.mm (13-15) 


For most horn antennas |E| milx is directed nearly along the 2 -axis (0 = 0 °). Thus, 

(13-16) 


_ 2u-\/irkp\ 

e|.- V\eL« + \EJL = - r —l^illml 

it r 


Using (13-1 lb). (13-llc), and (l3-9c) 

21/V trA-p 1 


7 rr 


|£, sin </> E( 0 | 


2 tis/irkpi 

! , -T -— IE, cos (/> FU)\ 


7 r~r 


(13-16a) 

(13-16b) 
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F(t) ** [C(/) — jS(t) 1 

k />, 

irp\ V^kP\ 


h\ 

' ~ 2 


since 


*. = *, « 0 



ft i 


\/ 2A/>, 

ft. 


(13-16cJ 
(13-16d) 

(13-16e) 
(13-160 

(13-16g) 

(13-lfih) 

(I3-I6i) 


Thus 


U,™ = f IEIL> = =^l£,IY<ol 2 

-V V” 


tjA 7T 


where 


|fW|! ' Hv^) + Hv^)] 


(13-17) 


(13-17a) 


The loial power radiated can be found by simply integrating the average power 
density over the aperture of the horn. Using (13- luH 13-Id) 

- HJ *««:' - • ~J m J „ li-'lW^ 1 ’) dx' 


which reduces to 


4r, 


Pn u. = 1^. I 


(13-18) 


(13-18a) 


Using (13-17) and (13-18a). the directivity for the £-plane horn can be written 


as 



- Mo '" ITOP 


r,*s 

7tA/>, 


Map, T 

rj/ ft> \ . 

ft, \1 

rrA/>, [ 

- Iv^W 



(13-19) 


The overall performance of an antenna system can often be judged by its beam- 
width and/or its directivity. The half-power beamwidth (I1PBW). as a function of flare- 
angle. for different horn lengths is shown in Figure 13.7. In addition, the directivity 
(normalized with respect to the constant aperture dimension </) is displayed in Figure 
13.8. For a given length, the horn exhibits a monotonic decrease in half-power beam- 
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Figure 13.7 Hall-power beamwidth of £-plane sectoral hom as a function of included an¬ 
gle and for different lengths. 


width and an increase in directivity up to a certain Hare. Beyond that point a monotonic 
increase in beamwidth and decrease in directivity is indicated followed by rises and 
falls, The increase in beamwidth and decrease in directivity beyond a certain Hare 
indicate the broadening of the main beam. 

If the values of b, (in A), which correspond to the maximum directivities in Figure 
13.8. arc plotted versus their corresponding values of p, (in A), it can he shown that 
each optimum directivity occurs when 


b, = \/ 2 M 


(13-19a) 


w ith a corresponding value of .v equal to 




hr 


8A/i| 


h, = ViM 4 


(13-19b) 
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l’5 r 



Figure 13.8 Normalized directivity of E-plane sectoral hom as a function of 
aperture size and for different lengths. 


The classic expression of (13-14) for the directivity of an E-plane horn has been 
the standard for many years. However, it has been shown that this expression may 
not always yield very accurate values for the on-axis directivity. A more accurate 
expression for the maximum on-axis directivity based on an exact open-ended parallel- 
plate waveguide analysis has been derived, and it yields a modification to the on-axis 
value of (13-19). which provides sufficient accuracy for most designs [ 12]. 113|. Using 
(13- 19a). the modified formula for the on-axis value of (13-19) can be written us [ 12]. 
113] 


P,< mux) = 


16 ob. 


A : (l + A^AlL \V2Ap 


ci 


■+• S' 


vWJ 


,t(' - t) 


(I3-19c) 


where A, is the guide wavelength in the feed waveguide for the dominant TE I( , mode. 
Predicted values based on (13-19) and (13-19c) have been compared with measure¬ 
ments and it was found that (13-19c) yielded results which were closer to the measured 
values 112 ] 

The directivity of an E-plane sectoral hom can also be computed by using the 
following procedure 114]. 

1. Calculate H by 
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01_i_i—i—i—i—i—i—i—i—j—i—i—i—i—i—i—i_i 

.'4 6 8 |0 12 14 In 18 20 

II 

Figure 13.9 G, as u function of II. (SOURCE; Adopted from data by E. H. Broun. "Some 
Data for the Design of Electromagnetic Horns." IKE Trans. Antennas Proposal., Vol. AP-4. 
No. I. January 1936. C 1 (19561 lEEEl 


2. Using this value of II, find the corresponding value of C F from Figure 13.9. If. 
however, the value of II is smaller than 2. compute G r . using 


32 

G, = — B 

7T 


(!3-20b) 


3. 


Calculate /_), by using the value of G, from Figure 13.9 or from (13-20b). Thus 


a G, 



(13-200 


Example 13.3 

An E-plane sectoral horn has dimensions of a — 0.5A. h = 0.25A. b\ = 2.75A. and 
p, 6A. Compute (lie directivity using (1.3-19) and (13-20c). Compare the answers. 


SOLUTION 


For this horn 


V2Api 


2.15 

Vffi 


= 0.794 
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Therefore (from Appendix IV) 
lC(n.794)l 2 = (0.72 f = 0.518 
15(0.794) | J = (0.24)’ = 0.0576 
Using (13-19) 

/), = (0.518 + 0.0576) = 12.79 = II.()7dB 

2.757T 


To compute the directivity using (13-20c), the following parameters are evaluated: 


A (6) z + 


2.75 


= 6.I555A 



50 


= 2.85 


y 6.1555 
B = 2.75(2.85) = 7.84 

For B = 7.84. G k = 73.5 from Figure 13.9. Thus, using (l3-20c) 
0.5(73.5) 


t\ = 


2.85 


12.89 = 11.10 dB 


Obviously an excellent agreement between the results of (13-19) and (l3-20c). 


13.3 //-PLANE SECTORAL HORN 

Flaring the dimensions of a rectangular waveguide in the direction of the H-field, 
while keeping the other constant, forms an /7-plane sectoral horn shown in Figure 
13.1(b). A more detailed geometry is shown in Figure 13.10. 

The analysis procedure for this horn is similar to that for the £-plane horn, which 
was outlined in the previous section. Instead of including all the details of the for¬ 
mulation. a summary of each radiation characteristic will be given. 

13.3.1 Aperture Fields 

The fields at the aperture of the horn can be found by treating the horn as a radial 
waveguide forming an imaginary apex shown dashed in Figure 13.10. Using this 
method, it can be shown that at the aperture of the horn 


£7 = Hy - 

0 

(13-2 la) 

Ey'(x‘) = £; COS 

|-x*l «-***'' 

< 13-2 lb) 


\«i / 


H.'ix') = - — cos (-.»•’) g-W* (I3-2IC) 


1 ' r, w/- 


* . 1 /* ,2 \ 


S(x') = - — 

(l3-2Id) 

2 \Pi1 

Pi = Ph cos ijl,, 

(13-210 
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y y' 




Figure 13.10 //-plane sectoral horn and coordinate system. 


13.3.2 Radiated Fields 


i he fields radiated by the liotn can be found by first formulating the equivalent current 
densities J, and M . Using (13-21 a)—< 13-2 lc). it can be shown that over the aperture 
of the horn 

J, = J. = M, = M : = 0 (l3-22a) 

./, = - — cos (- X ) e-‘ kM ' (13-22b) 

V V»i / 

M, = E 2 cos £ .r'j e~ M,x ) < 13-220 


and they arc assumed to be zero elsewhere. Thus f 12-12a) can be expressed as 


N„ = 



cos II cos 


4> (■*]**** ds‘ 


— cos 0 sin </> l\l' (13-23) 

V 
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where 


r * Ml 

/, = 

J-/VI 


t , f >*V -in »nn+ ,/y' __ /, 


sin \— sin 0 sin <!> 
kb , 

— sin I) sin <l> 


'2 = f * cos(^.v') e llx ' 

By rewriting cos1(tt/</|).v'| as 


Itt \ •*>•»>' + e ~ n * u ‘ 

“w’rl—* 


113-23b) can be expressed as 
where 


1% = >2 + h 


h’ = 


1 im e i*; /V2**{| C(/ ,') - C(f,')l -JlSUt) ~ S(fi')U 

2 V k 


'' J vk (> 2 

r t -** n 


'' -\j rrkfc 

tei , , \ 

+ — k t pzj 


A,' = A sinW cos «/> + — 
«i 




1 ~ curw - j\s(i 3 n - wm 



(13-23a) 

(13-23b) 

(13-24) 

(13-25) 

(13-26) 

(13-26a) 

(13-26b) 

(I3-26C) 

(13-27) 

(13-27a) 

(13-27b) 

(l3-27c) 


C(.v) and S{x) are the cosine and sine Fresnel integrals ol (l3-8c) and (! 3-8d). and 
they are well tabulated (see Appendix IV). 
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Willi the aid of (13-23a). (13-25). (13-26). and (13-27). (13-23) reduces to 


X (13-28) 


F(r { ,h) = |C’(/ 2 ) - C(/,)| - j[SUi) ~ 5(/|)| 



(13-28a) 


(13-28b) 


(13-280 


(l3-28d) 


In a similar manner. N, h , L„. and Lj, of (12- 12b)—(12-12d) can be written as 





, - F 'l *E* 

Ls “ : 2 J k 


X \ cos 0 CON cjj \e ,r 'FV[‘. / 2 ') + e ,l 'Fu". h ") 


U = 


(13-2%) 



(13-2%) 

The far-zone electric field components of (12-1 On)-(I2-I0c) can then he expressed 

(l3-30u) 


E r = 0 


X |sin cbi I + cos 0) ^2 [e^'Fd \\./ 2 ') + e^Fd". t 2 ")\ 


(13-30b) 
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The electric field in the principal £- and //-planes reduces to 

/T-Plane (tft = n/2) 

E r = E* = 0 

F = ,F l kf>2 6 >kr 
Eu ~ jEz 0 


'8 V 7T r 


><{ 


sin Y 


(1 + cos (1) —— \e ll 'F{l l \ l 2 ') + e lh F (f, 
kb 

Y = — sin 0 


u = - 

<l\ 


r 2 ")l} 


= - - 

a i 

//-Plane = 0) 

Er = E„ = I) 

_ b [tee-* 

E * ~ jEl l — 

X {(cos H + 1)1 et'FUx'.tj) + 


(13-3 la) 


(13-3 lb) 
(l3-31e) 
(13-3 Id) 
(13-3le) 

(13-3 2a) 

(13-32b) 


kj = k sin 0 + — (13-320 

o\ 

k" = k sin 0 - — (J3-32d) 

with F(l l 2 ). FU |", t 2 "). 1 1'. t 2 . I". and l 2 as defined previously. 

Computations similar to those for the £-plane sectoral horn were also performed 
for the //-plane sectoral horn. A three-dimensional field pattern of an //-plane sectoral 
horn is shown in Figure 13.11. Its corresponding E- and //-plane patterns are displayed 
in Figure 13.12. This hum exhibits narrow pattern characteristics in the flared 
//-plane. 

Normalized //-plane patterns for a given length horn (p 2 = I2A) and different 
flare angles are shown in Figure 13.13. A total of four patterns is illustrated. Since 
each pattern is symmetrical, only half of each pattern is displayed. As the included 
angle is increased, the pattern begins to become narrower up to a given flare. Beyond 
that point the pattern begins to broaden, attributed primarily to the phase taper (phase 






11 

■ 




mm 
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//-planet r-r, t» = 0°) E-plune (_y-z, 6 = 90 s ) 

Figure 13.11 Three-dimensional lield pattern of an //-plane sectoral hom (/>_. = fiA, 
a, = 5.5A. h = 0.25A). 


error) across the aperture of the horn. To correct this, a lens is usually placed ui the 
hom aperture which would yield narrower patterns as the Hare angle is increased. 
Similar pattern variations are evident when the Hare angle of the horn is maintained 
lixed while its length is Varied. 

The universal curves for the //-plane sectoral hom arc based on (13-32b). in the 
absence of the factor (I + cos 0). Neglecting the (I + cos (/) factor, die normalized 
//-plane electric lield of the //-plane sectoral hom can be written as 

E,u„ = \e"'FUi\h') + e*rUt". / 2 ") I < 13-33) 




F(/|./ 2 ) = |C(/j) - C</,)| -j\SU 2 ) - 5(r,)] 


P: 


f\ = 


7T 


= rr \k sin 0 H- 

2k 2 k\ a. 


77 [I U\ . 

= 8 7 7 smW 


+ - 


2 \a, sin 0, 


T2 


k" 2 r>< pi . . 77 

A = = k sin 0 - 

2k 2k a, 


77 I Cl, . 

= 8 7) 7 sin 1 


1 

w 

A 11 

1 

2 la, 

sin 


(l3-33a) 


(!3-33b) 


(13-33c) 
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Figure 13.12 E- anil //-plane patterns of //-plane sectoral horn. 
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Figure 13.13 //-plane paitcms of //-plane sectoral horn for constant length and different 
included angles. 
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For a given value of t. as given by (13-33h). the normalized field of (13-33) is plotted 
in Figure 13.14 as a function of (oj/A) sin 0 for t = i. j. ?. 3 and I. Following a 
procedure identical to that for the E-plane sectoral horn, the //-plane pattern of any 
/7-plane sectoral horn can be obtained from these curves. The normalized value of 
the (I + cos 0) factor in dB, written as 20 lng l(l [( 1 + cos 0)/2\, must also be included. 


13.3.3 Directivity 

To find the directivity of the /7-plane sectoral horn, a procedure similar to that for the 
E-plane is used. As for the E-plane sectoral horn, the maximum radiation is directed 
nearly along the r-axis (0 = 0°). Thus 


|£«L.x = \Ej£ r Y Isin *{|CW) + W> - CO/) 


Since 


r,' = 


- Co |")| -j[S{t 2 ') + S{tf) - SO/) - (13-34) 

(13-34a) 


f I / ka, _ tt 
irkpz\ 2 a,' 1 ' 


h = 


I / ka i it 


irkpi\ - a 


,, / I / ka | 7r , , 

'■ T + 7, n] ~ ~ h 




(13-34b) 
(I3-34c) 
(13-34d) 


\ti\ r 2\ 


C(-.v) = -CU) 

S(-x) = -S(x) 

sin - C(i/)| -j[S(u) 5(u)l} 


a = h" = -1/ = 


ka i 

TT \ 

1 


«. ' 

2 

+ —Pi 1 
«i / 

“v * 1 

\ «l 

\/A Pv 

ka i 

TT \ 

1 ( 

fVAft 

\ 

2 

+ —P’l 

«l / 

= V 2 1 

i. «i 



(13-35a) 
(l3-35b) 

(13-36) 

(13-36a) 


Similarly 




cos cf> {[ C'( a ) - C(i;)| — j[S(u) - S(v)J} 


(13-37) 
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Thus 


|E|.= Vi£„iLx + i^il, = \E,\- r S{ia«) - av)]- + [s(«) - siafiwj 




l)~ 

|£2l : ~{|C(H) - cuaf + |5(w) - 5(u)) 2 } 
4r/A 


(13-38) 

(13-39) 


The total power radiated can be obtained by simply integrating the average power 
density over the mouth of the horn, and it is given by 


= l^r 


ybtl | 


4tj 


(13-40) 


Using (13-39) and (13-40). the directivity lor the //-plane sectoral horn can be written 
as 


(13-41) 



where 


1 


Ill \ 

" = v! 


+ Vtel 

1 

iV^pi 

(l\ \ 


\ 

\fivJ 


(134Ja) 

(13-4l b) 


The half-power beamwidth (HPBW) as a function of flare angle is plotted in Figure 

13.15. The normalized directivity (relative to the constant aperture dimension b) for 
different horn lengths, as a function of aperture dimension </,, is displayed in Figure 

13.16. As for the E-planc sectoral horn, the HPBW exhibits a monotonic decrease 
and the directivity a monotonic increase up to a given flare; beyond that, the trends 
are reversed. 

If the values of«, tin A), which correspond to the maximum directivities in Figure 

13.16. are plotted versus their corresponding values of p : (in A), it can he shown that 
each optimum directivity occurs when 


ui = \/3A pz 


(1341c) 


with a corresponding value off equal to 





8Ap r l,i, 


V Mfl- 


3 

8 


(134 Id) 


The directivity of an //-plane sectoral horn can also be computed by using the 
following procedure 1141. 


1. Calculate A by 

A \jp,J A 


(1342a! 
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Figure 13.15 Hall-power beaniwklth of /-/-plane sectoral horn as a function of included 
angle and for different lengths. 


2. Using this value of A. find the corresponding value of 6',/ from Figure 13.17. II 
the value of A is smaller than 2. then compute G n using 

G„ = —A (l3-42b) 

IT 

3. Calculate D u by using the value of G„ from Figure 13.17 or from (13-42h). Thus 


(13-420 



This is the actual directivity of the horn. 
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Figure 13.16 Normalized directivity of /-/-plane sectoral horn as a function of aperture size 
and for different lengths 


Example 13.4 

An //-plane sectoral horn has dimensions of a = 0.5A. b = 0.25A, = 5.5A. and 

!>, = 6A. Compute the directivity using < 13-41 1 and (13-42c). Compare the answers. 


SOLUTION 
For this horn 


I /VS 5.5 V 

" V2\5-5 + \/6 /' 

I / VS _ X5\ 

\/2\5.5 VS’ = 


1.9 


v = 


1.273 
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Figure 13.17 G„ as a function of A. (source: Adopted from duia by E. H. Braun. “Some 
Data for the Design of Electromagnetic Homs." IRE Train. Antenna a Propagai.. Vol. AP4, 
No. 1, January 1956. © (1956) IF.EE) 


Therefore (from Appendix IV) 

C(l.9) = 0.394 

a- 1.273) = -C( 1.273) = -0.659 
5(1.9) = 0.373 

JR-1.273) = -5(1.273) = -0.669 


Using (13-41) 

„ 477(0.25)6 

L),i — 


[(0.394 i- 0.659) J + (0.373 + 0.669)-’1 


5.5 

D„ = 7.52 = 8.763 dB 

To compute the directivity using (13-42c). the following parameters are com¬ 
puted: 


p h = AVW + (5.5/2 ) 2 = 6.6A 

[s o' = /so 

P*/A ' \jb.b 

A = 5.5(2.7524) = 15.14 


= 2.7524 


For A 15.14. G„ = 91.8 from Figure 13.17. Thus, using (13-42c) 
0.25(91.8) 

= __ 2?7524~ * 8 338 = 9 21 dB 
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Although there is a good agreement between the results of (13-41) and (l3-42c), 
they do not compare as well as those of Example 13.3. 


13.4 PYRAMIDAL HORN 

The most widely used horn is the one which is flared in both directions, as shown in 
Figure 13.18. It is widely referred to as a pyramidal horn, and its radiation character¬ 
istics are essentially a combination of the E- and //-plane sectoral horns. 


13.4.1 Aperture Fields, Equivalent, and Radiated Fields 

To simplify the analysis and to maintain a modeling that leads to computations that 
have been shown to correlate well with experimental data, the tangential components 
of the E- and //-fields over the aperture of the horn are approximated by 

£ v 'U',y') = £(, cos^ .v'J 

v') = cos(— -t'W 2t 

V \o t / 

and the equivalent current densities by 

l ( x ‘. v’) - - —cos(-jc'| 

rt \flt / 

y') = £() cost .v'J 1 

The above expressions contain a cosinusoidal amplitude distribution in the v' direction 
and quadratic phase variations in both the x' and y' directions, similar to those of the 
sectoral £- and //-plane horns. 

The N,„ /V,/,. L„ an d La can now be formulated as before, and it can be shown 
that they are given by 

N„ = eos 0 sin </>/,/■, (1345a) 

V 

N* = - ^ cos </,/,/ 2 (1345b) 

■n 

L„ = £() cos 0 cos (1345c) 

L lk = — £ n sin <Jil\Ii (I345d) 

where 

/, = j cos^jc*) g-Wto**-***** dx’ (1345e) 

*/*,/3 

e Aly ,! /(2/0 - /sin 'Ain -it jy' 

-I'/i 



(1343a) 

(1343b) 

(13-44a) 
(1344b) 


(I345f) 





<a) Pyramidal horn 
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Using (!3-23b). (13-25). (13-26). and (13-27). (!3-45e) can he expressed as 


/. = ^ - CO,')] - JW) - S(/,')ll 

+ - C(/|”)| - Wh") - SdiM}) 


(13-46) 


where i\', h'. k,', r", r : ". and k" are given by (13-26aMl3-26c) and (13-27aHl3- 
27c). Similarly, using (13-5H13-8d). I, of (13-450 can be written as 


(13-47) 



where k y , and h arc given by (13-5a). (13-8a). and (J3-8b). 

Combining (13-45aM l3-45d). the far-zone F.- and H-lield components of (12- 
I OaM 12- 10c) reduce to 


(13-48a) 


(!3-48b) 


(13-480 


where l t and /> are given by (13-46) and (13-47), respectively. 

The Helds radiated by a pyramidal horn, as given by (13-48a)-( 13-48c), are valid 
for all angles of observation. An examination of these equations reveals that the 
principal E-plane pattern ul> = v/2) of a pyramidal horn, aside from a normalization 
factor, is identical to the £-plane pattern of an /'.-plane sectoral horn. Similarly the //• 
plane (</> = 0) is identical to that of an //-plane sectoral horn. Therefore the pattern 
of a pyramidal horn is very narrow in both principal planes and. in fact, in all planes. 
This is illustrated in Figure 13.19. The corresponding £-plane pattern is shown in 
Figure 134 and the //-plane pattern in Figure 13.12. 

To demonstrate that the maximum radiation fora pyramidal horn is not necessarily 
directed along its axis, the three-dimensional field pattern for a horn with p, = p ; = 6A. 
a, = 12A, b, = 6A, n = 0.50A and h = 0.25 A is displayed in Figure 13.20. The 
corresponding two-dimensional E- and //-plane patterns are shown in Figure 13.21. 
The maximum does not occur on axis because the phase error taper at the aperture is 
such that the rays emanating from the different parts of the aperture toward the axis 
are not in phase and do not add constructively. 

To physically construct a pyramidal horn, the dimension /?, of Figure 13.18(h) 
given by 


•c 

1 

■* 

II 

£ 

r/ \2 ,ii /2 

M 

W 4J 





(I34‘)a) 
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magnitude 


tl 

//-plane Lr-J. t» = 0*1 £-pl8nc $ = 90“ l 

Figure 13.19 Three-dimensional Held putteru of a pyramidal horn Ip, - p. - 6A. 
a, = 5.5A. h, = 2.75A. a = 0.5A. h = 0.25A). 


should he equal to the dimension p h of Figure 13.18(c) given by 



ter - *i 

1/2 

Pi, = “ «> 






The dimensions chosen for Figures 13.19 and 13.20 do satisfy these requirements. 
For the horn of Figure 13.19. p, = 6.I555A. p,, = 6.6A. and p, = pi, = 5.4544A. 
whereas for tliat of Figure 13.20, p, = 6.7082A, p h 8.4853A, and //, = p,, = 5.75A. 
The lields of (13-48a>-( 13-480 provide accurate patterns for angular regions near the 
main lobe and its closest minor lobes, To accurately predict the field intensity of the 
pyramidal and other horns, especially in the minor lobes, diffraction techniques can 
tie utilized 1151 i IK| these methods take into account diffractions that occur near 
the aperture edges of the horn. The diffraction contributions become more dominant 
in regions where the radiation of l I3-4 HuM 13-480 is of very low intensity. 

In addition to the previous methods, the horn antenna has been examined using 
full-wave analyses, such as the Method of Moments (MoM) |8| and the Finite- 
Difference Time-Domain (FDTD) 119). These methods yield more accurate results in 
all regions, und they are able to include many of tire other features of lire horn, such 
us its wall thickness, etc Predicted patterns based on these methods compare extremely 
well with measurements, even in regions of very low intensity (such as the back 
lobes). An example of such a comparison is made in Figure 13.22 (a.b) for the /;- and 











//-plane l.t- 2 ,» » 0* I f-plllie < y-i, $ » 9<)°) 

Figure 13.21) Three-dimensional lield pattern of u pyramidal horn with maximum 
not on axis <pi = p. = 6A, a, = I2A. b, = f>A. a = 0.5A. h = 0.25A). 


//-plane patterns of a 20-dB standard gain horn whose Method of Moment predicted 
values are compared with measured patterns and with predicted values based on 
(13-48a)and (13-48c). which in Figure 13.22 are labeled its approximate. It is apparent 
that the MoM predicted patterns compare extremely well with the measured data. 

AJ) of the patterns presented previously represent the main polarization of the 
lield radiated by the antenna (referred to as co-palarized or co-poll If the horn is 
symmetrical and it is excited in the dominant mode, ideally there should be no lield 
component radiated by the antenna which is orthogonal to the main polarization 
(referred to as cross-polarization or cross-pa!). especially in the principal planes. 
However, in practice, either because of nonsymmetries, defects in construction and/ 
or excitation of higher order modes, all antennas exhibit cross-polarized components. 
These cross-pul components are usually of very low intensity compared to those of 
the primarily polarization. For good designs, these should be 30 or more dB below 
the co-polarized fields and are difficult to measure accurately or be symmetrical, us 
they should be in some cases. 

13.4.2 Directivity 

As for the /:'- and //-plane sectoral horns, the directivity of ihe pyramidal configuration 
is vital to the antenna designer. The maximum radiation of die pyramidal horn is 
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Figure 13.21 E- and //-plane amplitude patterns of a pyramidal horn with 
maximum not on-axis. 


directed nearly along the --axis (0 0°). It is a very simple exercise to show that 

|£„| m „. |£ j mi „. and in turn can be written, using (!3-48b) and (13-48c), as 


V/'iP: 


|E # L« = |E„ sin 0|- 1 {iC(«) - Hi/)]' + |SUD - S(v)] 2 } 


2ll/2 


Hvfe;) + } 


1/2 


(13-50a) 


VPiP: 


|E*!™ = (£i, cos 0!-— mu) - C(u)l 2 + tS(n) - Mull 2 ! 


2 , 1/2 


X { c 1v^) + S '(v^)} 


(!3-50b) 
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Figure 13.22 Comparison of / - and //-plane patterns for 20-dB standard-gain hom at 1(1 
OH/. 


2 

U mM = ^-|E|L, = |£«!- ~ (|C(«) - C(V)P + \S(u) - S(u)] 2 } 

x Hvfe:) + sa (vfe)} 

where ii and are defined by (13-4la) and (13-4lb). 


(13-50c) 
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Since 


/’rad — |Eol 


a\b\ 

4i? 


(13-51) 


[he directivity of the pyramidal horn can be written as 



which reduces to 


(13-52) 


O r 


tt\' 


lh D„ 


(13-52a) 


where D, and D t , arc the directivities of the E- and //-plane sectoral horns as given 
hy (13-19) and (13-41). respectively. This is a well-known relationship and has been 
used extensively in the design of pyramidal horns. 

The directivity (in dB) of a pyramidal horn, over isotropic, can also be approxi¬ 
mated by 


ZydB) = 10 


1.008 +• log,n 



- ( L r + L„) 


(13-53) 


where and L,, represent, respectively, the losses (in dB) due to phase errors in the 
E- and //-planes of the horn which are found plotted in Figure 13.23. 

The directivity of a pyramidal horn can also be calculated by doing the following 
1141. 


1. Calculate 


A = ?l 

A yj p,J\ 

b=± m 

A yJpJA 

2. Using /\ and B. find G„ and G,.. respectively, from Figures 13.17 and 13.9. If the 
values of either A or B or both are smaller than 2. then calculate G, and/or G„ 
by 


32 

<13-540 

— B 

TT 


32 


— A 

(l3-54d) 


7T 


(13-54a) 
(!3-54b) 


3. Calculate D r by using the values of G, and G, t from Figures 13.9 and 13.17 or 
from (13-54c) and (13-54d). Thus 
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Maximum aperture phase error (r. i wavelengths) 

Figure 13.23 Loss figures for E- and //-planes due to phase errors, (souun : W. C. Jakes, 
in H. Jasik (ed.I. Antenna Engineering Handbook. McGraw-Hill. New York. 1961) 



where D, and D„ are. respectively, the directivities of (l3-20c) and (13-42c). This is 
the actual directivity of the horn. The above procedure has led to results accurate to 
within 0.01 dB for a horn with p, = p h = 5QA. 

A commercial A'-band (8.2-12.4 GHz) hom is that shown in Figure 13.24. It is a 
lightweight precision hom antenna, which is usually cast of aluminum, and it can he 
used as a 

1. standard for calibrating other antennas 

2. feed for rellcctors and lenses 

3. pickup (probe) hom for sampling power 

4. receiving and/or transmitting antenna 






Figure 13.24 Typical standard gain X-baud i'H.2 12.4 GHz) pyramidal horn and 
its gain characteristics (courtesy of The NARDA Microwave Corporation). 


Il possesses an exponential taper, and its dimensions and typical gain characteristics 
are indicated in the figure. The half-power heumwidth in both the /.- and //-planes is 
about 28° while the side lobes in the /. and //-planes are. respectively, about 13 and 
20 dU down. 

Gains of the horn antenna which were measured, predicted and provided by the 
manufacturer. Whose amplitude patterns are shown in Figure 13.22. are displayed in 
Figure 13.25. A very good agreement amongst all three sets is indicated. 


Example 13.5 

A pyramidal horn has dimensions of [>, = = 6A. ti\ = 5.5A. h\ = 2.75A. a = 

Q.5A, and b = 0.25A. 

(a) Check to see if such a horn can be constructed physically. 

(b) Compute the directivity using (13-52a). (13-53). and (l3-54e). 

SOLUTION 

From Examples 13.3 and 13.4. 


/V = 6.1555A 
Ph = 6.6A 
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Frequency l(iH/.) 

Figure 13.25 Gains ol the pyramidal horn which were measured, computed and provided 
by the manufacturer I lie amplitude patterns of the horn are shown in Figure 13.22. 


Tlius 


m-*- 


p ft = (5.5 - 0.5 )A = 5.454A 

Therclbrc the Itom can be constructed physically. 

The directivity can lx- computed by utilizing the results of Examples 13.3 and 
13.4. Using 1 13-52a) with the values of D t and D„ computed using, respectively. 
(13-19) and 1 13-41) gives 

‘ Is - SSi 1 " M,K7 - S2) - 75 54 ' ,8 ' 78 dB 

Utilizing the values of D, and D,, computed using, respectively. ( l3-20c) and (13- 
42c). the directivity of l l3-54e) is equal to 


D - - * 


7 T 


32(0.5)0.25 


(12.89J(8.338) = 84.41 = 19.26 dB 


For this horn 


s 

/ 


HA/i, 

t 

dt' 
HA/>_■ 


12.75 F 
8 ( 6 ) 
(5.5) : 
S(6) 


0.1575 

0.63 








For these values of s and t 
L e = 0.20 dB 
L„ = 2.75 dB 
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from Figure 13.23. Using (13-53) 

D v = 10^1.008 + 1og,o|5.5(2.75))} - 10.20 + 2.75) = 18.93 dB 
The agreement is best between the directivities of (13-52a) and (13-53). 


A computer program entitled PYRAMIDAL HORN-ANALYSIS has been de¬ 
veloped to analyze the radiation characteristics of a pyramidal horn and the directiv¬ 
ities of the corresponding E- and //-plane sectoral horns. The program is found at the 
end of this chapter. 


13.4.3 Design Procedure 

The pyramidal horn is widely used as a standard to make gain measurements of other 
antennas (sec Section 16.4. Chapter 16). and as such it is often referred to as a standard 
X<iin hum. To design a pyramidal horn, one usually knows the desired gain G„ and 
the dimensions a, h of the rectangular feed waveguide. The objective of the design is 
to determine the remaining dimensions (tq. h p,., p,„ and /'/,) that will lead to an 
optimum gain. The procedure that follows can be used to accomplish this [2]. 13). 

The design equations tire derived by first selecting values of h\ and a, that lead, 
respectively, to optimum directivities for the E- and //-plane sectoral horns using (13- 
19a) and (l3-4lc). Since the overall efficiency (including both the antenna and ap¬ 
erture efficiencies) of a horn antenna is about 50% [2], |3|. the gain of the antenna 
can be related to its physical area. Thus it can be written using (12-39c). (12-40), and 
(1.3- 19a). (13-41 c) as 


C 0 = \ ^ V2A P , = ^ V 3A P/. V 2 Ap,' (13-55) 


since for long horns pi = p h and p\ — p,.. For a pyramidal horn to be physically 
realizable, p,. and p /( of (l3-49a) and (l3-49b) must be equal. Using this equality, it 
can be shown that (13-55) reduces to 


(\/2Y - 0-X - 1) = 


/Cg [* 1 

\2 7T y 27T y/x 




(13-56) 


where 



(13-56a) 


(l3-56b) 
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Equation i ) 3-56) is the horn design equation. 

1. As a lirst step of the design, find the value of \ which satisfies (13-56) for a 
desired gain 6',, (dimensionless). Use an iterative technique and begin with a trial 
value of 

A-(trial) = *i = C %- (13-57) 


2. Once the correct \ has been found, determine p, and p h using (l3-56a) and 
(!3-56b). respectively. 

3. Find the corresponding values of a, and b\ using (13-19a) and (13-41 c > or 






(13-58a) 


h , = \ / 2Xp l - V2M = y/2x\ (13-58b) 

4. The values of p, and p h can be found using (13-49a) and < l3-49b). 

A computer program entitled PYRAMIDAL. HORN-DESIGN has been developed to 
accomplish this, and it is found at the end of this chapter. 


Example 13.6 

Design an optimum gain X-band (8.2-12.4 GHz) pyramidal horn so that its gain 
(above isotropic) at/ = II GHz is 22.6 dB. The horn is fed by a WR 90 rectangular 
waveguide with inner dimensions of a = 0.9 in. (2.286 cm) and b = 0.4 in. (1.016 
cm). 


SOLUTION 

Convert the gain G n from dB to a dimensionless quantity. Thus 
G 0 (dB) - 22.6 = |0log J0 G Q r>Gb = I0 :M = 181.97 
Since/ = 11 GHz. A = 2.7273 cm and 
a = 0.8382A 
b = 0.3725A 

I. The initial value of \ is taken, using (13-57). as 


2. 


181.97 


11.5539 


which docs not satisfy (13-56) for the desired design specifications. After a few 
iterations, a more accurate value is * 11.1157. 

Using (I3*56a) and ( 13-56b) 


p, = 11.1I57A = 30.316 cm = 11.935 in. 
p h = 12.0094A = 32.753 cm = 12.895 in. 
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3. The corresponding values of ti\ and b\ are 

a, = 6.002A = 16.370 cm = 6.445 in. 
b t = 4.715A = 12.859 cm = 5.063 in. 

4. The values of />,. and />,, are equal to 

Pr = Ph = 10.005A = 27.286 cm = 10.743 in. 

The same values are obtained using the computer program at the end of this chapter. 

The derived design parameters agree closely with those of a commercial gain 
horn available in the market. As a check, the gain of the designed horn was computed 
using 1 13-52a) and (13-53), assuming an antenna efficiency e, of 100%. and (13-55). 
The values were 


G 0 “ D„ = 22.4 dB for (13-52a) 

Go — Do = 22.1 dB for (13-53) 

Go = 22.5 dB for (13-55) 

All three computed values agree closely with the designed value of 22.6 dB. 


13.5 CONICAL HORN 

Another very practical microwave antenna is the conical horn shown in Figure 13.26. 
While the pyramidal. £-, and //-plane sectoral horns are usually fed by a rectangular 
waveguide, the feed of a conical horn is often a circular waveguide. 

The first rigorous treatment of the fields radiated by a conical horn is that of 
Schorr and Beck |20|. The modes within the horn are found by introducing a spherical 
coordinate system and are in terms of spherical Bessel functions and Legendre poly¬ 
nomials. The analysis is too involved and will not he attempted here. However data, 
in the form of curves [211. will be presented which give a qualitative description of 
the performance of a conical horn. 

Referring to Figure 13.27, it is apparent that the behavior of a conical horn is 
similar to that of a pyramidal or a sectoral horn. As the flare angle increases, the 
directivity for a given length horn increases until it reaches a maximum beyond which 
it begins to decrease. The decrease is a result of the dominance of the quadratic phase 
error at the aperture. In the same figure, an optimum directivity line is indicated. 

The results of Figure 13.27 behave as those of Figures 13.8 and 13.16. When the 
horn aperture (</„,) is held constant and its length (L) is allowed to vary, the maximum 
directivity is obtained when the flare angle is zero (i//, = 0 or /. = “). This is 
equivalent to a circular waveguide of diameter d m . As for the pyramidal and sectoral 
horns, a lens is usually placed at the aperture of the conical horn to compensate for 
its quadratic phase error. The result is a narrower pattern as its Hare increases. 

The directivity (in dB) of a conical horn, with an aperture efficiency of e,,,, and 
aperture circumference C. can be computed using 


D, (dB) = 10 log|„ 

4tt , 
e -r TT (mr > 

A“ 

fc) 

= lOlOgiol — 

2 

\ - L(s) 


(13-59) 
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where a is the radius of horn at the aperture and 

Us) = - l()logi„(e,,,,) 


(I3-59a) 


The lirst term in (13-59) represents the directivity of a uniform circular aperture 
whereas the second term, represented by (!3-59a). is a correction figure to account 
for the loss in directivity due to the aperture efficiency. Usually the term in (l3-59a) 
is referred to as loss figure which can be computed (in decibels) using f2). [3| 

Us) = (0.8 - 1.71s + 26.25s* - 17.79s- 1 ) <l3-59b) 

where v is the maximum phase deviation (in number of wavelengths), and it is given 
by 


V 



(13-59c) 


The directivity of a conical horn is optimum when its diameter is equal to 


V3M 


(13-60) 


which corresponds to a maximum aperture phase deviation of* = 3/8 (wavelengthsi 
and a loss figure of about 2.9 dB (or an aperture efficiency of about 51%). 


13.6 CORRUGATED HORN 

The large emphasis placed on horn antenna research in the 1960s was inspired by the 
need to reduce spillover efficiency and cross-polarization losses and increase aperture 
efficiencies of large reflectors used in radio astronomy and satellite communications. 
In the 1970s high-efficiency and rotationally symmetric antennas were needed in 
microwave radiometry, Using conventional feeds, aperture efficiencies of 50-60$ 
were obtained. However, efficiencies of the order of 75-80% can be obtained with 
improved feed systems utilizing corrugated horns. 

The aperture techniques introduced in Chapter 12 can be used to compute the 
pattern of a horn antenna and would yield accurate results only around the main lobe 
and the first few minor lobes. The antenna pattern structure in the back lobe region 
is strongly influenced by diffractions from the edges, especially from those that arc 
perpendicular to the £-field at the horn aperture. The diffractions lead to undesirable 
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Figure 13.27 Directivity of a conical horn as a function of aperture diameter and for dif¬ 
ferent axial Itorn lengths (sot kcc A. P. King. "The Radiation Characteristics of Conical 
Horn Antennas." Pro, IRE. Vol. 38. pp. 249-251. March 1950. «' (1950) IIiEE) 


radiation not only in the hack lobes hut also in the main lobe and in the minor lobes. 
However, they dominate only in low-intensity regions. 

In 1964 Kay |22| realized that grooves on the walls of a horn antenna would 
present the same boundary conditions to all polarizations and would taper the field 
distribution at the aperture in all the planes. The creation of the same boundary 
conditions on all lour walls would eliminate the spurious diffractions at the edges of 
the aperture. For a square aperture, this would lead to an almost routlionally symmetric 
pattern with equal E- and //-plane beanrwidlhs. A corrugated (grimed) pyramidal 
horn, with corrugations in the E-plane walls, is shown in Figure 13.28(a) with a side 
view in Figure 13.28(b). Since diffractions at the edges of the aperture in the //-plane 
are minimal, corrugations are usually not placed on the wails of that plane, Corru¬ 
gations can also be placed in a conical horn forming a conical corrugated horn, also 
referred to in |22| as scalar horn. However, instead of the corrugations being formed 
as shown in Figure 13.29(a). pructicaliy it is much easier to machine them to have 
the profile shown in Figure 13.29(b). 
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To form an effective corrugated surface, it usually requires 10 or more slots 
(corrugations) per wavelength [23). To simplify the analysis of an infinite corrugated 
surface, the following assumptions are usually required: 

1. The teeth of the corrugations are vanishingly thin. 

2. Reflections from the base of the slot are only those of a TEM mode. 

The second assumption is satisfied provided the width of the corrugation (it-) is 
small compared to the free-space wavelength (A,») and the slot depth (</) (usually 
u* < A|)/I0). Fora corrugated surface satisfying the above assumptions, its approximate 
surface reactance is given by [24 1 

(13-61) 


(13-6 la) 


which can be satisfied provided t ^ w/10. 
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(I'l CorrugotfOM perpendicular to uxlt 
Figure 13.29 Side view profiles of conical corrugated horns. 


The surface reactance of a corrugated surface, used on the walls of a horn, must 
be capacitive in order for the surface to force to zero the tangential magnetic held 
parallel to the edge at the wall. Thus the surface will not support surface waves, will 
prevent illumination of the £-plane edges, and will diminish diffractions. This can be 
accomplished, according to (13-61), if A,,/4 < d < A„/2 or more generally when 
(2/i + I )A ( ,/4 <d < (n + I )A„/2. Even though the cutoff depth is also a function of 
the slot width w. its influence is negligible if w < A„/l() and A 0 /4 < <1 < An/2. 

To study the performance of a corrugated surface, an analytical model was de¬ 
veloped and parametric studies were performed [25]. Although the details are numer¬ 
ous. only the results will be presented here. In Figure 13.30(a) a corrugated surface 
is sketched and in Figure 13.30(b) its corresponding uncorrugated counterpart is 
shown. 

For a free-space wavelength of An = 8 cm, the following have been plotted lor 
point B in Figure 13.30(a) relative to point A in Figure 13.30(h): 

1. In Figure 13.31(a) the surface current density decay at B relative to that at 
A\JMi)IJ^A)\ as a function of corrugation number (for 20 total corrugations) due 
to energy being forced away from the corrugations. As expected, no decay occurs 
for d = 0.5Ao and the most rapid decay is obtained for d = 0.25A,,. 

2. In Figure 13.31(b) the surface current density decay at B relalive to that in 
A\JsB)IJ,(A)\ as a function of the distance z from the onset of the corrugations 
for four and eight corrugations per wavelength. The results indicate an almost 
independence of current density decay as a function of corrugation density for 
the cases considered. 

3. In Figure 13.31(c) the surface current density decay at B relative to that in 
A\JAli)UAA)\ ns a function of the distance r from the onset of the corrugations 
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Figure 13.30 Geometry of corrugated end plane surfaces, (source: C. A. Mcntzor and I. 
Peters. Jr.. “Properties of Cutoff Corrugated Surfaces for Corrugated Horn Design.” IEEE 
Trans. Antennas Propagal., Vol. AP-22. No. 2. March 1974. < (1974) IEEE) 


for tv/(tf + /) ratios ranging from 0.5 to 0.9, For z < 4 cm A„/2. thinner 
corrugations | larger «’/(»■ + t) ratios) exhibit larger rates of decay. Beyond dial 
point, the rate of decay is approximately constant. This would indicate that in a 
practical design thinner corrugations can be used at the onset followed by thicker 
ones, which are easier to construct. 

The effect of the corrugations on the walls of a horn is to modify the electric held 
distribution in the E-plane from uniform (at the waveguide-horn junction) to cosine 
tat the aperture). Through measurements, it has been shown that the transition front 
uniform to cosine distribution lakes place almost at the onset of the corrugations. For 
a horn of about 45 corrugations, the cosine distribution has been established by the 
tilth corrugation (from the onset) and the spherical phase front by the fifteenth [26). 
The E- and //-plane amplitude and phase distributions at the aperture of the horn with 
45 corrugations are shown in Figure 13.32(a,b). It is dear that the cosine distribution 
is well established. 

Referring to Figure 13.28(a). the field distribution at the aperture can be written 
as 

E,!(x\ y’) = E a cos|~ x' j cos|~.v’J v /J‘" ^,+vv.wt (13-62a) 

///u'.y’) = - ^cosj^v'j cosj^.v'jr ' n™ <13-62bi 

corresponding to (!3-43a) and (13-43b) of the uncorrugated pyramidal horn. Using 
tlic above distributions, the fields radiated by the horn can he computed in a manner 
analogous to that of the pyramidal horn of Section 13.4, Patterns have been computed 
and compare very well with measurements |26). 
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Figure 13.12 Amplitude and phase distributions in H- and E-planes, (source: C. A. Menuer and L. Peters. Jr.. •‘Pat- 
tem Analysis of Comiaated Horn Antennas." IEEE Trans. Antemuts Proposal.. Vol. AP-24. No. 3. May 1976. © (1976) 
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In Figure 13.33(a) the measured /.-plane patterns of an uncorrugated square 
pyramidal horn (referral to ax the control horn) and a corrugated square pyramidal 
horn are shown. The aperture size on each side wus 3.5 in. (2.96A at 10 GHc) and die 
total flare angle in each plane svas 50", It is evident that the levels of the minor lobes 
and back lobes are much lower for the corrugated horn than those of the control horn. 
However the corrugated horn also exhibits a wider main beam for small angles: dtus 
a larger 3-dB beamwidth (HPBW) but a lower 10-dB heamwidth. This is attributed 
to the absence of the diffracted fields from the edges of the corrugated horn which, 
for nearly on-axis observations, add to the direct wave contribution because of their 
in-phase relationship. The fact that the on-axis far-tields of the direct and diffracted 
fields are nearly in-phase is also evident from the pronounced on-axis maximum of 
the control horn. The E- and //-plane patterns of the corrugated horn are almost 
identical to those of Figure 13.33(a) over the frequency range from 8 to 14 GHz. 
These suggest that the main beam in the A'-plane can be obtained from known //- 
plane patterns of horn antennas. 

In Figure 13.33(b) the measured /-.'-plane patterns of larger control and corrugated 
square pyramidal horns, having an aperture of 9.7 in. on each side (8.2A at 10 GHz) 
and included angles of 34° and 31° in the li- and //-planes, respectively, are shown. 
For this geometry, the pattern of the corrugated horn is narrower and its minor and 
back lobes are much lower than those of the corresponding control horn. The saddle 
formed on the main lobe of the control horn is attributed to the out-of-phase relations 
between the direct and diffracted rays. The diffracted rays are nearly absent from the 
corrugated horn and the minimum on-axis field is eliminated. The control horn is a 
thick-edged horn which has the same interior dimensions as the corrugated horn. The 
//-plane pattern of the corrugated horn is almost identical to the //-plane pattern of 
the corresponding control horn. 

In Figures 13.33(c) and 13.33(d) the hack lobe level and the 3-dB beamwidth for 
the smaller size control and corrugated horns, whose /;-plune patterns are shown in 
Figure 13.33(a). are plotted as a function of frequency. All the observations made 
previously for that horn are well evident in these figures. 

The presence of the corrugations, especially near the waveguide-horn junction, 
can affect the impedance and VSWR of the antenna. The usual practice is to begin 
the corrugations at u small distance away from the junction. This leads to low' 
VSWR's over a broad band. Previously it was indicated that the w idth w of the 
corrugations must be small (usually tv < A,,/l 0) to approximate a corrugated surface. 
This would cause corona and other breakdown phenomena. However the large cor¬ 
rugated horn, whose /.-plane pattern is shown in Figure 13.33(b). has been used 
in a system whose peak power was 20 kW at 10 GHz with no evidence of any 
breakdown phenomena. 

The design concepts of the pyramidal corrugated horn can be extended to 
include circumferentially corrugated conical horns, as shown in Figure 13.29. Several 
designs of conical corrugated horns were investigated in terms of pattern symmetry, 
low cross polarization, low side lobe levels, circular polarization, axial ratio, and 
phase center [27|-|36|. For small Hare angles (t//, less than about 20° to 25°) 
die slots can be machined perpendicular to the axis of the horn, as shown in 
Figure 13.29(b). and the grooves can be considered sections of parallel-plate TEM- 
modc waveguides of depth J. For large dare angles, however, the slots should 
be constructed perpendicular to die surface of the horn, as shown in Figure 13.29(a). 
Tile groove arrangement of Figure 13.29(b) is usually preferred because it is easier 
to fabricate. 
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Figure 13.33 Radiation characteristics of conventional (control), corrugated, and aperture- 
matched pyramidal horns, (SOURCE: (a), (cl, (d). W. D. Bumside und C. W. Chuang, "An 
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13.7 APERTURE-MATCHED HORNS 

A horn which provides significantly better performance than an ordinary horn (in 
terms of pattern, impedance, and frequency characteristics) is that shown in Figure 
13.34(a), which is referred to as an aperture-matched horn |37|. The main modification 
to the ordinary (conventional) horn, which we refer to here as the control horn, consists 
of the attachment of curved surface sections to the outside of the aperture edges, 
which reduces the diffractions that occur at the sharp edges of the aperture and 
provides smooth matching sections between the horn modes and the free-space radi¬ 
ation. 

In contrast to the corrugated horn, which is complex and costly and reduces the 
diffractions at the edges of the aperture by minimizing the incident field, the aperture- 
matched horn reduces the diffractions by modifying the structure (without sacrificing 
size, weight, bandwidth, and cost) so that the diffraction coefficient is minimized. The 
basic concepts were originally investigated using elliptic cylinder sections, as shown 
in Figure 13.34(b): however, oilier convex curved surfaces, which smoothly blend to 
the ordinary horn geometry at the attachment point, will lead to similar improvements. 
This modification in geometry can be used in a wide variety of horns, and includes 
E-planc. /-/-plane, pyramidal, and conical horns. Bandwidlhs of 2:1 can be attained 
easily with aperture-matched horns having elliptical, circular, or other curved surfaces. 
The radii of curvature of the curved surfaces used in experimental models [37] ranged 
over I.69A ■ a -- 8.47A with a h and l> - 2a. Good results can be obtained by 
using circular cylindrical surfaces with 2.5A ^ a 5A. 

The basic radiation mechanism ol such a horn is shown in Figure 13.34(c). The 
introduction ol‘ the curved sections at the edges does not eliminate diffractions; instead 
it substitutes edge diffractions by curved-surface diffractions which have a tendency 
to provide an essentially undisturbed energy How across the junction, around the 
curved surface, and into free space. Compared with conventional horns, this radiation 
mechanism leads to smoother patterns with greatly reduced black lobes and negligible 
reflections back into the horn. The size, weight, and construction costs of the aperture- 
matched horn are usually somewhat larger and can he held to a minimum if half (one- 
half sections of an ellipse) or quadrant (one-fourth sections of an ellipse) sections are- 
used instead of the complete closed surfaces. 

To illustrate the improvements provided by the aperture-matched horns, the 
E-plane pattern, back lobe level, and half-power beamwidth of a pyramidal 
2.96A x 2.90A horn were computed anil compared with the measured data of corre¬ 
sponding control and corrugated horns. The data arc shown in Figures 13.33 (a. c. d). 
It is evident by examining the patterns of Figure 13.33(a) that the aperture-matched 
bom provides a smoother pattern and lower back lobe level than conventional horns 
(referred to here as control horn): however, it does not provide, for the wide minor 
lobes, the same reduction as the corrugated horn. To achieve nearly the same E-plane 
pattern for all three horns, the overall horn size must be increased. If the modifications 
for the aperture-matched and corrugated horns were only made in the E-plane edges, 
the //-plane patterns for all three horns would he virtually the same except that the 
hack lobe level of the aperture-matched and corrugated horns would be greatly re¬ 
duced. 

The buck lohe level of the same three horns (control, corrugated, and aperture- 
matched) arc shown in Figure 13.33(c). t he corrugated horn has lower back lobe 
intensity at the lower end of the frequency band, while the aperture-matched horn 
exhibits superior performance at the high end. However, both the corrugated and 
aperture-matched horns exhibit superior back lobe level characteristics to the control 
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Figure 13.34 Geometry und diffraction mechanism of an aperture-matched horn, (source 
W. D. Burnside and C W. Chuang. "An Aperture-Mulched Horn Design." IEEE Trans 
Antemius Propugai.. Vol AP-30. No. 4. pp. 700-706, July 1082. © (1082) IEEE) 


(conventional) horn throughout almost the entire frequency hand The half-power 
beam width characteristics of the same three horns are displayed in Figure 13.33(d). 
Because the control (conventional) horn has uniform distribution across the com¬ 
plete aperture plane, compared with the tapered distributions for the corrugated and 
aperture-matched horns, it possesses the smallest beamwidth almost over the entire 
frequency band. 



13.8 Multimode Horns 707 



Figure 13.35 Measured VSWR for exponentially tapered pyramidal horns (conventional 
and aperture-matched), (source: \V. D. Burnside and C. W. Cbuang. "An Aperture- 
Matched Horn Design." IEEE Trans Antennas Propngat.. Vol. AP-30, No. 4. pp. 790- 
7%. July 1982. © (1982) IREK) 


In a conventional horn the VSWR and antenna impedance are primarily influenced 
by the throat and aperture reflections. Using, the aperture-matched horn geometry of 
Figure 13.34(a). the aperture reflections toward the inside of the horn are greatly 
reduced. Therefore the only remaining dominant factors arc the throat reflections. To 
reduce the throat reflections it lias been suggested that a smooth curved surface he 
used to connect the waveguide and horn walls, as shown in Figure 13.34(d). Such a 
transition has been applied in the design and construction of a commerieal .V-band 
(8.2-12.4 GHz) pyramidal horn (see Fig. 13.24), whose tapering is of an exponential 
nature. The VSWR's measured in the 8-12 GH/ frequency band using the conventional 
exponential X-band hom (shown in Figure 13.24). with and without curved sections 
at its aperture, arc shown in Figure 13.35. 

The matched sections used to create the aperture-matched horn were small cyl¬ 
inder sections. The VSWR's for the conventional horn are very small (less than 1.1) 
throughout the frequency band because the throat reflections are negligible compared 
with the aperture reflections. U is evident, however, that the VSWR's of the corre¬ 
sponding aperture-matched horn arc much superior to those of the conventional horn 
because both the throat and aperture reflections are very minimal. 

The basic design of the aperture-matched hom can be extended to include cor¬ 
rugations on its inside surface [29]. This type of design enjoys the advantages pre¬ 
sented by both the aperture-matched and corrugated horns with cross-polarized com¬ 
ponents of less than —45 dB over a significant part of the bandwidth. Because of its 
excellent cross-polarization characteristics, this hom is recommended for use as a 
reference and for frequency reuse applications in both satellite and terrestrial appli¬ 
cations. 


13.8 MULTIMODE HORNS 

Over the years there has been a need in many applications for horn antennas which 
provide symmetric patterns in all planes, phase center coincidence for the electric and 
magnetic planes, and side lobe suppression. All of these are attractive features for 
designs of optimum reflector systems and monopulse radar systems. Side lobe reduc¬ 
tion is a desired attribute for horn radiators utilized in antenna range, anechoic cham- 
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her. and standard gain applications, while pattern plane symmetry is a valuable feature 
for polarization diversity. 

Pyramidal horns have traditionally been used over the years, with good success, 
in many of these applications. Such radiators, however, possess nonsymmetric beam- 
widths and undesirable side lobe levels, especially in the E-plane. Conical horns, 
operating in the dominant TE,| mode, have a tapered aperture distribution in the E- 
plane. Thus, they exhibit more symmetric electric- and magnetic-plane beamwidths 
and reduced side lobes than do the pyramidal horns. One of the main drawbacks of a 
conical horn is its relative incompatibility with rectangular waveguides. 

To remove some of the deficiencies of pyramidal and conical horns and further 
improve some of their attractive characteristics, corrugations were introduced on the 
interior walls of the waveguides, which lead to the corrugated horns that were dis¬ 
cussed in a previous section of this chapter. In some other cases designs were sug¬ 
gested to improve the beamwidth equalization in all planes and reduce side lobe levels 
by utilizing horn structures with multiple-mode excitations. These have been desig¬ 
nated as multimode horns, and some of the designs will be discussed briefly here, for 
more information the reader should refer to the cited references. 

One design of a multimode horn is the "diagonal" horn 1381. shown in Figure 
13.36, all of whose cross sections are square and whose internal fields consist of a 
superposition of TE UI and TF., M modes in a square waveguide. For small Hare angles, 
the field structure within the horn is such that the E-field vector is parallel to one of 
the diagonals. Although it is not a multimode horn in the true sense of the word, 
because it does not make use of higher-order TE and TM modes, it does possess the 
desirable attributes of the usual multimode horns, such as equal beamwidths and 
suppressed beamwidths and side lobes in the E- and //-planes which arc nearly equal 
to those in the principal planes. These attractive features are accomplished, however, 
at the expense of pairs of cross-polarized lobes in the intercardinal planes which make 
such a horn unattractive for applications where a high degree of polarization purity is 
required. 

Diagonal horns have been designed, built, and tested [38] such that the 3-. 10-, 
and 3()-dB beamwidths are nearly equal not only in the principal E- and //-planes, 
but also in the 45° and 135° planes. Although the theoretical limit of the side lobe 
level in the principal planes is 31.5 dB down, side lobes of at least 30 dB down have 
been observed in those planes. Despite a theoretically predicted level of - 19.2 dB 
in the ±45° planes, side lobes with level of —23 to -27 dB have been observed. 
The principal deficiency in the side lobe structure appears in the ±45°-plane cross- 
polarized lobes whose intensity is only 16 dB down: despite this, the overall horn 
efficiency remains high. Compared with diagonal horns, conventional pyramidal 
square horns have //-plane beamwidths which are about 35% wider than those in the 
E-plane, and side lobe levels in the E-plane which are only 12 to 13 dB down (although 
those in the //-plane are usually acceptable). 

For applications which require optimum performance with narrow beamwidths, 
lenses ar c usually recommended for use in conjunction with diagonal horns. Diagonal 
horns can also be converted to radiate circular polarization by inserting a differential 
phase shifter inside the feed guide whose cross section is circular and adjusted so that 
it produces phase quadrature between the two orthogonal modes. 

Another multimode horn which exhibits suppressed side lobes, equal beamwidths, 
and reduces cross-polarization is the dual-mode conical horn [391. Basically this horn 
is designed so that diffractions at the aperture edges of the horn, especially those in 
the £-plane, are minimized by reducing the fields incident on the aperture edges and 
consequently the associated diffractions. This is accomplished by utilizing a conical 
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Figure 13.36 Electric-field configuration inside square diagonal horn. («) Two coexisting 
equal orthogonal modes, 1 1» Result of combining the two modes shown in («). {After Love 
|38] reprinted with permi.\,\ion Microwave Journal. Vol. V. No, 3. March l%2) 


horn which at its throat region is excited in both the dominant TE n and higher-order 
TMn mode. A discontinuity is introduced at a position within the horn where two 
modes exist. The horn length is adjusted so that the superposition of the relative 
amplitudes of the two modes at the edges of the aperture is very small compared with 
the maximum aperture field magnitude. In addition, the dimensions of the horn are 
controlled so that the total phase at the aperture is such that, in conjunction with the 
desired amplitude distribution, it leads to side lobe suppression, beamwidth equali¬ 
zation, and phase center coincidence, 

Qualitatively the pattern formation of a dual-mode conical horn operating in the 
TEn and TMn modes is accomplished by utilizing a pair of modes which have 
radiation functions with the same argument. However, one of the modes, in this case 
the TM|, mode, contains an additional envelope factor which varies very rapidly in 
the main beam region and remains relatively constant at large angles. Thus, it is 
possible to control the two modes in such a way that their fields cancel in all directions 
except within the main beam. The TMn mode exhibits a null in its far-field pattern. 
Therefore a dual-mode conical horn possesses less axial gain than a conventional 
dominant-mode conical horn of the same aperture size. Because of that, dual-mode 
horns render heller characteristics and are more attractive for applications where 
pattern plane symmetry and side lobe reduction are more important than maximum 
aperture efficiency. A most important application of a dual-mode horn is as a feed of 
Cassegrain reflector systems. 

Dual-mode conical horns have been designed, built, and tested [391 with relatively 
good success in their performance. Generally, however, diagonal horns would be good 
competitors for the dual-mode horns if it were not for the undesirable characteristics 
(especially the cross-polarized components) that they exhibit in the very important 
45" and 135" planes, Improved performance can be obtained from dual-mode horns 
if additional higher-order modes (such as the TE, : . TE, 3 and TM, 2 ) are excited [40] 
and if their relative amplitudes and phases can be properly controlled. Computed 
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Figure 13.37 Three-dimensional sum and difference (E- and W-planes) Held pane ms of a 

noiKfpulse pyramidal horn. <C. A. Balanis, Tloni Antennas," in Anietaw Handbook (Y. T 

L» amiS. W. Lee. eds.). © 1988, Van Nosirand Reinhold Co.. Inc.) 



H 


710 Chapter 13 Horn Anlennas 




13.8 Multimode Homs 711 


Rclulitc 

fllHjnllluL- 

M) 



« 


lei H -plant dllTcrentr iTfc_.„ model 

Figure 13.37 (Continued) 


maximum aperture ei'liciencies of paraboloidal re Hectors, using such horns as feeds, 
have reached 90% contrasted with efficiencies of about 76 f l for reflector systems 
using conventional dominant-mode horn feeds. In practice the actual maximum effi¬ 
ciency achieved is determined by the number of modes that can be excited and the 
degree to which their relative amplitudes and phases can be controlled. 

The techniques of the dual-mode and multimode conical horns can be extended 
to the design of horns with rectangular cross sections. In fact a multimode pyramidal 
horn has been designed, built, and tested to be used as a feed in a low-noise Cassegrain 
monopulse system |4I|. This rectangular pyramidal horn utilizes additional higher- 
order modes to provide monopulse capability, side lobe suppression in both the 
E- and //-planes, and beamwidth equalization. Specifically the various pattern modes 
for the monopulse system are formed in a single horn as follows: 

(a) Sum Utilizes TE,,, + TE V , instead of only TEm. When the relative amplitude 
and phase excitations of the higher-order TE, U mode arc properly adjusted, they 
provide side lobe cancellation at die second minor lobe of the TE u ,-mode pattern 

(b) E-Plane Difference: Utilizes TE| t + TM m modes 

(c) El-Plane Difference: Utilizes TE : „ mode 

In its input the horn of [411 contained a four-guide monopulse bridge circuitry, a 
multimode matching section, a difference mode phasing section, and a sum mode 
excitation and control section. To illustrate the general concept, in Figure 13.37(a—c) 
are plots of three-dimensional patterns of the sum. E-plane difference, and //-plane 
difference modes which utilize, respectively, the TE| P 4- TETE| | + TM, |. and TE, 0 
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modes. The relative excitation between the modes has been controlled so that each 
pattern utilizing multiple modes in its formation displays its most attractive features 
for its function. 


13.9 DIELECTRIC-LOADED HORNS 

Over the years much effort has been devoted ill enhancing the antenna and aperture 
efficiencies of aperture antennas, especially for those that serve as feeds for reflectors 
(such as the horn). One technique that was proposed and then investigated was to use 
dielectric guiding structures, referred to as Diet guides |42|, between the primary feed 
and the reflector (or subreflector). The technique is simple and inexpensive to imple¬ 
ment and provides broadband, highly efficient, and low-noisc antenna feeds. The 
method negates the compromise between taper and spillover efficiencies, and it is 
based on the principle of internal reflections, which has been utilized frequently in 
optics. Its role bears a very close resemblance to that of a lens, and it is an extension 
of the classical parabolic-shaped lens to other geometrical shapes. 

Another method that has been used to control the radiation pattern of electro¬ 
magnetic horns is to insert totally within them various shapes of dielectric material 
(wedges, slabs, etc.) |43|-|511 to control in a predictable manner not only the phase 
distribution over the aperture, as is usually done by using the classical parabolic 
lenses, but also to change the power (amplitude) distribution over the aperture The 
control of the amplitude and phase distributions over die aperture are very essential 
in the design of very low side lobe antenna patterns. 

Symmetrical loading of the //-plane walls has also been utilized, by proper 
parameter selection, to create a dominant longitudinal section electric (LSE) mode 
and to enhance the aperture efficiency and pattern-shaping capabilities of symmetri¬ 
cally loaded horns [43|. The method is simple and inexpensive, and it can also be 
utilized to realize high efficiency from small horns which can be used in limited scan 
arrays. Aperture efficiencies on die order of 92 to 9691 have been attained, in contrast 
to values of 81% for unloaded horns. 

A similar technique has been suggested to symmetrically load the /--plane walls 
of rectangular horns |45|-|51 ] and eventually to line all four of its walls with dielectric 
slabs. Other similar techniques have been suggested, and a summary of these and 
other classical papers dealing with dielectric-loaded horns can be found in 111. 


13.10 PHASE CENTER 

Each lar-zone field component radiated by an antenna can be written, in general, as 

,, -A' 

E„ = Hr.(t). - ( 13-63) 

r 

where u is a unit vector. The terms £< 0, </>) and <//( II, <!>) represent, respectively, the 
UK <b) variations of (he amplitude and phase. 

In navigation, tracking, homing, landing, and other aircraft and aerospace systems 
it is usually desirable to assign to the antenna a reference point such that for a given 
frequency, i/»(fl. </») of (13-63) is independent of H and »/> (i.e.. i//(0. </>) = constant). 
The reference point which makes </r(0, </>) independent of H and <l> is known as the 
phase center of the antenna |52|-|56|. When referenced to the phase center, the fields 
radiated by the antenna are spherical waves with ideal spherical wave fronts or 
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equi phase surfaces. Therefore a phase center is a reference point from which radiation 
is said to emanate, and radiated fields measured on the surface of a sphere whose 
center coincides with the phase center have die same phase. 

For practical antennas such as arrays, reflectors, and others, a single unique phase 
center valid for all values of (I and </> does not exist: for most, however, their phase 
center moves along a surface, and its position depends on the observation point. 
However, in many antenna systems a reference point can be found such that 
1 1/( 0, <b) = constant, or nearly so, over most of the angular space, especially over the 
main lobe. When the phase center position variation is sufficiently small, that point 
is usually referred to as the apparent phase center. 

The need for the phase center can best be explained by examining die radiation 
characteristics of a paraboloidal reflector (parabola of revolution). Plane waves inci¬ 
dent on a paraboloidal reflector focus at a single point which is known as the focal 
paint. Conversely, spherical waves emanating from the focal point are reflected by 
die paraboloidal surface and form plane waves. Thus in the receiving mode all the 
energy is collected at a single point. In the transmitting mode, ideal plane waves are 
formed if the radiated waves have spherical wavefronts and emanate from a single 
point. 

In practice, no antenna is a point source with ideal spherical equiphascs. Many 
of them, however, contain a point from which their radiation, over most of the angular 
space, seems to have spherical wavefronts. When such an antenna is used as a feed 
for a reflector, its phase center must be placed at the focal point. Deviations of the 
feed from the focal point of the reflector lead to phase errors which result in significant 
gain reductions of the antenna, as illustrated in Section 15.4. KG) of Chapter 15. 

The analytical formulations for locating the phase center of an antenna are usually 
very laborious and exist only for a limited number of configurations |52|-[54], Ex¬ 
perimental techniques 1551.156| are available to locate the phase center of an antenna. 
The one reported in (551 i-s also discussed in some detail in |2], and it will not be 
repeated here. The interested reader is referred to [2| and [55]. 

The horn is a microwave antenna that is widely used as a feed for reflectors [57]. 
To perform as an efficient feed for reflectors, it is imperative that its phase center is 
known and it is located at the focal point of the reflector. Instead of presenting 
analytical formulations for the phase center of a horn, graphical data will be included 
to illustrate typical phase centers. 

Usually the phase center of a horn is not located at its mouth (throat) or at its 
aperture hut mostly between its imaginary apex point and its aperture. The exact 
location depends on the dimensions of the horn, especially on its flare angle. For large 
flare angles the phase center is closer to the apex. As the flare angle of the horn 
becomes smaller, the phase center moves toward the aperture of the horn. 

Computed phase centers for an £-plune and an //-plane sectoral horn are 
displayed in Figure I3.38(a.b). It is apparent that lor small Hare angles the £- 
and //-plane phase centers are identical. Although each specific design has its 
own phase center, the data of Figure 13.38(a.b) are typical. If the £- and //-plane 
phase centers of a pyramidal horn are not identical, its phase center can be taken 
to be the average of the two. 

Phase center nomographs for conical corrugated and uncorrugated (TE M -mode) 
horns are available [54], and they can be found in 12] and |54|. The procedure 
to use these in order to locate a phase center is documented in |2] and [54]. 
and it is not repealed here. The interested reader is referred to [2| where examples 
are also illustrated. 
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<b) //-plane 

Figure 13.38 Phase center location, as a function of tlare angle, for E- and W-plane sec¬ 
toral honis {Adaptedfrom Hu [52)) 
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PROBLEMS 

13.1. Derive (13-laH 13-le) by treating the E-plane horn as a radial waveguide. 

13.2. Design an E-plane horn such that the maximum phase difference between two points 
at the aperture, one at the center and the other at the edge, is 120°. Assuming that the 
maximum length along its wall tp r ). measured from the aperture to its apex, is 10A. 
find the 

fa) maximum total flare angle of the horn 

(b) largest dimension of the horn at the aperture 

(c) directivity of the horn (dimensionless and in dB) 

td) gam of the antenna (in dB) when die reflection cocflicicnt within the waveguide 
feeding the hom is 0.2. Assume only mismatch losses. The waveguide feeding 
the hom has dimensions of 0.5A and 0.25A 

13.3. For an E-plane hom with pi = 6A. h, = 3.47A. undo = 0.5A. 

(a) compute (in dB) its pattern at 0 = 0°. 10°. and 20° using the results ol Figure 
13.6. Show all the steps for one angle. 

lb) compute its directivity using (13-19) and t !3-20c). Compare the answers. 

13.4. Repeal Problem 13.3 lor pi = 6A. h\ 6A. and a = 0.5A. 

13.5. For an E-plane sectoral hom. plot />, (in Ai versus p, (in At using (I3-I9n). Verify, 
using the data of Figure 11.8. that the maximum directivities occur when (13- 19a) is 
satisfied. 

13.6. For an E-plane sectoral hom with pi - 20A. rr = 0.5A 

(a) find Its optimum aperture dimensions for muximum normalized directivity 

(b) compute the total flare angle of the hom 

(cl compute its directivity, using (1.1-19). and compare it with the graphical unswer 

(d) find its half-power beainwidlh tin degrees) 

(e) compute the directivity using (l3-2()c) 

1.1,7 An E-plane hom is led by an X-bund WR 90 rectangular waveguide with inner 
dimensions of 0.9 in. (2.286 cm) and h 0.4 in. (1.016 cm). Design the horn so that 
ns maximum directivity at/ 11 GHz is 30 (14.77 dB). 

13.8. Design an optimum directivity E-plane sectoral horn whose axial length is p, = 10A. 
The horn is operating at X-band with a desired center frequency equal to/ 10 Gl 1/ 
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The dimensions of the feed waveguide are « = 0.9 in. (2.286 cin) and b = 0.4 in. 
(1.016 cm). Assuming an 1 00% efficient hom (e, = 1). find the 
(aI hom aperture dimensions t> { and p. (in wavelengths). iuid flare hall-angle i/i r fin 
degrees) 

(b) directivity D f (in dBi using (13-20C) 

(c) aperture efficiency 

td) largest phase difference (in degrees) between center of horn at the aperture and 
any point on the hom aperture along the principal £-planc 

13.9. Derive (13-21 a)—< 13-210 by treating the //-plane hom as a radial waveguide, 

13.10. For an //-plane sectoral horn with /)■ = 6A. a, - 6A. mid b = 0.25A compute the 

(a) directivity tin dB) using (13-41). (l3-42c) and compare the answers 

(b) normalized field strength (in dB) at I) = 30°. 45°. and 90". Approximate it using 
linear interpolation 

13.11. For an //-plane sectoral horn, plot a, (in A) versus p% (in A) using (13-41c). Verify, 
using the data of Figure 13.16. that the maximum directivities occur when 1 13—41c) 
is satisfied. 

13.12 An //-plane sectoral hom is fed by an X-hand WR 90 rectangular waveguide with 
dimensions of a = 0.9 in (2.286 cm) and /> - 0,4 in. (1.016 cm). Design the horn 
so that its maximum directivity at j = II GHz is 16.3 (12.12 dB). 

13.13. Repeal the design of Problem 13.8 for an //-plane sectoral hom where axial length is 
also /)• = I0A. The feed waveguide dimensions and center frequency of operation are 
the same us in Problem 13.8. Assuming an 100'i efficient hom (<-, = It. find the 

(a) hom aperture dimensions ii| and p,, (in wavelengths), and the flare half-angle i// k 

(in degrees) 

lb) dircctiviy D„ (in dB) using I l3-42c) 

(c) aperture efficiency 

(d) largest phase difference (in degrees t between center of hom at the aperture and 
any point on the hom aperture along die principal //-plane 

13.14. Show that 113-49u) and (13-49b) must be satisfied in order for a pyramidal hom to be 
physically realizable. 

13 15 A standard gain A'-bund (8.2-12.4 GHz) pyramidal horn has dimensions of p, - 13.5 
in. (.34.29 cm), p> = 14.2 in. (36.07 cm). </, 7.65 in. (1 9.43 cm). /», - 5.65 in. 

(14.35 cm). <t = 0.9 in. (2.286 cm), and b = 0.4 in. (1.016 cm). 

(a) Check to see if such a hom can be constructed physically 
tb) Compute the directivity (in dB) a) / ■ 8.2, 10.3, 12.4 GHz using for each 
1 13-52a). (13-53). and (13-54e). Compare the answers. Verify with the computer 
program PYRAMIDAL HORN-ANALYSIS at the end of this chapter. 

13.16. A standard gain X-bund (8.2-12.4 GHz.) pyramidal horn has dimensions of p, - 5.3 

in (13.46 cm), pi => 6.2 in. (15.75 cm), n, = 3.09 in. (7.85 cm). /> t 2.34 in. (5.94 

cm), a = 0.9 in. (2.286 cm), and h = 0.4 in. (1.016 cm). 

(a) Check U) see if such a horn can be constructed physically. 

(b) Compute the directivity (in dB) at / = 8.2, 10.3, 12.4 GHz using for each 
(l.)-52a), (13-53). anil (l3-54e). Compare the computed answers with the gains 
of Figure 13.24. Verify with the computer program PYRAMIDAL HORN- 
ANALYSIS at the end of this chapter. 

13.17. Repeat the design of the optimum X-band pyramidal hom of Example 13.6 so thin the 
gain at / « II GHz is 17.05 dB. 

13.18. Design a pyramidal hom antenna with optimum gain at a frequency of 10 GHz The 
overall length of the antenna from the imaginary vertex of the hom to the center of 
the aperture is IDA and is nearly the same in both planes Determine the 

(a) Aperture dimension of the hom (in cm), 
lb) Gain of the antenna (in dB) 

(c) Aperture efficiency of the antenna (in c *). Assume the reflection, conduction ami 
dielectric losses of the antenna are neglisible. 
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(d) Power delivered to a matched load when die incident power density is !()/* 
watts/nr. 

13.19. Design an optimum gain C-band (3.95-5.85 GHz) pyramidal horn so that its gain at 
/' = 4.90 GHz is 20.0 dBi. The horn is led by a WR 187 rectangular waveguide with 
inner dimensions of a = 1.872 in. (4.755 cm) and b = 0.872 in. (2.215 cm). Refer 
to Figure 13.18 for the horn geometry. Determine in cm. the remaining dimensions of 
the horn: p, . p,,, a />,./>,. and /»„, Verify using the computer program PYRAMIDAL 
HORN-DESIGN at the end of this chapter. 

13.20. For a conical horn, plot tl„, (in A) versus / (in A) using (13-60). Verify, using the data 
of Figure 13.27. that the maximum directivities occur when (13-60) is satisfied. 

13.21. A conical horn has dimensions of /. = 19.5 in. (49.53 cm). </,„ = 15 in. (38.10 cm), 
and ,1 = 2.875 in. (7.3025 cm). 

(a) Find the frequency (in GHz) which will result in maximum directivity for this 
horn. What is that directivity (in dB)? 

(h) Find the directivity (in dll) at 2.5 and 5 GHz. 

(c) Compute the cutoff frequency (in GHz) of the TEu-mode which can exist inside 
the circular waveguide that is used to feed the horn. 

13.22. Design an optimum directivity conical horn, using f 13-59)—(13-60). so that its direc¬ 
tivity (above isotropic) at / = 11 GHz is 22.6 dB. Check your design with the data 
in Figure 13.27. Compare the design dimensions with those of the pyramidal horn of 
Example 13.6. 

13.23. Design an optimum directivity conical horn so that its directiv ity at 10 GHz (above a 
standard gain horn of 15 dB directivity) is 5 dB. Determine the horn diameter (in cm) 
and its Hare angle (in degrees). 

13.24. As part of a 10-GHz microwave communication system, you purchase a horn antenna 
that is said to have a directiv ity of 75. The conduction and dielectric losses of the 
antenna are negligible, and the horn is polarization matched to the incoming signal. 
A standing wave meter indicates a voltage reflection coefficient of 0.1 at the antenna- 
waveguide junction. 

(a) Calculate the maximum effective aperture of the horn. 

(b) If an impinging wave with a uniform power density of I p watts/nr' is incident 
upon the horn, what is the maximum power delivered to a load which is connected 
and matched to the lossless waveguide? 

13.25. For an X-band pyramidal corrugated horn operating at 10.3 GFIz. find the 
(a) smallest lower and upper limits of the corrugation depths (in cm) 

lb) width w of each corrugation (in cm) 

|c) width / of each corrugation tooth (in cm) 

13.26. Find the E- and //-plane phase centers (in A) of 
(a) an C-plune (/>,. = 5A. a = OJA) 

(h) an //-plane ( p ,, = 5A. a = OJA) 
sectoral horn with a total included angle of 30°. 
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COMPUTER PROGRAM - PYRAMIDAL HORN: ANALYSIS 


THIS IS A FORTRAN PROGRAM THAT COMPUTES FOR A PYRAMIDAL 
HORN THE: 

I. FAR-ZONE E- AND H-PLANE AMPLITUDE PATTERNS 
BASED ON THE THEORY OF SECTION 13.4, 

EQUATIONS (13-46) - (13-48c) 

II. DIRECTIVITY (In dB) BASED ON EQUATION (13-52) 

III. DIRECTIVITY (in dB) OF THE CORRESPONDING E-PLANE 
SECTORAL HORN BASED ON EQUATION (13-19) 

IV. DIRECTIVITY (in dB) OF THE CORRESPONDING H-PLANE 
SECTORAL HORN BASED ON EQUATION (13-41) 

TO COMPUTE THE DESIRED HORN RADIATION CHARACTERISTICS: 

••INPUT PARAMETERS 

1. p! = RHOl (in X) 

2. p 2 = RH02 (in \) 

3. a & b = WAVEGUIDE DIMENSIONS (in A.) 

4. aj &b] = HORN APERTURE DIMENSIONS (in X) 

••NOTES 

1. REFER TO FIGURE 13.18 FOR THE GEOMETRY 

2. THE Er AND H-PLANE AMPLITUDE PATTERNS ARE STORED IN TWO 
DATA FILES; NAMELY. E-ihcia.dat AND E-phi.dat. RESPECTIVELY. 

************************************************************* 
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COMPUTER PROGRAM - PYRAMIDAL HORN: DESIGN 


THIS IS A FORTRAN PROGRAM THAT DESIGNS AN OPTIMUM GAIN 
PYRAMIDAL HORN BASED ON THE FORMULATION OF SECTION 13.4.3. 
EQUATIONS (13-55) - (13-58b). 

THE PROGRAM COMPUTES THE: 


I. HORN DIMENSIONS a,, b,, RHOE p e , RHOH p b , Pe and 
Ph (in cm) 

II. HORN FLARE ANGLES PSIE V* AND PSIH \|/ h (in degrees) 
TO DESIGN THE HORN: 

••INPUT PARAMETERS 

1. G 0 = DESIRED GAIN (in dB) 

2. F = FREQUENCY (in GHz) 

3. a & b = FEED RECTANGULAR WAVEGUIDE DIMENSIONS (in cm) 
••NOTES 

1. REFER TO FIGURE 13.18 FOR THE GEOMETRY 

2. THIS PROGRAM USES A BISECTION METHOD ROUTINE TO FIND 
THE ROOT OF THE DESIGN EQUATION (see NUMERICAL RECIPES 
IN FORTRAN. SECOND EDITION. PAGE 347) 
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CHAPTER 


14 

MICROSTRIP ANTENNAS 


14.1 I INTRODUCTION 

In high-performance aircraft, spacecraft, satellite and missile applications, where size, 
weight, cost, performance, ease of installation, and aerodynamic profile are constraints, 
low profile antennas may he required. Presently there are many other government and 
commercial applications, such as mobile radio and wireless communications, that 
have similar specifications. To meet these requirements, microstrip antennas 111-|38| 
can he used. These antennas arc low-profile, coni amiable to planar and nonplanar 
surfaces, simple and inexpensive to manufacture using modem printed-circuit tech¬ 
nology. mechanically robust when mounted on rigid surfaces, compatible with MMIC 
designs, and when the particular patch shape and mode are selected they are very 
versatile in terms of resonant frequency, polarization, pattern and impedance. In 
addition, by adding loads between the patch and the ground plane, such as pins and 
varactor diodes, adaptive elements with variable resonant frequency, impedance, po¬ 
larization and pattern can be designed 118]. |39]—144|. 

Major operational disadvantages of microstrip antennas are their low efficiency, 
low power, high Q (sometimes in excess of 100). poor polarization purity, poor scan 
performance, spurious feed radiation and very narrow frequency bandwidth, which is 
typically only a fraction of a percent or at most a few percent. In some applications, 
such as in government security systems, narrow bandwidths are desirable. However, 
there are methods, such by increasing the height of the substrate, that can be used to 
extend the efficiency (as large as 90 percent if surface waves arc not included) and 
bandwidth (up to about 35 percent) [38]. However, as the height increases, surface 
waves are introduced which usually are not desirable because they extract power from 
the total available for direct radiation (space waves). The surface waves travel within 
the substrate and they are scattered at bends and surface discontinuities, such as the 
truncation of the dielectric and ground plane (451-149). and degrade the antenna 
pattern and polarization characteristics. Surface waves can be eliminated, while main¬ 
taining large bandwidths. by using cavities [50]. [51]. Stacking, as well as other 
methods, of microstrip elements can also be used to increase the bandwidth |I3], 
[52]-[62|. In addition, microstrip antennas also exhibit large electromagnetic signature 
at certain frequencies outside the operating band, are rather large physically at VHI- 
and possibly Ulll frequencies, and in large arrays there is a tradeoff between band¬ 
width and scan volume |63H65]. 
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14.1.1 Basic Characteristics 

Microstrip antennas received considerable attention starting in the 1970s. although 
the idea of a microstrip antenna can be traced to 1953 |l] and a patent in 1955 |2|. 
Microstrip antennas, as shown in Figure 14.1(a). consist of a very thin (/ « A„ where 
A,i is the tree-space wavelength) metallic strip (patch) placed a small fraction of a 
wavelength (li ■ An. usually 0.003A,, =£ // ^ 0.05A,,) above a ground plane. The 
microstrip patch is designed so its pattern maximum is normal to the patch (broadside 
radiator). This is accomplished by properly choosing the mode (field configuration) 
of excitation beneath the patch. End-lire radiation can also be accomplished by judi¬ 
cious mode selection. For a rectangular patch, the length L of the element is usually 
A„/3 I. < An/2. The strip (patch) and the ground plane are separated by a dielectric 
sheet (referred to us the substrate), as shown in Figure 14.1(a). 

There are numerous substrates that can be used for the design of microstrip 
antennas, and their dielectric constants are usually in the range of 2.2 ^ e, 12. The 
ones that are most desirable for antenna performance are thick substrates whose 
dielectric constant is in the lower end of the range because they provide better 
efficiency, larger bandwidth, loosely bound fields for radiation into space, but at the 
expense of larger element size [38]. Thin substrates with higher dielectric constants 
arc desirable for microwave circuitry because they require tightly hound fields to 
minimize undesired radiation and coupling, and lead to smaller element sizes: how¬ 
ever. because of their greater losses, they are less efficient and have relatively smaller 
bandwidth* [38). Since microstrip antennas are often integrated with other microwave 
circuitry, a compromise has to he reached between good antenna performance and 
circuit design. 

Often microstrip antennas are also referred to as parch antennas. The radiating 
elements and the feed lines arc usually photoetched on the dielectric substrate. The 
radiating patch may be square, rectangular, thin strip (dipole), circular, elliptical, 
triangular or any other configuration. These and others are Illustrated in Figure 14.2. 



Figure 14.1 Microstrip antenna and coordinate system. 
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Figure 14.2 Representative shapes of microstrip patch elements 


Square, rectangular, dipole (strip), and circular are the most common because of ease 
of analysis and fabrication, and their attractive radiation characteristics, especially 
low cross-polarization radiation. Microstrip dipoles are attractive because they inher¬ 
ently possess a large bandwidth and occupy less space, which makes them attractive 
for arrays [14). [22|, [30). [311. Linear and circular polarizations can be achieved with 
either single elements or arrays of microstrip antennas. Arrays of microstrip elements, 
with single or multiple feeds, may also he used to introduce scanning capabilities and 
achieve greater directivities. These will he discussed in litter sections. 

14.1.2 Feeding Methods 

There arc many configurations that can be used to feed microstrip antennas. The four 
most popular are the microstrip line, coaxial probe, aperture coupling and proximity 
coupling |I5|. 116|. [30), 135[, |38], [66]-[68|. These arc displayed in Figure 14,3. 
One set of equivalent circuits for each one of these is shown in Figure 14.4. The 
microstrip feed line is also a conducting strip, usually of much smaller width compared 
to the patch. The microstrip line feed is easy to fabricate, simple to match by con¬ 
trolling the inset position and rather simple to model. However as the substrate 
thickness increases surface waves and spurious feed radiation increase, which for 
practical designs limit the bandwidth (typically 2-5%). 

Couxiul-line feeds, where the inner conductor of the coax is attached to tltc 
radiation patch while the outer conductor is connected to the ground plane, are also 
widely used. The coaxial probe feed is also easy to fabricate and match, and it has 
low spurious radiation. However, it also has narrow bandwidth and it is more difficult 
to model, especially for thick substrates (/i > 0.02Ao). 

Both the microstrip feed line and the probe possess inherent asymmetries which 
generate higher order modes which produce cross-polarized radiation. To overcome 
some of these problems, noncontucting aperture coupling feeds, as shown in Figures 
I4.3(e.d). have been introduced. The aperture coupling of Figure 14.3(c) is the most 
difficult of a II four to fabricate and it also has narrow bandwidth. However, if is 
somewhat easier to model and has moderate spurious radiation. The aperture coupling 
consists of two substrates separated by a ground plane. On the bottom side of the 
lower substrate there is a microstrip feed line whose energy is coupled to the patch 
through a slot on the ground plane separating the two substrates. This arrangement 
allows independent optimization of the feed mechanism and the radiating element. 
Typically a high dielectric material is used for the bottom substrate, and thick low 







Ground plane 




Ul Micnulrlp line feed 



Cranial connector Ground piano 


'hi Probe lend 



lei Apemire-ciiuplnd laud 



(ill Proximity-coupled feed 

Figure 14.3 Typical feeds for microstrip unlcnmis. 


dielectric constant material for the top substrate. The ground plane between the 
substrates also isolates the feed from the radiating element and minimizes interference 
of spurious radiation for pattern formation and polarization purity. For this design, 
the substrate electrical parameters, feed line width, and slot size and position can be 
used to optimize the design [38|. Typically matching is performed by controlling the 
width of the feed line and the length of the slot. The coupling through the slot can be 
modeled using the theory of Bethe |69|. which is also used to account for coupling 
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Figure 14.4 Equivalent circuits for typical feeds of Figure 14.3. 

through a small aperture in a conducting plane. This theory has been successfully 
used to analyze waveguide couplers using coupling through holes 170). In this theory 
the slut is represented by an equivalent normal electric dipole to account for the 
normal component (to the slot) of the electric field and an equivalent horizontal 
magnetic dipole to account for the tangential component (to the slot) magnetic field. 
If the slot is centered below the patch, where ideally for the dominant mode the 
electric field is zero while the magnetic Held is maximum, the magnetic coupling will 
dominate. Doing this also leads to good polarization purity and no cross-polarized 
radiation in the principal planes |38|. Of the four feeds described here, the proximity 
coupling has the largest bandwidth (as high as 13 percent), is somewhat easy to model 
and has low spurious radiation. However its fabrication is somewhat more difficult. 
The length of the feeding stub and the width-to-line ratio of the patch can be used to 
control the match [61J. 


14.1.3. Methods of Analysis 

There are many methods of analysis for microstrip antennas. The most popular models 
arc the transmission-line 116], [351. cavity 1121, [16]. | IS). [35], and full-wave (which 
include primarily integral equations/Moment Method) 122], (26). [711-[74], The trans¬ 
mission-line model is Ihe easiest of all. it gives good physical insight, hut is less 
accurate and it is more difficult to model coupling [75]. Compared to the transmission- 
line model, the cavity model is more accurate hut at the same time more complex. 
However, il also gives good physical insight and is rather difficult to model coupling, 
although il has been used successfully [8], (76). |77|. In general when applied properly, 
the full-wave models are very accurate, very versatile, and can treat single elements, 
finite and infinite arrays, stacked elements, arbitrary shaped elements, and coupling. 
However they are the most complex models and usually give less physical insight, in 
this chapter we will cover the transmission-line and cavity models only. However 
results and design curves from full-wave models will also be included. Since they are 
the most popular and practical, in this chapter the only two patch configurations that 
will be considered are the rectangular and circular. Representative radiation charac¬ 
teristics of some other configurations will be included. 
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14.2 RECTANGULAR PATCH 

The rectangular patch is by far the most widely used configuration. It is very easy to 
analyze using both the transmission-line and cavity models, which are most accurate 
for thin substrates (781. We begin with the transmission-line model because it is easier 
to illustrate. 


14.2.1 Transmission-Line Model 

It was indicated earlier that the transmission-line model is the easiest of all but it 
yields the least accurate results and it lacks the versatility. However, it does shed 
some physical insight. As it will be demonstrated in Section 14.2.2 using the cavity 
model, a rectangular microstrip antenna cun be represented as an array of two radiating 
narrow apertures (slots), each of width IV and height //, separated by a distance L 
Basically the transmission line model represents the microstrip antenna by two slots, 
separated by a low-impedance Z, transmission line of length L. 

A. Fringing Effects 

Because the dimensions of the patch are finite along the length and width, the fields 
at the edges of the patch undergo fringing. This is illustrated along the length in 
Figures 14.1(a.b) for the two radiating slots of the microstrip antenna. The same 
applies along the width. The amount of fringing is a function of the dimensions of 
the patch and the height of the substrate. For the principal E-plane Uy-plane) fringing 
is a function of the ratio of the length of the patch I. to the height It of the substrate 
(Mi) and the dielectric constant e, of the substrate. Since for microstrip antennas 
Uli » I, fringing is reduced: however, it must be taken into account because it 
influences the resonant frequency of the antenna. The same applies for the width. 

Fora microstrip line shown in Figure 14.5(a), typical electric field lines are shown 
in Figure 14.5(b). This is a nonhomogeneous line of (wo dielectrics; typically the 
substrate and air. As can be seen, most of the electric field lines reside in the substrate 
and parts of some lines exist in air. As lV//i » I and e f » I. the electric field lines 
concentrate mostly in the substrate. Fringing in this case makes the microslrip line 
look wider electrically compared to its physical dimensions. Since some of the waves 
travel in the substrate and some in air. an effective dielectric constant e K n is introduced 
to account for fringing and the wave propagation in the line. 

To introduce the effective dielectric constant, let us assume that the center con¬ 
ductor of the microstrip line with its original dimensions and height above the ground 
plane is embedded into one dielectric, as shown in Figure 14.5(c). The effective 
dielectric constant is defined as the dielectric constant of the uniform dielectric 
material so that the line of Figure 14.5(c) has identical electrical characteristics, 
particularly propagation constant, as the actual line of Figure 14.5(a). For it line 
with air above the substrate, the effective dielectric constant lias values in the range 
of I < e rcl , < e r For most applications where the dielectric constant of the substrate 
is much greater than unity (e, 3> I). the value of e a .„ will be closer to the value of 
the actual dielectric constant e, of the substrate. The effective dielectric constant is 
also a function of frequency. As the frequency of operation increases, most of the 
electric field lines concentrate in the substrate. Therefore the microstrip line behaves 
more like a homogeneous line of one dielectric (only the substrate), and the effective 
dielectric constant approaches the value of the dielectric constant of the substrate. 
Typical variations, as a function of frequency, of the effective dielectric constant for 
a microslrip line with three different substrates are shown in Figure 14.(». 
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Figure 14.5 Mierostrip line anil its electric held lines, and effective dielectric constant 
geometry. 


For low frequencies the effective dielectric constant is essentially constant. At 
intermediate frequencies its values begin to monotonically increase and eventually 
approach the values of die dielectric constant of the substrate. The initial values (at 
low frequencies) of the effective dielectric constant are referred to as the static values. 
and they are given by (79] 

W/l, > I 


tlrll 


+ I 

I 


+ 




(14-1) 


li. Effective Length. Resonant Frequency, ami Effective Width 

Because of the fringing effects, electrically the patch of the mierostrip antenna looks 

greater than its physical dimensions. For the principal E-plune (.tv-plane), this is 



Figure 14.6 Effective dielectric constant versus frequency lor typical substrates. 
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demonstrated in Figure 14,7 where the dimensions of the patch along its length have 
been extended on each end by a distance A I. which is a function of the effective 
dielectric constant e*,, and the width-to-height ratio t W/li). A very popular and prac¬ 
tical approximate relation for the normalized extension of the length is (80] 



Since the length of the patch has been extended b\ A L on each side, the effective 
length of the patch is now (L = A/2 for dominant TM 0 |o mode with no fringing) 

/,„ = L + 2AZ. (14-3) 

For the dominant TM„|» mode, the resonant frequency of the microstrip antenna 
is a function of its length. Usually it is given by 




{Jr)l>W 2L\ e r 


(14-4) 


where v„ is the speed of light in tree space. Since (14-4) does not account for fringing, 
it must he modified to include edge effects and should he computed using 


-f-ciiV < re rt VMu e n 2(Z. + 2A/.)V<n.ii V 
I = u <> 

2/-V2 L\ e, 


(14-5) 


where 


(/>r)0lll 


(14-5a> 
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Figure 14.7 Physical and effective lengths of rectangular microstrip patch. 
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The i] factor is referred to as the fringe factor (length reduction factor). As the substrate 
height increases, fringing also increases and leads to larger separations between the 
radiating edges and lower resonant frequencies. 


C. Design 

Based on the simplified formulation that has been described, a design procedure is 
outlined which leads to practical designs of rectangular microstrip antennas. The 
procedure assumes that the specified information includes the dielectric constant of 
the substrate (e r ), the resonant frequency (_/,). and the height of the substrate li. The 
procedure is as follows: 

Specify: 

e,,/, (in Hz), and li 

Determine: 


W.L 


Design procedure: 

1. For an efficient radiator, a practical width that leads to good radiation efficiencies 
is [151 


IV = 


2y;\/M,,e»V e ' + 1 

where is the froe-space velocity of light. 


-Hi* / 2 
2 f r \j 6 , + 1 


( 14 - 6 ) 


2. Determine the effective dielectric constant of the microstrip antenna using (14-1). 

3. Once IV is found using (14-6). determine the extension of the length A L using 
114-2). 

4. The actual length of the patch can now be determined by solving (14-5) for L. or 


2/rV C reff \/ 


- 2A/- 


( 14 - 7 ) 


hxample 14.1 

Design a rectangular microstrip antenna using a substrate (RT/duroid 5880) with 
dielectric constant of 2.2, h = 0.1588 cm (0.0625 inches) so as to resonate at 10 
GHz. 

SOLUTION 

Using (14-6). the width IV of the patch is 

W = ——- = 1.186 cm (0.467 in) 

2 ( 10 ) \J 2.2 + 1 
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The effective dielectric constant of the patch is found using (14-1 1 . or 


e«ir — 


2.2 +1 2 . 2-1 




The extended incremental length of the patch A L is. using (14-2) 

(W72 + “iS + 0264 


(1.972 - 0.258)1 ..._ 6 _ + 0.8 


A L = 0.1588(0.412)- 

I 977 - 0 3S8i 

\O.I588 

= 0.081 cm (0.032 in) 

The actual length Lof the patch is found using (14-3), or 


L = *--> AL = _ ™ _ 

2 2(10)\/1.972 

Finally the effective length is 


- 2(0.081) = 0.906 cm (0.357 in) 


L t = L + 2AT. = - = 1.068 cm (0.421 in) 


I). Conductance 

Each radiating slot is represented by a parallel equivalent admittance Y (with conduc¬ 
tance G and susceplance B). This is shown in Figure 14.8. The slots are labeled as 
#1 and #2. The equivalent admittance of slot # 1. based on an infinitely wide, uniform 
slot, is derived in Example 12.8 of Chapter 12. and it is given by |811 

Y, = G, + .//?, (14-8) 


where for a slot of finite width W 

h_ ^ _l_ 
A„ < 10 


c, = 


w 


120A„ 


I - 24<M) a 


(14-8a) 
(l4-8b) 



Figure 14.8 


ini Rcciungiilur pinch ib> Transmission model equivalent 

Rectangular mierostrip patch and ils equivalent circuit transmission model. 
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Since slot #2 is identical to slot #1, its equivalent admittance is 

Y 2 = Yi, G 2 = G,. li 2 = fi, (14-9) 

The conductance of a single slot can also be obtained by using the field expression 
derived by the ca\uy model. In general, the conductance is defined as 


G i = 


2P nili 

|V„| J 


Using the electric lield of (14-41). the radiated power is written as 

An IV 

| sin 

fi* 


/ 


>.»i 


2777J,, 


-r 

j 0 


sm| — cos 8 


cos 8 


sin* 8 iW 


Therefore the conductance of (14-10) can he expressed as 

/. 


G, = 


I20?r 


where 


■f 


% W 

stn|-y- cos «) 


cos 8 

= -2 + cos(X) + XS,{X) + 


sin-' 8 d8 

sin(X) 


X = k„W 

Asymptotic values of (14-12) and 1 14-12a) are 

i-K 

90w 

= J_/VV 

120 \ A«, 


W<e: A„ 


wx> A„ 


(14-10) 


(14-11) 


(14-12) 


(14-I2a) 
(14-12b) 

(14-13) 


The values of (14-13) for W 3> A„ are identical to those given by (U-8a) for 
li A,,. A plot of G as a function of W/A,, is shown in Figure 14.9. 


E. Resonant Input Resistance 

The total admittance at slot #1 (input admittance) is obtained by transferring the 
admittance of slot #2 from the output terminals to input terminals using the admittance 
transformation equation of transmission lines [16], [70], |79], Ideally the two slots 
should be separated by A/2 where A is the wavelength in the diclcctic (substrate). 
However, because of fringing the length of the patch is electrically longer than the 
actual length. Therefore the actual separation of the two slots is slightly less than A/2. 
If the reduction of the length is properly chosen using (14-2) (typically 0.48A < L < 
0.49A), the transformed admittance of slot #2 becomes 

Y 2 = G\ + ,B 2 = G, - jB, 


(14-14) 
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or 

G 2 = G, (14-14a) 

B 2 = -/?, (14-14b) 

Therefore the total resonant input admittance is real and is given by 

T|„ = Y x + ?i = 2G, (14-15) 

Since the total input admittance is real, the resonant input impedance is also real, or 

Zin = t!~ = /?!„ = ^T. (14-16) 

4G, 

The resonant input resistance, as given by (14-16), does not take into account 
mutual effects between the slots, This can be accomplished by modifying (14-16) 
to |8| 


R 


III 


2(G| ± G u) 


(14-17) 


where the plus t + ) sign is used for modes with odd (antisymmetric) resonant voltage 
distribution beneath the patch and between the slots while the minus ( -1 sign is used 
for modes with even (symmetric) resonant voltage distribution. The mutual conduc¬ 
tance is defined, in terms of the far-zonc fields, as 


Gi: 



x m • ,ls 


(14-18) 


where E, is the electric field radiated by slot #1. II is the magnetic field radiated by 
slot #2, V,, is the voltage across the slot, and the integration is performed over a 
sphere of large radius. It can be shown that. G, , can he calculated using |8|. 134] 

. rJ sin (^r c,,s8 )l 


Ota - 


I2()7r Jo *- cos 0 


./(i [k(,L sin ff) sin' I) <10 1 14-18a) 



Figure 14,9 Slot conductance us a function of slot width. 
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where /, is the Bessel function of the first kind of order zero. For typical microstrip 
antennas, the mutual conductance obtained using (14-18a) is small compared to the 
sell'conductance G, of (14-Xa) or (14-12). 

As shown by (l4-8a) and (14-17). the input resistance is not strongly dependent 
upon the substrate height It. In fact for very small values of h. such that k,,h « I. the 
Input resistance is not dependent on It. Modal-expansion analysis also reveals that the 
input resistance is not strongly influenced by the substrate height It. It is apparent 
from N4-8a) and (14-17) that the resonant input resistance can be decreased by 
increasing the width IV of the patch. This is acceptable as long as the ratio of W'/L 
does not exceed 2 because the aperture efficiency of a single patch begins to drop, us 
W/L increases beyond 2. 

The resonant input resistance, ;ls calculated by (14-17), is referenced at slot #1. 
However, it has been shown that the resonant input resistance can be changed by 
using an inset feed, recessed a distance y 0 from slot #1. as shown in Figure 14.10(a). 
This technique can be used effectively to match the patch antenna using a microstrip- 
line feed whose characteristic impedance is given by |79| 


2 = 



7 SI (14-19a) 

-^•'>1 (14-19b) 

h 


where VV„ is the width of the microstrip line, as shown in Figure 14.10. Using modal- 
expansion analysis, the input resistance for the inset-feed is given approximately bv 

I8I-M6I 


RJy = y a) = 


2 ( 0 ’, 



+ 


G] 4 ft? 

y- 


sin" 




114-201 


where Y, = I//,. Since for most typical microstrips GW <s: 1 and li,/Y, C ], 
(14-20) reduces to 


Kinl.v 





= i<Jy 



(l4-20a) 


A plot of the normalized value of (l4-20a) is shown in Figure 14.10(b). 

The values obtained using (14-20) agree fairly well with experimental data. 
However, the inset feed introduces a physical notch, which in turn introduces a 
junction capacitance. The physical notch and its corresponding junction capacitance 
influence slightly the resonance frequency, which typically may vary by about 1%, It 
is apparent from 1 14-20a) and Figure 14.10(b) that the maximum value occurs at the 
edge of the slot (>•„ - 0 ) where the voltage is maximum and the current is minimum: 
typical vulues are in the 150-300 ohms. The minimum value (zero) occurs at the 
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Figure 14.10 Recessed micmsirip-linc Iced und vuriution of normalized input resistance. 


cenler of the patch (v<i = U2) where the voltage is zero and the current is maximum. 
As the inset feed-point moves from the edge toward the center of the patch the resonant 
input impedance decreases monotonically and reaches zero at the center. When the 
value of the inset Iced-point approaches the center of the patch (y„ = IJ2), the 
cos'’(7n \Jl.) function varies very rapidly: therefore ihe input resistance also changes 
rapidly with the position of the Iced point. To maintain very accurate values, a close 
tolerance must be preserved. 


Example 14.2 

A microstrip antenna with overall dimensions of L = 0.906 cm (0.357 inches) and 
W = 1.186 cm (0.467 inches), substrate with height li 0.1588 cm (0.0625 inches) 
and dielectric constant of e, = 2.2. is operating at 10 GHz. Find: 

a. The input impedance. 

b. The position of the inset feed-point where the input impedance is 50 ohms. 
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SOLUTION 

30 

Using (J4-J2)and rl4-J2a) 

G | = 0.00157 siemens 

which compares with G , = 0.00328 using (l4-8a). Using (14-18a) 

C,, = 6.1683 X 10 4 

Using 1 14-17) with the ( + ) sign because of the odd lield distribution between the 
radiating slots for the dominant TM 0 ,„ mode 

R m = 228.3508 ohms. 

Since the input impedance at the leading radiating edge of the patch is 228.3508 ohms 
while the desired impedance is 50 ohms, the inset feet-point distance v 0 is obtained 
using (l4-20u). Thus 

50 = 228.3508 cos-’ |p’ 0 ) 


or 

Vo = 0.3126 cm (0.123 inches) 


14.2.2 Cavity Model 

Microstrip antennas resemble dielectric loaded cavities, and they exhibit higher order 
resonances. The normalized fields within the dielectric substrate (between the patch 
and the ground plane) can he found more accurately by treating that region as a cavity 
hounded by electric conductors (above and below it) and by magnetic walls (to 
simulate an open circuit) along the perimeter of the patch. This is an approximate 
model, which in principle leads to a reactive input impedance (of zero or infinite value 
of resonance), and it does not radiate any power. However, assuming that the actual 
fields are approximate to those generated by such a model, the computed pattern, 
input admittance, and resonant frequencies compare well with measurements |I2). 
116). 118). This is an accepted approach, and it is similar to the perturbation methods 
which have been very successful in the analysis of waveguides, cavities, and radiators 
[811. 

To shed some insight into the cavity model, let us attempt to present a physical 
interpretation into the formation of the fields within the cavity and radiation through 
its side walls. When the microsirip patch is energized, a charge distribution is estab¬ 
lished on the upper and lower surfaces of the patch, as well as on the surface of the 
ground plane, as shown in Figure 14.11. The charge distribution is controlled by two 
mechanisms; an attractive and a repulsive mechanism [34]. The attractive mechanism 
is between the corresponding opposite charges on the bottom side of the patch and 
the ground plane, which tends to maintain the charge concentration on the bottom of 
the patch. The repulsive mechanism is between like charges on the bottom surface of 
the patch, which tends to push some charges from the bottom of the patch, around its 
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Figure 14.11 Charge distribution and current density creation on microsirip patch 


edges, to its top surface. The movement of these charges creates corresponding current 
densities J,, andat the bottom and top surfaces of the patch, respectively, as shown 
in Figure 14.11. Since for most practical microstrips the hoiglu-io-width ratio is very 
small, the attractive mechanism dominates and most of the charge concentration and 
current (low remain underneath the patch. A small amount of current flows around 
the edges of the patch to its top surface. However, this current How decreases as the 
height-to-width ratio decreases. In the limit, the current How to the top would he zero, 
which ideally would not create any tangential magnetic Held components to the edges 
of the patch. This would allow the four side wails to be modelled by perfect magnetic 
conducting surfaces which ideally would not disturb the magnetic Held and. in turn, 
the electric Held distributions beneath the patch. Since in practice there is a finite 
height-to-width ratio, although small, the tangential magnetic fields at the edges would 
not be exactly zero However, since they will he small, a good approximation to the 
cavity model is to treat the side walls as perfectly magnetic conducting. This model 
produces good normalized electric and magnetic field distributions (modes) beneath 
the patch. 

If the microstrip antenna were treated only as a cavity, it would not be sufficient 
to find the absolute amplitudes of the electric and magnetic lields, In fact by treating 
the walls of the cavity, as well as the material within it as lossless, the cavity would 
not radiate and its input impedance would be purely reactive. Also the function 
representing the impedance would only have real poles. To account for radiation, a 
loss mechanism hus to be introduced. In Figure 2.21 of Chapter 2. this was taken into 
account by the radiation resistance R, and loss resistance These two resistances 
allow the input impedance to be complex and for its function to have complex poles; 
the imaginary poles representing, through R, and R,, the radiation and conduction- 
dielectric losses. To make the microstrip lossy using the cavity model, which would 
then represent an antenna, the loss is taken into account by introducing an effective 
loss tangent 5 #f [, The effective loss tangent is chosen appropriately to represent die 
loss mechanism of the cavity, which now behaves as an antenna and is taken as the 
reciprocal of the antenna quality factor Q (8 ct i = I IQ). 

Because the thickness of the microstrip is usually very small, the waves generated 
within the dielectric substrate (between the patch and the ground plane) undergo 
considerable reflections when they arrive at the edge of the patch. Therefore only a 
small fraction of the incident energy is radiated; thus the antenna is considered to be 
very inefficient. The lields beneath the patch form standing waves that can be repre¬ 
sented by cosinusoidal wave functions. Since the height of the substrate is very small 
I/? « A where A is the wavelength within the dielectric), the Held variations along 
the height will be considered constant. In addition, because of the very small substrate 
height, the fringing of the lields along the edges of the patch are also very small 
whereby the electric Held is nearly normal to the surface of the patch. Therefore only 
TM‘ field configurations will be considered within the cavity. While the top and 
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bottom walls of the cavity arc perfectly electric conducting, the four side walls will 
be modeled as perfectly conducting magnetic walls (tangential magnetic fields vanish 
along those four walls). 


A. Field Configurations (modes) —TM 1 

The field configurations within the cavity can be found using the vector potential 
approach described in detail in Chapter X of [79|. Referring to Figure 14.12. the 
volume beneath the patch can be treated as a rectangular cavity loaded w ith a dielectric 
material with dielectric constant e,. The dielectric material of the substrate is assumed 
to be truncated and not extended beyond the edges of the patch. The vector potential 
A. must satisfy the homogeneous wave equation of 

V* A, + k 2 A, = 0 (14-21) 

whose solution is written in general, using the separation of variables, as [791 


A, = |.'\| cos(A-,.v) + tf, sin(A,x)||A. cos(A v .y) + flj sin(A*y)| 
[A 3 cos(A-c) + li t sin(A.;)| 


(14-22) 


where A,. A, and A are the wavenumbers along the v, y and r directions, respectively. 
These will be determined subject to the boundary conditions. The electric and mag¬ 
netic fields within the cavity are related to the vector potential A, by [79] 


/. -j— £ ft + A'),\, //, = 0 

utfxf \i)\ ' 


~} 


f'-A, 


E, = - 


ui/ie fixity 
I a 2 A, 

o>fj.6 iixdz 


tlz 

m r, y 


(14-23) 


subject to the boundary conditions of 


Eylx' = 0. Iis/S L OSt'slV) 

= EM' = h, 0 s y' Si.0sj'SH') = 0 
H v (0 s .v' == It. 0 -s / S L.z' = 0) (14-24) 

= HA 0 s x' < h, 0 < .y' ■< Lz = W) = 0 
HA 0 ^ x' s h. y' = 0. 0 s z 's W) 

= H.( 0 s x' s h. y‘ =(,0sj’<H') = 0 

The primed coordinates v'. y\ z' are used in represent the fields within the cavity. 

Applying the boundary conditions £,(.v' = 0. 0 s y' < Ul < ;’ < IV) = 0 
and EM' = h- () - v' - /-• 0s:'< W) = 0. it can be shown that B, = 0 and 

k„ = m = 0 . 1.2 . ( 14 - 25 ) 

It 


Similarly, applying the boundary conditions HA 0 s x' s*.(l< y' s[.;' = 0) = 
0 and yy.ff) ^ x' < /j. 0 < y' ^ L, -' = IV) = 0 . it can be shown that B\ - 0 and 



P = 0 . 1.2 . 


(14-26) 
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Figure 14.12 Rectangular microslrip patch geometry. 


Finally, applying the boundary conditions //.(0 - x' - It. y' — 0. ()<;'< W) = 
0 and H (0 s x' < /*. v' = L. ()<£'< IV) = U. it can be shown that B : = 0 and 


it, = —. n = 0.1.2 . (14-27) 

L-* 

Thus the final form for the vector potential A, within the cavity is 

A., = A„„, p co$(k r x') cos(A y y') cos (Ar-c’) (14-28) 


where A„ mp represents the amplitude coefficients of each mnp mode. The wavenumbers 
A„ k y , k : are equal to 


k, = 

ky = 
k- = 



m = 0 . 1 . 2 _ 

n = 0 . 1 . 2 _ 


in 


p = 0. I. 2.. . . 


n = p * 0 


(14-29) 


where in. n. p represent, respectively, the number of half-cycle field variations along 
the x. v. r directions. 

Since the wavenumbers A,. Ay, and A are subject to the constraint equation 

* + *; + e = + (f[ + 1$ -e = ^ (14-30, 

the resonant frequencies for the cavity are given by 



(I4-3D 
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Substituting (14-28) into (14-23). the electric and magnetic fields within the cavity 
are written as 


I■:> 

E. 


{k 2 - k :) 

- j -- A, cos(*,.e') eos(A; v y') cos <*.;') 

tufie 

k k 

j- 2 - 1 A .,, sin(X.A') sin(<,y') cos(Cr') 

uiixe 

k k. 

j - 4 W ,„„ sin(*,.v') cosCLy') sin(A-..:') 

UJ/X6 


H, = 0 


(14-32) 


H, 


k J. 

M 


A„„„. cos(A,,v'l cos(A»..V') sin(A,r') 


//. = 



cos(A,.r') sinl^y') cos 


To determine the dominant mode witli the lowest resonance, we need to examine 
the resonant frequencies. The mode with the lowest order resonant frequency is 
referred to as the dominant mode. Placing the resonant frequencies in ascending order 
determines the order of the modes of operation. For all microstrip antennas /i <r /. 
and h VP. If L > W > li. the mode with the lowest frequency (dominant nu>de) is 
the TMom whose resonant frequency is given by 


If, low — 


2 /V^ 


t-'n 

2 l\'7, 


(14-33) 


where i> n is the speed of light in free space. If in addition L > W > U2 > It. the next 
higher order (second) mode is the TM,',,,, whose resonant frequency is given by 


f/r)(»ll — 


_J_ 

IWyfixe 


2 WV«, 


(14-34) 


If. however. L LJ 2 W > h. the second order mode is the TM,’,.,,. instead of the 

TMi’kii. whose resonant frequency is given by 


(/fid’ll 


I _ V(j 
L\/ne Ly/e, 


(14-35) 


If IV I. > It, the dominant mode is the TMmi whose resonant frequency is 
given by (14-34) while if W > Wl 2 >/.>/» the second order mode is the TMi, i3 . 
Based upon <14 12). the distribution of the tangential electric Held along the side 
walls of the cavity for the TM;„ n . TM,Vh- TMoj, and TM'„ ; is as shown, respectively, 
in Figure 14.13. 

In all of the preceding discussion, it was assumed that there is no fringing of the 
fields along the edges of the cavity. This is not totally valid, but it is a good assumption. 
However, fringing effects and their influence were discussed previously, and they 
should be taken into account in determining the resonant frequency. This was done 
in (14-5) for the dominant TM,’,,,, mode. 
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Figure 14.13 Held configurations (modes) for rectangular microstrip patch. 


B. Equivalent Current Densities 

It has been shown using the cavity model that the microstrip antenna can be modeled 
reasonably well by a dielectric-loaded cavity with two perfectly conducting electric 
walls (top and bottom), and four perfectly conducting magnetic walls (sidewalls). It 
is assumed that the material of the substrate is truncated and does not extend beyond 
the edges of the patch. The four sidewalls represent four narrow apertures (slots) 
through which radiation takes place. Using the Field Equivalence Principle (Huygens’ 
Principle) of Section 12.2 of Chapter 12. the microstrip patch is represented by an 
equivalent electric current density .1, at the top surface of the patch to account for the 
presence of the patch (there is also a current density J,, at the bottom of the patch 
which is not needed for this model). The four side slots are represented by the 
equivalent electric current density J, and equivalent magnetic current density M„ as 
shown in Figure 14.14(a). each represented by 

J. = ft X H„ (14-36) 

and 

M, = -ft x E. (14-37) 

where and 1I„ represent, respectively, the electric and magnetic fields at the slots. 

Because it was shown that for microstrip antennas with very small height-to- 
width ratio the current density .1, at the lop of the patch is much smaller than the 
current density X, at the bottom ol the patch, it will be assumed it is negligible here 
and it will be set to /.ero. Also it was argued that the tangential magnetic fields along 
the edges of the patch arc very small, ideally zero. Therefore the corresponding 
equivalent electric current density .1, will be very small (ideally zero), and it will be 
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Figure 14.14 Equivalent current densities on lour sides of rectangular microstrip patch. 


set to zero here. Thus the only nonzero current density is the equivalent magnetic 
current density iVl, of (14-37) along the side periphery of the cavity radiating in the 
presence of the ground plane, as shown in Figure 14.14th). The presence of the ground 
plane can be taken into account by image theory which will double the equivalent 
magnetic current density of (14-37). Therefore the final equivalent is a magnetic 
current density of twice 1 14-37) or 

M, = — 2n x E M (14-38) 

around the side periphery of the patch radiating into free space, as shown in Figure 
14.14(c). 

It was shown, using the transmission-line model, (hat the microstrip antenna can 
be represented by two radiating slots along the length of the patch (each of width H' 
and height it). Similarly il will be shown here also that while there are a total of lour 
slots representing the microstrip antenna, only two (the radiating slots) account for 
most of die radiation: the fields radiated by the other two. which are separated by the 
width W of die patch, cancel along the principal planes. Therefore the same two slots, 
separated by the length of the patch, are referred to here also as radiating slots. The 
slots are separated by a very low impedance parallel-plate transmission line of length 
L. which acts as a transformer. The length of the transmission line is approximately 
A/2, where A is the guide wavelength in the substrate, in order for the fields at the 
aperture of the two slots to have opposite polarization. This is illustrated in Figures 
14.1(a) and 14.13(a). The two slots form a two-element array with a spacing of A/2 
between the elements. It will be shown here that in a direction perpendicular to the 





14.2 Rectangular Patch 743 


ground plane the components of the field add in phase and give a maximum radiation 
normal to the patch: thus broadside antenna. 

Assuming that the dominant mode within the cavity is the TMfjjo mode, the 
electric and magnetic held components reduce from (14-32) to 

E, = £(, cos ( jy' 

H. = sin |p'J (14-39) 

E y = E. = H, = H y = 0 

where E,\ = —j<a A 0 io and H u = (t tI/xL) A 0 io> The electric field structure within the 
substrate and between the radiating element and the ground plane is sketched in 
Figures 14.1 (a.h) and 14.13(a). It undergoes a phase reversal along the length but it 
is uniform along its width. The phase reversal along the length is necessary for the 
antenna to have broadside radiation characteristics. 

Using the equivalence principle of Section 12.3. each slot radiates the same fields 
as a magnetic dipole with current density M, equal to (14-38). By referring to Figures 
14.15 the equivalent magnetic current densities along the two slots, each of width W 
and height h. arc both of the same magnitude and of the same phase. Therefore these 
two slots form a two-element array with the sources (current densities) of the same 
magnitude and phase, and separated hy L. Thus these two sources will add in a 
direction normal to the patch and ground plane forming a broadside pattern. This is 
illustrated in Figures 14.16(a) where the normalized radiation pattern of each slot in 
the principal /•.-plane is sketched individually along with the total pattern of the two. 
In the //-plane, the normalized pattern of each slot and of the two together is the 
same, as shown in Figure 14.16(b). 

The equivalent current densities for the other two slots, each of length /. and 
height h. arc shown in Figure 14.17. Since the current densities on each wall are ol 
the same magnitude but of opposite direction, the fields radiated by these two slots 
cancel each other in the principal /-/-plane. Also since corresponding slots on opposite 
walls are 180° out of phase, the corresponding radiations cancel each other in the 
principal /-.'-plane. This will be shown analytically. The radiation from these two side 
walls in nonprincipal planes is small compared to the other two side walls. Therefore 
these two slots arc usually referred to as nonnuliating slots. 


X 



Figure 14.15 Rectangular microstrip patch radiating slots and equivalent magnetic current 
densities. 
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(u) /■. -plane I Hi //-plane 

Figure 14.16 Typical F.- and //-plane patterns o! each microstrip patch slot, ami of the two 
together. 


C. Fields Radiated— TM',|„ Mode 

To find the fields radiated by each slot, we follow a procedure similar to that used to 
analyze die aperture in Section 12.5.1. The total field is the sum of the two-element 
array with each element representing one of the slots. Since the slots are identical, 
this is accomplished by using an array factor for the two slots. 

Radiating Slots Following a procedure similar to that used to analy ze the aperture in 
Section 12.5.1. the far-zone electric fields radiated by each slot, using the equivalent 
current densities of (14-38). are written as 


E, — E/i ~ 0 

sinfX) sin(Z) | 
~X Z~ J 

where 

k h 

X = sin 0 cos </> 


E^ = +j 


kJiW £»<•- ,1 ” r 


nri¬ 


sen 0 


(14-408) 
(14—40b) 


(14-40c) 


7 k " W a 

z = — cos 0 

For very small heights (kjt <s: 1 1 , (14-40b) reduces to 

Jfk,W 


E a 


+J 


.VV 


-/*.z 


nr 


sin I) 


stnl-r—cos 0 


cos 0 


(l4-40d) 


(14-41) 


where V„ = /tF„. 

According to the theory of Chapter 6. the array factor for the two elements, of 
the same magnitude and phase, separated by a distance /., along the y direction is 


(AF) y = 2 cos 



sin I) sin 4> 


(14-42) 


where L, is the effective length of (14-3). Thus, the total electric field for the two 
slots (also lor the microstrip antenna) is 
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Figure 14.17 



Current densities on nonradialing slots of rcclungular micnisirip patch. 


= +J 

X COS 


.kahWEtff '*'■'] . sin(X) sin(/?)l 

2~\ 


nr 


(14-43) 


where 


sin ft sin </> 


X = ^ sin ft cos */> 


(!4-43a) 
(14—43b) 


For small values of li (kji <' I). 1 14-43) reduces lo 

,Jk*W 


n ~ +/ 




BT 


stn| —^— cos ft 


sin ft- 


cos ft 


cos sin ll sin </>) (14-44) 


where V u = hEn is the voltage across the slot. 


E-Plane (ft = ‘>0°, 0° ■ <b • to 0 and 270° -= r/> • 30(1°) 

For the microstrip antenna, the ,v-v plane (ft = 90". 0° - </> 90“ and 270" s 

</> 5 360°) is the principal /-.-plane. For litis plane, the expressions for the radiated 
fields of 1 14-43M 1443b) reduce lo 


= +J 


k t] WV { f 


nr 


Ikoh \ 

sin l — cos tp 


ktJi 

— cos <l> 


cos l^- 1 sin (/>J (14-45) 


H-Plane (»/, = 0°. 0° < 0 * 180°) 

The principal //-plane of the microstrip antenna is the v-r plane ti/> = 0°. 0° < 
ft ■£- ISO®), and the expressions for the Helds radiated of 114—IT)—((4-43b) reduce to 
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& = +j 


A, WVoe-** 


■nr 


sin 0 


. k n h . \ . lk 0 W 

sin— sin // sin | — cos It 


~ sin ti 


k.W 


cos It 


(14-46) 


To illustrate the modeling of the microstrip using the cavity model, the principal 
E- and //-plane patterns have been computed at f Q 10 GHz for the rectangular 
microstrip of Example 14.1 with e, = 2.2. h - 0.1588 cm. L = 0.906 cm and L r = 
1.068 cm. These are displayed in Figure 14.18(a) lor the /.'-plane and Figure 14.18(b) 
lor the // plane where they are compared with measurements. A good agreement is 
indicated. However there are some differences in the E plane primarily near grazing 
and in the region below the ground plane. The differences near grazing in the /-plane 
arc primarily because the theory assumes the dielectric material of the substrate is 
truncated and does not cover the ground plane beyond the edges of the patch while 
those in the back region are because the theory assumes an inlinite ground plane. The 
shape of the //-plane patterns tire not affected significantly by the dielectric cover or 
the edges. Edge effects can be taken into account using diffraction theory [48|. |79|. 


n 



- Measured 

-Moment method (Courtesy D Pozar) 

-Cavity model 

tai t-plunc (H = ‘XT I 

Figure 14.18 Predicted and measured E- and //-plane patterns of rectangular mierostrip 
patch II- = 0.906 cm. IV = 1.186 cm. h = 0.1588 cm. >■„ = 0.3126 cm. e, = 2.2. f 0 = 10 
GHz). 
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The noted asymmetry in the measured and Moment Method computed patterns is due 
to the Iced which is not symmetrically positioned along the £-plane. The Moment 
Method analysis accounts for the position of the feed, while the cavity model does 
not account for it. The pattern for 0° ^ < ISO' 1 |left half in Figure 14.18(a)] 

corresponds to observation angles which lie on the same side of the patch as docs the 
feed probe. 

The presence of the dielcctric-covcred ground plane inodilies the reflection co¬ 
efficient. which influences the magnitude and phase of the image. This is similar to 
the ground effects discussed in Section 4.8 of Chapter 4. To account for the dielectric, 
the reflection coefficient for vertical polarization of + I must be replaced by the 
reflection coefficient of (4-125) while the reflection coefficient for horizontal polari¬ 
zation of - 1 must be replaced by the reflection coefficient of (4-129). Basically the 
introduction of the reflection coefficients of (4-125) and (4-129) (o account for the 
dielectric cover of the ground plane is to modify the boundary conditions of the 
perfect conductor to one with an impedance surface. The result is for (4-125) lo 
modify ihe shape of the pattern in the E-plane of the microstrip antenna, primarily 
for observation angles near grazing (near ihe ground plane), as was done in Figure 
4.28 for the lossy earth. Similar changes arc expected for the microsuip antenna. The 
changes in the pattern near grazing come from the fact that for the perfect conductor 
the reflection coefficient for vertical polarization is +•1 for all observation angles. 


90° 



II 



» 


-- Measured 

-Mtuncm method (Courtesy 0.Po/.ar) 

-Cavily model 

lb) H plane (9 = O'') 

Figure 14.18 (Continued) 
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However for the dielectric-covered ground plane (impedance surface), the reflection 
coefficient of (4-129) is nearly + I for observation angles far away from grazing but 
begins to change very rapidly near grazing and becomes - 1 at grazing |79|; thus the 
formation of an ideal null at grazing. 

Similarly the reflection coefficient of (4-129) should basically control the pattern 
primarily in the //-plane. However, because the reflection coefficient for horizontal 
polarization for a perfect conductor is - I for all observation angles while that of 
(4-129) for the dielectric covered ground plane is nearly - I for all observation angles, 
the shape of the pattern in the //-plane is basically unaltered by the presence of the 
dielectric cover [79|. This is illustrated in Figure 4.30 for the earth. The pattern also 
exhibits a null along the ground plane. Similar changes are expected for the microstrip 
antenna. 


Nonradiating Shis The fields radiated by the so-called nonradiatiug slots, each of 
effective length L, and height //. arc found using the same procedure as for the two 
radiating slots. Using the fields of (14-39). the equivalent magnetic current density of 
one of the nonradiating slots facing the +; axis is 


M, = -2A x E„ 


i,2£„ cos yVj 


(14-47) 


and it is sketched in f igure 14.17, A similar one is facing the axis. Using the 
same procedure as for the radiating slots, the normalized lar-zone electric field com¬ 
ponents radiated by each slot are given by 


£« = - 


f v 2Sr<-*" f f sin/V cos Y 1 , v » n 

-r- 1 - \ \ cos d>—— n I l4-48a) 

27rr { v X <K)- - (tt/ 2)-j 


where 


X = 


kji 

2 


sin 0 cos </» 


(14-480 


Y = 


frii£ f . ,, . , 

sill 0 sill tP 


(l4-48d) 


Since the two nonradialing slots form an array of two elements, of the same 
magnitude hut of opposite phase, separated along the : axis by a distance IV. the array 
factor is 

(AF) t = 2J sin cos f/j (14-49) 

Therefore the total far-zone electric field is given by the product of each of (l4-48a) 
and (I4-48IX with the array factor of 114-49). 

In the //-plane (<f» = 0*. 0° =s 0 < 180°), (l4-4Ka) and (14-48b) arc zero because 
the fields radiated by each quarter cycle of each slot are cancelled by the fields radiated 
by the other quarter. Similarly in the /.'-plane 1 0 = 90°. 0“ < </> < 90'- and 270' •- </> 
£ 360°) the total fields are also zero because (14-49) vanishes. This implies that the 
fields radiated by each slot are cancelled by the fields radiated by the other. The 
nonradiation in the principal planes by these two slots was discussed earlier and 
demonstrated by the current densities in Figure 14.17. However, these two slots do 
radiate away from the principal planes, but their field intensity in these other planes 
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is small compared to that radiated by the iwo radiating slots such that il is usually 
neglected. Therefore they are referred to as nonradiating slots. 


14.2.3 Directivity 

As for every other antenna, the directivity is one of the most important ligures-of- 
merit whose definition is given by (2-I6a) or 


A» = 


U, 


max 47r£/ max 


U 0 


(14-50) 


rod 


Single Slot ( k„li I) Using the electric field of (14-41). the maximum radiation 

intensity and radiated power can be written, respectively, as 


IL 


/V i 


= MN 

2r)„Tr J<> 


2tju 7r- \ A„ / 

" • ( k " W 
sml — cos II I 


cos ll 


sin ' H ,111 


Therefore, the directivity of a single slot can be expressed as 


where 


-n 


■ l k " W „V 

sml — cos 0J 


cos H 

= | 2 + cos(X) + XS,(X) + 

X = k<>W 


sin' II dll 

sin(.Y) 


(14-51) 


(14-52) 


(14-53) 


(l4-53a> 
(l4-53b) 


Asymptotically the values of 1 14-53) vary as 


3.3 (dimensionless) = 5.2 dB W A» 


D 0 =■ 



W » A,, 


(14-54) 


The directivity of a single slot can be computed using (14-53) and (l4-53a). In 
addition, it can also be computed using (14-41) and the computer program DIREC¬ 
TIVITY at the end of Chapter 2. Since both arc based on the same formulas, they 
should give the same results. Plots of the directivity of a single slot for h = 0.01 A,, 
and 0.05Ao as a function of the width of the slot are shown in Figure 14.19. It is 
evident that the directivity of a single slot is not influenced strongly by the height of 
the substrate, as long as it is maintained electrically small, 


Two Slots ikji ^ 1) For two slots, using (14-44). the directivity can be written as 



(14-55) 
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Figure 14.19 Computed directivity of one and two slots as a function ol the slot width 


where C, Ml is the radiation conductance and 



sin' 8 cos’ pp s j n i n </,) ,/n , 1 , 1 , 


tl4-55a) 


The total broadside directivity Dj for the two radiating slots, separated by the 
dominant TMom mode field (antisymmetric voltage distribution), can also he written 
as 18|. |82| 


D, = D t) D Af = Do —- < 14-56) 

1 + #12 

2 *12 ** I 

= 7T- - 2 (14-56a) 

1 + #12 


where 

Di> ^ directivity of single slot |as given by 1 14-53) and 1 14-53a)| 
D m = directivity of array factor Ah' 

Ai = cos sin 0 sin c/*j 

gu = normalized mutual conductance - G\ 2 /G\ 


This can also he justified using the array theory of Chapter 6. The normalized mutual 
conductance g u can be obtained using (14-12), (14-12a). and (14-18a). Computed 
values based on (14-18a) show that usually g t j 1: thus (!4-56a) is usually a good 
approximation to (14-56). 
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Asymptotically the directivity of two slots (microstrip antenna) can be expressed 
as 


6.6 (dimensionless) = 8.2 dB 



W C An 


IV » A ( ) 


(14-57) 


The directivity of the microstrip antenna can now be computed using 1 14-55) and (14- 
55a). In addition, it can also be computed using (14-44) and the computer program 
DIRECTIVITY at the end of Chapter 2. Since they are based tin the same formulas, 
they should give the same results. Plots of directivity of a microsirip antenna, modeled 
by two slots, for li = 0.01 A ( , and 0.05A,, are shown plotted as a function of the width 
of the patch (IV/A,,) in Figure 14.19, It is evident that the directivity is not a strong 
function of the height, as long as the height is maintained electrically small. A typical 
plot of the directivity of a patch for a fixed resonant frequency us a function of the 
.substrate height t///A„). for two different dielectrics, is shown in f igure 14.20. 

The directivity of the slots also can he approximated by Kraus’s. (2-26). and Tai 
& Pereira's. (2-30a). formulas in terms of the E- and //-plane bcumwidths. which can 
he approximated by (36] 


(-), 2 cos 


7.03 Af, 


4(3/.; + h : )n' 


(")»/ “ 2 cos 


2 + k t ,W 


(14-58) 


(14-59) 


The values of the directivities obtained using 1 14-58) and (14-59) along with either 
(2-26) or (2-30a> will not be very accurate since the bcumwidths. especially in the 
E-plane, arc very large. However, they can serve as guidelines. 



Figure 14.20 Directivity variations as ;i function of substrate height lor a square microstrip 
patch antenna. (Courtesy of D. M. Pozar) 
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Example 14.3 

For the rectangular microstrip antenna of Examples 14.1 and 14.2. with overall di¬ 
mensions of L = 0.906 cm and W = 1.186 cm. substrate height h = 0.1588 cm. and 
dielectric constant of e, = 2.2, center frequency of 10 GHz, find the directivity based 
on (14-56) and (l4-56a). Compare with the values obtained using (14-55) and 
I l4-55a). 


SOLUTION 

From tire solution of Example 14.2 
Cl, = 0.00157 Siemens 
G,j = 6.1683 x 10 4 Siemens 
gi 2 = CM = 0.3921 
Using (l4-56a) 

7 2 


Dm 


I + I + 0.3921 
Using (14-53) and (l4-53a) 

/, = 1.863 


= 1.4367 


M. 


- = 3.312 = 5.201 dB 

All / /1 


1.5736 dB 


According to (14-56) 


l)_ = D n D M 3.312(1.4367) 4.7584 = 6.7746 dB 

Using (l4-55a) 

/: = 3.59801 


Finally, using (14-55) 
/7, = 


'’ttUA tt 

— - = 5.3873 = 7.314 dB 

An ) h 


14.3 CIRCULAR PATCH 

Other than the rectangular patch, the next most popular configuration is the circular 
patch or disk, as shown in Figure 14.21, It also has received u lot of attention not 
only as a single element (6J. [I0|. (I3|. [46[. [47|. [511. hut also in arrays [651 and 
1741. The modes supported by the circular patch antenna can be found by treating the 
patch, ground plane, and the material between the two as a circular cavity. As with 
the rectangular patch, the modes that are supported primarily by a circular microstrip 
antenna whose substrate height is small (// A) are TM where - is taken perpen¬ 
dicular to the patch. As far as the dimensions of the patch, there are two degrees of 
freedom (o control (length and width) for the rectangular micro,strip antenna. Therefore 
the order of the modes can be changed by changing the relative dimensions of the 
width and length of the patch (wklth-to-length ratio). However, for die circular patch 
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i 



there is only one degree of freedom to control (radius of the patch). Doing this does 
not change the order of the modes; however, it does change the absolute value of the 
resonant frequency of each |79). 

Other than using lull wave analysis [51], [65], [741, the circular patch antenna 
cun only be analyzed conveniently using the cavity model 110], [46|. |47|. This can 
be accomplished using a procedure similar to that for the rectangular patch but now 
using cylindrical coordinates [701. The cavity is composed of two perfect electric 
conductors at the top and bottom to represent the patch and the ground plane, and by 
a cylindrical perfect magnetic conductor around the circular periphery of the cavity. 
The dielectric material of the substrate is assumed to be truncated beyond the extent 
of the patch. 


14.3.1 Electric and Magnetic Fields—TM£„ P 

lo lind the lields within die cavity, we use the vector potential approach. For TM 
we need to first lind the magnetic vector potential .4., which must satisfy, in cylindrical 
coordinates, the homogeneous wave equation of 

V 2 A : (p. 4>. z) + k 2 A.(p. z) = 0. (14-60) 


It can be shown that for TM modes, whose electric and magnetic lields arc reluted 
to the vector potential A : by [79] 


£,= 

E. = 


I &A. 

I- 1 

wpe dpdz 


. I 1 cl 2 A : 
J tope p 



", 

H* 


MM* 
M P < tf t> 

M ty 


H t = 0 


subject to the boundary conditions of 

£ p (() < p' < a , 0 < <f>' < 2it. s' = 0) = 0 
E„( 0 < p' <«.US*'< 2 77, z' = h) = 0 
H^p' =a,Os0's2ir.O£:’sA) = O 


(14-61) 


(14-62) 
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the magnetic vector potential A. reduces to (79) 

A = B„ mr J m {k l ,f>' ((A, cost in di ') + sintwrfi')! cos(t-r') (14-63) 

with the constraint equation of 

(*,.)* + (*.) 2 = kr, = uf,p.e (14-63a) 

The primed cylindrical coordinates p . </>'. z' are used to represent the fields within 
the cavity while is the Bessel (unction of the first kind of order m, and 

k p = xUa (14-63b) 

pTT 

k. = — (14-63c) 

h 

m = 0.1.2_ (l4-63d) 

«- 1.2,3 _ (l4-63e) 

p = 0.1.2_ (14-630 

In (I4-63H) x'mn represents the zeroes of the derivative of the Bessel function 
(i), anil they determine the order of the resonant frequencies. The first four values 
of y „ m , in ascending order, are 

Xft = 1-8412 
= 3.0542 

Xo, = 3.8318 (14-64) 

= 4.2012 


14.3.2 Resonant Frequencies 


The resonant frequencies of the cavity, and thus of the microstrip antenna, are found 
using (14-63a)-(l4-63f). Since for most typical microstrip antennas the substrate 
height h is very small (typically h ■ 0.05A,,), the Helds along c are essentially constant 
and are presented in (l4-63f) by p = 0 and in (l4-63c) by k. = 0. Therefore the 
resonant frequencies for the TM„ rfl modes can be written using (l4-63u) as 


( fr krniO 


I 

27T\'pe 



(14-65) 


Based on the values of (14-64). the first four modes, in ascending order, are TM U „. 
TMjio, TM (l |i|. and TMno- Tlic dominant mode is the TMj , n whose resonant frequency 
is 


(/r)llll 


1.8412 ).X4)2i'„ 

2mi\ pe 2 mi \ e, 


(14-66) 


where v„ is the speed of light in free space. 

The resonant frequency of (14-66) docs not take into account fringing. As was 
shown for the rectangular patch, and illustrated in Figure 14.7. fringing makes the 
patch look electrically larger and it was taken into account by introducing a length 
correction factor given by (14-2). Similarly for the circular patch a correction is 
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introduced by using an effective radius a,., to replace the actual radius a. given 
by 16J 




a{ I -+ 



(14-67) 


Therefore the resonant frequency of (14-66) for ihe dominant TMtio should be mod¬ 
ified by using (14-67) and expressed as 


i/r)|IO 


1.8412u„ 
2 na, \z'e, 


(14-68) 


14.3.3 Design 


Based on the cavity model formulation, a design procedure is outlined which leads to 
practical designs of circular microstrip antennas for the dominant TMj ,<> mode. The 
procedure assumes that the specified information includes the dielectric constant of 
the substrate (e, ). the resonant frequency (/ r ) and the height of the substrate It. The 
procedure is as follows: 

Specify 

e r ,/ f (in Hz), and li (in cm) 

Determine The actual radius a of Ihe patch. 


Design Procedure A first-order approximation to the solution of (14-67) for a is to 
find u r using (14-68) and to substitute that into (14-67) for a, and for a in the 
logarithmic function. Doing this leads to 


where 


a = 


I + 


2/i 

TT6..F 


vF 

In — | + 1-7726 
2/i 


8.791 X 10" 

fV^r 


Remember that h in (74-69) must be in cm. 



(14-69) 


(!4-69a) 


Example 14.4 

Design a circular microstrip antenna using a substrate (RT/duroid 58801 with a di¬ 
electric constant of 2.2. h = 0.1588 cm (0.0625 in.) so as to resonate at 10 GHz. 


SOLUTION 
Using t l4-69a) 

8,791 X I0 U 
’ 10 X IO\/22 


0.593 
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Therefore using (14-69) 


a = 



F 




n ,a 

1.7726 \ 


= 0.525 cm (0.207 in.) 


14.3.4 Equivalent Current Densities and Fields Radiated 

As was done for the rectangular patch using llie cavity model, the fields radiated by 
the circular patch can he found by using the Equivalence Principle whereby the 
circumferential wall of the cavity is replaced by an equivalent magnetic current density 
of (14-38) as shown in Figure 14.22. Based on (14-61H14-63) and assuming a 
TM },0 mode field distribution beneath the patch, the normalized electric and magnetic 
fields within the cavity for the cosine azimuthal variations can be written as 


= E+ = H : = 0 

(14-70a) 

E ; = E()J\(kp') cos (]>' 

(14-70b) 

H,, j ' ~J\(kp') sin <l> 

p 

< 14-700 

En 

//,/, = j —- ) cos 0 

W/P) 

(l4-70d) 


where ' = rllilp and (/>' is the azimuthal angle along the perimeter of the patch. 

Based on (l4-70b) evaluated at the electrical equivalent edge of the disk 
(p' = a,). the magnetic current density of (14-38) can be written as 

M, = -2n x E„|„' =0i = i^lEoJidia,) cos </>' (14-71) 

Since the height of the substrate is very small and the current density of (14-71) is 
uniform along the ; direction, we can approximate (14-71) by a filamentary magnetic 
current of 

I m - h M.,. = a 0 2/i£‘ ( ,./|(/:« r ) cos </>' = a d 2V'„ cos </>' (14-71 a) 

where Vo = hE n J\(ka r ) at </>' = 0. 

Using (14-7la) the microstrip antenna can be treated as a circular loop. Referring 
to Chapter 5 for the loop and using the radiation equations of Sections 12.3 and 12.6. 
we can write that 110J. |83| 


E r = 0 

(l4-72a) 

E„ = -{cos 0J[r} 

2 r 

(!4-72b) 

.M* V 0 e, .. 

E* ~ J {cos 0 sin 

(14-72c) 

Jl )2 = MbVc sin 0) - J 2 {kaa, sin 6) 

(14-72d) 

J ,12 = Mkaa r sin 6) + J 2 {k it a e sin fl) 

(14-72e) 
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1 


Figure 14.22 C'uvity model and equivalent magnetic current density lor circular nticmstnp 
patch antenna. 


where a, is the effective radius as given by (14-67). The fields in the principal planes 
reduce to: 

E-plane (<£ = 0°. 180°. 0° < 0 < 9(1°) 

E fl - j ~~'Y r (14-73a) 

E 4 = 0 (14-73b) 

//-plane \<}> = 90°. 270°. 0° < « < 90°I 

£„ = 0 (l4-74a) 

E * = -I cos ®-4nl (14-74b) 

Patterns have been computed for the circular patch of Example 14.4 based on 
(14-73a)-< 14-74h). and they are shown in Figure 14.23 where they are compared with 
measurements and Moment Method computed patterns. The noted asymmetry in the 
measured and Moment Method computed patterns is due to the feed which is not 
symmetrically positioned along the E-plane. The Moment Method analysis accounts 
for the position of ihe feed, while the cavity model docs not account for it. The pattern 
for the left half of Figure 14.23(a) corresponds to observation angles which lie on the 
same side of the patch us does the feed probe. 


14.3.5 Conductanee and Directivity 


The conductance due to the radiated power and directivity of the circular microstrip 
patch antenna can be computed using their respective definitions of (14-10) and 
(14-50). For each we need the radiated power, which based on the fields of (14-72b) 
and (!4-72c) of the cavity model can he expressed as 



%0 Jo 


End = 


I Jo : + cos* 0 7 021 sin 0 til) 


(14-75) 







758 Chapter 14 Microstrip Antennas 



I HO' 

- Measured 

— — • Mimwiii mclhoU iCnum-sy J AhcrICI 
— Cavity iliinlcl 

tflj £-planc (6 = O' IMD") 

Figure 14.23 Measured and computed (hosed on moment method and cavity models) 

/■- and //-plane patterns n| circular intcrosirip patch antenna to = 0.525 era. a, 0.598 cm. 
Pi = O.l cm. e, = 2.2. h - 0.1588 col./u = 10 GHz. A„ = 3 cm). 


Therefore the conductance across the gap between the patch and the ground plane 
at <!>' = 0° based on (14-10) and (14-75) can be written as 


g, 


nut 


Uno, )• r 

480 Jo 


./,o + Cos 2 Q Jm I sin H <10 


(14-76) 


A plot of the conductance of (14-76) for the TM‘j t ,i mode is shown in Figure 14.24. 
While the conductance of (14-76) accounts for the losses due to radiation, it does noi 
lake into account losses due to conduction (ohmic) and dielectric losses, which each 
can be expressed as 110| 


^ *«,."•( TTUnfr) .j ,, 

G ' = 4/rvv'— l( *" J " m 1 


G, = 


tan <5 


(14-77) 


14-78) 


4 lijif, 

where e„,„ = 2 form = 0. e,„„ = I form * 0. and f, represents the resonant frequency 
of the m/i0 mode. Thus, the total conductance can be written as 


G, = 6'„„, + G , + G., 


(14-79) 
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0 —•— e 
o' 



-Measured 

-- Moment method (Courtesy J Aberle) 

-Cavity model 


(a) H-planc (((i = 90", 27(1”) 

Figure 14.23 (continued) 


Based on (14-50), (l4-72b). (14-72e), (14-75) and (14-76). the directivity for the 
slot at ft = 0° can be expressed as 


= (WO 2 

I20G™, 


(14-80) 


A plot of the directivity of the dominant TMj| 0 mode as a function of the radius of 
the disk is shown plotted in Figure 14.25. For very small values of the radius the 
directivity approaches 3 (4.8 dB), which is equivalent of that of a slot above a ground 
plane and it agrees with the value of (14-54) for IV C A,,. 


14.3.6 Resonant Input Resistance 

As was the cuse for the rectangular patch antenna, the input impedance of a circular 
patch at resonance is real. The input power is independent of the feed point position 
along the circumference. Taken the reference of die feed at <l>' = 0°. the input re¬ 
sistance at any radial distance p' = p,, from the center of the patch can be written as 


(P’ = Ai) = 


1 

G,J 2 Jka r ) 


(14-81) 
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Figure 14.24 Radiation conductance versus effective radius for circular microstrip patch 
operating in dominant TM|,o mode 


where O', is the total conductance due to radiation, conduction (ohmic) and dielectric 
losses, as given by (14-79). As was the case with the rectangular patch, the resonant 
input resistance of a circular patch with an inset feed, which is usually a probe, can 
lx- written as 

/Up' = pu) = /Up’ = 04-82) 

where 

/Up' = «,) = 77 (14-82a) 

This is analogous to (!4-20a) for the rectangular patch. 


14.4 QUALITY FACTOR, BANDWIDTH AND 
EFFICIENCY 

The quality factor, bandwidth, and efficiency arc antenna figures-of-mcrit. which tire 
interrelated, and there is no complete freedom to independently optimize each one. 
Therefore there is always a tradeoff between them in arriving at an optimum antenna 
performance. Often, however, there is a desire to optimize one of them while reducing 
the performance of the other. 

The quality factor is a figure-of-mcrit that is representative of the antenna losses. 
Typically there arc radiation, conduction (ohmic), dielectric and surface wave losses, 
Therefore the total quality factor Q, is influenced by all of these losses and is. in 
general, written as | lh| 


I I 2. _L _L 

Q, ~ CU + Q, + O, + Q,„ 


(14-83) 


where 

Q, = total quality factor 

= quality factor due to radiation (space wave) losses 
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Figure 14.25 Directivity versus effective radius for circular inicrostrip patch antenna oper¬ 
ating in dominant TMfm inode. 


Q , = quality factor due to conduction (ohmic) losses 
Q., = quality factor clue to dielectric losses 
Q,„ = quality factor due to surface waves 

For very thin substrates, the losses due to surface waves are very small and can be 
neglected. However, for thicker substrates they need to he taken into account |84|, 
These losses can also be eliminated by using cavities |50] and [511. 

For very thin substrates (h <K A„) of arbitrary shapes (including rectangular and 
circular), there are approximate formulas to represent the quality factors of the various 
losses 116|. |85|. These can be expressed as 


Q, = hy/vfii(T 

(14-84) 

a ' = dh 

(14-85) 

2 we, 

Qt *' = heji 

(14-86) 

where tan S is the loss tangent of the substrate material, a is the conductivity of the 
conductors associated with the patch and ground plane. G,/l is the total conductance 
per unit length of the radiating aperture and 

.. U~\E?dA 

(l4-86a) 

For a rectangular aperture operating in the dominant TM;,w mode 


* 

II 

■ui r~ 

(!4-87a) 

r C IMl 

GiA ~ vf 

(14-876) 


The £> rjU as represented by (14-86) is inversely proportional to the height of the 
substrate, and for very thin substrates is usually die dominant factor. 
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The fractional bandwidth of the antenna is inversely proportional to the Q, of the 
antenna, and it is defined by (11 -36) or 


A/ = ± 
/o a 


(14-88) 


However. (14-88) may not be as useful because it does not take into account impe¬ 
dance matching at the input terminals of the antenna. A more meaningful delinition 
of the fractional bandwidth is over a band of frequencies where the VSWR at the 
input terminals is equal to or less than a desired maximum value, assuming that the 
VSWR is unity at the design frequency. A modified form of (14-88) thai takes into 
account the impedance matching is [ 16] 


A/ VSWR - 1 

fo ~ c?»V vsw R 


<l4-88o) 


In general it is proportional to the volume, which for a rectangular microstrip 
antenna at a constant resonant frequency can be expressed as 


BW volume = area • height = length ■ width • height 

J_l_ r 1 

V7, y/l v *' ~ 


(14-89) 


Therefore the bandwidth is inversely proportional to the square root of the dielectric 
constant of the substrate. A typical variation of the bandw idth for a microstrip antenna 
as a function of the normalized height of the substrate, for two different substrates, is 
shown in Figure 14.26. It is evident that the bandwidth increases as the substrate 
height increases. 

The radiation efficiency of an antenna is expressed hy (2-90). and it is defined as 
the power radiated over the input power. It can also lie expressed in terms of the 
quality factors, which for a microstrip antenna can be written as 


l/gn,! = Qj_ 

I IQ, <2md 


(14-90) 


where Q, is given by (14-83). Typical variations of the efficiency as a function of the 
substrate height for a microstrip antenna, with two different substrates, are shown in 
Figure 14.26. 


14.5 INPUT IMPEDANCE 

In the previous sections of this chapter, we derived approximate expressions for the 
resonant input resistance for both rectangular and circular microstrip antennas. Also, 
approximate expressions were stated which describe the variation of the resonant 
input resistance as a function of the inset feed position, which can be used effectively 
to match the antenna element to the input transmission line. In general, the input 
impedance is complex and it includes both a resonant and a nonresonant part which 
is usually reactive. Both the real and imaginary parts of the impedance vary as a 
function of frequency, and a typical variation is shown in Figure 14.27. Ideally both 
the resistance and reactance exhibit symmetry about the resonant frequency, and the 
reactance at resonance is equal to the average of sum of its maximum value (which 
is positive) and its minimum value (which is negative). 
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Figure 14.26 Efficiency and bandwidth versus substrate height ut constant resonant fre¬ 
quency for rectangular inicroslnp patch for two different substrates (SOURCE: D. M. Po- 
zar. "Micnistrip Antennas, " Pwc. IEEE. Vol. HO, No. I. January 1992. 9' 1992 IEEE). 


Typically the feed reactance is very small, compared to the resonant resistance, 
for very thin substrates. However, for thick elements the reactance may be significant 
and needs to be taken into account in impedance matching and in determining the 
resonant frequency of a loaded element [34]. The variations of the feed reactance as 
a function of position can be intuitively explained by considering the cavity model 
for a rectangular patch with its four side perfect magnetic conducting walls 134). [85]. 



frequency (MHz.l 

Figure 14.27 Typical variation of resistance and reactance of rectangular microslrip an¬ 
tenna versus frequency ( Electnmwfinitliot. Vol. 3. Nos. 3 and 4, p. 33, W F Richards. .1 R. 
Zineckcr. and R. D. Clark. Taylor & Francis. Washington. D.C. Reproduced by permission. 
All rights reserved), 
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As far as the impedance is concerned, the magnetic walls can he taken into account 
by introducing multiple images with current How in the same direction as the actual 
feed. When the feed point is far away from one of the edges, the magnetic field 
associated with the images and that of the actual feed do not overlap strongly. There¬ 
fore the inductance associated with the magnetic energy density stored w ithin a small 
testing volume near the feed will he primarily due to the current of the actual feed. 
However, when the feed is at one of the edges, the feed and one of the images, which 
accounts for the magnetic wall at that edge, coincide. Thus, the associated magnetic 
field stored energy of the equivalent circuit doubles while the respective stored mag¬ 
netic energy density quadruples. However, because the volume in the testing region 
of the patch is only half from that when the feed was far removed from the edge, the 
net stored magnetic density is only double of that of the feed alone. Thus, the 
associated inductance and reactance, when the Iced is at the edge, is twice that when 
the feed is far removed from the edge. When the feed is at a corner, there will be 
three images in the testing volume of the patch, in addition to the actual feed, to take 
into account the edges that form the corner. Using the same argument as above, the 
associated inductance and reactance for a feed at a comer is four times that w hen the 
Iced is removed from an edge or a comer. Thus, the largest reactance (about a factor 
of four larger) is when the feed is at or near a comer while the smallest is when the 
feed is far removed from an edge or a corner. 

Although such an argument predicts the relative variations (trends) of the reac¬ 
tance as a function of position, they do predict very accurately the absolute values 
especially when the feed is at or very near an edge. In fact it overestimates the values 
for feeds right on the edge: the actual values predicted by the cavity model with 
perfect magnetic conducting walls are smaller 1341. A formula that has been suggested 
to approximate the feed reactance, which does not take into account any images, is 



where d is the diameter of the feed probe. More accurate predictions of the input 
impedance, bused on full wave models, have been made for circular patches where 
an attachment current mode is introduced to match the current distribution of the 
probe to that of the patch |74|. 


14.6 COUPLING 

The coupling between two or more microstrip antenna elements can be taken into 
account easily using lull-wave analyses. However, it is more difficult to do using the 
transmission-line and cavity models, although successful attempts have been made 
using the transmission-line model 1751 and the cavity model |76|. |77|. It can be 
shown that coupling between two patches, as is coupling between two aperture or 
two wire antennas, is a function of the position of one element relative to the other. 
This has been demonstrated in Figures 4.20 for a vertical half-wavelength dipole 
above a ground plane and in Figure 4.27 for a horizontal half-wavelength dipole above 
a ground plane. From these two. the ground effects are more pronounced for the 
horizontal dipole. Alsu, mutual effects have been discussed in Chapter 8 for the three 
different arrangements of dipoles, as shown in Figure 8.20 whose side-by-side ar¬ 
rangement exhibits the largest variations of mutual impedance. 

For two rectangular microstrip patches the coupling for two side-by-side elements 
is a function of the relative alignment. When the elements arc positioned collinearly 
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Figure 14.28 E- and /7-plane arrangements of mierosalp patch antennas. 


along the t'-plane. this arrangement is referred to as the E-plane, as shown in Figure 
14.28(a): when the elements are positioned colllnearly along the /-/-plane, (his arrange¬ 
ment is referred to as the H-plane, as shown in Figure 14.28(h). For an edge-to-edge 
separation of .v. the /:-planc exhibits the smallest coupling isolation for very small 
spacing (typically s < O.IOA,,) while the //-plane exhibits the smallest coupling for 
large spacing (typically .v > 0. IOA 0 ). The spacing at which one plane coupling over¬ 
takes the other one depends on the electrical properties and geometrical dimensions 
of (lie microsirip untenna. Typical variations are shown in Figure 14.29. 

In general, mutual coupling is primarily attributed to the fields that exist along 
the air-dielectric interface. The fields can be decomposed to space waves (with I Ip 
radial variations), higher order waves (with I/p’ radial variations), surface waves 
(with I Ip' 11 radial variations), and leaky waves | with cxp( - A p)lp' 12 radial variations) 
[231. [861. Because of the spherical radial variation, space (I/p) and higher order 
waves (l/p’) are most dominant for very small spacing while surface waves, because 


KH 



Figure 14.29 Measured and calculated mutual coupling between two coax-fed microsirip 
antennas, lur both £-plane and //-plane coupling, (W = 10.57 cm. L - 6.55 cm. 
h = 0.1588 cm. e, = 2.55. /) = 1.410 MHz), (source: D. M. Pozar, “Input Impedance 
and Mutual Coupling ol" Rectangular Microsirip Antennas." IEEE Trans. Antennas Tropa- 
gat.. Vol. AP-30, No. 6. November 1982. © 1982 IEEE) 








766 Chapter 14 Microstrip Antennas 


pf their l//» 1 radial variations are dominant tor large separations. Surface waves cxisl 
and propagate within the dielectric, and their excitation is a function of the thickness 
of the substrate |79|. In a given direction, the lowest order (dominant) surface wave 
mode is TM( odd) with zero cutoff frequency followed by a TEleven), and alternatively 
by TM(odd) and TEleven) modes. For a rectangular microstrip patch, the fields are 
TM in a direction of progagation along the E-plane and TE in a direction of propa¬ 
gation ulong the //-plane Since for the £-planc arrangement of Figure 14.281a) the 
elements are placed collinearly along the E-plane where die fields in the space between 
the elements are primarily TM. there is a stronger surface wave excitation (based on 
a single dominant surface w'avc mode) between the elements, and the coupling is 
larger, However for the //-plane arrangement of Figure 14.28(b). the fields in the 
space between the elements arc primarily TF. and there is not as a strong dominant 
mode surface wave excitation: therefore there is less coupling between the elements. 
This does change as the thickness of the substrate increases which allows higher order 
TE surface wave excitation. 

file mutual conductance between two rectangular microstrip patches has also 
been found using the basic definition of conductance given by (14-18). the far fields 
based on the cavity model, and the array theory of Chapter 6. For the E-plane 
arrangement of Figure 14.28(a) and for the odd mode field distribution beneath the 
patch, which is representative of the dominant mode, the mutual conductance is |8| 



where Y is the center-to-center separation between the slots and J„ is the Bessel 
function of the first kind of order zero. The first term in (14-92) represents the mutual 
conductance of two slots separated by a distance X along the E-plane while the second 
and third terms represent, respectively, the conductances of two slots separated along 
the E-plane by distances Y + L and )' - /.. Typical normalized results are shown by 
the solid curve in Figure 14.30. 

For the //-plane arrangement of Figure 14.28(b) and for the odd mode field 
distribution beneath the patch, which is representative of the dominant mode, the 
mutual conductance is 181 




(14-93) 


where Z is the center-to-center separation between the slots and J„ is the Bessel 
function of the first kind of order zero. The first term in (14-93) represents twice the 
mutual conductance of two slots separated along the //-plane by a distance Z while 
the second term represents twice the conductance between two slots separated along 
the E-plane by a distance L and along the //-plane by a distance Z. Typical normalized 
results arc shown by the dotted curve in Figure 14.30. By comparing the results of 
Figures 14.30 it is clear that the mutual conductance for the //-plane arrangement, us 
expected, decreases with distance faster than that of the E-plane Also it is observed 
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Figure 14.30 /.'- and //-plane mutual conductance versus patch separation for rectangular 
microstrip patch antennas (W = 1.1X6 cm. /. = 0.906 cm, e, = 2.2. A„ - 3 cm). 


that the mutual conductance for Ihc E-plane arrangement is higher for wider elemenls 
while it is lower for wider elements for the //-plane arrangement. 

14.7 CIRCULAR POLARIZATION 

The patch elements that we discussed so far. both the rectangular and the circular, 
radiate primarily linearly polarized waves if conventional feeds are used with no 
modifications. However, circular and elliptical polarizations can be obtained using 
various feed arrangements or slight modifications made to the elements. We will 
discuss here some of these arrangements. 

Circular polarization can be obtained if two orthogonal modes are excited with a 
90° time-phase difference between them. This can be accomplished by adjusting the 
physical dimensions of the patch and using cither single, or two or more feeds. There 
have been some suggestions made and reported in the literature using single patches. 
For a square patch element, the easiest way to excite ideally circular polarization is 
to Iced the element at two adjacent edges, as shown in Figures l4.Mu.bi, to excite 
the two orthogonal modes; the TMnio with the Iced at one edge and the TMooi with 
the feed at the other edge. The quadrature phase difference is obtained by feeding the 
element with a 90 c power divider or 90° hybrid. Examples of arrays of linear elements 
that generate circular polarization are discussed in |87|. 

For a circular patch, circular polarization for the TMj )0 mode is achieved by 
using two feeds with proper angular separation. An example is shown in Figure 
14.31(c) using two coax feeds separated by 90° which generate fields that are orthog¬ 
onal to each other under the patch, as well as outside the patch. Also with this two- 
probe arrangement, each prohe is always positioned at a point where the licld gener¬ 
ated by the other probe exhibits a null; therefore there is very little mutual coupling 
between the two probes. To achieve circular polarization, it is also required that the 
two feeds are fed in such a manner that there is 90° lime-phase difference between 
the fields of the two; this is achieved through the use of a 90° hybrid, as shown in 
Figure 14.31(c). The shorting pin is placed at the center of the patch to ground the 
patch to the ground plane which is not necessary for circular polarization but is used 
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Hi) Square paid) driven ai adjacent 
sides through a power divider 


111) Square pencil driven al adjacem 
sides through .110 ' liyhnd 


v 



(e| Circular palch fed with coax 



id) Circular patch feed arrangements for TMf,„ and higher order modes 
(Source: J Huang. Circularly Polarized Conical Patterns linn! Circular Microslrip Antennas.'' IEEE Trail' Antennas 
Propagat . Vol. AP-32. No '). Sept. 10X4. C 10X4 IEEE I 

Figure 14.31 Rectangular and circular patch arrangements for circular polarization. 


to suppress modes witli no «/> variations and also may improve the quality of circular 
polarization. 

For higher order modes, the spacing between the two feeds to achieve circular 
polarization is different. This is illustrated in Figure 14.31(d) and tabulated in Table 
14.1, for the TM'in, [same as in Figure 14.31(c)]. TM] !0 , TM r t, (1 . and TM:i|„ modes 
188]. However to preserve symmetry and minimize cross polarization, especially for 
relatively thick substrates, two additional feed probes located diametrically opposite 
of the original poles are usually recommended. The additional probes arc used to 
suppress the neighboring (adjacent) modes which usually have the next highest mag¬ 
nitudes [881. For the even modes (TMj m and TMj,,,). the four feed probes should 
have phases of 0°. 90°. 0° and 90° while the odd modes (TM],,, and TMq 0 ) should 
have phases of 0°. 90°. 180° and 270°. as shown in Figure 14.31(d) [88]. 

To overcome the complexities inherent in dual-feed arrangements, circular polar¬ 
ization can also he achieved with a single feed. One way to accomplish this is to feed 
the palch at a single point to excite two orthogonal degenerate modes (of some 
resonant frequency) of ideally equal amplitudes. By introducing then a proper asym¬ 
metry in the cavity, the degeneracy can he removed with one mode increasing with 
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Table 14.1 FEED PROBE ANGULAR SPACING OF DIFFERENT MODES FOR 
CIRCULAR POLARIZATION (alter |88|) 



TM 1I0 

TM 2 |o 

TM.uo 

TM 410 

tm 5I0 

TMftia 



45° 

30° 

22.5° 

18°. 54° 

15°. 45° 

a 

90° 

or 

or 

or 

or 

or 



135° 

•JO™ 

67.5° 

90° 

75° 


frequency while (he orthogonal mode will be decreasing with frequency by the same 
amount. Since the two modes will have slightly different frequencies, by proper design 
the lield of one mode can lead by 45° while that of the other can lag by 45° resulting 
in a 90° phase difference necessary for circular polarization |I6). To achieve this, 
several arrangements have been suggested. 

To illustrate the procedure, let us consider a square patch, as shown in Figure 
14.32(a) [34]. Initially assume that the dimensions l. and Ware nearly the same such 
that the resonant frequencies of the TMom and TM,Vn overlap significantly. In the 
broadside direction to the patch, the TMnio mode produces an electric far-lield £, 
which is linearly polarized in the y direction while the TMfjni mode produces an 
electric far-field E. which is linearly polarized in the z direction. These fields can be 
expressed as 



£v C '* 2 (l -j/Q,) - (* v ) 2 


(l4-94a) 



V 

t 


t 



(In Lcft-himd circular (l.HC'l (c) Right-hand circular (RHCl 

Figure 14.32 Single-feed arrangements for circular polarization of rectangular microstrip 
patches. 
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(14-94fi 


where r (a proportionality constant) and Q, ( Q , = l/ian 8 err ) arc identical in the 
broadside direction for both polarizations. II the Iced point (y\ ;') is selected along 
the diagonal so that 


y' 

Z 


W 


(14-95) 


then the axial ratio at broadside of the /. to the i. field can he expressed as 


E, ti\ - j/2Q,) - ft, 

£. «i -jn.Q,)-k : 


(14-96) 


To achieve circular polarization, the magnitude of the axial ratio must be unity while 
the phase must be ±90°. This is achieved when the two phasors representing the 
numerator and denominator are of equal magnitude and 90° out of phase. This can 
occur when [341 


Ay - A, 


k_ 

Q, 


(14-97) 


and the operating frequency Is selected at the midpoint between the resonant frequen¬ 
cies of the TMoio and TM^ k *i modes. The condition of 1 14-97) is satisfied when 


L 




114-98) 


Based on (14-98) the resonant frequencies /, and / 2 of the bandwidth of ( |4-88a) 
associated with the two lengths / and IV of a rectangular microstrip arc [89] 


/) 

h 


-- f " 

VI + 1/0, 

/o V + 1/0, 


(l4-99a) 

(!4-99b) 


where J 0 is the center frequency. 

Feeding the element along the diagonal starting at the lower left comer towanl 
the upper right corner, shown dashed in Figure 14.32(b). yields ideally left-hand 
circular polarization at broadside. Right-hand circular polarization can be achieved 
by feeding along the opposite diagonal, which starts at the lower right corner and 
proceeds toward the upper left comer, shown dashed in Figure 14.32(c). Instead of 
moving the teed point each time to change the modes in order to change the type of 
circular polarization, varactor diodes can be used to adjust the capacitance and bias, 
which effectively shifts by electrical means the apparent physical location of the feed 
point. 

This tvpe of a feed to achieve circular polarization at broadside has been shown 
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experimentally to extend to a larger angular region |I8|. However, the bandwidth 
over which circular polarization is maintained, even at broadside, is very narrow. An 
empirical formula of the percent bandwidth is |34| 

BW (percent) =» I2-— (14-100) 

C'/ 


where the axial ratio is specified in dB. The design formulas of (14-98) and (14-100) 
yield good results for Q values as low us 10. Better designs are achieved lor values 
of (J much greater than 10. 

Circular polarization can also be achieved by feeding the element off the main 
diagonals. This can be accomplished if the dimensions of the rectangular patch are 
related by 


where 



(14-101) 


(14-101 a) 


There are some other practical ways of achieving nearly circular polarization. For 
a square patch, this can be accomplished by cutting very thin slots as shown in Figures 
I4.33(u.b) with dimensions 


L W 

2.12 2.72 


(14-102a) 


</ = 


c 

To 


L 

27.2 


W 

27.2 


(14- l()2b> 


An alternative way is to trim the ends of two opposite corners of a square patch and 
feed at points I or 3, as shown in Figure 14.34(a). Circular polarization can also be 



<!!I Right-hand (b) Left-hanil 

Figure 14.33 Circular polarization for square patch with thin slots on patch (i 1172.72 
- U2.12.it = c/10 = Will.2 = A/27.2). 
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la) Trimmed square U.= W l (hi l.lliptical with lub« 

Figure 14.34 Circular polarization hy trimming opposite corners of a square patch and by 
making circular-patch slightly elliptical and adding tabs. 


achieved with a circular patch hy making it slightly elliptical or hy adding tabs, as 
shown in Figure 14.34(b). 


F.xamplc 14.5 

The fractional bandwidth at a center frequency of 10 GHz of a rectangular patch 
antenna whose substrate is RT/duroid 5880 <e, = 2.2) with height li = 0.1588 cm is 
about 5% for a VSWR of 2:1. Within that bandwidth, find resonant frequencies 
associated with the two lengths of the rectangular patch antenna, and the relative ratio 
of the two lengths. 


SOLUTION 

The total quality factor Q, of the patch antenna is found using (14-88a) or 


Q, = 


= 14.14 


0.05 \/2 
Using (14-99a) and 1 14-9%) 
10 X 10" 


f = 


= 9.664 GHz 


Vl + 1/14.14 
/: = 10 x 10" V' + 1/14.14 = 10.348GHz 
The relative ratio of the two lengths according to (14-98) is 
I 


- = I _L _ 

IV " + Q, + 14.14 


1.07 


which makes the patch nearly square. 


14.8 ARRAYS ANI) FEED NETWORKS 

Microstrip antennas arc used not only as single elements hut are very popular in arrays 
1171. 123]. |30|. [3I|. |501. [51]. |54], |63|-[65|. and |74|-|77|'. As discussed in 
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(hi Corporate Iced 

Figure 14.35 Feed arrangements for microscrip patch arrays. 


Chapter 6. arrays are very versatile and are used, among other things, to synthesize a 
required pattern that cannot be achieved with a single element. In addition, they are 
used to scan the beam ol' an antenna system, increase the directivity, and perform 
various other functions which would be difficult with any one single element. The 
elements can be fed by a single line, as shown in Figure 14.35(a). or by multiple lines 
in a feed network arrangement, as shown in Figure 14.35(b). The lirst is referred to 
as a series-feed network while the second is referred lo as a corporate-feed network. 

The corporate-feed network is used to provide power splits of 2" (i.e.. n = 2. 4. 
8. 16. 32. etc.), t his is accomplished by using either tapered lines, as shown in Figure 
14.36(a), to match 100-ohm patch elements to a 50-ohm input or using quarter- 
wavelength impedance transformers, as shown in Figure 14.36(b) [3]. The design of 



11)011 __ UK) U 


SOU lri|nlt 
00 Tnpervil line* 



50 u input 


(to A/4 Irimsfiirmcrs 

Figure 14.36 Tapered and A/4 impedance transformer lines to match 100-ohm patches to a 
50-ohm line. (Souiu i: R. E. Munson. “Conformal Microstrip Amennux and Microstrip Phased 
Arrays." IEEE Trims. Antennas Propanol., Vot. AP-22. No. I. January 1974. £> 1974 IEEE) 
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(b) Side view 

Figure 14.37 Infinite array of circular patches backed by circular cavities. (Courtesy J. I 
Abode and F. Zavosh) 


single- and multiple-section quarter-wavelength impedance transformers is discussed 
in Section 9.8. 

Series-fed arrays can he conveniently fabricated using photolithography for both 
the radiating elements and the feed network. However, this technique is limited to 
arrays with a fixed beam or those which are scanned by varying the frequency, hut it 
can be applied to linear and planar arrays with single or dual polarization. Also any 
changes in one of the elements or feed lines affects the performance of the others. 
Therefore in a design it is important to he able to take into account these and other 
effects, such as mutual coupling, and internal reflections. 

Corporate-fed arrays are general and versatile. With this method the designer has 
more control of the feed of each element (amplitude and phase) and it is ideal for 
scanning phased arrays, multibeam arrays, or shaped-beam arrays. As discussed in 
Chapter 6. the phase of each element can be controlled using phase shifters while the 
amplitude can be adjusted using either amplifiers or attenuators. 

Those who have been designing and testing microstrip arrays indicate that radi¬ 
ation from the feed line, using either a scries or corporate feed network, is a serious 
problem thai limits the cross-polarization and side lobe level of the arrays [38]. Both 
cross-polarization and side lobe levels can be improved by isolating the feed network 
from the radiating face of the array. This can be accomplished using either probe 
feeds or aperture coupling. 

Arrays can be analyzed using the theory of Chapter 6. However, such an approach 
does not take into account mutual coupling effects, which for microstrip patches can 
be significant. Therefore for more accurate results, full-wave solutions must be per¬ 
formed. In microstrip arrays |63|, as in any other array |90|. mutual coupling between 
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Stun uncle «„ (decreet I 

Figure 14.38 E- and //-plane broadside-matched input reflection coefficient versus scan 
angle for infinite array of circular microstrip patches with and without cavities. (Courtesy 
J. T. Ahcrle and F. Zavosh) 
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elements can introduce scan blindness which limits, for a certain maximum reflection 
coefficient, the angular volume over which ihe arrays can he scanned. For microstrip 
antennas, this scan limitation is strongly influenced by surface waves within the 
substrate. This scan angular volume can be extended by eliminating surface waves. 
One way to do this is to use cavities in conjunction with microstrip elements [501, 
|5I(. Figure 14.37 shows an array of circular patches backed by cither circular or 
rectangular cavities. It has been shown that the presence of cavities, either circular or 
rectangular, can have a pronounced enhancement in the E-plane scan volume, espe¬ 
cially for thicker substrates (51). The //-plane scan volume is not strongly enhanced. 
However the shape of the cavity, circular or rectangular, does not strongly influence 
the results. Typical results for broadside-matched reflection coefficient infinite array 
of circular patches, with a substrate 0.08Ap thick and backed by circular and rectan¬ 
gular cavities, are shown in Figure 14.38 for the E-plane and //-plane. The broadside- 
matched reflection coefficient I ( II, </>) is defined as 


n». <b) 


z, „(</../>» /jo. (» 
Z JO. <m 4 z;<0. 0 ) 


(14-103) 


where Z,„( 0. d>) is the input impedance when the main beam is scanned toward an 
angle (//. </>). The results are compared with those of a conventional cavity (noncavity 
backed). It is apparent that there is a significant scan enhancement fur the E-plane, 
especially for a VSWR of about 2:1. //-plane enhancement occurs for reflection 
coefficients greater than about 0.60. For the conventional array, the E-plane response 
exhibits a large reflection coefficient, which approaches unity, near a scan angle of 
//„ = 72.5°. This is evidence of scan blindness which ideally occurs when the reflection 
coefficient is unity, and it is attributed to the coupling between the array elements due 
to leaky waves [63]. Scan blindness occurs for both the E- and //-planes at grazing 
incidence (0b = 90°). 
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PROBLEMS 

14.1, A microstrip line is used us a feed line to a microstrip patch. The substrate of the line 
is alumina (e, = 10) while the dimensions of the line are w/h = 1.2 and t/li — 0. 
Determine the effective dielectric constant and characteristic impedance of the line. 
Compare the computed characteristic impedance to that of a 50-ohm line. 

14.2 A microstrip transmission line of beryllium oxide (e, .— 6.8) bus a widlh-to-heighl 
ratio of w/h = 1.5. Assuming that the thickncss-lo-height ratio is t/li = 0. determine: 
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(a) effective dielectric constant 

ibl characteristic impedance of the line 

14.3. Cellular and mobile telephony, using earth-based repeaters, has received wide accep¬ 
tance and has become an essential means of communication for business, cvett for the 
household. Cellular telephony by satellites is the wave of the future and communication 
systems arc being designed for that purpose. The present allocated frequency band for 
satellites is at /.-band (= 1.6 GHz). Various antennas arc being examined for that 
purpose: one candidate is the microstrip patch antenna. Design a rectangular micaisUip 
patch antenna, based on the dominant mode, that can be mounted on the roof of a car 
to be used for satellite cellular telephone. The designed center frequency is 1.6 GHz. 
the dielectric constant of the substrate is 10.2 (i.e., RT/duroid). and the thickness of 
the substrate is 0.127 cm. Determine the 

(u| dimensions of the rectangular patch (in cm) 

(b) resonant input impedance, assuming no coupling between the two radiating slots 

(c) mutual conductance between the two radiating slots of the patch 

(d) resonant input impedance, taking into account coupling 

(e) position of the feed to match the antenna patch to a 75-ohiti line 

14.4. Repeat the design of Problem 14.3 using a substrate with a dielectric constant of 2.2 
(i.e., RT/duroid 5880) and with a height of 0.1575 cm. Are the new dimensions of the 
patch realistic for the roof of a personal car'.’ 

14 5. Design a rectangular microstrip patch with dimensions U and L over a single substrate, 
whose center frequency is 10 GHz. The dielectric constant of the substrate is 10.2 and 
the height of the substrate is 0.127 cm (0.050 in.). Determine the physical dimensions 
W anil l. (in cm) of the patch, taking into account held fringing. 

14.6. Using the transmission line model of Figure 14.8(h). derive t I4-I4H 14-15). 

14.7. To take into account coupling between the two radiating slots of a rectangular mi- 
crostrip patch, the resonant input resistance is represented by (14-17). Justify, explain, 
and/or show why the plus (+) sign is used for modes with odd (antisymmetric) 
resonant voltage distribution beneath the patch while the minus ( - ) sign is used lor 
modes with even (symmetric) resonant voltage distribution. 

14.8. Show that for typical rectangular miemstrip patches G, IY, *c I and B,IY, ■« I so that 
1 14-20) reduces to (14-20a). 

14.9. A rectangular microstrip patch antenna operating at It) GHz with a substrate with 
dimensions of length L = (14097 cin. width H' - 0.634 cm. and substrate height li = 
0.127 cm It is desired to feed the patch using a probe (eed. Neglecting mutual coupling, 
calculate; 

tal What is the input impedance of the patch at one of the radiating edges based on 
the transmission-line model? 

tb) At what distance y 0 (in cm) from one of the radiating edges should the coax feed 
be placed so that the input impedance is 50 ohms? 

14.10. A rectangular miemstrip patch antenna, whose input impedance is 152.44 ohms at its 
leading radiating edge, is fed by a microstrip line as shown in Figure 14.10. Assum¬ 
ing the width of the feeding line is IV,, = 0.2984 cm. the height of the substrate is 
0.1575 cm and the dielectric constant of the substrate is 2.2. at what distance v<, 
should the microstrip patch antenna be fed so as to have a perfect match between 
the line and the radiating element? The overall microstrip patch element length is 
0.9068 cm. 

14 11 The rectangular microstrip patch of Example 14.2 is ted by a microstrip transmission 
line of Figure 14.5. In order to reduce reflections at the inset feed point between the 
line and the patch clement, design the microstrip line that its characteristic impedance 
matches that of the radiating element. 

14.12. Repeat the design of Example 14.2 so that the input impedance of the radiating patch 
at the feed point is; 

(it) 75 ohms 
tb) 100 ohms 
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14.13. 


14.14. 


14.15. 


14.1ft. 

14.17. 


14 18. 
14 19. 


14.20. 

14.21. 

14.22. 

14.23. 


Then, assuming the feed line is n mierostrip line, determine the dimensions of the line 
so thill its characteristic impedance matches that of the radiating patch 
A rectangular mierostrip patch antenna has dimensions of I. = 0.90ft cm. It 1. 18ft 
cm. and h 0.1575 cm. The dielectric constant of the substrate is e, = 2.2. Using 
the geometry of Figure 14.12 and assuming no fringing, determine the resonant fre¬ 
quency ol the first 4 TM / , )np modes, in order of ascending resonant frequency. 

Derive the TM / .. field configurations (modes) for the rectangulur mierostrip patch 

based on the geometry of Figure PI4.14 Determine the: 

(a) eigenvalues 

(hi resonant frequency (J, i m ,„, for the mnp mode. 

(c) dominant mode il L > IF > li 

(d) resonant frequency of the dominant mode. 



Repeat Problem 14.14 for the TM',,,,,,, modes based on the geometry of Figure PI4.15. 


f 



Derive the array factor of (14-42) 

Assuming the coordinate system for the rectangular mierostrip patch is that of Problem 
14.14 dig. PI4.14). derive based un the cavity model the 

(a) far /one electric field radiated by one of the radiating sluts of the patch 

(b) array factor for the two radiating slots of the patch 

(c) lar-zonc total electric field radiated by both of the radiating slots 

Repeat Problem 14.17 for the rectangular patch geometry of Problem 14.15 (Fig. 
PI 4.15). 

Determine the directivity (in dB) of the rectangular mierostrip patch ol Example 14.3 
using 

(a) Kraus' approximate formula 

tb) Tai & Pereira's approximate formula 

Derive the directivity (in dRi of the rectangular mierostrip patch of Problem 14.3 
Derive the directivity < in dB) of the rectangular mierostrip patch of Problem 14 4. 
For a circular mierostrip patch antenna operating in the dominant TM Z , (rp mode, derive 
the lar /one electric fields radiated by the patch based on the cavity model. 

Using the cavity model, derive the TM / ,„ np resonant frequencies lor u mierostrip patch 
whose shape is that of a half of a circular patch Isemicircle). 
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14.24. Repeat Problem 14.23 for u ‘Ml" circular disc (angular sector of W) inicrostrip patch. 

14.25. Repeal Problem 14.23 for the circular sector microstrip patch antenna whose geometry 
is shown in F igure PI4.25, 



: 



l 

h- a --t 


• 

h 




3 


Side view 


14.26. 



Repeat Problem 14.23 for the annular microstrip patch antenna whose geometry is 
shown in figure P 14.26 


Tup view 



14.27. Repeal Problem 14.23 for the annular sector microstrip patch antenna whose geometry 
is shown in Figure PI4.27. 



I—«—t 



<• 
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14.28. Repeat the design of Problem 14.3 for a circular nucraslrip patch antenna operating 
in the dominant TM / ,,„ mode. 

14.29. Repeat the design of Problem 14.4 for a circular microslrip patch antenna operating 
in the dominant TM*|, n mode. 

14.30. For ground-based cellular telephony, the desired pattern coverage is omnidirectional 
and similar to that of a monopole (with a null toward zenith). This can be accomplished 
using circular microstrip patch antennas operating in higher order modes, such as the 
TM / ;u). I'M'',m. TM / III) , etc Assuming that the desired resonant frequency is 900 
MHz, design a circular microstrip patch antenna operating in the TM / i . |M mode. As¬ 
suming a substrate with a dielectric constant of 10.2 and a height of 0.127 cm: 

(a) Derive an expression for the resonant frequency. 

(bt Determine the radius of the circular patch. Neglect fringing. 

tc) Derive expressions for the fur-zone radiated fields. 

id) Plot the normalized £- and //-plane amplitude patterns (in dll). 

(e) Plot ihc normalized azimuthal (xy plane) amplitude pattern (in dB) 

(f) Determine the directivity (in dB) using the DIRECTIVITY computer program at 
the end of Chapter 2. 

14.31. Repeat Problem 14.30 for the TM / ,„, mode. 

14.32. Repeat Problem 14.30 for the TM / „„ mode. 

14.33. The diameter of a typical probe feed for a microstrip patch antenna is d = 0.1 cm. 
At / = II) GHz. determine the feed reactance assuming a substrate with a dielectric 
constant of 2.2 and height of 0.1575 cm. 

14.24. Determine the impedance of a single-section quarter-wavelength impedance trans¬ 
former to match a 100-ohm patch element to a 50-ohm microstrip line. Determine the 
dimensions of the line assuming a substrate with u dielectric constant of 2.2 mid a 
height old. 1575 cm. 

14.35. Repeat the design of Problem 14.34 using a two-section binomial transformer. Deter¬ 
mine the dimensions of each section of die transformer. 

14.36. Repeat the design ol Problem 14.34 using a two-section Tschebyscheff transformer. 
Determine the dimensions of each section of the transformer. 
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COMPUTER PROGRAM - MICROSTRIP ANTENNAS 


THIS IS A FORTRAN PROGRAM THAT DESIGNS AND COMPUTES THE 
ANTENNA RADIATION CHARACTERISTICS OF: 

I. RECTANGULAR 

II. CIRCULAR 

MICROSTRIP PATCH ANTENNAS BASED ON THE CAVITY MODEL AND 
DOMINANT MODE OPERATION FOR EACH. THAT IS: 

A. TMqiq MODE FOR THE RECTANGULAR PATCH 

B. TM, , 0 MODE FOR THE CIRCULAR PATCH 


••INPUT PARAMETERS 

1. FREQ = RESONANT FREQUENCY f r (in GHz) 

2. EPSR = DIELECTRIC CONSTANT OF THE SUBSTRATE e, 

3. HEIGHT = HEIGHT OF THE SUBSTRATE h (in cm) 

4. Y0 = POSITION OF RECESSED FEED POINT y 0 (in cm) 

RELATIVE TO LEADING RADIATING EDGE OF 
RECTANGULAR PATCH. 

NOT NECESSARY FOR CIRCULAR PATCH 

••OUTPUT PARAMETERS 

A. RECTANGULAR PATCH: 

1. PHYSICAL WIDTH OF PATCH W (in cm) 

2. EFFECTIVE LENGTH OF PATCH Lg (in cm) 

3. PHYSICAL LENGTH OF PATCH L (in cm) 

4. NORMALIZED E-PLANE AMPLITUDE PATTERN (in dB) 

5. NORMALIZED H-PLANE AMPLITUDE PATTERN (in dB) 

6. E-PLANE HALF-POWER BF.AMWIDTH (in degrees) 

7. H-PLANE HALF-POWER BEAMWIDTH (in degrees) 

8. DIRECTIVITY (dimensionless and in dB) 

9. RESONANT INPUT RESISTANCE (in ohms) 
a. AT LEADING RADIATING EDGE (y = 0) 

h. AT RECESSED FEED POINT FROM LEADING 
RADIATING EDGE (y = y 0 ) 

B. CIRCULAR PATCH: 

1. PHYSICAL RADIUS OF THE PATCH a (in cm) 

2. EFFECTIVE RADIUS OF THE PATCH a,, (in cm) 

3. NORMALIZED E-PLANE AMPLITUDE PATTERN (in dB) 

4. NORMALIZED H-PLANE AMPLITUDE PATTERN (in dB) 

5. E-PLANE HALF-POWER BEAMWIDTH (in degrees) 

6. H-PLANE HALF-POWER BEAMWIDTH (in degrees) 

7. DIRECTIVITY (dimensionless and in dB) 
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CHAPTER 


15 

REFLECTOR ANTENNAS 


15.1 INTRODUCTION 

Reflector antennas, in one Conn ov another. Crave been in vise since tire discovery oC 
electromagnetic wave propagation in 1 X 88 by Hertz. However the line art of analyzing 
and designing reflectors of many various geometrical shapes did not forge ahead until 
the days of World War II when numerous radar applications evolved, Subsequent 
demands of reflectors for use in radio astronomy, microwave communication, and 
satellite tracking resulted in spectacular progress in the development ol sophisticated 
analytical and experimental techniques in shaping the reflector surfaces and optimizing 
illumination over their apertures so as to maximize the gain. The use of reflector 
antennas for deep space communication, such as in the space program and especially 
their deployment on the surface of the moon, resulted in establishing the reflector 
antenna almost as a household word during the l%()s. Although reflector antennas 
take many geometrical configurations, some of the most popular shapes are the plane, 
corner, and curved reflectors (especially the paraboloid), as shown in Figure 15.1. 
each of which will be discussed in this chapter. Many articles on various phases of 
the analysis and design of curved reflectors have been published and some of the 
most referenced can be found in a book of reprinted papers 111. 

15.2 PLANE REFLECTOR 

The simplest type of reflector is a plane reflector introduced to direct energy in it 
desired direction. The arrangement is that shown in Figure 15.1(a) which has been 
extensively analyzed in Section 4.7 when the radiating source is a vertical or horizontal 
linear element. It has been clearly demonstrated that the polarization of the radiating 
source and its position relative to the reflecting surface can he used to control the 
radiating properties (pattern, impedance, directivity) of the overall system. Iniuge 
theory has been used to analyze the radiating characteristics of such u system. Al¬ 
though the inlinitc dimensions of the plane reflector are idealized, the results can he 
used as approximations lor electrically large surfaces. The perturbations introduced 
by keeping the dimensions finite can be accounted lor by using special methods 
such as the Geometrical Theory of Diffraction [2]-[5| which was introduced in Sec¬ 
tion 12 . 10 . 
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lc) C urved I (rant-fed I Id) Curved (Cassegrain feed) 

Figure 15.1 Geometrical configuration for some reflector systems. 


15.3 CORNER REFLECTOR 

To better collimate the energy in the forward direction, the geometrical shape of the 
plane reflector itself must be changed so as to prohibit radiation in the hack anil side 
directions. One arrangement which accomplishes that consists of two plane reflectors 
joined so as to form a corner, as shown in Figures 15.1(b) and in 15.2(a). This is 
known as the comer reflector. Because of its simplicity in construction, it has many 
unique applications. For example, if the reflector is used as a passive target for radar 
or communication applications, it will return flic signal exactly in the same direction 
as it received it when its included angle is 00°. This is illustrated geometrically in 
Figure 15.2(b). Because of this unique feature, military ships and vehicles are designed 
with minimum sharp corners to reduce their detection by enemy radar. Corner reflec¬ 
tors are also widely used as receiving elements for home television. 

In most practical applications, the included angle formed by the plates is usually 
90°; however other angles are sometimes used. To maintain a given system efficiency, 
the spacing between die vertex and the feed element must increase as the included 
angle of the reflector decreases, and vice-versa. For reflectors with infinite sides, the 
gain increases as the included angle between the planes decreases. This, however, 
may not be true for finite size plates. For simplicity, in this chapter it will he assumed 
that the plates themselves are infinite in extent (/ = *). However, since in practice 
the dimensions must he finite, guidelines on the size of the aperture (D„). length (/). 
and height t/i) will he given. 

The feed element for a corner reflector is almost always a dipole or an array of 
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Supporting 

ttCUClUN 


m I’mpcilit'i* view 


till Wirc-priil muiiu-mi-ni 


Figure 15.2 Side and perspective x iews of solid uttd wire-grid comer reHcctors. 


collinear dipoles placed parallel to tlie venex a distance .v away, as shown in a 
perspective view in Figure 15.2(c). Greater bandwidth is obtained when the feed 
elements are cylindrical or biconicul dipoles instead of thin wires. In many applica¬ 
tions. especially when the wavelength is large compared to tolerable physical dimen¬ 
sions. the surfaces of the comer reflector are frequently made of grid wires rather than 
solid sheet metal, as shown in Figure 15.2(d). One of the reasons for doing that is to 
reduce wind resistance and overall system weight. The spacing ( g ) between wires is 
made a small fraction of a wavelength (usually g A/10). For wires that are parallel 
to the length of the dipole, as is the case for the arrangement of Figure 15.2(d). the 
reliedivily ol the grid-wire surface is as good as that of a solid surface. 

In practice, the aperture of the corner reflector {!)„) is usually made between one 
and two wavelengths (A < /)„ 2A). The length of the sides of a 00° corner reflector 

is most commonly taken to he about twice the distance from the vertex to the feed 
(/ 2s). For reflectors with smaller included angles, the sides are made larger. The 

feed-to-vertex distance (.v) is usually taken to be between A/3 and 2A/3 (A/3 x < 
2A/3). For each reflector, there is an optimum leed-to-vertex spacing. If the spacing 
becomes too small, the radiation resistance decreases and becomes comparable to the 
loss resistance of the system which leads to an inefficient antenna. For very large 
spacing, the system produces undesirable multiple lobes, and it loses its directional 
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i ci 45* to I 30® 

Figure 15.3 Comer reflectors and their images (with perpendicularly polarized 
feedsl for angles of 90°. 60 6 . 45 c . anil 30* 


characteristics. It has heen experimentally observed that increasing the size of the 
sides does not greatly affect the bcamwidlh and directivity, but it increases the band¬ 
width and radiation resistance. The main lobe is somewhat broader for reflectors with 
finite sides compared to that of infinite dimensions. The height (/t) of the reflector is 
usually taken to be about 1.2 to 1.5 times greater than the total length of the feed 
element, in order to reduce radiation toward the hack region from the ends. 

The analysis for the field radiated by a source in the presence ol a corner reflector 
is facilitated when the included angle (o) of the reflector is a = iHn. where n is an 
integer (a = n. ir/2, n/3. 7r/4. etc.). For those cases (a = 1X0°. 90°. 60°. 45°. etc.) 
it is possible to find a system ol' images, which when properly placed in the absence 
of the reflector plates, form an array that yields the same held within the space formed 
by the reflector plates ns the actual system. The number of images, polarity, and 
position of each is controlled by the included angle of the corner reflector and the 
polarization of the feed element. In Figure 15.3 we display the geometrical and 
electrical arrangement of the images for comer reflectors with included angles of 90°. 
60®. 45 c , and 30° and a feed with perpendicular polarization.The procedure lor finding 
the number, location, and polarity of the images is demonstrated graphically in Figure 
15.4 for a corner reflector with a 9(1" included angle. It is assumed that the feed 
element is a linear dipole placed parallel to the vertex. A similar procedure can he 
followed for all other reflectors with an included angle of « = 180%, where n is an 
integer. 
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Figure 15.4 Geometrical placement and electrical polarity of images for a 90' 
corner reflector with a parallel polarized Iced. 


15.3.1 90° Corner Reflector 

The lirst comer reflector to be analyzed is the one with an included angle of 90”. 
Because its radiation characteristics arc the most attractive, il has become the most 
popular. 

Referring to the reflector of Figure 15.2(c) with its images in Figure 15.4(b). the 
total held of the system can be derived by summing the contributions from the feed 
and its images. Thus 

E(r. 0. dA E,(r,. 0. </») + Ej(r : . 0. d» + E,(r,. 0. dA + F. 4 (r 4 . 0. dA (15-1) 

In the far-zone. die normalized scalar held can be written as 

..-An c -M e -l*r> 

Mr. 0. </>| = fU>. dA - flit .«/»- + fitK dA - 1X0. dA - 

r, r 2 rj r 4 

-Jkr 

ftr. 0. dA = \e - +e ,/lw "' *| f{0. d>)*— (15-2) 
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where 


cos >bi = a, • a, = sin (/cos </j 

(IS-2a) 

cos i/'; = a. * a, = sin (/sin <b 

(l5-2b) 

cos i If) = — a, • a, = —sin (/cos <b 

(15-2c) 

cos i//j = -a v • a, = -sin (/sin </> 

(!5-2d) 


since a, - a, sin (/ cos <b + a,, sin 0 sin </» + a cos I). liquation (15-2) can also be 
written, using (15-2a)-t 15-2d). as 

£{r. <K <l>) = 21costC\ sin I) cos <b) - cos Out sin « sin </;)]/((/. </»)- (15-3) 


where for it = rr/2 = 00° 
0Sfl< 7T. 


0 S (!) < a/2 
2ir - rr/2 S </j < 277 


! 15-3a) 


Letting the lield of a single isolated (radiating in free-space) element to be 


Eo-JXO, </>)■ 


-jkr 


(15-4) 


(15-3) can be rewritten as 


— = AF( (/. ib) = 2[cos(fes sin H cos <b) ~ cos (ks sin 0 sin <!>)\ 
Ed 


(15-5) 


Equation (15-5) represents not only the ratio of the total field to that of an isolated 
element at the origin but also the array factor of the entire reflector system. In the 
azimuthal plane (0 = rr/2). (15-5) reduces to 


E 

— = AFlti ~ 77/2. ib) - 2[cos(£v cos < b) — cost ks sin </>)| (15-6) 

Ed 


To gain some insight into the performance of a corner reflector, in Figure 15.5 
we display the normalized patterns for an a = 90° comer reflector for spacings of 
s = 0.1 A. 0.7A. 0.SA. 0.9A. and I.OA. It is evident that for the small spacings the 
pattern consists of a single major lobe whereas multiple lobes appear lor the larger 
spacings (a > 0.7A). For y = A the pattern exhibits two lobes separated by a null 
along the <b = 0° axis. 

Another parameter of performance for the corner reflector is the lield strength 
along the symmetry axis (W = 90°, <b = 0°) as a function of feed-to-vertex distance 
s [61. The normalized (relative to the lield of a single isolated element) absolute lield 
strength |£/£ ( ,| as a function of .v/A (0 < s ^ 10A) for a = 90° is shown plotted in 
Figure 15.6. It is apparent that the first lield strength peak is achieved when x = 0.5A, 
and it is equal to 4. The lield is also periodic with a period of A.v/A = 1. 


15.3.2 Other Corner Reflectors 

A similar procedure can be used to derive the array factors and total fields for all 
other corner reflectors with included angles of a = 180%. Referring to Figure 15.3, 
it can be shown that the array factors for « - 60°. 45°. and 30° can be written as 
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Figure 15.6 Relative field strength along the axis (6 = 90°. <6 = 0°) of an a = 90° 
corner reflector as a function of feed-to-vertex spacing. 



( 15 - 9 ) 


where 


<!5-9a) 
(I5-9b) 


These are assigned, at die end of the chapter, as exercises to the reader t Problem 
15.2). 

For a corner reflector with an included angle of n = 1X0%. n = I. 2. 3. 

the number of images is equal to N = (360/a) - 1 = 2//— I. 

It has also been shown [7] by using long filament wires as feeds, that the azimuthal 
plane ( 0 = tt/ 2) array factor for comer reflectors with a = 1807//. where // is an 
integer, can also be written as 

n = even (// = 2. 4, 6 ....) 

AF( tb) = 4/j(-l)" /2 iy M (to)cos(//d») + Jijks) cos(3//d>) 

+ J s „(ks) cos(5 n<t>) + • • 


X = ks sin 0 cos <// 
Y = ks sin 0 sin d* 


< 15-10a) 
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/i = odd (// = 1,3, 5,...) 

AF(</>) = 4/1/< - I 1 '’I J„(ks) costm/i) - V,„(A.v) cos(3m/<) 

+ JSalks) cos(5//d>) + • • -| (15-1 Ob) 

where V,„(.r) is the Bessel function of the first kind of order in (see Appendix V). 

When n is not an integer, the held must be found by retaining a sufficient number 
of terms of the infinite series. It has also been shown |7| that for all values of ii = in 
(integral or fractional) that the held can be written as 

AF( <b) = 4ni\e Jmvn J m [ks) cos(w</») + e l ' ma: J, m (ks) cosOimb) + • • | (15-11) 

The array factor for a comer reflector, as given by (15-IOaH 15-1 I). has a form 
that is similar to the array factor for u uniform circular array, as given by (6-121). 
This should he expected since the feed sources and their images in Figure 15.3 form 
a circular array. The number of images increase as the included angle of the corner 
reflector decreases. 

Patterns have been computed for corner reflectors with included angles of 60". 
45°. and 30°. It has been found that these corner reflectors have also singlc-lobcd 
patterns for the smaller values of s, and they become narrower as the included angle 
decreases. Multiple lobes begin to appear when 

.v = 0.95A for « = 60° 

s “ I.2A for a = 45° 

x =• 2.5A for a = 30* 

The held strength along the axis of symmetry IW = 90°. <Ji - 0°) as a function 
of the feed-to-vertex distance x. has been computed lor reflectors with included angles 
of i« 60°. 45“, and 30°. The results for « 45° are shown in Figure 15.7 for 

0 Sj < I0A. 

For reflectors with « = 90“ and 60 °. the normalized held strength is periodic 
with periods of A and 2A. respectively, However, for the 45 and 30 reflectors the 
normalized field is not periodic but rather "almost perioilii" or "pseudoperiodk" 
|8|. For the 45° and 30° reflectors the arguments of the trigonometric functions 
representing the arrays factors, and given by (I5-8H l5-9b). are related by irrational 
numbers and therefore the arrays factors do not repeat. However, when plotted they 
look very similar. Therefore when examined only graphically, the observer errone¬ 
ously may conclude that the patterns are periodic (because they look so much the 
same). However, when the array factors arc examined analytically it is concluded that 
the functions are not periodic hut rather nearly periodic. The field variations arc 
"nearly similar" in form in the range As I6.69A for the a - 45“ and As = 30A 
for the u = 30' Therefore the array factors of (15-8) and (15-9) belong to the class 
of nearly periodic functions |8|, 

It has also been found that the maximum field strength increases as the included 
angle of the reflector decreases. This is expected since a smaller angle reflector exhibits 
better directional characteristics because of the narrowness of its angle. The maximum 
values ol Ell:, ,| for n - 60°. 45°. and 30“ are approximately 5.2.8. and 9. respectively. 
The first field strength peak, but not necessarily the ultimate maximum, is achieved 
when 

s =* 0.65A lor a = 60° 

s =• 0.85A for a = 45° 

x =» I.20A for a = 30° 
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F igure 15.7 Relative field strength along the axis (fl 90°. 4> O’ 3 ) For an o 45° 

comer reflector as a Function of feed-to-vertex spacing. 


15.4 PARABOLIC REFLECTOR 

The overall radiation characteristics (antenna pattern, antenna efficiency, polarization 
discrimination, etc.) of a reflector can be improved if the structural configuration of 
its surface is upgraded. It has been shown by geometrical optics that if a beam of 
parallel rays is incident upon a reflector whose geometrical shape is a parabola, the 
radiation will converge (focus) at a spot which is known ns th e focal point. In the 
same manner, if a point source is placed at the focal point, the rays reflected by a 
parabolic reflector will emerge as a parallel beam. This is one form of the principle 
of reciprocity, and it is demonstrated geometrically in Figure 15.1 (e). The symmetrical 
point on the parabolic surface is known as the vertex. Rays that emerge in a parallel 
formation are usually said to be collimated. In practice, collimation is often used to 
describe the highly directional characteristics of an antenna even though the emanating 
rays are not exactly parallel. Since the transmitter (receiver) is placed at the focal 
point of the parabola, the configuration is usually known us front fed 

The disadvantage of the front-fed arrangement is that the transmission line from 
the feed must usually he long enough to reach the transmitting or the receiving 
equipment, which is usually placed behind or below the reflector. This may necessitate 
the use of long transmission lines whose losses may not he tolerable in many appli¬ 
cations. especially in low-noise receiving systems. In some applications, the trans¬ 
mitting or receiving equipment is placed at the focal point to avoid the need for long 
transmission lines. However, in some of these applications, especially for transmission 
Ihal may require large amplifiers and for low -noise receiv ing systems where cooling 
and weatherproofing may be necessary, the equipment may be too heavy and bulky 
and will provide undesirable blockage. 

Another arrangement that avoids placing the feed (transmitter and/or receiver) at 
the focal point is that shown in Figure 15.1(d). and it is known as the Cassegrain 
feed. Through geometrical optics. Cassegrain, a famous astronomer (hence its name), 
showed that incident parallel rays can be focused to a point by utilizing two reflectors. 
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To accomplish this, the main (primary) reflector must be a parabola, the secondary 
reflector (subreflector) a hyperbola, and the feed placed along the axis of the parabola 
usually at or near the vertex. Cassegrain used this scheme to construct optical tele¬ 
scopes. and then its design was copied for use in radio frequency systems. For this 
arrangement, the rays that emanate from the feed illuminate the subreflector and are 
reflected by it in the direction of the primary reflector, as if they originated at the 
focal point of the parabola (primary reflector). The rays are then reflected by the 
primary reflector and are converted to parallel rays, provided flic primary reflector is 
a parabola and the subreflector is a hyperbola. Diffractions occur at the edges of the 
subreflector and primary reflector, and they must be taken into account to accurately 
predict the overall system pattern, especially in regions of low intensity (9)—(111. 
Even in regions of high intensity, diffractions must lx- included if an accurate for¬ 
mation of the fine ripple structure of the pattern is desired. With the Cassegrain-feed 
arrangement, the transmitting and/or receiving equipment can be placed behind the 
primary reflector. This scheme makes the system relatively more accessible for serv¬ 
icing and adjustments. 

A parabolic reflector can take two different forms. One configuration is that of 
the parabolic right cylinder, shown in Figure 15.8(a), whose energy is collimated at 
a line that is parallel to the axis of the cylinder through the focal point of the reflector. 
The most widely used feed for this type of a reflector is a linear dipole, a linear array, 
or a slotted waveguide, The other reflector configuration is that of Figure 15.8(b) 
which is formed by rotating the parabola around its axis, and it is referred to as a 
paraboloid (parabola of revolution). A pyramidal or a conical horn has been widely 
utilized as a feed for this arrangement. 

There arc many other types of reflectors whose analysis is widely documented in 
the literature |12|-|I4|, The spherical reflector, for example, has been utilized for 
radioastronomy and small earth station applications, because its beam can be effi¬ 
ciently scanned by moving its feed. An example of that is the l.(HK)-ft (305-m) 
diameter spherical reflector at Areeibo. Puerto Kico |I2| whose primary surface is 
built into the ground and scanning of the beam is accomplished by movement of the 
feed. For spherical reflectors a substantial blockage may be provided by tlx* feed 
leading to unacceptable minor lobe levels, in addition to the inherent reduction in 
gain and less favorable cross-polarization discrimination. 

To eliminate some of the deficiencies of the symmetric configurations, offset- 
parabolic reflector designs have been developed lor single- and dual-reflector systems 




Kellector 
(paraboloid i 


Feed (hum) 


In) I’arabnllc light cylinder 


(bl Paraboloid 


Figure 15.8 Parabolic right cylinder and paraboloid. 
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1131. Because of the asymmetry of the system, the analysis is more complex. However 
the advent and advances of the computer technology have made the modeling and 
optimization of the offset reflector designs available and convenient. Offset reflector 
designs reduce aperture blocking mid VSVVR. In addition, they lead to the use of 
larger fid ratios while maintaining acceptable structural rigidity, which provide an 
opportunity for improved feed-pattern shaping and better suppression of cross-polar¬ 
ized radiation emanating from the feed. However, offset-reflector configurations gen¬ 
erate cross-polarized antenna radiation when illuminated by a linearly polarized pri¬ 
mary-feed. Circularly polarized feeds eliminate depolarization, hut they lead to 
squinting of the main beam from boresight. In addition, the structural asymmetry of 
the system is usually considered a major drawback. 

Paraboloidal reflectors are the most widely used large aperture ground-based 
antennas |I4|. At the time of its construction, the world's largest fully steerable 
reflector was the 100-m diameter radio telescope 1151 of the Max Planck Institute for 
Radioastronomy at Effelsbcrg, West Germany, while the largest in the United States 
was the f>4-m diameter 116| reflector at Goldstone, California built primarily for deep- 
space applications. When fed efficiently from the local point, paraboloidal reflectors 
produce a high gain pencil beam with low side lobes and good cross-polarization 
discrimination characteristics. This type of an antenna is widely used for low-noise 
applications, such as in radioastronomy, and if is considered as a good compromise 
between performance and cost. To build a large reflector requires not only a large 
financial budget hut also a difficult structural undertaking, because it must withstand 
severe weather conditions. 

Cassegrain designs, employing dual reflector surfaces, are used in applications 
where pattern control is essential, such as in satellite ground-based systems, and have 
efficiencies of 65-80%. They supersede the performance of the single-reflector front- 
led arrangement by about 10%. Using geometrical optics, the classical Cassegrain 
configuration, consisting of a paraboloid and a hyperboloid, is designed to achieve a 
uniform phase front in the aperture of the paraboloid. By employing good feed designs, 
this arrangement can achieve lower spillover and more uniform illumination of the 
main reflector. In addition, slight shaping of one or both of the dual-reflector's surfaces 
can lead to an aperture with almost uniform amplitude and phase with a substantial 
enhancement in gain (I4|. These are referred to as shaped reflectors. Shaping tech¬ 
niques have been employed in dual-reflectors used in earth station applications. An 
example is the 10-m earth station dual-reflector antenna, shown in Figure 15.9, whose 
main reflector and subreBecior arc shaped. 

For many years horns or waveguides, operating in a single mode, were used as 
feeds for reflector antennas. However because of radioastronomy and earth-station 
applications, considerable efforts have been placed in designing more efficient feeds 
to illuminate either the main reflector or the subreflector. It has been found that 
corrugated horns that support hybrid mode Holds (combination of TE and TM modes) 
can he used as desirable feeds. Such feed elements match efficiently the fields of the 
feeds with the desired focal distribution produced by the reflector, and they can reduce 
cross-polarization. Dielectric cylinders and cones are other antenna structures that 
support hybrid modes [ 14]. Their structural configuration can also be used to support 
the subreflector and to provide attractive performance figures. 

There are primarily two techniques that can be used to analyze the performance 
of a reflector system 117|. One technique is the aperture distribution method and the 
Other the current distribution method. Both techniques will be introduced to show the 
similarities and differences. 



15.4 Parabolic Reflector 7‘J7 



15.4.1 Front-Fed Parabolic Reflector 

Parabolic cylinders hove widely been used as high-gain apertures fed by line sources. 
The analysis of a parabolic cylinder (single curved) reflector is similar, but consid¬ 
erably simpler than 1 hat of a paraboloidal (double curved) reflector. The principal 
characteristics of aperture amplitude, phase, and polarization for a parabolic cylinder, 
as contrasted to those of a paraboloid, are as follows: 

1. The amplitude taper, due to variations in distance from the feed to the surface 
of the reflector, is proportional to I/p in a cylinder compared to Mr in a parab¬ 
oloid. 

2. The focal region, where incident plane waves converge, is a line-source for a 
cylinder and a point source for a paraboloid, 

3. When the fields of the feed are linearly polarized parallel to the axis of the 
cylinder, no cross-polarized components are produced by the parabolic cylinder. 
Thai is not the case for a paraboloid. 
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Generally, parabolic cylinders, as compared to paraboloids. (11 are mechanically 
simpler to build. (2) provide larger aperture blockage, and (3) do not possess the 
attractive characteristics of a paraboloid. In this chapter, only paraboloidal reflectors 
will be examined. 


A. Surface Geometry 

The surface of a paraboloidal reflector is formed by rotating a parabola about its axis. 
Its surface must be a paraboloid of revolution so that rays emanating from the focus 
of the reflector are transformed into plane waves. The design is based on optical 
techniques, and it does not lake into account any deformations (diffractions) from the 
rim of the reflector. Referring to Figure 15.10 and choosing a plane perpendicular to 
the axis of the reflector through the focus, it follows that 

OP + PQ = constant = 2/ (15-12) 


Since 


(15-12) can be written as 


OP = r 
PQ = r' cos O' 


r'(l + cos O') = 2/ 


or 



(15-13) 


(15-14) 


(15-14a) 



Figure 15.10 Two-dimensional configuration of a paraboloidal reflector. 




15,4 Parabolic Reflector 799 


Since a paraboloid is a parabola of revolution (about its axis), (15- 14a) is also the 
equation of a paraboloid in terms of the spherical coordinates r'. O', </>'. Because of 
its rotational symmetry, there are no variations with respect to </>'. 

Equation (15-14a) can also he written in terms of the rectangular coordinates x'. 
y'. z'. That is. 

r' + /•' cos O' = V(.v') 2 + (y') 2 + h’) 2 + =' = If (15-15) 


or 


+ (v') 2 = 4 i\f - z') with (A-')- + [y ‘)" (dll) 2 (15-15a) 

In the analysis of parabolic reflectors, it is desirable to lind a unit vector that is 
normal to the local tangent at the surface reflection point. To do this. (15-14a) is first 
expressed as 


/ - /•' cos 2 HH = .S’ = 0 


(15-10) 


and then a gradient is taken to form a normal to the surface. That is. 
N = V 


/ - . ^ 


,, os ,, i as 

= a ' W + a " Vw 


* - - - /«'\ • I* 

= -a, cos-1-I + a i, cos I —I sin ly 
A unit vector, normal to S, is formed from (15-17) as 

, N . , /0’\ » i , Id' 


(15-17) 


(15-18) 


To lind the angle between the unit vector A which is normal to the surface at the 
reflection point, and a vector directed from the focus to the reflection point, we form 


COS O — -a,'*n = -a,' • I -5/ cosW + a,,’ sin(^- 


r 

= cos i- 


(15-19) 


In <i similar manner we can find the angle between the unit vector A and the --axis. 
That is. 

cos p = -a. • A = -a. -j^-a,' cos|^-j + a,/ sin(15-20) 


Using the transformation of (4-5). (15-20) can be written as 


cos /3 = - (a,' cos O' - a,,' sin I) 


O' 

= COSl — 




+ a„ sin 


O' 


(15-21) 
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which is identical to a of (15-19). This is nothing more than a verification of Snell's 
law of reflection at each differential area of the surface, which has been assumed to 
be flat locally. 

Another expression that is usually very prominent in the analysis of reflectors is 
that relating the subtended angle ft, to the fid ratio. From the geometry of Figure 
15.10 

ft, = tan J (15-22) 

where is the distance along the axis of the reflector front the focal point to the edge 
of the rim. From (15-15a) 


Za 


-C||' + V(i : 

4/ 


UUlf 

4/ 



Substituting (15-23) into (15-22) reduces it to 



d 


1/A 


ft, = tan 1 

2 


2\d/ 


r-1- 
16/ 

Ulll 

/a 2 i 




\d) 16 



It can also be shown that another form of (15-24) is 



(15-23) 


(15-24) 


(15-25.) 


H Induced Current Density 

To determine the radiation characteristics (pattern, gain, ef/iciency. polarization, etc.) 
of a parabolic reflector, the current density induced on its surface must be known. 
The current density J, can be determined by using 

J, = fixH = nx (H‘ + H) (15-26) 

where IT and H represent, respectively, the incident and reflected magnetic field 
components evaluated at the surface of the conductor, and n is a unit vector normal 
to the surface. If the reflecting surface can be approximated by an infinite plane 
surface (this condition is met locally for a parabola), then by the method of images 

A x H' = ft x H (15-27) 


and (15-26) reduces to 


J, = A x <H' + H i = 2A x H' = 2A x H 


(15-28) 


Tlie current density approximation of (15-28) is known as the physical-optics approx¬ 
imation. and it is valid when the transverse dimensions of the reflector, radius of 
curvature of the reflecting object, and the radius of curvature of the incident wave are 
larue compared to a wavelength. 
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It* the reflecting surface is in the far-held of the source generating the incident 
waves, then (15-28) can also be written as 


or 



(15-29) 


(15-29a) 


where i; is the intrinsic impedance of the medium. 8, and s, are radial unit vectors 
along the ray paths of the incident and reflected waves (as shown in Figure 15.11). 
and E' and E' are the incident and reflected electric fields. 


C. Aperture Distribution Method 

It was pointed out earlier that the two most commonly used techniques in analyzing 
the radiation characteristics of reflectors are the aperture distribution and flic current 
distribution methods. 

For the aperture distribution method, the field reflected by the surface of the 
paraboloid is first found over a plane which is normal to the axis of the reflector. 
Geometrical optics techniques (ray tracing) are usually employed to accomplish this. 
In most cases, the plane is taken through the focal point, and it is designated as the 
aperture plane, as shown in Figure 15.12. Equivalent sources are then formed over 
that plane. Usually it is assumed that the equivalent sources arc zero outside the 
projected area of the reflector on the aperture plane. These equivalent sources are then 
used to compute the radiated fields utilizing the aperture techniques of Chapter 12. 

For the current distribution method, the physical optics approximation of the 
induced current density J, given by (15-28) (J, = 2n x FI' where H' is the incident 
magnetic field and n is a unit vector normal to the reflector surface) is formulated 
over the illuminated side of the reflector (5j) of Figure 15.11. This current density is 
then integrated over the surface of the reflector to yield the far-zone radiation fields. 

For the reflector of Figure 15.11. approximations that are common to botlt meth¬ 
ods are: 

1. The current density is zero on the shadow side (5%) of the reflector. 

2. The discontinuity of the current density over the rim (F) of the reflector is 
neglected. 

3. Direct radiation from the feed and aperture blockage by the feed are neglected. 



Figure 15.11 Reflecting surface with boundary F. 
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Figure 15.12 Three-dimensional geometry of a paraboloidal reflector system. 


These approximations lead to accurate results, using either technique, for the 
radiated fields on the main beam and nearby minor lobes. To predict the pattern more 
accurately in all regions, especially the far minor lobes, geometrical diffraction tech¬ 
niques |9J—1111 can be applied. Because of the level of the material, it will not be 
included here. The interested reader can refer to the literature. 

The advantage of the aperture distribution method is that the integration over the 
aperture plane can be performed with equal ease for any feed pattern or feed position 
[18]. The integration over the surface of the rellector as required for tine current 
distribution method, becomes quite complex and time consuming when the feed 
pattern is asymmetrical and/or the feed is placed off-axis. 

Let us assume that a y-polarized source with a gain function of G f (O’, 4>') is 
placed at the focal point of a paraboloidal reflector. The radiation intensity of this 
source is given by 

il(0'.<f>') = p-GABW) ( 15 - 30 ) 

47T 

where P, is the total radiated power. Referring to Figure 15.12, at a point r' in the 
far-zone of the source 

U(0'. V) = \ Rc[E°( O'. </>') x H°*(0'. <*>')] = r^-|E o (0\ 4>')\ 2 (15-31) 

2 2 7i 


or 


|E°<0'. 4>')\ = [2 V U(0\ </>')] 


1/2 




T1/2 


G0. <t>') 


(15-3 la) 
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The incident field, with a direction perpendicular to the radial distance. can then 
be written as 


[u P, ~\' n e ~>V . - 

E‘<r'. O'. # } = e, G^O'. #) — = e,C t Vg^O'. <b') — 


( 1/4 / „ \|Q 

- (—1 
« \2 7T/ 


(15-32) 
115-32n) 


where e, is a unit vector perpendicular to a,’ and parallel to the plane formed by a,' 
and a,, as shown in Figure 13.13. 

It can be shown 119) that on the surface of the reflector 




J, = 2 ^ |n x (§, x E' )| = 2 P C, Vc ; <0', </>') ~~ u (15-33) 


where 


u = n x (a; x e,) = (ii • c.ifi; - (n • a’,)e, 


(13-33a) 


which reduces to 


u = j^— a, sin O' sin jyj sin (f>' cos </»' 

+ a, cos j— j (sin* <l>' cos O' + cos 2 <t >') 

- a, cos O' sin c/>' sin j j VI - sin : O' sitr r/>' (13-34) 

To find the aperture field E,,,, at the plane through the focal point, due to the 
reflector currents of (13-33). the reflected field E r at r‘ (the reflection point) is first 
found. This is of the form 


E' = 6,C,Vc;,(W'. 


ikt 


(15-35) 


where e, is a unit vector depicting the polarization of the reflected field. From <15- 
29a) 


J, = 2^ - |n x (S, x K r )] 

Because s, = - a . < 15-36) can be written, using (15-35). as 

[Z _ e -Jkr‘ 

J. = 2 -c t VG,\ff. <b')—r -u 

\ M r 

where 


, 0 ' 

u = ii x (- a x e r ) = — a.(n ■ £*,) — e, cos I — 

(2 


(15-36) 


115-37) 


(15-370) 
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Figure 15.13 Unit vector alignment for a paraboloidal reflector system. 


Since u in (15-37) and (15-37a) is the same as that of (15-33H15-34), it can he 
shown 119] through some extensive mathematical manipulations that 

, a, sin e/>' cos </>' (I - cos W'l u, (sin </>' cos H' + cos 3 </»') 

V I — sin : O' sin 1 <!>' 

115-38) 



Figure 15.14 Principal E- or //-plane pattern of a symmetrical front-fed paraboloidal re¬ 
flector (courtesy M. C Bailey. NASA Langley Research Center). 
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Thus the field E' al the point of reflection r' is given by (15-35) where e, is given 
by (15-38). At the plane passing through the focal point, the lield is given by 

_ +OB0') 

E,„, = e,C|V c /^'- *')- p - = + » r E m (15-39) 

where and represent the v- and v-components of the reflected field over the 
aperture. Since the field from the reflector to the aperture plane is a plane wave, no 
correction in amplitude is needed to account for amplitude spreading. 

Using the reflected electric lield components (£„, and E m ) as given by (15-39), 
an equivalent is formed at the aperture plane. That is. 

j; - n x H„ = - a. x (a, -a v = -S,— -a v ^ (15-40a) 

\ V VI V V 

M; = -n X E„ = + a- x (a, £,„ + a, £ uv ) = -a, £,„ + a, E al (l5-40b) 

The radiated lield can be computed using the (15-40a), (l5-40b). and the formulations 
of Section 12.3. The integration is restricted only over the projected cross-sectional 
area S n of the reflector at the aperture plane shown dashed in Figure 15.12. That is. 


115-41 a ) 


(15-4 lb) 


The aperture distribution method has been used to compute, using efficient nu¬ 
merical integration techniques, the radiation patterns of paraboloidal 11N| and spherical 
[201 reflectors. The fields given by (15-41 a) and (15-4 lb) represent only the secondary 
pattern due to scattering from the reflector. The total pattern of the system is repre¬ 
sented by the sum of secondary pattern and the primary pattern of the feed element. 
For most feeds (such as horns), the primary pattern in the boresight (forward) direction 
of the reflector is of very low intensity and usually can he neglected. 

To demonstrate the utility of the techniques, the principal E- and //-plane sec¬ 
ondary patterns of a 35 GHz reflector, with an fid — 0.82 \f = 8.062 in. (20.48 cm), 
d ~ 9.84 in. (24.99 cm)| and fed by a conical dual-mode horn, were computed and 
they are displayed in Figure 15.14, Since the feed horn has identical £- and //-plane 
patterns and the reflector is led symmetrically, the reflector E- and //-plane patterns 
are also identical and do not possess any cross-polarized components. 

To simultaneously display the held intensity associated with each point in the 
aperture plane of the reflector, a computer generated plot was developed |20], The 
field point locations, showing quantized contours of constant amplitude in the aperture 
plane, are illustrated in Figure 15.15. The reflector system has an f/d = 0.82 with the 
same physical dimensions |/ = 8.062 in. (20.48 cm), d = 9.84 in. (24.99 cm)| and 
the same feed as the principal pattern of Figure 15.14. One symbol is used to represent 
the amplitude level of each 3-dB region. The field intensity within the bounds of the 
reflector aperture plane is within the 0-15 dB range. 


liee ~/‘ r 

E "‘ 4nr 

J (-£'„, cos (/> - E„ y sin </») 

) 

X * 1 s,n - v'sin Hsin J>) ^ < 

£ * (1 COS0) j 

j (- £,„sin <f> + £„ v cos <l>) 

0 

y //COS<.'»4- v'sfl) //sill </») (fx rfy' 
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Figure 15.15 Field point locations of constant amplitude contours in the aperture plane of 
u symmetrical Iront-fed pnntholoulal reflector (courtesy M. C. Bailey. NASA Langley Re¬ 
search Center). 


I). Cross-Polarization 

The field reflected by the paraboloid, as represented by (15-35) and (15-38) of the 
aperture distribution method, contains v- and v-polarized components when the inci¬ 
dent field is v-polurized. The y-componcnt is designated us the principal polarization 
and the ^-component as the cross-polarization. This is illustrated in Figure 15.1(7. It 
is also evident that symmetrical (with respect to the principal planes) cross-polarized 
components are 180° out of phase with one another. However lor very narrow beam 
reflectors or for angles near the boresighl axis ill' 0°). the cross-polarized \- 
component diminishes and it vanishes on axis if/' 0°), A similar procedure can be 
used to show that for an incident .v-polarized held, the reflecting surface decomposes 
the wave to a v-polarized field, in addition to its v-polarized component. 

An interesting observation about the polarization phenomenon of a parabolic 
reflector can be made if we first assume that the feed element is an infinitesimal 
electric dipole (/ <s: A) with its length along the y-axis. For that feed, the field reflected 
by the reflector is given by (15-35) where from (4-114) 

CiVW. <b ') = </' = VI - cos- lit , | 5 . 4 T, 

= jv~r~ \/l - sin J O' sin-’d/ 

4 ?T 


The angle ip is measured from the v-axis toward the observation point 








15.4 Parabolic Reflector 807 


.1* 



Figure 15.16 Principal (y-direetion) and cross-polarization (A-direction) components of a 
paraboloidal reflector. (SOURC i S. Silver (ed.). Microwave Antenna Theory anti Design 
(MIT Radiation l.ub Scries. Vol. 12). McGraw-Hill. New York. 1949) 


When (15-42) is inserted in 115-35), we can write with the aid of (15-38) lhal 
li' = [a, sin </>’ cos <//( I — cos (Y) — si, < sin’ «/»' cos O' + cox : r//)| 


. . kye-r 
x jv~ -— 

477 r 


(15-43) 


Now let us assume dial an infinitesimal magnetic dipole, w ith its length along the 
v-axis (or a small loop with its area parallel to the v-r plane) and with a magnetic 
moment of &,M, is placed at the focal point and used as a feed. It can be shown 
[211—1231 that the field reflected by the reflector has v- and v-components. However 
the v-component has a reverse sign to the v-componenl of the electric dipole Iced. By 
adjusting the ratio of the electric to the magnetic dipole moments to be equal to 
V7t7i. the two cross-polarized reflected components (.v-components) cun be made 
equal in magnitude and for their sum to vanish (because of reverse signs). Thus a 
cross electric and magnetic dipole combination located at the focal point of a parab¬ 
oloid can be used to induce currents on the surface of the reflector which are parallel 
everywhere. This is illustrated graphically in Figure 15.17. 

The direction of the induced current flow determines the fnr-tield polarization of 
the antenna. Thus for the crossed electric and magnetic dipole combination feed, the 
far-lield radiation is free of cross-polarization. This type of feed is “ideal" in lhal it 
does not require that the surface of the reflector be solid but can be formed by closely 
spaced parallel conductors. Because of its ideal characteristics, it is usually referred 
to as a Huygens' source. 


E. Current Distribution Method 

The current distribution method was introduced as a technique that can be used to 
better approximate, us compared to the geometrical-optics (ray-tracing) method, the 
field scattered from a surface. Usually the main difficulty in applying this method is 
the approximation of the current density over the surface of the scatterer. 




808 Chapter 15 Reflector Antennas 




Magnet ic-tlipole 
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Figure 15.17 Flccirie and magnetic dipole fields combined to form u Huygens' source 
with ideal feed polarization for rcHector, (soiirci.: A. W. I.ovc. ‘ Some Highlights in Reflec¬ 
tor Antenna Development." Radio Science, Vol. 11. Nos. 8. 9. August-September 1976) 


To analyze the reflector using this technique, we refer to the radiation integrals 
and auxiliary potential functions formulations of Chapter 3. While the two-step pro¬ 
cedure of Figure 3.1 often simplifies the solution of most problems, the one-step 
formulation of Figure 3.1 is most convenient for die reflectors. 

Using the potential function methods outlined in Chapter 3. and referring to the 
coordinate system of Figure 12.2(a). it can be shown 1171 that the E- and H-fields 
radiated by the sources J and M can be written as 

I f e ~ ikH 

E = E,, + E, = - j- - | (J * V)V + k\\ -F 7 'w 6 M x V] ——civ' 

4 ttoj6 J l< 

<!5-44a) 


If e “•* 

H = H a + H r = - j- - |(M • V)? + k 2 M - jajfii x V ]—— < 

i< 


-civ' 

[15-44b) 


which for far-tield observations reduce, according to the coordinate system of 
Figure 12.2(b). to 


47T r ... 


(J • a,)a, + — M x S, 

V M 


e** T ‘*dv' (15-45a) 


47T r 


M - (M • a, la, - 



(15-45b) 


If the current distributions are induced by electric and magnetic fields incident 
on a perfect electric conducting (rr - ») surface shown in Figure 15.18. the lields 
created by these currents are referred to as scattered fields. If the conducting sur¬ 
face is closed, the far-zone lields are obtained from (15-45a) and (15-45b) by letting 
INI = 0 and reducing the volume integral to a surface integral with the surface current 
density J replaced by the linear current density J.. Thus 


E, = I-*’ " (.1, •a,)a,|e-'‘ r ' A els' 

s 

w\//xe 

H = +j— - e (D) |J, x a,k +j ‘ r a - ds‘ 

47 TV 


(l5-46a) 


(15-46b) 
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Figure 15.18 Geometrical arrangement of reflecting surface. 


The electric anil magnetic fields scattered by the closed surface of the reflector 
of Figure 15.11. and given by U5-46a) and (l5-46b), are valid provided the source- 
density functions (current and charge) satisfy the equation of continuity. This would 
be satisfied if die scattering object is a smooth closed surface. For the geometry of 
Figure 15.11. the current distribution is discontinuous across the boundary I' (being 
zero over the shadow area ,S\i which divides the illuminated (.Sj) and shadow (,$\) 
areas. It can lx- shown |17| that the equation of continuity can he satisfied if an 
appropriate line source distribution of charge is introduced along the boundary f. 
Therefore the total scattered Held would he the sum of the (I) surface currents over 
the illuminated area. (2) surface charges over the illuminated area, and (3) line charge 
distribution over the boundary T. 

The contributions from the surface charge density are taken into account by the 
current distribution through die equation of continuity. However it can be shown 117j 
that in the far-zone the contribution due to line-charge distribution cancels out the 
longitudinal component introduced by the surface current and charge distributions. 
Since in the fur-zone the Held components are predominantly transverse, the contri¬ 
bution due to the line-charge distribution need not be included and (l5-46aH 15-46b) 
can be applied to an open surface. 

In this section. (l5-46a) and (15-4(>h) will be used to calculate the Held scattered 
from die surface of a parabolic reflector. Generally the Held radiated by the currents 
on the shadow region of the reflector is very small compared to the total Held, and 
the currents and Held can be set equal to zero. The Held scattered by the illuminated 
(concave) side of the parabolic re Hector cun be formulated, using the current distri¬ 
bution method, by (l5-46u) and (15-46b) when the integration is restricted over the 
illuminated area. 

The total Held of the system cun be obtained by a superposition of the radiation 
from the primary source in directions greater than lt„ (H > W„) and that scattered by 
the surface as obtained by using either the aperture distribution or the current distri¬ 
bution method. 

Generally edge effects arc neglected. However the inclusion of diffracted fields 
|9|-| 111 from the rim of the reflector not only introduce Holds in the shadow region 
Ol the reflector, but also modify those present in the transition and lit regions. Any 
discontinuities introduced by geometrical optics methods along the transition region 
(between lit and shadow regions) arc removed by the diffracted components. 

The far-zone electric held of a parabolic reflector, neglecting the direct radiation, 
is given by (I5~46a). When expanded, (l5-46a) reduces, by referring to the geometry 
of Figure 15.18. to the two components of 
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Figure 15.19 Projected cross section and side view of rcllector 



According to the geometry of Figure 15.19 


ds' 


dWJN = (#•' sin O' del,') |r* 
(r'l 2 sin ff secW cl O' ty 



(l5-47a) 

(15—47b) 


(15-48) 
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since 


dW = r' sin O' d<f>' 

dH = -d N = -a,' • n dN 


O' 

a,' • | -fl r * cos 

I O'\ 

dN = see I—) 


+ a„ sin — 


dN = cos | 1 dN 

2 i 


dH = seclyl /•' dO' = r'sechH dO' 


(l5-48u) 

(15-48b) 
(15-48c) 


Therefore, it can be shown that (15-47a) and (15-47b) can be expressed, with the aid 
of (15-37). (!5-37a). and (15-48). as 



where 


I = l, + I 


(15-49a) 


2n lo'\ \/GjW' <!> ) 


r-n /•«„ u,\ 

1 ■ - J, **“ 2 


jkr 1 1 1 «m» (A)-ciwW'c<b«| 


x (r') : sin O' sec (—| dO' dd>' 


O' 


(15-4%) 


'--‘.ff 


(n • c,) ■ 


\jG r (0'. W) 


x (/')-’ sin O' secl-r-1 dO' d<l>' 


Ho' 11 MiiW MnWuiiMi* 1 'll co»«'cim«| 


O' 


(15-4%) 


By comparing (15-49) with (15-35). the radiated lield components formulated by 
the aperture distribution and current distribution methods lead to similar results pro¬ 
vided the 1 contribution of 115-49c) is neglected. As the ratio of the aperture diameter 
to wavelength (r//A) increases, the current distribution method results reduce to those 
of the aperture distribution and the angular pattern becomes more narrow. 

For variations near the 0 — tt region, the I, contribution becomes negligible 
because 


a „ • I -a.(n • e f )| = (a, sin 0 cos </» + si, cos 0 sin (ft - a. sin 0\ 

• [ - fi,(n • e r )| = (fl • e r ) sin 0 ( 15-50a) 

aj, • | - a.(n • e,)] = [- a, sin </> + a, cos (ft ) • | -a in • e,)| = 0 ( !5-50b) 


/•. Directivity and Aperture Efficiency 

In the design of antennas, the directivity is a very important ligure-of-meril. The 
purpose of this section will be to examine the dependence of the directivity and 
aperture efficiency on the primary-feed paitern (1/(0'. </>') and./W ratio (or the included 
angle 20 o ) of the reflector. To simplify the analysis, it will be assumed that the feed 
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pattern G,(fl'. <//) is circularly symmetric (not a function ol <!>') and that G,( 0 ') = 0 
for 0’> 90°. 

The secondary pattern (formed hy the surface of the reflector) is given by (15- 
49). Approximating the I of (15-49a) bv I,, the total K-fie Id in the 0 = n direction is 
given by either E„ or/:,,, oft 15-491. Assuming the feed is circularly symmetric, linearly 
polarized in the y-direction. and by neglecting cross-polarized contributions, it can Ire 
shown with the aid of (15-14a) that (15-49) reduces to 


£'(/•, 0 = 7T) 




p Ik(rflf) 



( O ') tan 



JO' 

(15-51) 


The power intensity (power/unil solid angle) in the forward direction U(Q = tt) 
is given by 


LUO - 7r> = }r r : [- jKlr, 0 

2 V * 




■>r- 


which by using (15-51) reduces to 


UtO = 77) 


'6r,n 

»2 J 


f V' 0' I tan I—I JO' 

JO \ / 


(15-52) 


<15-528) 


A- J 4tt | 

The antenna directivity in the forward direction can be written, using (!5-52a). as 


- 


4 7 tUUI = TT) 

p, 


mo = -> 

P r /477 



V G, I O ') tan 1—I e/o' 


ff 


(15-53) 


The focal length is related to the angular spectrum and aperture diameter d by (15-25). 
Thus (15-53) reduces to 


'HtF («■ (i)|r^“ (i)""' 


\ 


I JO 1 

} 


(15-54) 


The factor < ttJ/A l is the directivity of a uniformly illuminated constant phase aperture: 
the remaining part is the aperture efficiency defined as 



(15-55) 


It is apparent hy examining (15-55) that the aperture efficiency is a function of 
the subtended angle <0 „) and the feed pattern G,(()') of the reflector. Thus fora given 
feed pattern, all paraboloids with the same /Id ratio have identical aperture efficiency. 

To illustrate the variation of the aperture efficiency as a function of the feed 
pattern and the angular extent of the reflector. Silver 1171 considered a class of feeds 
whose patterns arc defined by 


a r «n , |o.« 


0 < (/' < 77/2 
77/2 < O' ^ 77 


(15-56) 


where GV" 1 is a constant for a given value of n. Although idealistic, these patterns 
were chosen because (I) closed form solutions can be obtained, and (2) they often 
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are used to represent a major part of Ihe main lobe of many practical antennas. The 
intensity in the back region (ir/2 < O' £ if) was assumed to be zero in order to avoid 
interference between the direct radiation from the feed and scattered radiation from 
the reflector. 

The constant G',, 1 " 1 can be determined from the relation 

jj> 0,(0’) dll = <jj> 0,(0') sin O' dO' dj> = 4t r (15-57) 

.« s 


which for (15-56) becomes 
run 

G,; n ' | cos" O' sin O' JO' = 2 o G 0 ,n ’ = 2(»> + 1) 


(15-58) 


Substituting (15-56) and (15-58) into (15-55) leads, for the even values of n = 2 
through n = 8. to 


e ap <« = 2) = 24 |sin : + In Jcos |^J j | cot 2 J^-j 

<« = 4) = 40 J sin" |yj f In Jcos ] J ‘-•or 

. f ., r M n - cosier 

e., p (n = 6) = 14 j 2 In cos I —I +■ --- 


+ 


- sin : (Oi) 



€. v (n = 8) = 18 


- cos J (0,0 

4 



[I - cos ((^,)|* 

3 




(15-59a) 


(15-5%) 


(15-5%) 


(l5-59d) 


The variations of (l5-59aH 15-59d), as a function of the angular aperture of the 
reflector 0„ or the fid ratio, are shown plotted in Figure 15.20. It is apparent, from the 
graphical illustration, that fora given feed pattern (n = constant) 


1. There is only one reflector with a given angular aperture or j/d ratio which leads 
to a maximum aperture efficiency. 

2. Each maximum aperture efficiency is in the neighborhood of 82-83%. 

3. Each muximum aperture efficiency, for any one of Ihe given patterns, is almost 
the same as that of any of the others. 

4. As the feed pattern becomes more directive (n increases), the angular aperture of 
the reflector that leads to the maximum efficiency is smaller. 

The aperture efficiency is generally the product of the 

1. fraction of the total power that is radiated by the feed, intercepted, and collimated 
by the reflecting surface (generally known as spillover efficiency e ,) 

2. uniformity of the amplitude distribution of the feed pattern over the surface of 
the reflector (generally known as taper efficiency e,) 

3. phase uniformity of the field over the aperture plane (generally known as phase 
efficiency e,,) 
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Figure 15.20 A pci lure, and laper and spillover efficiencies as u function of the reflector 
half-angle <>„ (or f/d ratio) for different feed patterns. 


4. polarization uniformity of the field over the aperture plane (generally known as 
polarization efficiency e, I 

5. blockage efficiency e h 

6 . random error efficiency e, over the reflector surface 
Thus in general 


e up *= 


(15-60) 
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For feeds with symmetrical patterns 


J 

a (l u 

^ G/(0')sin ff dO ' 

€, « " 

a 

(| Cv(fl')8in ff dff 



j n \/G,{ff) tan dff 

2 

\ 2 / 

f GAff) sin O' dff 
o 


which by using (15-25) can also he written as 



f it \/G,(ff) ian[^dff 

2 

e ' - 

[ G f (d') sin ff dff 


Thus 


(15-61) 


(15-62) 


(L5-62a) 


1. 100( I - e,) = percent power loss due to energy from feed spilling past the main 
reflector. 

2. ]()()(I - e,) = percent power loss due to nonuniform amplitude distribution over 
the reflector surface. 

3. I(M)( I e,,) = percent power loss if the field over the aperture plane is not in 
phase everywhere. 

4. 100(1 - 6.) = percent power loss if there are cross-polarized fields over the 
antenna aperture plane. 

5. 100(1 — 6,,) = percent power loss due to blockage provided by the feed or 
supporting struts (also by subreflector for a dual reflector). 

6. I (KKI - e r ) = percent power loss due to random errors over the reflector surface. 

An additional factor that reduces the antenna gain is the attenuation in the antenna 

feed and associated transmission line, 

For feeds with 

1. symmetrical patterns 

2. aligned phuse centers 

3. no cross-polarized field components 

4. no blockage 

5. no random surface error 

the two main factors that contribute to llie aperture efficiency are the spillover and 

nonuniform amplitude distribution losses. Because these losses depend primarily on 

the feed pattern, a compromise between spillover and taper efficiency must emerge. 

Very high spillover efficiency can be achieved by a narrow beam pattern with low 
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Figure 15.21 Normalized gain paltem of leed lor uniform amplitude illumination of parab¬ 
oloidal reflector with a total subtended angle of 80" 


minor lobes at the expense of a very low taper efficiency. Uniform illumination and 
ideal taper efficiency can be obtained when the feed power pattern is 

f sec 4 1 — I 0 -s O' S ft, 

C, Uf')=\ \2) (15-63) 

U 0’ > ft, 

which is shown plotted in Figure 15.21. Although such a pattern is "ideal” and 
impractical to achieve, much effort lias been devoted to develop feed designs which 
attempt to approximate it 114|. 

To develop guidelines for designing practical feeds which result in high aperture 
efficiencies, it is instructive to examine the relative field strength at the edges of the 
reflector's bounds (0' = ft,) for patterns that lead to optimum efficiencies. For the 
patterns of (15-56). when used with reflectors that result in optimum efficiencies as 
demonstrated graphically in Figure 15.20. the relative field strength at the edges of 
their angular bounds (0’ = (4,1 is shown plotted in Figure 15,22. Thus for n = 2 the 
field strength of the pattern at O' - ft, is 8 dB down from the maximum. As the 
pattern becomes more narrow In increases), the relative field strength at the edges for 
maximum efficiency is further reduced as illustrated in Figure 15.20. Since for it = 2 
through n = 10 the field strength is between 8 to 10.5 dB down, for most practical 
feeds the figure used is 9-10 dB. 

Another parameter to examine for the patterns of (15-56). when used with reflec¬ 
tors that lead to optimum efficiency, is the amplitude taper or illumination of the main 
aperture of the reflector which is defined as the ratio of the field strength at the edge 
of the reflector surface to that at the vertex. The aperture illumination is a function 
Of the feed pattern and the fid ratio of the reflector. To obtain that, the ratio of the 
angular variation of the pattern toward the two points | G r (0' = O)/G/(0' = ft,)| is 
multiplied by the space attenuation factor ir {) /f) : . where / is the focal distance of the 
reflector and /„ is the distance from the focal point to the edge of the reflector. For 
each of the patterns, the reflector edge illumination for maximum efficiency is 11 dB 
down from that at the vertex. 

The results obtained with the idealized patterns of 1 15-56) should only be taken 
as typical, because it was assumed that 

t. the field intensity for O' > 90* was zero 

2 . the feed was placed at the phase center of the system 
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Figure 15.22 Relative field strength of feed pattern along reflector edge bounds as a func¬ 
tion of primary feed pattern number (cos"«). (sotmen: S. Silver (cd.l. Micmwavr Antenna 
Theory and Design tMIT Radiation Lab. Series. Vol. 12). McGraw-Hill. New York. 1949) 


3. the patterns were symmetrical 

4. there were no cross-polarized field components 

5. there was no blockage 

6 . there were no random errors at the surface of the reflector 

Each factor can have a significant effect on the efficiency, and each has received 
much attention which is well documented in the open literature 111. 

In practice, maximum reflector efficiencies arc in the 65 80'. range. To dem¬ 
onstrate that, paraboloidal reflector efficiencies for square corrugated horns feeds were 
computed, and they are shown plotted in Figure 15.23. The corresponding amplitude 
taper and spillover efficiencies for the aperture efficiencies of Figures 15.20(a) and 
15,23 are displayed, respectively, in Figures 15.20(b) and 15.24. For the data ol 
Figures 15.23 and 15.24. each horn had aperture dimensions of 8A x 8A. their patterns 
were assumed to be symmetrical (by averaging the E- and //-planes), and they were 
computed using the techniques of Section 13.6. From the plotted data, it is apparent 
that the maximum aperture efficiency lor each Iced pattern is in the range of 74-79%. 
and that the product of the taper and spillover efficiencies is approximately equal to 
the total aperture efficiency. 

Wc would be remiss if we left the discussion of this section without reporting the 
gain of some of the largest reflectors that exist around the world 123], The gains are 
shown in Figure 15.25 and include the l.()()()-ft (305-m) diameter spherical reflector 
1121 at Arecibo. Puerto Rico, the 100-ni radio telescope |I5| at HITelsberg. West 
Germany, the 64-m reflector 116| at Goldstone. California, the 22-m reflector at Kritn. 
USSR, and the 12-m telescope at Kilt Peak. Arizona. The dashed portions of the 
curves indicate extrapolated values. For the Arecibo reflector, two curves are shown. 
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Reflector -insular aperture 0„ (degrees! 

Figure 15.23 Parabolic reflector aperture efficiency as a function of 
angular aperture for 8A X 8A square corrugated horn feed with total 
flare angles of 2r li,, = 70°. 85°. and 100°. 


The 215-in diameter curve is lor a reduced aperture of the large reflector (305-m) for 
which a line feed at 1.415 MHz was designed 112]. 

G. Phase Errors 

Any departure of the phase, over the aperture of the antenna, from uniform can lead 
to a significant diminution of its directivity |24|. For a paraboloidal reflector system, 
phase errors result from 117) 

1 . displacement (defocusing) of the feed phase center from the focal point 

2 . deviation of the reflector surface from a parabolic shape or random errors at the 
surface of the reflector 

3. departure of the feed wave fronts from spherical shape 

The defocusing effect can be reduced by first locating the phase center of the 
feed antenna and then placing it at the focal point of the reflector. In Chapter 13 
(Section 13.10) it was shown that the phase center for horn antennas, which are widely 
utilized as feeds for reflectors, is located between the aperture of the horn and the 
apex formed by the intersection of the inclined walls of the horn |25]. 

Very simple expressions have been derived |24| to predict the loss in directivity 
for rectangular and circular apertures when the peak values of the aperture phase 
deviation is known. When the phase errors are assumed to be relatively small, it is 
not necessary to know the exact amplitude or phase distribution function over the 
aperture. 

Assuming the maximum radiation occurs along the axis of the reflector, and that 
the maximum phase deviation over the aperture of the reflector can be represented by 

|J0(p)| = |<£(p) ~ Mp)\ - p^a (15-64) 

where d>(p) is die aperture phase function and Mp) is its average value, then the ratio 
of the directivity with (D) and without (D„) phase errors can be written as |24| 
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Figure 15.24 Parabolic reflector taper and spillover efficiencies as a 
function of reflector aperture for different corrugated horn feeds. 



Figure 15.25 Gains or some worldwide large reflector antennas. 
(source: A. W. Love. Some Highlights in Reflector Antenna Develop¬ 
ment." Radio Siii-iwe. Vol. 11. Nos. 8. 9. August-September 1976) 
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£) directivity with phase error _ /, 

»r\ : 

4 ‘ ^ I | 

D„ directivity without phase error \ 

2 ) 


and the maximum fractional reduction in directivity as 


AD 

Do 


Du ~ D 
D 0 




(15-65) 


(15-66) 


Relatively simple expressions have also been derived [24] to compute the maximum 
possible change in half-power beamwidth. 


Example 15.1 

A 10-m diameter reflector, with an fid ratio of 0.5. is operating at / = 3 GHz. The 
reflector is fed with an antenna whose primary pattern is symmetrical and which can 
be approximated by G,(0') = 6 cos : O'. Find its 

(a) aperture efficiency 

(b) overall directivity 

(c) spillover and taper efficiencies 

(d) directivity when the maximum aperture phase deviation is 7r/X rad 


solution 


Using (15-24). half of the subtended angle of the reflector is equal to 

0.5(0.5) 


0, i = tan 


-1 


- is 


= 53.13° 


(a) The aperture efficiency is obtained using (15-59a). Thus 

€ ap = 24 |sin 2 ( 26.57°) + ln[cos(26.57°)]} a cot 2 (26.57°) 

= 0.75 = 75% 

which agrees with the data of Figure 15.20. 

(b) The overall directivity is obtained by (15-54), or 

D = 0.75(ir( I00)] 2 = 74,022.03 = 48.69 dB 

(c) The spillover efficiency is computed using (15-61) where the upper limit of 
the integral in the denominator has been replaced by tt/ 2. Thus 


1 


53 13 -' 


cos 3 O' sin O' d0' 


,3 .1'153 13' 


6, = 


JOT 

! c 
Jo 


cos’ O' sin O' dO' 


2 cos' O' |o 
2 cos 3 O' |o°° 


= 0.784 = 78.4% 


In a similar manner, the taper efficiency is computed using (15-62). Since 
the numerator in (15-62) is identical in form to the aperture efficiency of 
(15-55), the taper efficiency can be found by multiplying (15-59a) by 2 and 
dividing by the denominator of (15-62). Titus 
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2(0.75) 
“ 1.568 


= 0.9566 = 95.66'# 


The product of e, and e, is equal to 
e,e, = 0.784(0.9566) = 0.75 


Id) 


and it is identical to the total aperture efficiency computed above. 

The directivity for a maximum phase error of m = 7 t/8 = 0.3927 Tad can 
he computed using (15-65). Thus 


D tt 




(0J927rT 

2 


= 0.8517 = -0.69 dB 


or D > 0.8517A, = 0.8517(74.022.03) = 63.046.94 = 48.0 dB 


Surface roughness effects on the directivity of the antenna were first examined 
by Ruze [26| where he indicated that for any reflector antenna there is a wavelength 
(A m ,„) at which the directivity reaches a maximum. This wavelength depends on the 
RMS deviation (<r) of the reflector surface front an ideal paraboloid. For a random 
roughness of Gaussian distribution, with correlation interval large compared to the 
wavelength, they are related by 

Km = 47r<r (15-67) 


Thus the directivity of the antenna, given by (15-54), is modified to include surface 
roughness and can be written as 


D 





(15-68) 


Using (15-67). the maximum directivity of (15-68) can be written as 


where (/ is the index of smoothness dclined by 



ir 


(15-69) 


(15-70) 


In decibels. (15-69) reduces to 

D mm {dB) = 20q - 16.38 + 10log IO (e ap ) 


(15-71) 


For an aperture efficiency of unity (e ap = I). the directivity of (15-68) is plotted 
in Figure 15.26. as a function of Ull A), for values of ry = 3.5. 4.0. and 4.5. It is 
apparent that for each value of </ and a given reflector diameter el, there is a maximum 
wavelength where the directivity reaches a maximum value. This maximum wave¬ 
length is given by (15-67). 


H. Feed Design 

The widespread use of paraboloidal reflectors has stimulated interest in the develop¬ 
ment of feeds to improve the aperture efficiency and to provide greater discrimination 
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Figure 15.26 Reflector surface roughness effects on antenna directivity 
(sot in i : A. W. Love. "Some Highlights in Rcflectot Antenna Develop¬ 
ment." Kudin Science. Vol. 11. Nos 8. l >. August-Sepiembcr 1076) 


against noise radiation from the ground. This can be accomplished by developing 
design techniques that permit the synthesis of feed patterns with any desired distri¬ 
bution over the bounds of the reflector, rapid cutoff at its edges, and very low minor 
lobes in all the other space. In recent years, the two main problems that concerned 
Iced designers were aperture efficiency and low cross-polarization. 

In the receiving mode, an ideal feed and a matched load would be one that would 
absorb all the energy intercepted by the aperture when uniform and linearly polarized 
plane waves are normally incident upon it. Hie feed lield structure must he made to 
match the focal region field structure formed by the reflecting, scattering, and diffract¬ 
ing characteristics of the reflector. By reciprocity, an ideal feed in the transmitting 
mode would he one that radiates only within the solid angle of the aperture and 
establishes within it an identical outward traveling wave. For this ideal feed system, 
the transmitting and receiving mode field structures within the focal region are iden¬ 
tical with only the direction of propagation reversed. 

An optical analysis indicates that the focal region fields, formed by the reflection 
of linearly polarized plane waves incident normally on an axially symmetric reflector, 
arc represented hy the well-known Airy rings described mathematically by the ampli¬ 
tude distribution intensity of [27 ,(m)//< 1 : . This description is incomplete, because it is 
a scalar solution, and it does not take into account polarization effects. In addition, it 
is valid only for reflectors with large //</ ratios, which are commonly used in optical 
systems, and it would be significantly in error for reflectors with JUl ratios of 0-25 to 
0.5. which are commonly used in microwave applications. 

A vector solution has been developed |27| which indicates that the fields near the 
focal region can be expressed hy hybrid TT and TM modes propagating along the 
axis of the reflector. This representation provides a clear physical picture for the 
understanding of the focal region lield formation. The boundary conditions of the 
hybrid modes indicate that these field structures can be represented by a spectrum of 
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hybrid waves that are linear combinations of TE|„ and TM|„ modes of circular 
waveguides. 

A single hollow pipe cannot simultaneously satisfy both the TE and TM modes 
because of the different radial periodicities. However, it has been shown that A/d deep 
annular slots on the inner surface of a circular pipe force the boundary conditions on 
1*3 and II to be the same and provide a single anisotropic reactance surface which 
satisfies the boundary conditions on both TE and TM modes. This provided the genesis 
of hybrid mode waveguide radiators [281 and corrugated horns [291. Corrugated horns, 
whose aperture size and Hare angle are such that at least 180° phase error over their 
aperture is assured, are known as "scalar" horns [30]. Design data for uncorragated 
horns that can be used to maximize the aperture efficiency or to produce maximum 
power transmission to the feed have been calculated (311 and are shown in graphical 
form in Figure 15.27. 

A software package for computer-aided analysis and design of reflector antennas 
has been developed [32]. The program computes the radiation of parabolic and spheri¬ 
cal reflectors. In addition it provides spatial and spectral methods to compute radiation 
due to an aperture distribution. The software package can also be used to investigate 
the directivity, beamwidth. sidelobe level, polarization, and near-to-far-zone fields. 
The program can be obtained through CAEME. Center of Excellence for Multimedia. 

15.4.2 Cassegrain Reflectors 

To improve the performance of large ground-based microwave reflector antennas for 
satellite tracking and communication, it has been proposed that a two-reflector system 



flit rjlio 

Figure 15.27 Optimum pyramidal horn dimensions versus f/d ra¬ 
tio for various horn lengths. 
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be utilized. The arrangement suggested was the Cassegrain dual-reflector system |33] 
of Figure 15.1(d). which was often utilized in the design of optical telescopes and it 
was named after its inventor. To achieve the desired eollimation characteristics, the 
larger (main) reflector must be a paraboloid and the smaller (secondary) a hyperboloid. 
The use of a second reflector, which is usually referred to as the subreflector or 
subdish, gives an additional degree of freedom for achieving good performance in a 
number of different applications. For an accurate description of its performance, 
diffraction techniques must be used to take into account diffractions from the edges 
of the subreflector, especially when its diameter is small [34|. 

In general, the Cassegrain arrangement provides a variety of benefits, such 
as the 

1 . ability to place the feed in a convenient location 

2 . reduction of spillover and minor lobe radiation 

3. ability to obtain an equivalent focal length much greater than the physical length 

4. capability for scanning and/or broadening of the beam by moving one of the 

reflecting surfaces 

To achieve good radiation characteristics, the subreflector or subdish must be 
several, at least a few. wavelengths in diameter. However, its presence introduces 
shadowing which is the principal limitation of its use as a microwave antennu. The 
shadowing can significantly degrade the gain of the system, unless the main reflector 
is several wavelengths in diameter. Therefore the Cassegrain is usually attractive for 
applications that require gains of 40 dB or greater. There are. however, a variety of 
techniques that can he used to minimize aperture blocking by the subreflector. Sonic 
of them are |33| (I) minimum blocking with simple Cassegrain, and (2) twisting 
Cassegrains for least blocking. 

The first comprehensive published analysis of the Cassegrain arrangement as a 
microwave antenna is that by Hannan |33|. He uses geometrical optics to derive the 
geometrical shape of the reflecting surfaces, and he introduces the equivalence con¬ 
cepts of the virtual feed and the equivalent parabola. Although his analysis does not 
predict fine details, it does give reasonably good results. Refinements to his analysis 
have been introduced [34|-|36|. 

To improve the aperture efficiency, suitable modifications to the geometrical 
shape of the reflecting surfaces have been suggested [371-|39]. The reshaping of the 
reflecting surfaces is used to generate desirable amplitude and phase distributions over 
one or both of the reflectors. The resultant system is usually referred to as shaped 
dual-reflector. The reflector antenna of Figure 15.9 is such a system. Shaped reflector 
surfaces, generated using analytical models, are illustrated in |39|. It also has been 
suggested [35] that a flange is placed around the suhreflector to improve the aperture 
efficiency. 

Since many reflectors have dimensions and radii of curvature large compared to 
the operating wavelength, they were traditionally designed based on geometrical optics 
(GO) [39]. Both the single- and double-reflector (Cassegrain) systems were designed 
to convert a spherical wave at the source (focal point) into a plane wave. Therefore 
the reflecting surfaces of both reflector systems were primarily selected to convert the 
phase of the wavefront from spherical to planar. However, because of the variable 
radius of curvature at each point of reflection, the magnitude of the reflected field is 
also changed due to spatial attenuation or amplitude spreading factor [40) or diver¬ 
gence factor 14-131) of Section 4.S.3. which are functions of the radius of curvature 
of the surface at the point of reflection. This ultimately leads to amplitude taper of 
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Figure 15.28 Geometrical optics for the reshaping and synthesis of ihe reflectors of a Cas¬ 
segrain system. tsni KCi•: R Mittra and V. Gnlindo-lsntel "Shaped Dual Reflector Synthe¬ 
sis." IEEE Antennas and PropURdlinn Society Newsletter. Vol. 22. No. 4. pp. 5 -4, August 
1980. © (19801 IF.EF-l 


the wavefront at the aperture plane. This is usually undesirable, and it can sometimes 
be compensated to some extent by the design of the pattern of the feed element or of 
the reflecting surface. 

For a shaped-dual reflector system, there are two surfaces or degrees of freedom 
that can be utilized to compensate for any variations in the phase and amplitude of 
the field at the aperture plane. To determine how each surface may be reshaped to 
control the phase and/or amplitude of the field at the aperture plane, let us use 
geometrical optics and assume that the field radiated by the feed (pattern) is repre¬ 
sented. both in amplitude and phase, by a bundle of rays which has a well-defined 
periphery. This bundle of rays is initially intecepted by the subreflector and then by 
the main reflector. Ultimately the output, after two reflections, is also a bundle of rays 
with prescribed phase and amplitude distributions, and a prescribed periphery, as 
shown in Figure 15.28(a) (411. It has been shown in (42| that for a two-reflector 
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system with high magnification (i.e.. large ratio of main reflector diameter to sub¬ 
reflector diameter) that over the aperture plane the 

(a) amplitude distribution is controlled largely by the subreflcctor curvature. 

(b) phase distribution is controlled largely by the curvature of the main reflector. 

Therefore in a Cassegrain two-reflector system the reshaping of the paraboloid main 
reflector can lx- used to optimize the phase distribution while the reshaping of the 
hyperboloid subreflector can be used to control the amplitude distribution. This was 
used effectively in |42| to design a shaped two-reflector system whose field reflected 
by the subreflcctor bad a nomphericaJ phase but a escV 6/2) amplitude pattern. How¬ 
ever. the output from the main reflector had a perfect plane wave phase front and a 
very good approximate uniform amplitude distribution, as shown in Figure 15.28(b). 

Because a comprehensive treatment of this arrangement can be very lengthy, only 
a brief introduction of die system will be presented here. The interested reader is 
referred to the referenced literature. 

A. Classical Cassegrain Form 

The operation of the Cassegrain arrangement can be introduced by referring to Figure 
15.1(d) and assuming the system is operating in the receiving or transmitting mode. 
To illustrate the principle, a receiving mode is adapted. 

Let us assume that energy, in the form of parallel rays, is incident upon the 
reflector system. Energy intercepted by the main reflector, which has a large concave 
surface, is reflected toward the subreflcctor. Energy Collected by the convex surface 
of the subdish is reflected by it, and it is directed toward the vertex of the main dish. 
If the incident rays arc parallel, the main reflector is a paraboloid, and the subreflector 
is a hyperboloid, then the collected bundle of rays is focused at a single point. The 
receiver is then placed at this focusing point. 

A similar procedure can be used to describe the system in the transmitting mode. 
The feed is placed at the focusing point, and it is usually sufficiently small so that the 
subdish is located in its fur-field region. In addition, the subreflcctor is large enough 
that it intercepts most of the radiation from the feed. Using the geometrical arrange¬ 
ment of the paraboloid and the hyperboloid, the rays reflected by the main dish will 
be parallel. The amplitude taper of the emerging rays is determined by the feed pattern 
and the tapering effect of the geometry. 

The geometry of the classical Cassegrain system, employing a concave paraboloid 
as the main dish and a convex hyperboloid as the subreflector, is simple and n can 
be described completely by only four independent parameters (two for each reflector). 
The analytical details can be found in |33). 

To aid in the understanding and in predicting the essential performance of a 
Cassegrain, the concept of virtual feed (33) is useful. By this principle, the real feed 
and the subreflcctor are replaced by an equivalent system which consists of a virtual 
feed located at the focal point of the main reflector, as show n by the dashed lines of 
Figure 15.29(a). For analysis purposes then, (he new system is a single-reflector 
arrangement with the original main dish, a different feed, and no subreflcctor. 

The configuration of the virtual feed can be determined by finding die optical 
image of the real feed. This technique is only accurate when examining the effective 
aperture of the feed and when the dimensions of the real and virtual feeds arc larger 
than a wavelength. In fact, for the classical Cassegrain arrangement of Figure 15.29(a). 
the virtual feed has a smaller effective aperture, and a corresponding broader beam- 
width. than the real feed. The increase in beamwidth is a result of the convex curvature 
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Figure 15.29 Virtual-feed and equivalent parabola concepts. ( soukct: P. W. Hannan, 
"Microwave Antennas Derived from the Cassegrain Telescope." IRE Trims. Antennas 
Pm/MHiil. Vol. AP-9. No. 2. March 1961. 1 (lOfili IEEE) 


of the subreflector, and it can be determined by equating the ratio of the virtual to 
real-feed beamwidths to the ratio of the ungles 0J8 r . 

The ability to obtain a different effective aperture for the virtual feed as compared 
to that of the real feed is useful in many applications such as in a monopulse antenna 
1331. To maintain efficient and wideband performance and effective utilization of the 






828 Chapter 15 Reflector Antennas 


main aperture, this system requires a large feed aperture, a corresponding long local 
length, and a large antenna structure. The antenna dimensions can be maintained 
relatively small by employing the Cassegrain configuration which utilizes a large feed 
and a short focal length for the main reflector. 

Allhough the concept of virtual feed can furnish useful qualitative information 
for a Cassegrain system, it is not convenient for an accurate quantitative analysis. 
Some of the limitations of the virtual feed concept can be overcome by the concept 
of the equivalent parabola [331. 

By the technique of the equivalent parabola, the main dish ami the subreflector 
are replaced by an equivalent focusing surface at a certain distance from the real focal 
point. This surface is shown dashed in Figure 15.29(b). and it is defined as 133J "the 
locus of intersection of incoming rays parallel to the antenna axis with the extension 
of the corresponding rays converging toward the real focal point." Bused on simple 
geometrical optics my tracing, the equivalent focusing surface for a Cassegrain con¬ 
figuration is a paraboloid whose focal length equals the distance from its vertex to 
the real focal point. This equivalent system also reduces to a single-reflector arrange¬ 
ment. which has the same feed hut a different main reflector, and it is accurate when 
the subreflector is only a few wavelengths in diameter. More accurate results can he 
obtained bv including diffraction patterns. It also has the capability to locus toward 
the real focal point an incoming plane wave, incident from the opposite direction, in 
exactly the same manner as the actual main dish and the subreflector. 

H. Cassegrain and Gregorian Farms 

In addition to the classical Cassegrain forms, there are other configurations that employ 
a variety of main reflector and subreflector surfaces and include concave, convex, and 
flat shapes [33]. In one form, the main dish is held invariant while its feed beamwidth 
progressively increases and the axial dimensions of the antenna progressively de¬ 
crease. In another form, the feed beamwidth is held invariant while the main reflector 
becomes progressively Hatter and the axial dimensions progressively increase. 

A series of configurations in which the feed beamwidth is progressively increased, 
while the overall antenna dimensions are held fixed, are shown in Figure 15.30. The 
lirsl five arc referred to as Cassegrain forms while the last two are Gregorian forms, 
whose configurations are similar to the Gregorian telescope. A number of parameter 
ranges, along with distinguishing characteristics, arc indicated alongside each config¬ 
uration sketch. The main dish for the fourth configuration has degenerated to a flat 
contour, the subreflector to a parabolic contour, and they can he separated by distances 
where the ray-tracing approximation is valid. For the fifth configuration, the sub- 
reflector has degenerated to a ridiculous extreme concave elliptical contour and the 
main dish to a convex parabolic form, with the former being larger than the latter. 

For the last two configurations, which are referred to as Gregorian forms, the 
focal point of the main dish has moved to the region between the two dishes and the 
subreflector has attained a concave elliptical contour. When the overall size and the 
feed beamwidth of the classical Gregorian arc identical to those of the classical 
Cassegrain, the Gregorian form requires a shorter focal length for the main dish. The 
feed for the second of the Gregorian forms has moved to a location between the focus 
of the main dish and the subreflector while the main dish has kept the same dimensions 
as the first form. In general, this configuration has several major disadvantages that 
make it unattractive for many antenna applications. 

From the data in Figure 15.30. the relative sizes of the effective apertures of the 
virtual and real feeds can be inferred. When the subreflector is flat, the real and virtual 
feeds are identical. The virtual feeds of the Cassegrain configurations, which have a 
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Figure 15.3(1 Scries of Cassegrain anil Gregorian reflector forms, (source P. W. Hannan, 
"Microwave Antennas Derived from the Cassegrain Telescope." IRE Trans. Antennas 
I’m/,awn.. Vol. AP-9. No. 2. March |96l. C 1 1961) IEEE) 
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concave suhreflector. possess smaller bcamwidths and larger effective apertures than 
their corresponding real feeds. However, the virtual feed of the classical Gregorian 
configuration, which also has a concave subreflector, possesses an effective aperture 
which is smaller than that of the real feed. 

The equivalent parabola concept is applicable to all the Cassegrain and Gregorian 
forms, and they are shown dashed in Figure 15.30. The classical Cassegrain and 
Gregorian configurations huve equivalent focal lengths which are greater than the 
focal lengths of the corresponding main dishes. For the Cassegrain arrangement with 
the Hal suhreflector. the equivalent local length is equal to the local length of Ilk- 
main disii. In general, the equivalent local lengths of the Cassegrain configurations 
which have a concave subreflector are shorter than the focal lengths of their corre¬ 
sponding main dishes For the configuration with the flut main dish, the equivalent 
parabola is identical with the suhreflector. 

The equivalent parabola concept can also be used to determine the amplitude 
taper across the aperture of a Cassegrain arrangement. As for the front-led configu¬ 
ration. the amplitude taper or aperture illumination is determined by the radiation 
pattern of the feed modified by the space attenuation factor of the reflector. The 
amplitude taper of a Cassegrain configuration is identical to that of a front-fed ar¬ 
rangement whose feed is the actual feed and whose focal length is the equivalent 
focal length. In other words, the process is identical to that of a front-fed configuration 
except that the equivalent fjd ratio is used. 


15.5 SPHERICAL REFLECTOR 

The discussion and results presented in the previous sections illustrate that a parabo¬ 
loidal reflector is an ideal collimating device. However, despite all of its advantage, 
and many applications it is severely handicapped in angular scanning. Although 
scanning can be accomplished by (I) mechanical rotation of the entire structure, and 
(2) displacement of the feed alone, it is thwarted by the large mechanical moment ol 
inertia in the first ease and by the large coma and astigmatism in the second. By 
contrast, the spherical reflector can make an ideal wide-angle scanner because of its 
perfectly symmetrical geometrical configuration. However, it is plagued by poor 
inherent collimating properties. If. for example, a point source is placed at the focus 
of the sphere, it does not produce plane waves. The departure of the reflected wave- 
front from a plane wave is known as spherical aberration, and it depends on the 
diameter and local length of the sphere. By reciprocity, plane waves incident on a 
spherical reflector surface parallel to its axis do not coverge at the focal point. However 
a spherical reflector lias the capability of focusing plane waves incident at various 
angles by translating and orientating the feed and by illuminating different parts of 
the structural geometry. The 1,000-l't diameter reflector 1121 at Arecibo. Puerto Rico 
is a spherical reflector whose surface is built into the earth and the scanning is 
accomplished hy movement of the feed. 

The focusing characteristics of a typical spherical reflector is illustrated in Figure 
15.31 for three rays. The point F in the figure is the paraxial focus, and it is equal to 
one-half the radius of the sphere. The caustic surface is an epicycloid and is generated 


• A caustic is a point, a tine, or a surface llirouglt which all the rays in a bundle pass and where flic 
intensity is infinite. The caustic also represents the geometrical loci of all the centers of curvitture of the 
wave surluces I- samples of it include the local line fm cylindrical parabolic reflector and the local point 
of u paraboloidal reflector. 
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Figure 15.31 Spherical rellcctor geomeiry and rays that form a caustic. 


by the reflection of parallel rays. A degenerate line FV of this caustic is parallel to 
the incident rays and extends from the paraxial focus to the vertex of the reflector. If 
one draws a ray diagram of plane waves incident within a 120° cone, it will be shown 
that all energy must pass through the line FV. Thus, the line FV can be used for the 
placement of the feed for the interception of plane waves incident parallel to the axial 
line. It can thus be said that a spherical reflector possesses a line focus instead of a 
point. However, amplitude and phase corrections must be made in order to realize 
maximum antenna efficiency. 

Ashmead and Pippard [43] proposed to reduce spherical aberration and to mini¬ 
mize path error by placing a point source feed not at the paraxial locus /- (half radius 
of the sphere), as taught in optics, but displaced slightly toward the reflector. For an 
aperture of diameter cl. the correct location for placing a point source is a distance /„ 
from the vertex such that the maximum path error value is |43| 



(15-72) 


and the maximum phase error does not differ from a paraboloid by more than one- 
eighth of a wavelength. This, however, leads to large Jhl and to poor area utilization. 
A similar result was obtained by Li |44|. He stated that the total phase error (sum of 
maximum absolute vulues of positive and negative phase errors) over an aperture of 
radius a is least when the phase error at the edge of the aperture is zero. Thus the 
optimum focal length is 
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u = (K + 


(15-73) 


where 


R = radius of the spherical reflector 
a = radius of the utilized aperture 


Thus when R la. the optimum focal length is 0.4665/? and the corresponding total 
phase error, using the formula found in |44|. is 0.0264 MR/A) rad. Even though the 
optimum local length leads to minimum total phase error over a prescribed aperture, 
it does not yield the best radiation pattern when the illumination is not uniform For 
a tapered amplitude distribution, the focal length that yields the best radiation pattern 
will be somewhat longer, and in practice, it is usually determined by experiment 
Thus for a given maximum aperture size there exists a maximum value of total 
allowable phase error, and it is given by |44| 


£| J = , 4 7 (A/Aljuud 

' <*/A> 


(15-74) 


where (A/A) is die total phase error in wavelengths. 


F.xample 15.2 

A spherical reflector has a 10-ft diameter. If at 11.2 GHz the maximum allowable 
phase error is A/16, find the maximum permissible aperture. 


SOLUTION 
At /= 11.2 GHz 


A = 0.08788 ft 


= 14.7 


1/16 \ 
56.8957 ) 


a 4 =* 10.09 
a = 1.78 ft 


= 0.01615 


To overcome the shortcoming of a point feed and minimize spherical aberration. 
Spencer, Slellen, and Walsh |45| were the first to propose the use of a line source 
Iced. Instead of a continuous line source, a set of discrete feed elements can be used 
to reduce spherical aberration when they arc properly placed along the axis in the 
vicinity of the paraxial focus. The number of elements, their position, and the portion 
of the reflector surface which they illuminate is dictated by the allowable wavefront 
distortion, size, and curvature of the reflector. This is shown in Figure 15.32 |46], A 
single feed located near the paraxial focus will illuminate the central portion of the 
reflector. If the reflector is large, additional feed elements along the axis toward the 
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Figure 15.32 Reflector illumination by Iced sections placed between paraxial focus and 
vertex, (source; A. C. Schell. "The Diffraction Theory of Large-Aperture Spherical Reflec¬ 
tor Antennas." IRE Trans. Antennas Pmpugat., Vol. AP I I. No. 4. July 1963, if.' (1963) 
IEEE) 


vertex will be needed to minimize the phase errors in the aperture. The ultimate feed 
design will he a compromise between a single element and a line-source distribution. 

An extensive effort has been placed on the analysis and experiment of spherical 
reflectors, and most of it can be found well documented in a book of reprinted papers 
11|. In addition, a number of two-dimensional patterns and aperture plane constant 
amplitude contours, for symmetrical and offset feeds, have been computed [20]. 
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PROBLEMS 

15 I An infinite line source, of constant electric current / n . is placed a distance s above a 

flat and infinite electric ground plane. Derive the array factor. 

15.2, For comer reflectors with included angles of a = 60' . 45 , and 30”: 

(a) Derive the array factors of (15-71-t l5-9bi. 

(b) Plot the held strength along the axis (0 - 90". <b - 0°) us a function of the leed- 
lo-vertex spacing. 0 s s/A ^ 10. 

15.3. Consider a corner reflector with an included angle of a 36°. 

(a) Derive the array factor. 

Ib) Plot the relative liekl strength along the axis (0 = 90". «/* 0 ) as a function of 

the feed-to-vertex spacing forO s s/A *- 10. 

(c) Determine the spacing that yields the hrst maximum possible field strength along 
the axis. For this spacing, whai is the ratio of the held strength of the corner 
reflector along the axis to the held strength of the feed clement alone? 

(d) For the spacing in part c. plot the normalized power pattern in the azimuthal plane 
(0 = 90°). 
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15 4. A 6tf corner reflector, in conjunction with n A/2 dipole Iced, is used in a radar tracking 
system. One of the requirements lor such a system is that the antenna, in one of us 
modes of operation, has a null along the forward symmetry axis. In order to accomplish 
ihis. what should he the feed spacing from the vertex (in wavelengths)?To gel credit, 
give all the possible values of the fecd-U)-vertex spacing. 

15,5. For a parabolic reflector, derive (15-25) which relates ihe f/d ratio to its subiended 
ungle ft,. 

15.0. Show lhai for a parabolic reflector 

(ai 0 s f/d = 0.25 relates to 180° ft, a 90" 

(h) 0.25 s f/d <; x relates to 90" > ft, > 0° 

15.7. The diameter of a paraboloidal reflector antenna (dish), used for public television 
stations, is 10 meters. Find the far-zone distance if the antenna is used al 2 and 4 GHz. 

15.8. Show dial ihe directivity of a uniformly illuminated circular aperture of diameter J is 
equul lo ( 

15.9. Verify (15-33) and (!5-33a). 

15.10. I he held radiated by a paraboloidal reflector wiili an f/d ratio of 0.5 is given by 

1'. - (ft, + a. mu <h eos i/i) Kr. ft. i/>) 

where the ^component is the co-pol and the y-eomponent is the cross-pol. 

(a) At what observation angle(.v) (in degrees) (()" 180*) is the cross-pol minimum'.’ 

Whai is the minimum value? 

(h) At what observation unglc(.r) (in degrees i (0° 180°) is the cross-pol maximum? 

Whal is the maximum value? 

(c) What is the polarization loss factor when the receiving antenna is linearly polarized 
in ihe .v-dircction. 

(d) Whin is Ihe polarization loss factor when the receiving antenna is linearly polarized 
in the v-direciion. 

tel What should the polarization of the receiving antenna be in order to eliminaie she 
losses due lo polarization? Write an expression for the polarization of the receiving 
antenna to achieve this. 

15.11. Verify (15-49) and (15-54). 

15 12 A small parabolic reflector (dish) of revolution, referred to as a paraboloid, is now 
being advertised us a TV antenna for direct broadcast. Assuming the diameter of the 
reflector is I meter, determine at 3 GHz the directivity (in dB) of the antenna if the 
feed is such that 

(in the illumination over the aperture is uniform (ideal) 

(hi die taper efficiency is 8055- while the spillover efliciencv is 85*<f Assume no other 
losses. What is die total aperture efficiency of the antenna (in dB)? 

15.13. The 140-fi (42.672-in) paraboloidal reflector al the National Radio Astronomy Ob¬ 
servatory. Green Bank. W Va, has an f/d ratio of 0,4284. Determine the 
(a) subtended angle of the reflector 

lb) aperture efficiency assuming the feed pattern is symmetrical and its gain pattern 
is given by 2 cos : (ft72), where O’ is measured from the axis of the reflector 
(c) directivity of the entire system when the anienna is operating at 10 GHz. and his 
illuminated by the Iced pattern of part lb) 
id) directivity of the entire system ai 10 GHz when (he reflector is illuminated by the 
Iced pattern or part tb) and the maximum aperture phase deviation is tt/Ui rad 
15, |4. A paraboloidal reflector has an f/d ratio of 0.38. Determine 

in) which cos" O' symmetrical Iced pattern will maximize its aperture efficiency 
ib) ihe directivity of ihe reflector when the focal length is I0A 
(c) the viiluc of the feed pattern in dH (relative to the main maximum) along the edges 
of the reflector 

15.15 Verify lhai (he ideal parabolic reflector feed pattern, for uniform amplitude taper and 
no spillover, is thal represented by sec 4 (O’12). 



Problems 837 


15.16. The symmetrical feed pattern for a paraboloidal reflector is given by 


C/ = 



0 £ O' £ tt/2 
elsewhere 


where Gq is a conslunt. 

(al Evaluate the constum Go. 

(b) Denvc an expression for Ihe aperture efficiency. 

(c) Find the subtended angle of the reflector that will maximize tile aperture efficiency. 
What is the maximum aperture efficiency? 

15.17. A paraboloidal reflector is operating at a frequency of 5 (ill/. It is 8 meters in diameter, 
with an fid ratio of 0.25. it is fed with an antenna whose primary pattern is symmetrical 
and which can be approximated by 




10 cox 4 O' 
0 


0 £ O' £ Till 
elsewhere 


Find its 

(a) aperture efficiency 
(bl overall directivity 
Id spillover efficiency 

(d) taper efficiency 

15.18. A parabolic reflector has a diameter of 10 meters and has an included angle of = 
30". The directivity at the operating frequency of 25 GHz is 5.420,000. The phase 
efficiency, polarization efficiency, blockage efficiency, and random error efficiency 
are all 100%. The Iced has a phi-symmetric pattern given by 


G,= 


G„ cos'" O' 
0 


0° £ O' £ 00° 
elsewhere 


Find the taper, spillover, and overall efficiencies. 

15.19. A l()-metcr diameter paraboloidal reflector is used as a TV satellite antenna. The 
locus-to-diamctcr ratio of the reflector is 0.536 and the pattern of the feed in the 
forward region can be approximated by cos'll )’). Over die area of the reflector, the 
incident power density from the satellite can be approximated by a uniform plane 
wave with a power density of 10 n watts/nr. At a center frequency of 9 GHz: 

(al Whttl is the maximum directivity of the reflector (in dB)? 
lb) Assuming no losses of any kind, what is Ihe maximum power that can be delivered 
to a TV receiver connected to the reflector through a lossless transmission line? 

15.20. A 3-mctcr diameter parabolic reflector is used as a receiving antenna for satellite 
television reception al 5 GHz. The reflector is connected to the television receiver 
through a 78-ohm coaxial cable. The aperture efficiency is approximately 7591. As¬ 
suming the maximum incident power density from the satellite is 10 microwatts/square 
meter and the incident wave is polarization-matched to the reflector antenna, what is 
the: 

(al Directivity of the antenna (in dB) 

(b) Maximum power (in watts) that can be delivered to the receiving TV? Avsume 
no losses. 

tc) Power (in watts) delivered to the receiving TV if the reflection coefficient at die 
transmission line/receiving TV terminal junction is 0,2. Assume no other losses. 

15.21. A reflector antenna with a total subtended angle of 120“ is illuminated at 10 GHz with 
a specially designed feed so that ns aperture efficiency is nearly unity. The focal 
distance of the reflector is 5 meters. Assuming the radiation pattern is nearly sym¬ 
metric. determine the. 
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ia.i Hall-power beam width (in degrees), 
tbl Sidclobc level (in dB). 

(c) Directivity fin dB) 

(d) Directivity (in dB) based on Kraus' formula and Tai & Pereira's formula, 

lc) Loss in directivity (in dB) If the surface has rms random roughness of 0.64 mm. 

15.22. A front-fed paraboloidal reflector with an fid radio of 0.357. whose diameter is 10 
meters and which operates at 10 GHz, is fed by an antenna w hose power pattern Is 
rotationally symmetric and it is represented by cos 3 (fl/2). All (he power is radiated in 
the forward region (0° s O' s 90°) of die feed. Determine the 

(a) spillover efficiency 
(h) taper efficiency 

(e) overall aperture efficiency 

(d) directivity of the reflector (in dB) 

(e) directivity of the reflector (in dB) if the RMS. reflector surface deviation from an 
ideal paraboloid is XJ 100. 

15.23. Design pyramidal horn antennas that will maximize the aperture efhcicncy or produce 
maximum power transmission to the feed, for paraboloidal reflectors wilh/W ratios of 

(a) 0.50 

(b) 0.75 

(c) 1.00 




CHAPTER 


16 

ANTENNA MEASUREMENTS 


16.1 INTRODUCTION 

In the previous fifteen chapters, analytical methods have been outlined which can he 
used to analyze, synthesize, and numerically compute the radiation characteristics of 
antennas. Often many antennas, because of their complex structural configuration and 
excitation method, cannot be investigated analytically. Although the number of radi¬ 
ators that fall into this category has diminished, because special analytical methods 
(such ;ls the GTD. Moment Method. Finite-Difference Time-Domain and Finite Ele¬ 
ment) have been developed during the past few years, there are still a fair number 
that have not been examined analytically. In addition, experimental results arc often 
needed to validate theoretical data. 

As was discussed in Chapter 3. Section 3.8.1. it is usually most convenient to 
perform antenna measurements with the test antenna in its receiving mode. If the test 
antenna is reciprocal, the receiving mode characteristics (gain, radiation pattern, etc.) 
are identical to those transmitted by the antenna. The ideal condition for measuring 
far-field radiation characteristics then, is the illumination of die test antenna by plune 
waves: uniform amplitude and phase. Although this ideal condition is not achievable, 
it can be approximated by separating the test antenna from the illumination source by 
a large distance on an outdoor range. At large radii, the curvature of the spherical 
phasefront produced by the source antenna is small over the test antenna aperture. If 
the separation distance is equal to the inner boundary of the far-ficld region. 2D"’/A, 
then the maximum phase error of the incident field from an ideal plane wave is about 
22.5°. as shown in Figure 16.1. In addition to phasefront curvature due to finite 
separation distances, reflections from the ground and nearby objects are possible 
sources of degradation of the test antenna illumination. 

Experimental investigations suffer from a number of drawbacks such us: 

1. For pattern measurements, the distance to the far-field region (r > 2/>’/A) is too 
long even for outside ranges. Ii also becomes difficult to keep unwanted reflections 
from the ground and the surrounding objects below acceptable levels. 

2. In many cases, it may be impractical to move the antenna from the operating 
environment to the measuring site. 

3. For some antennas, such as phased arrays, the time required to measure the 
necessary characteristics may be enormous. 

839 
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Planar 



Figure 16.1 Phase error at the edges of a lest antenna in the fai-lield when illuminated bv 
u spherical wave. 


4. Outside measuring systems provide an uncontrolled environment, and they do 
not possess an all-weather capability. 

5. Enclosed measuring systems usually cannot accommodate large antenna systems 
(such as ships, aircraft, large spacecraft, etc.). 

6. Measurement techniques, in general, are expensive. 

Some of the above shortcomings can be overcome by using special techniques, such 
as indoor measurements, far-lield pattern prediction from near-tield measurements 
111-[4|. scale model measurements, and automated commercial equipment specifically 
designed for antenna measurements and utilizing computer assisted techniques. 

Because of the accelerated progress made in aerospace/defense related systems 
(with increasingly small design margins), more accurate measurement methods were 
necessary. To accommodate these requirements, improved instrumentation and meas¬ 
uring techniques were developed which include tapered anechoic chambers [5]. com¬ 
pact and extrapolation ranges |2J, near-field probing techniques [2]-|4|, improved 
polarization techniques and swepl-frequency measurements |6|, indirect measure¬ 
ments of antenna characteristics, and automated lest systems. 

The parameters that often best describe an antenna system's performance are the 
pattern (amplitude and phase), gain, directivity, efficiency, impedance, current distri¬ 
bution. and polarization. Each of these topics will be addressed briefly in this chapter, 
A more extensive and exhaustive treatment of these and other topics can he found in 
the IEEE Slumlord Test Procedures for Antennas [7|. in a summarized journal paper 
[8|, and in a book on microwave antenna measurements |6|. Most of the material in 
this chapter is drawn from these three sources. The author recommends that the IEEE 
publication on test procedures for antennas becomes part of the library of every 
practicing antenna and microwave engineer. 

16.2 ANTENNA RANGES 

The testing and evaluation of antennas are performed in antenna ranges. Antenna 
facilities are categorized as outdoor and indoor ranges, and limitations are associated 
with both of them. Outdoor ranges are not protected from environmental conditions 
whereas indoor facilities are limited by space restrictions. Because some of the antenna 
characteristics are measured in the receiving mode and require far-field criteria, the 
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Figure 16.2 Geometrical arrangement for reflection range. (SOUHCI I H Hemming anil 
R. A. Heaton. "Anlentta Gain Calibration on a Ground Reflection Range." IEEE Trims 
Antrim,is Propantit.. Vol AP-21. No. 4. pp. 532-537. July 1973. © (1973) IEEE) 


ideal Held incident upon the test antenna should lie a uniform plane wave. To meet 
this specification, a large space is usually required and il limits the value of indoor 
facilities. 

16.2.1 Reflection Ranges 

In general, there are two basic types of antenna ranges: the relit; lion and the free- 
sluice ranges. The reflection ranges, if judiciously designed [9], can create a construc¬ 
tive interference in the region of the test antenna which is referred to as the "quiet 
zone." This is accomplished by designing the ranges so that specular reflections from 
the ground, as shown in Figure 16.2, combine constructively with direct rays. 

Usually it is desirable for the illuminating licld to have a small and symmetric 
amplitude taper. This can he achieved by adjusting the transmitting antenna height 
while maintaining constant that of the receiving antenna. These ranges are of the 
outdoor type, where the ground is the reflecting surface, and they are usually employed 
in the UHF region for measurements of patterns of moderately broad antennas. They 
are also used for systems operating in the UHF to the 16-GHz frequency region, 


16.2.2 Free-Spacc Ranges 

Free-space ranges are designed to suppress the contributions from the surrounding 
environment and include elevated ratines, slant ratines |I0|, anechoic chambers, 
compact ratines |2], and near-field ratines |4|. 

A. Elevated Ratines 

Elevated ranges are usually designed to operate mostly over smooth terrains. The 
antennas are mounted on towers or roofs of adjacent buildings. These ranges are used 
to test physically large antennas. A geometrical contiguration is shown in Figure 
16.3(a). The contributions from the surrounding environment are usually reduced or 
eliminated by |7| 
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Figure 16.3 Geometries of elevated and slant ranges. (SOURCES: IEEE Standard Test I'm- 
i idlin '. Jnr Antennas. IEEE Sid 149-197*). published by IEEE. Inc.. 1979. distributed by 
Wiley: and P. VS Arnold. "The Slant' Antenna Range." IEEE Trims. Antennas Propagai., 
Vol. AP-14. No. 5. pp. 658-659. Sept. 1966. © (1966) IEEE) 


1. carefully selecting the directivity and side lobe level of the source untenna 

2. clearing the line-of-sight between the antennas 

3. redirecting or absorbing any energy that is reflected front the range surface and/or 
from any obstacles that cannot be removed 

4. utilizing special signal processing techniques such as modulation tagging of the 
desired signal or by using short pulses 

In some applications, such as between adjacent mountains or hilltops, the ground 
terrain may he irregular. For these cases, it is more difficult to locate the specular 
reflection points (points that reflect energy toward the test antenna). To take into 
account the irregular surface, scaled drawings of the vertical profile of the range are 
usually constructed from data obtained from the U.S. Geological Survey. The maps 
show ground contours |l l|, and they give sufficient details which can be used to 
locate the specular reflection points, determine the level of energy reflected toward 
the test antenna, and make corrections it it is excessive. 
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U. Slum Ranges 

Slant ranges (101 are designed so that the test antenna, along with its positioner, are 
mounted at a fixed height on a nonconducting tower while the source (transmitting) 
antenna is placed near the ground, as shown in Figure 16.3(b). The source antenna is 
positioned so that the patient maximum, of its free-spacc radiation, is oriented toward 
the center of the test antenna. The first null is usually directed toward the ground 
specular reflection point to suppress reflected signals. Slant ranges, in general, are 
more compact than elevated ranges in that they require less land. 


C. Anechoic Chambers 

To provide a controlled environment, an all-weather capability, and security, and to 
minimize electromagnetic interference, indoor anechoic chambers have been devel¬ 
oped as an alternative to outdoor testing. By this method, the testing is performed 
inside a chamber having walls that are covered with RF absorbers. The availability 
of commercial high-quality RF absorbing material, with improved electrical charac¬ 
teristics, has provided the impetus for the development and proliferation of anechoic 
chambers. Anechoic chambers are mostly utilized in the microwave region, but ma¬ 
terials have been developed 112| which provide a reflection coefficient of 40 dB at 
normal incidence at frequencies as low as 100 MHz. In general, as the operating 
frequency is lowered, the thickness of RF absorbing material must be increased to 
maintain a given level of reflectivity performance. An RF absorber that meets the 
minimum electrical requirements at the lower frequencies usually possesses improved 
performance at higher frequencies. 

Presently there arc two basic types of anechoic chamber designs: the rectangular 
and the tapered chamber. The design of each is based on geometrical optics tech¬ 
niques, and each attempts to reduce or to minimize specular reflections. The geomet¬ 
rical configuration of each, with specular reflection points depicted, is shown in 
Figures 16.4(a) and 16.4(b). 

The rectangular chamber [I3| is usually designed to simulate free-space condi¬ 
tions and maximize the volume of the quiet zone. The design lakes into account the 
pattern and location of the source, the frequency of operation, and it assumes that the 
receiving antenna at the test point is isotropic. Reflected energy is minimized by the 
use of high-quality RF absorbers. Despite the use of RF absorbing material, significant 
specular reflections can occur, especially at large angles of incidence. 

Tapered anechoic chambers [I4| take the form of a pyramidal horn. They begin 
with a tapered chamber which leads to a rectangular configuration at the test region 
as shown in Figure 16.4(b). At the lower end of the frequency band at which the 
chamber is designed, the source is usually placed near the apex so that the reflections 
from the side walls, which contribute to the region of the test antenna, occur near the 
source antenna. For such paths, the phase difference between the direct radiation and 
that reflected from the walls near the source can be made very small by properly 
locating the source antenna near the apex. Thus the direct and reflected rays near the 
test antenna region add vectorially and provide a relatively smooth amplitude illu¬ 
mination taper. This can be illustrated by ray tracing techniques. 

As the frequency of operation increases, it becomes increasingly difficult to place 
the source sufficiently close to the apex that the phase difference between the direct 
and specularly reflected rays can be maintained below an acceptable level. For such 
applications, reflections from the walls of the chamber are suppressed by using high- 
gain source antennas whose radiation toward the walls is minimal. In addition. 




(ul Rectangular chamber (b) Tapered chamber 


Figure 16.4 Rectangular and tapered ancchoie chambers and the corresponding side-wall 
specular reflections, (sourc i:: W. H. Kummer and I S. Gillespie. "Antenna Measure¬ 
ments 1978." Prov. IEEE. Vol. 66. No. 4. pp. 483-507. April 1978, «j (1978) IEEE) 


the source is moved away from the apex, and it is placed closer to the end of the 
tapering section so as to simulate a rectangular chamber. 

16.2.3 Compact Ranges 

Microwave antenna measurements require that the radiator under test be illuminated 
by a uniform plane wave. This is usually achieved only in the far-field region, which 
in many cases dictates very large distances. The requirement of an ideal plane wave 
illumination can he nearly achieved by utilizing a compact range. 

A Compact Antenna Test flange (CATR) is a collimating device which generates 
nearly planar wavefronts in a very short distance (typically 10-20 meters) compared 
to the 2/5'/A (minimum) distance required to produce the same size test region using 
the standard system configuration of testing shown in Figure 16.1. Some attempts 
have been made to use dielectric lenses as collimators 1151. but generally the name 
compact antenna test range refers to one or more curved metal reflectors which 
perform the collimating function. Compact antenna test ranges are essentially very 
large reflector antennas designed to optimize the planar characteristics of the fields in 
the near-field of the aperture. Compact range configurations are often designated 
according to their analogous reflector antenna configurations: parabolic. Cassegrain. 
Gregorian, and so forth. 

One compact range configuration is that shown in Figure 16.5 where a source 
antenna is used as an offset feed that illuminates a paraboloidal reflector, which 









16.2 Antenna Ranges 845 



/ 


Figure 16.5 A Compact Antenna Test Range (CATR) synthesizes planar phasefronts by 
collimating spherical waves with a section of paraboloidal reflector. 


converts the impinging spherical waves to plane waves |2], Geometrical Optics (GO) 
is used in Figure 16.5 to illustrate general CATR operation. The rays from a feed 
antenna can. over the main beam, he viewed as emanating from a point at its phase 
center. When the phase center of the feed is located at the prime locus of a parabolic 
reflector, all rays that are reflected by the reflector and arrive at a plane transverse to 
the axis of the parabola have traveled an equal distance. See Chapter 15. Section 15.4 
for details. Therefore, the held at the aperture of the reflector has a uniform phase; 
i.e.. that of a plane wave. In addition to Geometrical Optics, analysis and design of 
CATRs have been performed with a number of other analytical methods. Compact 
range test zone fields have been predicted by the Method of Moments (MoM). but at 
high frequencies, the large electrical size of the CATR system makes the use of MoM. 
Finite-Difference Time-Domain (FDTD). and Finite Element Method (FEM) imprac¬ 
tical. High-frequency techniques, however, are well suited for compact range analysis 
because the fields of interest are near the specular reflection direction, and the reflector 
is electrically large. The Geometrical Theory' of Diffraction (GTD) is. in principle, an 
appropriate technique, but it is difficult to implement for serrated-edge reflectors due 
to the large number of diffracting edges. To date. Physical Optics (PO) is probably 
the most practical and efficient method of predicting the performance of CATRs [ 16]. 

m 

The major drawbacks of compact ranges are aperture blockage, direct radiation 
from the source to the test antenna, diffractions from the edges of the reflector and 
feed support, depolarization coupling between the two antennas, and wall reflections. 
The use of an offset Iced eliminates aperture blockage and reduces diffractions. Direct 
radiation and diffractions can be reduced further if a reflector with a long focal length 
is chosen. With such a reflector, the feed can then be mounted below the test antenna 
and the depolarization effects associated with curved surfaces are reduced. Undesirable 
radiation toward the test antenna can also be minimized by the use of high-quality 
absorbing material. These and other concerns will be discussed briefly. 


A. CA TR Performance 

A perfect plane wave w'ould be produced by a CATR if the reflector has an ideal 
parabolic curvature, is infinite in size and is fed by a point source located at its focus. 
Of course CATR reflectors are of finite size, and their surfaces have imperfections; 
thus the test zone fields they produce can only approximate plane waves. Although 
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there are different configurations of CATR. their test zone lields have some common 
characteristics. The usable portion of the lest zone consists of nearly planar wavefronts 
and is referred to as the "quiet zone." Outside the quiet zone, the amplitude of the 
lields decreases rapidly as a function of distance transverse to the range axis. The size 
of the quiet zone is typically about 50% 60% of the dimensions of the main reflector. 
Although the electromagnetic field in the quiet zone is often a very good approxi¬ 
mation. it is not a '‘perfect" plane wave. The imperfections of the fields in the quiet 
zone from an ideal plane wave are usually represented hy phase errors, and ripple and 
taper amplitude components. These discrepancies from an ideal plane wave, that occur 
over a specified test zone dimension, arc the primary (igures-of-meril of CATRs. For 
most applications phase deviations of less than 10°. peak-to-peak amplitude ripples 
of less than I dB. and amplitude tapers of less than I dB are considered adequate. 
More stringent quiet zone specifications may he required to measure, within acceptable 
error levels, low-side lobe antennas and low-observable sealtercrs. The sources of 
quiet zone taper and ripple are well known, but their minimization is a source of 
much debate. 

Amplitude taper across the quiet zone can be attributed to two sources: the feed 
pattern and space-attenuation. That portion of the radiation pattern of the feed antenna 
which illuminates the CATR reflector is directly mirrored into the quiet zone. For 
example, if the 3-dB beamwidth of the feed is equal to about 60 Vi of the angle formed 
by lines from the reflector edges to the focal point, then the feed will contribute I dB 
of quiet zone amplitude taper. In general, as the directivity of the feed antenna 
increases, quiet zone amplitude taper increases. Usually, low-gain feed antennas are 
designed to add less than a few tenths of a dB of amplitude taper. The Mr space- 
attenuation occurs with the spherical spreading of the uncollimatcd radiation from the 
feed. Although the total path from the feed to the quiet zone is a constant, the distance 
from the feed to the reflector varies. These differences in the propagation distances 
from the feed to various points across the reflector surface cause amplitude taper in 
the quiet zone due to space-atlcnualion. This taper is asymmetric in the plane of the 
feed offset. 

Amplitude and phase ripple are primarily caused by diffractions from the edges 
of the reflector. The diffracted fields arc spread in all directions which, along with the 
specular reflected signal, form constructive and destructive interference patterns in 
the quiet zone, as shown in Figure 16.6(a). Considerable research has been done on 
reflector edge terminations in an effort to minimize quiet zone ripple. Reflector edge 
treatments arc the physical analogues of windowing functions used in Fourier trans¬ 
forms. Edge treatments reduce the discontinuity of the reflector/frec-space boundary, 
caused by the finite size of the reflector, by providing a gradually tapered transition. 
Common reflector edge treatments include serrations and rolled edges, as shown in 
Figure I6.7(a.b). The serrated edge of a reflector tapers the amplitude of the reflected 
lields near the edge. An alternate interpretation of the effects of serrations is based 
on edge diffraction. Serrations produce many low-amplitude diffractions as opposed 
to. for example, the large-amplitude diffractions that would be generated by the tour 
straight edges and corners of a rectangular knife-edged reflector. These small diffrac¬ 
tions arc quasi-randomized in location and direction: hence, they are likely to have 
cancellations in the quiet zone. Although most serrated-edge CATRs have triangular 
serrations, curving the edges of each serration cun result in improved performance at 
high frequencies 118|. A number of blended, rolled edge treatments have been sug¬ 
gested as alternatives to serrations, and have been implemented to gradually redirect 
energy away from the quiet zone, as shown in Figure 16.6(b) |I9|-|2I|. In 
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Figure 16.6 Amplitude and phase ripple in the quiel zone fields produced by a compact 
antenna test range caused by the phasor sum of the reflected and diffracted rays from Ihe 
reflector [soimn.: W. D Burnside. M. C. Gilreath. B. M. Kent and G. L. Clerici. "Curved 
Edge Modification of Compact Range Reflectors." IEEE Trans. Antennas Propagtv.. Vol, 
AP-35. No. 2. pp. 176-182. February 19X7. © (1987) IEEE) 


these designs, the concave parabolic surface of the reflector is blended into a convex 
surface which wraps around the edges of the reflector and terminates behind it. The 
predicted quiet zone fields produced by a knife-edged reflector compared to those 
produced by a rolled-edged reflector arc shown, respectively, in Figures I6.8(n,b) and 
demonstrate the effectiveness of this edge treatment. Another method of reducing 
quiet zone ripple is to taper the illumination amplilude near the reflector edges. This 
can he accomplished with a high-gain feed or the feed can consist of an array of small 
elements designed so that a null in the feed pattern occurs at the reflector edges [22]- 
[25], Finally, the surface currents on the reflector can be terminated gradually at the 
edges by tapering ihe conductivity and/or the impedance of the reflector via the 
application of lossy material. 
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Figure 16.7 Two common CATR reflector edge iremments that ure used to reduce the 
diffracted fields in the quiet /.one. 


The frequency of operation of a CATR is determined by the si/e of the reflector 
mul its surface accuracy. The low-frequency limit is usually encountered when the 
reflector is about 25 to 3(1 wavelengths in diameter 126]. Quiet zone ripple becomes 
large at the low-frequency limit. At high frequencies, reflector surface imperfections 
contribute to the quiet zone ripple. A rule of thumb used in the design of CATRs is 
that the surface must deviate less than about 0.Q07A from that of a true paraboloid 
|27|. Since the effects of reflector surface imperfections are additive, dual reflector 
systems must maintain twice the surface precision of a single reflector system to 
operate at the same frequency. Many CATR systems operate typically from 1 GHz 
to 100 GHz. 

D. CATR Designs 

Four reflector configurations that have been commercially developed will be briefly 
discussed: the single paraboloid, the dual parabolic cylinder, the dual shaped- 
rejlector, and the single parabolic cylinder systems. The first three conligurations are 
relatively common fully collimating compact ranges: the fourth is a hybrid approach 
which combines aspects of compact range technology with near-field/far-fieid (NF/ 
FF) techniques. 

The single paraboloidal reflector CATR design was illustrated in Figure 16.5. As 
with all compact range designs, the feed antenna is offset by some angle front the 
propagation direction of the collimated energy. This is done to eliminate blockage 
and to reduce scattering of the collimated fields by the feed. To achieve this offset, 
the reflector is a sector of a paraboloid that does not include the vertex. This design 
is referred to as a "virtual vertex" compact range. Willi only one reflector, flic 
paraboloidal CATR has a minimum number of surfaces and edges dial can he sources 
of quiet-zone ripple Feed spillover into the quiet zone is also low with this design 
since die feed antenna is pointed almost directly away from the test zone. On the 
other hand, it is more difficult and costly to produce a high-precision surface that is 
curved in two planes (three-dimensional) compared to producing a reflector that is 
curved in only one plane (two-dimensional). In addition, it has been reported that the 
single paraboloidal reflector design depolarizes the incident fields to a greater degree 
than other CATR designs. This is due to the relatively low J/d ratio needed to simul¬ 
taneously maintain the Iced antenna between the lest zone and the reflector while 
keeping the test zone as close as possible to the reflector aperture |28|. 

The dual parabolic-cylinder reflector concept is illustrated in Figure 16.9. and it 
consists of two parabolic cylinders arranged so that one is curved in one plane (vertical 
or horizontal) while the other is curved in the orthogonal plane The spherical phase- 
fronts radiated by the feed antenna are collimated first in the horizontal or vertical 
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Figure 16.8 Predicted quiet zone lield amplitude versus transverse distance for knife-edge 
and rolled-edge reflectors, (sockci.: W. D. Burnside. M. C. Oilreath. B. M. Kent, and 0. L. 
Clerici. "Curved Edge Modification of Compact Range Reflectors." IEEE Trans. Antennas 
Propagat.. Vol. AP-35. No. 2, pp. 176-182. February 1987. ©11987) IEEE) 


plane by the first reflector, then are collimated in die orthogonal plane by the second 
reflector |29|. Because the boresight of the feed antenna is directed at almost 90° to 
the plane wave propagation direction, direct illumination of the test zone by the feed 
can be relatively high. In practice, quiet zone contamination from feed spillover is 
virtually eliminated through the use of range gating. Relatively low cross polarization 
is produced with this design because the doubly folded optics results in a long local 
length main reflector. 

The dual shaped-reflector CATR. shown schematically in Figure 16.10, is similar 
in design to a Cassegrain antenna, but the reflector surfaces are altered from the 
classical parabolic/hyperbolic shapes. An iterative design process is used to determine 
the shapes of the subreflector and main reflector needed to yield the desired quiet 
zone performance. The shape of the subreflector maps the high-gain feed pattern into 
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Figure 16.9 Dual parabolic-cylinder compact range collimates the llelds in one plane with 
first reflector and then collimates the fields in the orthogonal plane with second reflector. 


a nearly optimum illumination of the main reflector. An almost uniform energy density 
illuminates the central part of the main reflector while the amplitude tapers Iowan) 
the reflector edges. This design results in a very high illumination efficiency (the 
power of the collimated quiet zone fields relative to the system input power) [30J. 
Two of the consequences of this high illumination efficiency arc (I) the reduction of 
spillover into the chamber reduces range clutter, and (2) the increased RF power 
delivered to the target increases system sensitivity. 

The single parabolic cylinder reflector system is essentially half of the dual 
parabolic-cylinder CATR The reflector has a parabolic curvature in the vertical plane 
and is flat in the horizontal plane. This semicompact antenna test range collimates the 
fields only in the vertical plane, producing a quiet zone which consists of cylindrical 
waves, us shown in Figure 16.11 [31]—(33], Such a compact range configuration is 
utilized in the ElectroMagnetic Anechoic Chamber (EMAC) at Arizona State l iu- 
versity |32). [33]. 

This Single-Plane Collimating Range (SPCR) approach results in a number of 
advantages and compromises compared to conventional CATR systems and near- 
field/l'ar-field (NF/FF) systems. For antennas that are small compared to the curvature 
of the cylindrical phasefrom. far-lield radiation patterns can be measured directly. 
Because of the folded optics, the radius of the cylindrical phasefront produced by the 
SPCR is larger than the radius of the spherical phasefront obtainable by separating 
the source antenna from the test antenna in a direct illumination configuration within 
the same anechoic chamber. Thus, with the SPCR it is possible to measure, directly, 
the far-lield patterns of larger antennas compared to those directly measurable on an 
indoor far-held range. When the size of the antenna is significant relative to the 
curvature of the cylindrical phasefront. a NF/FF transformation is used to obtain the 
far-lield pattern. However, because the fields are collimated in the vertical plane.only 
a one dimensional transformation is required. This greatly simplifies the transform- 



Figure 16.10 Dual shaped-reflector compact range analogous to a Cassegrain system. 
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Figure 16.11 ASU Single-Plane Collimating Range (SPCR) produces a cylindrical wave in 
the t|uicl zone (artist rendering by Michael Htigelberg). 


lion algorithm. Most importantly, there is a one-to-one correlation between a single 
azimuthal pattern cut measured in the near-field, and the predicted i'ar-field pattern. 
The data acquisition time is identical to that of conventional CATRs. and the NF/FF 
calculation time is nearly negligible. Another advantage of the SPCR is the size of 
the quiet zone. In the vertical plane, the quiet zone dimension compared to the SPCR 
reflector is similar to that of conventional CATRs (about 50% to 60%). However, in 
the horizontal plane, the quiet zone is nearly 100% of the horizontal dimension of the 
reflector. For a given size anechoic chamber and reflector, targets having much larger 
horizontal dimensions (yaw patterns of aircraft, for exuinplel can be measured using 
the SPCR than is possible using a conventional CATR. The SPC’K system is relatively 
inexpensive; the manufacturer estimates that its cost is about 60% of conventional 
CATR systems. 

In addition to the added complexity of NF/FF transformation considerations, this 
cylindrical wave approach has other disadvantages compared to conventional CATR 
designs. Because the quiet zone fields are expanding cylindrically as they propagate 
along the axis of the range, a large portion of the anechoic chamber is directly 
illuminated. This should he carefully considered in the design of the side walls of the 
anechoic chamber to control range clutter. Also, some measurement sensitivity is 
sacrificed for the same reason. 

Compact antenna test ranges enable the measurement of lull-sized antennas in 
very short distances, usually within the controlled environment ot an anechoic cham¬ 
ber. A compact antenna lest range can be used to accomplish any type of antenna 
testing (including radiation patterns, gain, efficiency, etc.) that can be performed on 
an outdoor facility. 
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16.2.4 Nenr-Field/Far-Field Methods 

The dimensions of a conventional test range cun he reduced by making measurements 
in the near-lield. and then using analytical methods to transform the measured near- 
lield data to compute the far-field radiation characteristics [2]-[4], |34J. These are 
referred to as near-field to far-field (NF/FF) methods. Such techniques are usually 
used to measure patterns, and they are often performed indoors. Therefore, they 
provide a controlled environment and an all-weather capability, the measuring system 
is lime and cost effective, and the computed patterns are as accurate as those measured 
in a far-field range. However, such methods require more complex and expensive 
systems, more extensive calibration procedures, more sophisticated computer soft¬ 
ware. and the patterns are not obtained in real time. 

The near-lield measured data (usually amplitude and phase distributions) ure 
measured by n scanning field probe over a preselected surface which may be a plane, 
a cylinder, or a sphere. The measured data are then transformed to the far-field using 
analytical Fourier transform methods. The complexity of the analytical transformation 
increases from the planar to the cylindrical, and from the cylindrical to the spherical 
surfaces. The choice is primarily determined by the antenna to he measured. 

In general, the planar system is better suited for high-gain antennas, especially 
planar phased arrays, and it requires the least amount of computations and no move¬ 
ment of the antenna. Although the cylindrical system requires more computations 
than the planar, for many antennas its measuring, positioning, and probe equipment 
are the least expensive. The spherical system requires the most expensive computation, 
and antenna and probe positioning equipment, which can become quite significant for 
large antenna systems. This system is best suited for measurements of low-gain and 
omnidirectional antennas. 

Generally, implementation of NF/FF transformation techniques begins with meas¬ 
uring the magnitude and phase of the tangential electric field components radiated by 
the test antenna at regular intervals over a well-defined surface in the near-field. By 
the principle of modal expansion, the sampled E-ficld data is used to determine the 
amplitude and phase of an angular spectrum of plane, cylindrical, or spherical waves, 
F.xpressing the total field of the test antenna in terms of a modal expansion, allows 
the calculation of the field at any distance from the antenna. Solving for the fields at 
an infinite distance results in the far-field pattern. 

A consideration of the general case of scanning with ideal probes over an arbitrary 
surface [34] reveals that the choice of scanning surfaces is limited. Morse and Fcsli- 
buch |35| show that derivation of the far-zonc vector field from the near-field depends 
on vector wave functions that arc orthogonal to that surface. Planar, circular cylin¬ 
drical. spherical, elliptic cylindrical, parabolic cylindrical, and conical arc the six 
coordinate systems that support orthogonal vector wave solutions. The first three 
coordinate systems are conducive to convenient data acquisition, but the lust three 
require scanning on an elliptic cylinder, a parabolic cylinder, or a sphere in conical 
coordinates [34|. Thus, the three NF/FF techniques that have been developed and are 
widely used are based on planar, cylindrical, and spherical near-lield scanning 
surfaces. 

Acquisition of planar near-field data is usually conducted over a rectangular t-v 
grid, as shown in Figure 16.12(a). with a maximum near-lield sample spacing of 
Ajc = Av = A/2 [36], It is also possible to acquire the near-field measurements on a 
plane-polar grid 1371 or a bipolar grid [38]. The test antenna is held siationaiy while 
the probe (typically an open-ended waveguide or small horn) is moved to each grid 
location on the plane. As the probe location varies, its orientation relative to tire test 
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Figure 16.12 Three near-Held scanning surfaces that permii convenient data acquisition 
(planar, cylindrical, and spherical), 


antenna changes, as illustrated in Figure 16.13. This directive property of the probe, 
as well as its polarization, must be taken into account using the technique of probe 
compensation |3|. |4|. Probe compensation methods use the well-known Lorentz 
reciprocity theorem to couple the far-zone fields of the test antenna to those of the 
measuring probe. 

The principal advantage of the planur near-field to far-lield transformation, over 
the cylindrical and spherical techniques, is us mathematical simplicity. Furthermore, 
the planar transformation is suitable for applying the computationally efficient Fast 
Fourier Transform (FFT) algorithm [39]. Assuming that the number of near-lield data 
points is 2" (or artificially padded to that number with points of zero value) where n 
is a positive integer, the lull planar far-held transformation can be computed in a lime 
proportional to (kaflogiika) where a is the radius of the smallest circle that inscribes 
the test anienna |34|. Planar NF/FF techniques are well suited for measuring anlennus 
which have low backlobes. These include directional antennas such as horns, reflector 
antennas, planar arrays, and so forth. The primary disadvantage of probing the near- 
lield on a planar surface to calculate the far-lield is that the resulting far-lield pattern 
is over a limited angular span. If the planar scanning surface is of infinite extent, one 
complete hemisphere of the far-lield can be computed. 

A complete set of near-field measurements over a cylindrical surface includes the 
information needed to compute complete azimuthal patterns for all elevation angles. 



Figure 16.1.3 Probe compensation of near-lield measurements due to nonisotropic radiation 
pattern of the probe. 
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excluding the conical regions at the top and bottom of the cylinder axis. Since the 
numerical integrations can be performed with the FFT. the cylindrical transformation 
exhibits numerical efficiencies and proportional computation times similar to those of 
the planar transformation. The angular modal expansion, however, is expressed in 
terms of Hankel functions, which can be more difficult to calculate, especially tor 
large orders. 

The cylindrical scanning grid is shown in Figure 16.12(b). The maximum angular 
and vertical sample spacing is 


and 



(16-1) 



116-2) 


where A is the wavelength and a is the radius of the smallest cylinder that cncluso 
the test antenna. 

A typical cylindrical scanning system is illustrated in Figure 16.14(a). The azi¬ 
muthal location of the antenna is held constant while the lields arc probed at discrete 
locations in the vertical direction at some fixed distance from the antenna. At the 
completion of cadi vertical sain, the test antenna is rotated to the next angular position. 
The orientation of the probe with respect to the test antenna changes as the vertical 
location of the probe changes, thus a probe correction is generally required as in the 
planar case, in addition to directional antennas, the radiation patterns of antennas with 
narrow patterns along the vertical axis (horizontal Ian beam antennas and vertical 
dipoles for example) can be predicted efficiently with the cylindrical NF7FF technique 

The information obtained by scanning the near-held radiation over a spherical 
surface enclosing a test antenna makes possible the most complete prediction ot the 
far-field radiation pattern. The spherical scanning grid is illustrated in Figure 16.12(c), 
When sampled at the rate of 



(16-3) 


and 



(164) 


all of the spatial radiation characteristics of the test antenna arc included in the 
transformation. Any fur-field pattern cut can he computed from a complete near-field 
measurement with the spherical scanning scheme. Typically, a spherical scan is ac¬ 
complished by fixing the location and orientation of the probe and varying the angular 
orientation of the test antenna with a dual-axis positioner, us shown in Figure 16.14(h). 
Since the probe is always pointed directly toward the test antenna, probe correction 
can he neglected for sufficiently large scan radii |34|. However, in general, probe 
correction is necessary. 

The primary drawback of the spherical scanning technique lies in the mathemat¬ 
ical transformation. A significant portion of the transformation cannot be accom¬ 
plished via FFTs. Numerical integrations, matrix operations, and simultaneous solu- 
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Figure 16.14 Schematic representation of typical cylindrical and spherical surface near¬ 
field positioning systems 


lion of equations arc required. This increases the computational time and difficulty of 
the transformation considerably over those of the planar and cylindrical transfor¬ 
mations. 

A Modal Expansion Method for Planar Systems 

The mathematical formulations of the planar NF/FF system arc based on the plane 
wave (modal) expansion using Fourier transform (spectral) techniques. Simply stated, 
any monochromatic, but otherwise arbitrary, wave can be represented as a super¬ 
position of plane waves traveling in different directions, with different amplitudes, 
but all of the same frequency. The objective of the plane wave expansion is to 
determine the unknown amplitudes and directions of propagation of the plane waves. 
The results comprise what is referred to as a modal expansion of the arbitrary wave. 
Similarly, cylindrical wave and spherical wave expansions are used to determine far- 
held patterns from fields measured in the near-field over cylindrical and spherical 
surfaces, respectively. 

The relationships between the near-zone A'-ficld measurements and the far-zone 
fields for planar systems follow from the transform (spectral) techniques of Chapter 
12. Section 12.9. represented by f 12-73)—< 12-75). or 

EU. y. Z) = tM I flfcf. fcv)*~' k r dk,dk, ( 16-5) 

where 

f(C. k v ) = 3,/,( k x ,k y ) + a v fy(k t ,ky) + S(l6-5a) 

k = & t k x + a v k v + a.*. (!6-5b) 

r = a,.r + a,.y + az (16-5c) 

where f( k ,. k v ) represents the plane wave spectrum of the field. The x and v compo¬ 
nents of the electric field measured over a plane surface (c = 0) from (16-5) are 

£„,u-.y. z = Q) = ^fj J A k„ k v )e-> a -* +k '>' dk,dk s 


(16-6a) 
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E u ,(x. y. z 



kJe-W-***-* dk.dky 


(I6-6b) 


The x and v components of the plane wave spectrum, f x {k x . k,) and J\{k,. k,). arc 
determined in terms of the near-zone electric Held from the Fourier transforms of 
t !6-6u) and (l6-6h) as given by (!2-85a). (!2-85b). or 


(J 6-7a) 


(!6-7bl 


The far-field pattern of the antenna, in terms of the plane wave spectrum function f, 
is then that of (12-107) 


r+h/2 

r+a/i 

fjk,. k,.) = 

E,Jx’. y.z' = 1 dx' dv’ 

J-bn 

l-n/2 



r + a /2 

f(k x . *v> = 

E w (x'. V. z' = 0)e + ’ ,k - y+i - y , dx' dy' 

J-te 2 , 

1 -an 


ke~ Jh 

E(r, 0. <J >) = /' —-1cos 0 f(A,, k,)\ 

2 nr 

or(12-1II) 


( 16 - 8 ) 


£„(r. 0. <ft) =*j 


ke lkl 
2-rrr 


(ftcos d> + / sin (f>) 


(16-9a) 


ke~ Jkl 

E,,Xr. 0. (ft) =* / — COS ()( -/, sin </> + f. cos </>) 

2 irr 


(16-9b) 


The procedure then to determine the far-zone field from near-field measurements 
is as follows: 


1. Measure the electric field components E„,(x', v\ z' = 0) and . v'.= 0) 
in the near-field. 

2. Find the plane wave spectrum functions/, and/. using (l6-7a) and (l6-7b). 

3. Determine the far-zone electric field using (16-8) or (l6-9a) and (16-%). 

Similar procedures are used for cylindrical and spherical measuring systems 
except that the constant surfaces are. respectively, cylinders and spheres. However, 
their corresponding analytical expressions have different forms. 

It is apparent once again, from another application problem, that if the tangential 
field components are known along a plane, the plane wave spectrum can be found, 
which in turn permits the evaluation of the field at any point. The computations 
become more convenient if the evaluation is restricted to the far-lield region. 


B. Measurements and Computations 

The experimental procedure requires dial a plane surface, a distance z.„ from the test 
antenna, be selected where measurements are made as shown in Figure 16.12(a), The 
distance z„ should be at least two or three wavelengths away from the lest antenna to 
be out of its reactive near-field region. The plane over which measurements are made 
is usually divided into a rectangular grid of M X N points spaced Ax and Ay apart 
and defined by the coordinates (wAx, «Ay. 0) where —M/2 ^ m ^ Ml2 - I and 
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- N/2 < < N/2 — 1. The values of M and N are determined by the linear dimensions 
of the sampling plane divided by the sampling space. To compute the fur-field pattern, 
it requires that both polarization components of the near-field are measured. This can 
be accomplished by a simple rotation of a linear probe about the longitudinal axis or 
by the use of a dual-polarized probe. The probe used to make the measurements must 
not be circularly polarized, and it must not have nulls in the angular region of space 
over which the test antenna pattern is determined because the probe correction coef¬ 
ficients become infinite. 

The measurements are carried out until the signal at the edges of the plane is of 
very low intensity, usually about 45 dB below the largest signal level within the 
measuring plane. Defining a and b the width and height, respectively, of the measuring 
plane. M and N are determined using 

(I6-I0al 


(16-1 Ob) 

The sampling points on the measuring grid are chosen to be less than A/2 in order 
to satisfy the Nyquist sampling criterion. If the plane z = 0 is located in the far-field 
of the source, the sample spaeings can increase to their maximum value of A/2. Usually 
the rectangular lattice points are separated by the grid spaeings of 

(16-1 la) 


(16-1 lb) 

where k u , and are real numbers and represent the largest magnitudes of k, and 
k y , respectively, such that Uk,. k,) - 0 for \k y \ > k x „ or \k y \ > k y „. 

At the grid sample points, the tangential electric field components, £, and £',, are 
recorded. The subscripts v and v represent, respectively, the two polarizations of the 
probe. The procedure for probe compensation is neglected here. A previously per¬ 
formed characterization of the probe is used to compensate for its directional effects 
in what is essentially an application of its “transfer function." The electric field 
components over the entire plane can be reconstructed from the samples taken at the 
grid points, and each is given by 

N/2 -1 M/2 -1 

E m (x, y, = 0) - 2 Z E,Un A.v. »Av, 0) 

n = - N/l m - -M/2 




^ sin(ft„,A — ii itt) sin«: v „ y - tin) 
k w x — mn k w y - tin 

N/2 \ M/2 1 

E v Jx. y. c = 0) = 2 Z EyimAx. nAy, 0) 

<i = - N/2 m = M/2 

sin(£ ro ,r — mrr) sin(( v „ v - /nr) 
k w x - mn k w y - nn 


(16-12a) 


(16-12b) 
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Using (16-12a) and (16-I2H),/, and/, of (16-7a) and (I6-7H) can be evaluated, 
using a FIT algorithm, at the set of wavenumbers explicitly defined by the discrete 
Fourier transform and given by 


2 nm 

M 

M 


M\x' 


M6-I3ui 

2 mi 

N 

N 


/VAy' 

~ 2 ~ n ~ 2 ~ ' 

(16-l.lb) 


Tile wavenumber spectrum points are equal to the number of points in (he near 
field distribution, anti the maximum wavenumber coordinate of the wavenumber 
spectrum is inversely proportional to the near-field sampling spacing. While the 
maximum sampling spacing is A/2, there is no minimum spacing restrictions. How¬ 
ever, there are no advantages to increasing the near-field sample points by decreasing 
the sample spacing. The decreased sample spacing will increase the limits of the 
wavenumber spectrum points, which are in the large evanescent mode region, and do 
not contribute to increased resolution of the far-lield pattern. 

Increased resolution in the far-held power pattern can be obtained by adding 
artificial data sampling points (with zero value) at the outer extremities of the near- 
field distribution. This artificially increases the number of sample points without 
decreasing flic sample spacing. Since the sample spacing remains fixed, the wave¬ 
number limits also stay fixed. The additional wavenumber spectrum points are ull 
within the original wavenumber limits and lead to increased resolution in the computed 
far-field patterns. 

To validate the techniques, numerous comparisons between computed far-lield 
patterns, from near-field measurements, and measured fur-field patterns have been 
made, In Figure 16.15. the computed and measured sum and difference far-lield 
azimuth plane patterns for a four-loot diameter parabolic reflector with a nominal gain 
of 30 dB are displayed |4|. Two measured far-lield patterns were obtained on two 
different high-quality far-lield ranges, one at the Georgia Institute of Technology and 
the other at Scicntific-Atlanla. The third trace represents the computed far-lield pattern 
from near-field measurements made at Georgia Tech. There are some minor discrep¬ 
ancies between the two measured far-lield patterns which were probably caused by 
extraneous range reflections. The best agreement is between the computed far-held 
pattern and the one measured at Scientific Atlanta. Many other comparisons have 
been made with similar success. The limited results shown here, and the many others 
published in the literature |4|. [40|-|42| clearly demonstrate the capability of the near- 
lield technique. 

The near-held technique provides the antenna designers information not previ¬ 
ously available to them. For example, if a given far-lield pattern does not meet required 
specifications, it is possible to use near-field data to pinpoint the cause [43 J. Near- 
field measurements can be applied also to antenna analysis and diagnostic tasks |44), 
and it is most attractive when efficient near-field data collection and transformation 
methods are employed. 

16.3 RADIATION PATTERNS 

The radiation patterns (amplitude and phase), polarization, and gain of an antenna, 
which arc used to characterize its radiation capabilities, arc measured on the surface 
of a constant radius sphere. Any position on the sphere is identified using the standard 
spherical coordinate system of Figure 16.16. Since the radial distance is maintained 
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Figure 16.15 Measured and computed sum and difference mode principal plane far-licld 
patterns for a four-foot parabolic reflector (SOi RCK R. D. Joy. W. M. Leach. Jr.. G. P 
Rodrique, and D, I Paris. "Applications of Probe Compensated Near-Field Measurements.'' 
IEEE Trans. Antennas Propagat.. Vol. AP-26. No. 3. pp. 379-389. Mav 1978 © 1 1978) 
IEEE) 


fixed, only ihe two angular coordinates ( 0. <f>) are needed for positional identification. 
A representation of the radiation characteristics of the radiator as a function of 0 and 
<b for u constant radial distance and frequency, is defined as the pattern of the antenna. 

In general, the pattern of an antenna is three-dimensional. Because it is impractical 
to measure a three-dimensional pattern, a number of two-dimensional patterns, as 
defined in Section 2.2. arc measured. They arc used to construct a three-dimensional 
pattern. The number of two-dimensional patterns needed to construct faithfully a 
three-dimensional graph is determined by the functional requirements ol the descrip¬ 
tion. and the available time and funds. The minimum number of two-dimensional 
patterns is two. and they are usually chosen to represent the orthogonal principal £- 
and //-plane patterns, as defined in Section 2.2. 
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11= u* 
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Figure 16.16 Spherical coordinate system geometry. (soi ircf: IEEE Standard Tea Proce¬ 
dures for Amentias. IEEE Sid 149-1979, published by IEEE. Inc.. 1979. distributed by 
Wiley) 


A two-dimensional pattern is also referred to as a pattern cut. and it is obtained 
by fixing one of the angles (H or </>) while varying the other. For example, by referring 
to Figure 16.16. pattern cuts can be obtained by fixing </>/ (0 ^ «/>, 2 tt) and varying 
0 (0 s t) < 180°). These are referred to as elevation patterns, and they are also 
displayed in Figure 2.15. Similarly 0 can be maintained fixed (0 £ «, s ^ r) while tjt 
is varied (0 ^ <A £ 2 it). These arc designated as azimuthal patterns. Part (0 < tj>s 
jr/2) of the (l, = 77/2 azimuthal pattern is displayed in Figure 2.15. 

The patterns of an antenna can he measured in the transmitting or receiving mode. 
The mode is dictated by the application. However, if the radiator is reciprocal, as is 
the case for most practical antennas, then either the transmitting or receiving mode 
can he utilized. For such cases, the receiving mode is selected. The analytical for¬ 
mulations upon which an amplitude pattern is based, along with the advantages and 
disadvantages for making measurements in the transmitting or receiving mode, are 
found in Section 3.8.1. The analytical basis of a phase pattern is discussed in Section 
13.10. Unless otherwise specified, it will be assumed here that die measurements arc 
performed in the receiving mode. 


16.3.1 Instrumentation 

The instrumentation required to accomplish a measuring task depends largely on the 
functional requirements of the design. An antenna range instrumentation must be 
designed to operate over a wide range of frequencies, and it usually can be classified 
into five categories |7|: 
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1. source antenna and transmitting system 

2. receiving system 

3. positioning system 

4. recording system 

5. data-processing system 

A block diagram of a system that possesses these capabilities is shown in Figure 

I ft. 17. 

The source antennas are usually log-periodic antennas for frequencies below I 
GHz. families of parabolas with broadband feeds for frequencies above 400 MHz. 
and even large horn antennas. The system must be capable of controlling the polari¬ 
zation. Continuous rotation of the polarization can be accomplished by mounting a 
linearly polarized source antenna on a polarization positioner. Antennas with circular 
polarization can also be designed, such as crossed log-periodic arrays, which tire often 
used m measurements. 

The transmitting RF source must he selected so that it has [7| frequency control, 
frequency stability, spectral purity, power level, and modulation. The receiving system 
could be as simple as a bolometer detector, followed possibly by an amplifier, and a 
recorder. More elaborate and expensive receiving systems that provide greater sen¬ 
sitivity. precision, and dynamic range can be designed. One such system is a hetero¬ 
dyne receiving system |7|. which uses double conversion and phase locking, and it 
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Figure 16.17 Instrumentation for typical antenna-range measuring system, (source: IEEE 
Standard Test Procedures for Antennas IEEE Sid 149-1979. published by IEEE. Inc.. 1979. 
distributed by Wiley) 
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Figure 16.18 A/.imulh-over-elevation and elevation-over-azimuth rotational mounts. 
(SOURCI-: IEEE Standard Test Procedures for Antennas, IEEE Sid 149-1979. published hy 
IEEE, Inc.. 1979. distributed by Wiley) 


can be used for amplitude measurements. A dual-channel heterodyne system design 
is also available |7). and it can be used for phase measurements. 

To achieve the desired plane cuts, the mounting structures of the system must 
have the capability to rotate in various planes. This can be accomplished by utilizing 
rotational mounts (pedestals), two of which are shown in f igure 16.18. Tower-model 
elevation-over-azimuth pedestals arc also available |7|. 

There are primarily two types of recorders: one that provides a linear (rectangular) 
plot and the other a polar plot. The polar plots are most popular because they provide 
a better visualization of the radiation disiribution in space. Usually the recording 
equipment is designed to graph the relative pattern. Absolute patterns are obtained by 
making, in addition, gain measurements which will be discussed in the next section. 
The recording instrumentation is usually calibrated to record relative field or power 
patterns. Power pattern calibrations are in decibels with dynamic ranges of 0-60 dB. 
For most applications, a 40-dB dynamic range is usually adequate and it provides 
sufficient resolution to examine the pattern structure of the main lobe and the minor 
lobes. 

In an indoor antenna range, the recording equipment is usually placed in a room 
that adjoins the anechoic chamber. To provide an interference free environment, the 
chamber is closed during measurements. To monitor the procedures, windows or 
closed-circuit TVs are utilized. In addition, the recording equipment is connected, 
through synchronous servo-amplifier systems, to the rotational mounts (pedestals) 
using the traditional system shown in Figure 16.19(a). The system can record rectan¬ 
gular or polar plots. Position references are recorded simultaneously with measure¬ 
ments. and they arc used for angular positional identification. As the rotational mount 
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moves, the pattern is graphed simultaneously by the recorder on a moving chart. One 
of the axes of the chan is used to record the amplitude of the pattern while the other 
identifies the relative position of the radiator. A modern configuration to measure 
antenna and RCS patterns, using a network analyzer and being computer automated, 
is shown in Figure 16.19(h). 

16.3.2 Amplitude Pattern 

The total amplitude pattern of an antenna is described by the vector sum of the two 
orthogonally polarized radiated lield components. The pattern on a conventional an¬ 
tenna range can be measured using the system of Figure 16.17 or figure 16.19 with 
an appropriate detector. The receiver may be a simple bolometer (followed possibly 
by an amplifier), a double conversion phase-locking heterodyne system (7. fig 14j. 
or any other design. 

In many applications, the movement of the antenna to the antenna range can 
significantly alter the operational environment. Therefore, in some cases, antenna 
pattern measurements must be made in situ to preserve the environmental performance 
characteristics. A typical system arrangement that can be used to accomplish this is 
shown in Figure 16.20. The source is mounted on an airborne vehicle, which is 
maneuvered through space around the test antenna and in its far-licld. to produce a 
plane wave and to provide the desired pattern cuts. The tracking device provides to 
the recording equipment the angular position data of the source relative to a reference 
direction. The measurements can be conducted either by a point-by-point or by a 
continuous method. Usually the continuous technique is preferred. 

16.3.3 Phase Measurements 

Phase measurements are based on the analytical formulations of Section 13.10. The 
phase pattern of the lield. in the direction of the unit vector ft. is given by the i Hi), ifil 
phase function of (13-63). For linear polarization ft is real, and it may represent a„or 
in the direction of 0 or d>. 
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Figure 16.20 System arrangement for in situ antenna pattern measurements, (source: 
IEEE Standard Test Procedures far Antemius, IEEE Std 149-1979. published by IEEE. Inc.. 
1979. distributed by Wiley) 
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Figure 16.21 Near-lield and far-field phase pattern measuring systems (soURt i III I 
Standard Text Procedures for Amentias, IF.KH Sid 14V 1979. published by IEKE. Inc.. 
1979, distributed by Wiley) 


The phase of an antenna is periodic, and it is defined in multiples of 360°. In 
addition, the phase is a relative quantity, and a reference must be provided during 
measurements for comparison. 

Two basic system techniques that can lx* used to measure phase patterns at short 
and long distances from the antenna are shown respectively, in Figures 16.21(a) and 
16.21(b). For the design of Figure 16.21(a). a reference signal is coupled from the 
transmission line, and it is used to compare, in an appropriate network, the phase of 
the received signal. For large distances, this method does not permit a direct compar¬ 
ison between the reference and the received signal. In these cases, the arrangement 
of Figure 16,21(b) can be used in which the signal from the source antenna Is received 
simultaneously by a fixed antenna and the antenna under test. The phase pattern is 
recorded as the antenna under test is rotated while the fixed antenna serves as a 
reference. The phase measuring circuit mav be the dual-channel heterodvne system 
|7. Fig. 151. 

16.4 GAIN MEASUREMENTS 

The most important ligurc-of-merit that describes the performance of a radiator is the 
gain, There are various techniques and antenna ranges that are used to measure the 
gain. The choice of either depends largely on the frequency of operation. 

Usually frce-space ranges are used to measure the gain above I GHz. In addition, 
microwave techniques, which utilize waveguide components, can be used. At lower 
frequencies, it is more difficult to simulate free-space conditions because of the longer 
wavelengths. Therefore between 0.1-1 GHz. ground-reflection ranges are utilized. 
Scale models can also be used in this frequency range. However, since the conductivity 
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Figure 16.22 Typical two- umi three-antenna measuring systems for single ami 
swept frequency measurements, (sourc e: J. S. Hollis. T. .1 Lyon, and L. Clayton. 
Jr.. Microwave Antenna Measurements, Scienlille-Allanta, Inc . Atlanta, Georgia. 
July 1970) 


and loss factors of the structures cannot be scaled conveniently, the efficiency of the 
full scale model must be found by other methods to determine the gain of the antenna. 
This is accomplished by multiplying the directivity by the efficiency to result in the 
gain. Below 0.1 Gil/, directive antennas are physically large and the ground effects 
become increasingly pronounced. Usually the gain at these frequencies is measured 
in sint. Antenna gains arc not usually measured at frequencies below I MHz. Instead, 
measurements are conducted on the field strength of the ground wave radiated by the 
antenna. 

Usually there arc two basic methods that can be used to measure the gain of an 
electromagnetic radiator: absolute-gain and gain-transfer (or gain-comparison) meas¬ 
urements. The absolute-gain method is used to calibrate antennas that can then lie 
used as standards for gain measurements, and it requires no a priori knowledge of 
the gains of the antennas. Gain-transfer methods must be used in conjunction with 
standard gam antennas to determine the absolute gain of the antenna under test. 
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The two antennas that are most widely used and universally accepted as gain 
standards are the resonant A/2 dipole (with a gain of about 2.1 dB) and the pyramidal 
horn antenna (with a gain ranging from 12-25 dB). Both antennas possess linear 
polarizations. The dipole, in free-space, exhibits u high degree of polarization purity. 
However, because of its broad pattern, its polarization may be suspect in other than 
reflection-free environments. Pyramidal horns usually possess, in free-space. slightly 
elliptical polarization (axial ratio of about 40 to infinite dB). However, because of 
their very directive patterns, they are less affected by the surrounding environment. 

16.4.1 Absolute-Gain IMcastirenieuts 

There are a number of techniques that can be employed to make absolute-gain meas¬ 
urements A very brief review of each will be included here. More details can be 
found in |6|—18|. All of these methods are based on Friis transmission formula [as 
given by (2-118)) which assumes that the measuring system employs, each lime, two 
antennas (as shown in Figure 2.25). The antennas are separated by a distance R, and 
it must satisfy the far-field criterion of each antenna. For polarization matched anten¬ 
nas. aligned for maximum directional radiation. (2-1 IS) reduces to (2-11 1 )). 

A. Two-Antenna Method 

Equation (2-11 1 )) can be written in a logarithmic decibel form as 

(G(h)un + (G|,,)dH = 20 login | ^ j + 10 logm | (16-14) 

where 

(GofXm = g ;, ‘ n of 'he transmitting antenna (dB) 

(G,),)jii = gain of the receiving untenna (dB) 

P, = received power (W) 

P, = transmitted power (W) 

R = antenna separation (in) 

A = operating wavelength (m) 

If the transmitting and receiving antennas arc identical (G,„ = G,„). (16-14) reduces 
to 

(Giw)ob = (GwJdU = ^ 20 login+ 10 log|„(16-15) 

By measuring R. A. and the ratio of P,/P,. the gain of the antenna can be found. 
At a given frequency, this can be accomplished using the system of Figure 16.22(a). 
The system is simple und the procedure straightforward. For continuous multifre¬ 
quency measurements, such as for broadband antennas, the swept frequency instru¬ 
mentation of Figure 16.22(b) can be utilized. 

B. Three-Antenna Method 

If the two antennas in the measuring system are not identical, three antennas (a, l>. t) 
must be employed and three measurements must be made (using all combinations of 
the three) to determine the gam of each of the three. Three equations (one for each 
combination) can be written, and each lakes the form oft 16-14). Titus 
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-b Combination) 

KHog.n^r) (16-16a) 

>0 login(JH <«6-16b) 

10 tat,,,™ (16-160 

From these three equations, the gains (G„).ih. (G fc )ju. and (G. ) dH can he determined 
provided R. A. and the ratios of P„ and P n //’,,, arc measured. 

The two- and three-antenna methods are both subject to errors. Care must be 
utilized so 

1. the system is frequency stable 

2. the antennas meet the far-held criteria 

3. the antennas are aligned forborcsight radiation 

4. all the components are impedance and polarization matched 

5. there is a minimum of proximity effects and multipath interference 

Impedance and polarization errors can be accounted for by measuring the appro¬ 
priate complex reflection coefficients and polarizations and then correcting accord¬ 
ingly the measured power ratios. The details for these corrections can be found in |7]. 
|K|. There arc no rigorous methods to account for proximity effects and multipath 
interference. These, however, can be minimized by maintaining the antenna separation 
by at least a distance of 2D : /A, as is required by the far-fleld criteria, and by utilizing 
RF absorbers to reduce unwanted reflections. The interference pattern that is created 
by the multiple reflections from the antennas themselves, especially at small separa¬ 
tions. is more difficult to remove. It usually manifests itself as a cyclic variation in 
the measured antenna gain us a function of separation. 

C. Extrapolation Method 

The extrapolation method is an absolute-gain method, which can be used with the 
thrcc-antcnna method, and it was developed 1151 to rigorously account for possible 
errors due to proximity, multipath, and nonidentical antennas. If none of the antennas 
used in the measurements are circularly polarized, the method yields the gains and 
polarizations of all three antennas. If only one antenna is circularly polarized, this 
method yields only the gain and polarization of the circularly polarized antenna. Tin: 
method fails if two or more antennas are circularly polarized. 

The method requires both amplitude and phase measurements when the gain and 
the polarization of the antennas is to be determined. For the determination of gains, 
amplitude measurements are sufficient. The details of this method can be found in 

183, [451. 

D. Ground-Reflection Range Method 

A method that can be used to measure the gain of moderately broad beam antennas, 
usually for frequencies below I GHz. has been reported |46|. The method takes into 
account the specular reflections from die ground (using the system geometry of Figure 


(GJjb + <G;,),ib = 20 logm(—^—) + 


(a-c Combination) 
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16.2). and it can be used with some restrictions and modifications with the two- or 
three-antenna methods. As described here, tite method is applicable to linear antennas 
that couple only die electric field. Modifications must be made for loop radiators. 
Using this method, it is recommended that the linear vertical radiators he placed in a 
horizontal position when measurements are made. This is desired because die reflec¬ 
tion coefficient of the earth, as a function of incidence angle, varies very rapidly for 
vertically polarized waves. Smoother variations are exhibited for horizontally polar¬ 
ized fields. Circularly and elliptically polarized antennas are excluded, because the 
earth exhibits different reflective properties for vertical and horizontal fields. 

To make measurements using this technique, the system geometry of Figure 16.2 
is utilized. Usually it is desirable that the height of the receiving antenna //, be much 
smaller than the range R„ Oi, R n ). Also the height of the transmitting antenna is 
adjusted so that the field of the receiving antenna occurs at the first maximum nearest 
to the ground. Doing this, each of the gain equations of the two- or three-antenna 
methods lake the form of 

<CJ,h + (G*)dB = 20 logtof^p) + l°lo«,o(^) 

-20log„,(v^ + ^) (16-17) 

D a and D„ are the directivities (relative to their respective maximum values) along 
A’„, and they can be determined from amplitude patterns measured prior to the gain 
measurements. R n , R K . A. and P,/P, are also measured. The only quantity that needs 
to be determined is the factor r which is a function of the radiation patterns of the 
antennas, the frequency of operation, and the electrical and geometrical properties of 
the antenna range. 

The factor r can be found by first repeating the above measurements but with the 
transmitting antenna height adjusted so that the field at the receiving antenna is 
minimum. The quantities measured with this geometry are designated by the same 
letters as before but with a prime (') to distinguish them from those of the previous 
measurement. 

By measuring or determining the parameters 

1. R k , R,j. P r . D a . and D„ at a height of the transmitting antenna such that the 
receiving antenna is at the first maximum of the pattern 

2. R' r , R' 0 . P'„ D\, and D' n at a height of the transmitting antenna such that the 
receiving antenna is at a field minimum 

it can be shown |46] that r can be determined from 

( R h R r \ [VWWW Kn ~ VWhR'o 

\ R M [ V(P'iP'')R» + 

Now all parameters included in (16-17) can either lie measured or computed from 
measurements. The free-space range system of Figure 16.22(a) can lie used to perform 
these measurements. 


(16-18) 


16.4.2 Gain-Transfer (Gain-Comparison) Measurements 

The method most commonly used to measure the gain of an antenna is the gain- 
transfer method. This technique utilizes a gain standard (with a known gain) to 



870 Chapter 16 Antenna Measurements 


determine absolute gains. Initially relative gain measurements arc performed, which 
when compared with the known gain of the standard antenna, yield absolute values. 
The method can be used with frcc-space and reflection ranges, and for in situ meas¬ 
urements. 

The procedure requires two sets of measurements. In one set. using the test 
antenna as the receiving antenna, the received power tP T ) into a matched load is 
recorded. In the other set. the test antenna is replaced by the standard gain antenna 
and the received power iP s ) into a matched load is recorded. In both sets, the geo¬ 
metrical arrangement is maintained intact (other than replacing the receiving anten¬ 
nas). and the input power is maintained the same. 

Writing two equations of the form of (16-14) or (16-17). for free-space or reflec¬ 
tion ranges, it can be shown that they reduce to |7| 

= (C\)aB 4- 10 log I,, (yjH (16-19) 

where (G/) JB and (G^)jh arc the gams (in dB) of the test and standard gain antennas. 

System disturbance during replacement of the receiving antennas can be mini¬ 
mized by mounting the two receiving antennas back-to-back on either side ol the axis 
of an azimuth positioner and connecting both of them to the load through a common 
switch. One antenna can replace the other by a simple, but very precise. 180° rotation 
of the positioner. Connection to the load can be interchanged b\ proper movement of 
the switch. 

II the test antenna is not too dissimilar from the standard gain antenna, this method 
is less affected by proximity effects and multipath interference. Impedance and po¬ 
larization mismatches can be corrected by making proper complex reflection coeffi¬ 
cient and polarization measurements IS). 

II the lest antenna is circularly or elliptically polarized, gain measurements using 
the gain-transfer method can be accomplished by at least two different methods. One 
way would be to design a standard gain antenna that possesses circular or elliptical 
polarization. This approach would be attractive in mass productions of power-gain 
measurements of circularly or elliptically polarized antennas. 

The other approach would he to measure the gain with two orthogonal linearly 
polarized standard gain antennas. Since circularly and elliptically polarized waves can 
he decomposed to linear (vertical and horizontal) components, the total power of the 
wave can be separated into two orthogonal linearly polarized components. Thus the 
total gain of the circularly or elliptically polarized test antenna can be written as 

(G/)a b = 10 h>g| ( |(Grv + Gth) (16-20) 

G, v and G n , are. respectively, the partial power gains with respect to vertical-linear 
and horizontal-linear polarizations. 

G r \ is obtained, using (16-19), by performing a gain-transfer measurement with 
the standard gain antenna possessing vertical polarization. The measurements are 
repeated with the standard gain antenna oriented for horizontal polarization. This 
allows the determination of Grw• Usually a single linearly polarized standard gain 
antenna (a linear A/2 resonant dipole or a pyramidal horn) can he used, by rotating it 
by 90°. to provide both vertical and horizontal polarizations. This approach is very 
convenient, especially if the antenna possesses good polarization purity in the two 
orthogonal planes. 

The techniques outlined above yield good results provided the transmitting and 
standard gain antennas exhibit good linear polarization purity. Errors will be intro- 
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duced if either one of them possesses a polarization with a finite axial ratio. In addition, 
these techniques are accurate if the tests can he performed in a free-space. a ground- 
reflection. or an extrapolation range. These requirements place a low-frequency limit 
of 50 MHz. 

Below 50 MHz. the ground has a large effect on the radiation characteristics of 
the antenna, and it must be taken into account. It usually requires that the measure¬ 
ments are performed on full scale models and in situ. Techniques that can he used to 
measure the gain of large HF antennas have been devised |47|-|4y|. 


16.5 DIRECTIVITY MEASUREMENTS 

If the directivity of the antenna cannot be found using solely analytical techniques, it 
can be computed using measurements of its radiation pattern. One of the methods is 
based on the approximate expressions of (2-27) by Kraus or (2-30h) by Tai and 
Pereira, whereas the other relies on the numerical techniques that were developed in 
Section 2,6. The computations can be performed very efficiently and economically 
with modern computational facilities and numerical techniques. 

The simplest, but least accurate method, requires that the following procedure is 
adopted: 

1. Measure the two principal E- and //-plane patterns of the test antenna. 

2. Determine the half-power beamwidths (in degrees) of the E- and //-plane patterns. 

3. Compute the directivity using either (2-27) or (2-30b). 

The method is usually employed to obtain rough estimates of directivity. It is more 
accurate when the pattern exhibits only one major lobe, and its minor lobes arc 
negligible. 

The other method requires that the directivity be computed using (2-35) where 
/’,„j is evaluated numerically using (2-43). The Fit),. </>,) function represents the 
radiation intensity or radiation pattern, as defined by (2-42). and it will be obtained 
by measurements. U mM in (2-35) represents ihe maximum radiation intensity ol 
/•< 0. </» in all space, as obtained by the measurements. 

The radiation pattern is measured by sampling the field over a sphere of 
rudius r. The pattern is measured in two-dimensional plane cuts with <l>, constant 
(0 < c/> ; s 277) and 0 variable (0 < 0 < tt). as shown in Figure 2.15, or with 0, fixed 
(0 ^ It, < 7T) and 1 1> variable (0 s <1, < 27r). The first are referred to as elevation or 
great-circle cuts, whereas the second represent azimuthal or conical cuts. Hither meas¬ 
uring method can be used. Equation (2-43) is written in a form that is most convenient 
for elevation or great-circle cuts. However, it can be rewritten to accommodate azi¬ 
muthal or conical cuts. 

The spacing between measuring points is largely controlled by the directive 
properties of the antenna and the desired accuracy. The method is most accurate for 
broad beam antennas. However, with ihe computer facilities and the numerical meth¬ 
ods now available, this method is very attractive even for highly directional antennas. 
To maintain a given accuracy, the number of sampling points must increase as the 
pattern becomes more directional. The pattern data is recorded digitally on tape, and 
it can be entered to a computer at a later time. If on-line computer facilities are 
available, the measurements can be automated to provide essentially real-time com¬ 
putations. 

The above discussion assumes that all the radiated power is contained in a single 
polarization, and the measuring probe possesses that polarization. If the antenna is 
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polarized such that the field is represented by both » and </> components, the partial 
directivities D u (0. d>) and D+i6. </») of (2-17)—(2-17b) must each be found. This is 
accomplished from pattern measurements with the probe positioned, respectively, to 
sample the H and </> components. The total directivity is then given by (2-17)—<2-17b). 
or 


where 


D 0 = Do + D* 




47 rUo 


(/\mi+ (Pm d)a 


(16-21) 


(Kv2lu) 


D . A = 


4t rU* 

+ (PruoU 


> 16-211)) 


U„. (PrmiJw and U,,„ represent the radiation intensity and radiated power as 

contained in the two orthogonal 0 and <J> field components, respectively. 

The same technique can be used to measure the field intensity and to compute 
the directivity of any antenna that possess two orthogonal polarizations. Many anten¬ 
nas have only one polarization (0 or </>). This is usually accomplished by design 
and/or proper selection ol the coordinate system. In this case, the desired polarization 
is defined ns the primary polarization. Ideally, the other polarization should be zero. 
However, in practice, it is non-varishing, but it is very small. Usually it is referred to 
as the cross-polarization, and for good designs it is usually below - 40 dB. 

The directivity of circularly or elliptically polarized antennas can also be meas¬ 
ured. Precautions must be taken |7) as to which component represents the primary 
polarization and which the cross-polarization contribution. 


16.6 RADIATION EFFICIENCY 

The radiation efficiency is defined as the ratio of the total power radiated by the 
antenna to the total power accepted by the antennu at its input terminals during 
radiation. System factors, such as impedance and/or polarization mismatches, do not 
contribute to the radiation efficiency because it is an inherent property of the antenna. 

The radiation efficiency can also be defined, using the direction of maximum 
radiation as reference, as 

. gain 

radiation efficiency = —- —— (16-22) 

directivity 

where directivity and gain, as defined in Sections 2.5 and 2.7. imply that they are 
measured or computed in the direction of maximum radiation. Using techniques that 
were outlined in Sections 16.4 and 16.5 for the measurements of the gain and direc¬ 
tivity. the radiation efficiency can then be computed using (16-22). 

If the antenna is very small and simple, it can lie represented as a series network 
as shown in Figures 2.21(b) or 2.22(b). For antennas that can be represented by such 
a series network, the radiation efficiency can also be defined bv (2-90) und it can be 
computed by another method [50]. For these antennas, the real part of the input 
impedance is equal to the total antenna resistance which consists of the radiation 
resistance and the loss resistance. 

The radiation resistance accounts for the radiated power. For many simple anten¬ 
nas (dipoles, loops. etc.J, it can be found by analytically or numerically integrating 
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the pattern, relating it to the radiated power and to the radiation resistance by a relation 
similar to (4-18). The loss resistance accounts for the dissipated power, and it is found 
by measuring the input impedance (input resistance - radiation resistance = loss 
resistance). 

Because the loss resistance of antennas coated with lossy dielectrics or antennas 
over lossy ground cannot be represented in series with the radiation resistance, this 
method cannot be used to determine their radiation efficiency. The details of this 
method can be found in [50]. 


16.7 IMPEDANCE MEASUREMENTS 

Associated with an antenna there are two types of impedances: a self and a mitnutl 
impedance. When the antenna is radiating into an unbounded medium and there is no 
coupling between it and other antennas or surrounding obstacles, the self-impedance 
is also the driving-point impedance of the antenna. If there is coupling between the 
antenna under test and other sources or obstacles, the driving-point impedance is a 
function of its self-impedance and the mutual impedances between it and the other 
sources or obstacles. In practice, the driving-point impedance is usually referred to as 
the input impedance. The definitions and the analytical formulations that underlie the 
self, mutual, and input impedances arc presented in Chapter 8. 

To attain maximum power transfer between a source or a source-transmission 
line and an antenna (or between an antenna and a receiver or transmission line- 
receiver). a conjugate match is usually desired. In some applications, this may not be 
the most ideal match. For example, in some receiving systems, minimum noise is 
attained if the antenna impedance is lower than the load impedance. However, in 
some transmitting systems, maximum power transfer is attained if the antenna impe¬ 
dance is greater than the load impedance. If conjugate matching does not exist, the 
power lost can be computed |7| using 

F, u „ 

^available 


Z,m Z'cct 


Asei 


(lb-23) 


where 

Z m — input impedance of die antenna 

7 W , = input impedance of the circuits which are connected to the antenna at 
its input terminals 


When a transmission line is associated with the system, as is usually the case, the 
matching can be performed at either end of the line. In practice, however, the matching 
is performed near the antenna terminals, because it usually minimizes line losses and 
voltage peaks in the line and maximizes the useful bandwidth of the system. 

In a mismatched system, the degree of mismatch determines the amount of 
incident or available power which is reflected at the input antenna terminals into the 
line. The degree of mismatch is a function of the antenna input impedance and the 
characteristic impedance of the line. These are related to the input reflection coefficient 
and the input VSWR at the antenna input terminals by the standard transmission line 
relationships of 




|Zam + Al 2 


VSWR - I 


■» 


VSWR + I 


(16-24) 
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where 

T = |r|e ,T = voltage reflection coefficient at the antenna input terminals 
VSWR = voltage standing wave ratio at the antenna input terminals 
Z f - characteristic impedance of the transmission line 

Equation ( 16-24) shows a direct relationship between the antenna input impedance 
(Zam) and the VSWR. In fact, if Z mX is known, the VSWR can be computed using 
(16-24). In practice, however, that is not the case. What is usually measured is the 
VSWR. and ii alone does not provide .sufficient information to uniquely determine 
the complex input impedance. To overcome this, the usual procedure is to measure 
the VSWR. and to compute the magnitude of the reflection coefficient using (16-24). 
The phase of the reflection coefficient can be determined by locating a voltage max¬ 
imum or a voltage minimum (from the antenna input terminals) in the transmission 
line. Since in practice the minima can be measured more accurately than the maxima, 
they are usually preferred. In addition, the first minimum is usually chosen unless the 
distance from it to the input terminals is too small to measure accurately. The phase 
y of the reflection coefficient is then computed using 1511 

y = 2 f3x„ ± (2 ii - l)7r = ~^-x„ — (2n - I ) 1 T, n = I. 2. 3,... (16-25) 
where 

n = the voltage minimum from the input terminals (i.e.,/i = I is used to locate 
the first voltage minimum) 

v„= distance from the input terminals to the nth voltage minimum 

A„= wavelength measured inside the input transmission line (it is twice the 
distance between two voltage minima or two voltage maxima) 


Once the reflection coefficient is completely described by its magnitude and phase, 
it can he used to determine the antenna impedance by 



(16-26) 


Ollier methods, utilizing impedance bridges, slotted lines, and broadband swept- 
frequency network analyzers, can he utilized to determine (he antenna impedance 
1511-153]. 

The inpul impedance is generally a function of frequency, geometry, method of 
excitation, and proximity to its surrounding objects. Because of its strong dependence 
on the environment, it should usually be measured in situ unless the antenna possesses 
very narrow beam characteristics. 

Mutual impedances, which take into account interaction effects, are usually best 
described and measured by the cross-coupling coefficients S,„„ of the device's (anten¬ 
na's) scattering matrix. The coefficients of the scattering matrix can then be related 
to the coefficients of the impedance matrix [54]. 


16.8 CURRENT MEASUREMENTS 

The current distribution along an antenna is another very important antenna parameter. 
A complete description of its amplitude and phase permit the calculation of the 
radiation pattern. 
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There are a number of techniques that can be used to measure the current distri¬ 
bution 155)—(581- One of the simplest methods requires that a small sampling probe, 
usually a small loop, be placed near the radiator. On the sampling probe, a current is 
induced which is proportional to the current of the test antenna. 

The indicating meter can be connected to the loop in many different ways [55]. 
If the wavelength is very long, the meter can be consolidated into one unit with the 
measuring loop. At smaller wavelengths, the meter can be connected to a crystal 
rectifier. In order not to disturb the field distribution near the radiator, the rectifier is 
attached to the meter using long leads. To reduce the interaction between the meas¬ 
uring instrumentation and the lest antenna and to minimize induced currents on the 
leads, the wires are wound on a dielectric support rod to form a helical choke. Usually 
the diameter of each turn, and spacing between them, is about A/50, The dielectric 
rod can also be used as a support for the loop. To prevent a dc short circuit on the 
crystal rectifier, a bypass capacitor is placed along the circumference of the loop. 

There are many other methods, some of them more elaborate and accurate, and 
the interested reader can refer to the literature |55]-|58|. 

16.9 POLARIZATION M EASH REM ENTS 

The polarization of a wave was defined in Section 2.12 as the curve traced by the 
instantaneous electric field, at a given frequency, in a plane perpendicular to the 
direction of wave travel. The far-field polarization of an antenna is usually measured 
at distances where the field radiated by the antenna forms, in a small region, a plane 
wave that propagates in the outward radial direction. 

In a similar manner, the polarization of the antenna is defined as the curve traced 
by the instantaneous electric field radiated by the antenna in a plane perpendicular 
to the radial direction, as shown in Figure 16.23(a). The locus is usually an ellipse. 
In a spherical coordinate system, which is usually adopted in antennas, the polarization 
ellipse is formed by the orthogonal electric field components of E„ and The sense 
of rotation, also referred to as the sense of polarization, is defined by the sense of 
rotation of the wave as it is observed along the direction of propagation [see Figure 
16.23(b)]. 

The general polarization of an antenna is characterized by the axial ratio (AR). 
the sense of rotation (CW orCCW. RH or LH). and the tilt angle r. The lilt angle is 
used to identify the spatial orientation of the ellipse, and it is usually measured 
clockwise from the reference direction. This is demonstrated in Figure 16.23(a) where 
t is measured clockwise with respect to a„, for a wave traveling in the outward radial 
direction. 

Care must be exercised in the characterization of the polarization of a receiving 
antenna. If the tilt angle of an incident wave that is polarization matched to the 
receiving antenna is r m . it is related to the tilt angle t, of a wave transmitted by the 
same antenna by 


r, = 180° - - m (16-27) 

if a single coordinate system and one direction of view are used to characterize the 
polarization. If the receiving antenna has a polarization that is different from that of 
the incident wave, the polarization loss factor (PLF) of Section 2.12.2 can be used to 
account for the polarization mismatch losses. 

The polarization of a wave and/or an antenna can best be displayed and visualized 
on the surface of a PoincanJ sphere [59|. Each polarization occupies a unique point 
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11)1 Sense of mlalion 

Figure 16.23 Polarization ellipse anil sense of rotation for antenna coordinate system. 
( socrcf : //■/■/. Standard Test Procedures for Antennas, IEEE Ski 149-1979. published by 
IEEE Inc.. 1979. distributed by Wiley) 


on the sphere, as shown in Figure 16.24. If one of the two points on the Poincare 
sphere is used to define the polarization of the incident wave and the other the 
polarization of die receiving antenna, the angular separation can he used to determine 
(lie polarization losses. The procedure requires that the complex polarization ratios of 
each are determined, and they are used to compute the polarization efficiency in a 
number of different ways. The details of this procedure are well documented, and 
they can be found in |7], |8|. 

Practically it is very difficult to design radiators that maintain the same polari¬ 
zation state in all parts of their pattern. A complete description requires a number of 
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Figure 16.24 Polarization representation on Poincare* sphere. 
(SOUKfi:: W. II. Kumtner anil F.. S. Gillespie. “Antenna Measure¬ 
ments—1978." Prnc. IEEE. V.ol. 66. No. 4. pp. 483-507, April 1978. 
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measurements in all parts of the pattern. The number of measurements is determined 
by the required degree of polarization description. 

There are a number of techniques that can be used to measure the polarization 
state ol a radiator |7|. |8|. and they can he classified into three main categories: 

1. Those that yield partial polarization information. They do not yield a unique poini 
on the Poincare sphere. 

2. Those that yield complete polarization information bul require a polarization 
standard for comparison. They are referred to as comparison methods. 

3. Those that yield complete polarization information and require no a priori polar¬ 
ization knowledge or no polarization standard. They are designated as absolute 
methods. 

The method selected depends on such factors as the type of antenna, the required 
accuracy, and the time and funds available. A complete description requires not only 
the polarization ellipse (axial ratio and tilt angle), but also its sense of rotation (CW 
or CCW. RH or LH). 

In this text, a method will be discussed which can tie used to determine the 
polarization ellipse (axial ratio and till angle) of an antenna hut not its sense of rotation. 
This technique is referred to as the polarization-pattern method. The sense of polar¬ 
ization or rotation can be found by performing auxiliary measurements or by using 
other methods |7|. 

To perform the measurements, the antenna under test can be used either in the 
transmitting or in the receiving mode. Usually the transmitting mode is adopted. The 
method requires that a linearly polarized antenna, usually a dipole, he used to probe 
the polarization in the plane that contains the direction of the desired polarization. 
The arrangement is shown in Figure 16.25(a). The dipole is rotated in the plane of 
the polarization, which is taken to be normal to the direction of the incident field, and 
the output voltage of the probe is recorded. 

If the test antenna is linearly polarized, the output voltage response will be 
proportional to sin i// (which is the tar-zone field pattern of an infinitesimal dipole). 
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Figure 16.25 Polarization measuring system and lypieal patterns. 


The pattern forms a figure-eight, as shown in Figure 16.25(b), where i// is the rotation 
angle of the probe relative to a reference direction. For an elliptically polarized test 
antenna, the nulls of the figure-eight are filled and a dumbbell polarization curve 
(usually referred to us polarization pattern) is generated, as shown in Figure 16.25(b). 
The dashed curve represents the polarization ellipse. 

The polarization ellipse is tangent to the polarization pattern, and it can he used 
lo form the axial ratio and the tilt angle of the test antenna. The polarization pattern 
will be a circle, as shown in Figure 16.25(h). if the test antenna is circularly polarized. 
Ideally, this process must be repeated at every point of the antenna pattern. Usually 
it Is performed at a number of points that describe sufliciently well the polarization 
of the antenna at the major and the minor lobes. 

In some cases the polarization needs to be known over an entire plane. The axial 
ratio part of the polarization state can be measured using the arrangement of Figure 
16.25(a) where the test probe antenna is used usually as a source while the polarization 
pattern ot the test antenna is being recorded while the test antenna is rotated over the 
desired plane. This arrangement does not yield the tilt angle or sense of rotation of 
die polarization state. In order to obtain the desired polarization pattern, the rate of 
rotation of the linear probe antenna (usually a dipole) is much greater than the rotation 
rate of the positioner over which the test antenna is mounted and rotated to allow, 
ideally, the probe antenna to measure the polarization response of the test antenna at 
that direction before moving to another angle. When this is performed over an entire 
plane, a typical pattern recorded in decibels is shown in Figure 16.26 [60|. and it is 






mm 

PM 

w^m 


Ill 


m 


wh*m*£W 


msMM I 


Figure 16.26 Pattern of a circularly polarized test antenna taken with a 
rotating, linearly polarized, source antenna |E. S. Gillespie. ••Measure¬ 
ment of Antenna Radiation Characteristics on Par-Field Ranges." in An¬ 
tenna Handbook (Y. T. Lo & S. W. Lee, edsj. 1988. c Van Nostrand 
Reinhold Co.. Inc.| 


referred as the axial ratio pattern. It is apparent that the axial ratio pattern can he 
inscribed by inner and outer envelopes. At any given angle, the ratio of the outer and 
inner envelope responses represent the axial ratio. If the pattern is recorded in decibels, 
the axial ratio is the difference between the outer and inner envelopes (in dB); zero 
dR difference represents circular polarization (axial ratio of unity). Therefore the 
polarization pattern of Figure 16.2ft indicates that the test antenna it represents 
is nearly circularly polarized (within 1 dB: axial ratio less than 1.122) at and near 
II = 0° and deviates from that almost monotonically at greater angles (typically by 
about 7 dB maximum: maximum axial ratio of about 2.24). 

The sense of rotation can be determined by performing auxiliary measurements. 
One method requires that the responses of two circularly polarized antennas, one 
responsive to CW and the other to CCW rotation, be compared |55|. The sense of 
rotation corresponds to the sense of polarization of the antenna with the more intense 
response. 

Another method would be to use a dual-polarized probe antenna, such as a dual- 
polarized horn, and to record simultaneously the amplitude polarization pattern and 
the relative phase between the two orthogonal polarizations. This is referred lo as the 
phase-amplitude method, and it can be accomplished using the instrumentation of 
Figure 16.27. Double-conversion phase-locked receivers can be used to perform the 
amplitude and phase comparison measurements. 

Another absolute polarization method, which can be used to completely describe 
the polarization of a test antenna, is referred to as the three-antenna method |7], |8|. 
As its name implies, it requires three antennas, two of which must not be circularly 
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Figure 16.27 System configuration ior measurements of polarization amplitude mid phase. 
(SOLiKc'ti: W. H. Kummer and E. S. Gillespie. "Anlenna Measurement*—1978." Proc. 
IEEE. Vol. 66. No. 4. pp. 483-507. April 1978. © (1978) IEEE) 


polarized. There are a number of transfer methods |7|. |X|. but they require calibration 
standards for complete description of the polarization state. 


16.10 SCALE MODEL MEASUREMENTS 

In many applications (such as with antennas on ships, aircraft, large spacecraft, etc.), 
the antenna and its supporting structure are so immense in weight and/or size that 
they cannot he moved or accommodated by the facilities of a measuring antenna 
range. In addition, a movement of the structure to an antenna range can eliminate or 
introduce environmental effects. To satisfy these system requirements, in situ meas¬ 
urements are usually executed. 

A technique that can be used to perform antenna measurements associated with 
large structures is geometrical scale modeling. Geometrical modeling is employed to 

1. physically accommodate, within small ranges or enclosures, measurements that 
can be related to large structures 

2. pros ide experimental control over the measurements 

3. minimize costs associated with large structures and corresponding experimental 
parametric studies 

Geometrical scale modeling by a factor of ii (// smaller or greater than unity) 
requires the scaling indicated in Table 16.1. The primed parameters represent the 
scaled model while the unprimed represent the lull scale model. For a geometrical 
scale model, all the linear dimensions of the antenna and its associated structure are 
divided by n whereas the operating frequency and the conductivity of the antenna 
material and its structure are multiplied by n. In practice, the scaling factor n is usually 
chosen greater than unity. 

Ideal scale modeling for antenna measurements requires exact replicas, both 
physically and electrically, of the full scale structures. In practice, however, this is 
closely approximated. The most difficult scaling is that of the conductivity. If the full 
scale model possesses excellent conductors, even betier conductors will be required 
in the scaled models. At microwave and millimeter wave frequencies this can be 
accomplished by utilizing clean polished surfaces, free of films and other residues. 

Geometrical scaling is often used for pattern measurements. However, it can aiso 
be employed to measure gain, directivity, radiation efficiency, input and mutual im¬ 
pedances. and so forth. For gain measurements, ihe inability to properly scale the 
conductivity can be overcome by measuring the directivity and the antenna efficiency 
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Table 16.1 GEOMETRICAL SCALE MODEL _ 

Scaled Parameters Unchanged Parameters 


Length; 

l'= Un 

Permittivity: 

e'= e 

Time: 

t'= t/n 

Permeability: 

M*= p 

Wavelength: 

A'= A In 

Velocity: 

i/= V 

Capacitance 

C' = C//i 

Impedance: 

Z'= Z 

Inductance: 

L'= Un 

Antenna gain: 

c,;= a, 

Echo area: 

AJ = AJm 



Frequency: 

,r= nf 



Conductivity: 

o' — HIT 




and multiplying the two to determine the gain. Scalings that permit additional param¬ 
eter changes are available [611. The changes must satisfy the theorem of similitude. 
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0.06465 

0.05425 

1.1 

1.00000 

0.059(H) 

0.15833 

0.11221 

0.00050 

1.2 

1.00000 

0.15826 

0.05996 

0.05757 

0.04858 

1.3 

1.00000 

0.23793 

0.04465 

0.04361 

0.03957 

1.4 

1.00000 

0.29481 

0.13334 

0.10052 

0.01375 

1.5 

1.000(H) 

0.32666 

0.18807 

0.06519 

0.04953 

1.6 

1.00000 

0.33220 

0.19796 

0.02880 

0.02758 

1.7 

1.00000 

0.31120 

0.16104 

0.09695 

0.02668 

1.8 

1.00000 

0.26451 

0.08464 

0.07712 

0.05092 

1.9 

1.00000 

0.19398 

0.01588 

0.01584 

0.01566 

2.0 

1.00000 

0.10243 

0.11966 

0.10040 

0.04097 

2.1 

1.00000 

0.00649 

0.20382 

0.09692 

0.05309 

2.2 

1.00000 

0.12844 

0.24737 

0.00109 

0.00109 

2.3 

1.00000 

0.25856 

0.23480 

0.11348 

0.06047 

2.4 

1.00000 

0.39167 

0.15888 

0.13407 

0.05687 

2.5 

1.00000 

0.52244 

0.02216 

0.02211 

0.02192 

2.6 

1.00000 

0.64568 

0.16301 

0.14792 

0.09570 

2.7 

1,00000 

0.75646 

0.37615 

0.22378 

0.06537 

2.8 

1.00000 

0.85038 

0.59143 

0.08087 

0.07785 

2.9 

1.00000 

0.92368 

0.78152 

0.27738 

0.20750 

3.0 

1.00000 

0.97345 

0.92161 

0.70013 

0.10799 

3.1 

1.00000 

0.99769 

0.99309 

0.97172 

0.88885 

3.1415 

1.00000 

1.000(H) 

1.00000 

1.00000 

1.00000 
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APPENDIX 


m 

COSINE AND SINE INTEGRALS 


O, . . 

S , (a) = - -</t 

Jo r 

(III- 1 ) 

CM- f”" 1 * f”" 1 * 

Ji 7 J* 7 

(III-2) 

C ta U) = f' 

(in-3) 


C ta (.v) = ln( y.tl - C,(x) = ln(y) + ln(.v) - C,(x) 

Cjx) = ln( 1.781) + In(.t) - C,^x) = 0.577215665 + InU) - C,U) (III-4) 


Also 


S,(x) 

C,(x) 

C|„(*v) 


hx (2k + I )(2k + I)! 
C + In(.v) + S ( - I )* 

i-i 


A^ 

2k(2k)\ 


i 
* -1 


A- 2 * 

2k(2k)\ 


m) 
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X 

SM 

Cf(x) 

Qn(X) 

X 

S,(x) 

CM 

CM 

0.0 

0.0 

— 7C 

0.00000 

5.1 

1.53125 

-0.18348 

2.38993 

0.1 

0.09994 

- 1.72787 

0.00250 

5.2 

1.51367 

-0.17525 

140113 

0.2 

0.19956 

- 1.04221 

0.00998 

5.3 

1.49732 

-0.16551 

2.41043 

0.3 

0.29850 

-0.64917 

0.02242 

5.4 

1.48230 

-0.15439 

2.41800 

0.4 

0.39646 

-0.37881 

0.03973 

5.5 

1.46872 

-0.14205 

2.42402 

0.5 

0.49311 

-0.17778 

0.06185 

5.6 

1.45667 

-0.12867 

2.42865 

0.6 

0.58813 

-0.02227 

0.08866 

5.7 

1.44620 

-0.11441 

2.43209 

0.7 

0.68122 

0.10051 

0.12003 

5.8 

1.43736 

-0.09944 

2.43451 

0.8 

0.77210 

0.19828 

0.15579 

5.9 

1.43018 

-0.08393 

2.436111 

0.9 

0.86047 

0.27607 

0.19579 

6.0 

1.42469 

-0.06806 

2.43703 

1.0 

0.94608 

0.33740 

0.23981 

6.1 

1.42087 

-0.05198 

2.43749 

i.l 

1.02869 

0.38487 

0.28765 

6.2 

1.41871 

-0.03587 

2.43764 

1.3 

1.10805 

0.42046 

0.33908 

6.3 

1.41817 

-0.01989 

2.43765 

IJ 

1.18.396 

0.44574 

0.39384 

6.4 

1.41922 

-0.00418 

2.43770 

1.4 

1.25623 

0.46201 

0.45168 

6.5 

1.42179 

0.01 no 

2.43792 

1.5 

1.32468 

0.470.36 

0.51232 

6.6 

1.42582 

0.02582 

2.43846 

1.6 

1.38918 

0,47173 

0.57549 

6,7 

1.43121 

0.03986 

2.43947 

1.7 

1.44959 

0.46697 

0.64088 

6.8 

1.43787 

0.05308 

2,44106 

1.8 

1.50582 

0.45681 

0.70819 

6.9 

1.44570 

0,06539 

2.44334 

1.9 

1.55778 

0.44194 

0.77713 

7.0 

1.45460 

0.07670 

2.44643 

2.0 

1.60541 

0.42298 

0.84738 

7.1 

1.46443 

0.08691 

2.45040 

2.1 

1.64870 

0.40051 

0.91864 

7.2 

1.47509 

0.09596 

2.45534 

2.2 

1.68762 

0.37507 

0.99060 

7.3 

1.48644 

0.10379 

2.46130 

2.3 

1.72221 

0.34718 

1.06295 

7.4 

1.49834 

0.11036 

2.46834 

2.4 

1.75249 

0.31729 

1.13539 

7.5 

1.51068 

0.11563 

2.47649 

2.5 

1.77852 

0.28587 

1.20764 

7.6 

1.52331 

0.11960 

2.48577 

2.6 

1 80039 

0.25334 

1.27939 

7.7 

1.53611 

0.12225 

2.49619 

2.7 

1.81821 

0.22008 

1.35038 

7.8 

1.54894 

0.12359 

2.50775 

2.8 

1.83210 

0.18649 

1.42035 

7.9 

1.56167 

0.12364 

2.52044 

2.9 

1.84219 

0.15290 

1.48903 

8.0 

1.57419 

0.12243 

2.53422 

3.0 

1.84865 

0.11963 

1.55620 

8.1 

1.58637 

0.12002 

2.54906 

3.1 

1.85166 

0.08699 

1.62163 

8.2 

1.5981(1 

0.11644 

2.56491 

3.2 

1.85140 

0.05526 

1.68511 

8.3 

1.60928 

0.11177 

2.58170 

3J 

1.84808 

0.02468 

1.74646 

8.4 

1.61981 

0.10607 

2.59938 

3.4 

1.84191 

-0.00452 

1.80551 

8J 

1.62960 

0.09943 

2,61785 

3.5 

1.83313 

—0.03213 

1.86211 

8.6 

1.63857 

0.09194 

2.63704 

3.6 

1.82195 

-0.05797 

1.91612 

8 7 

1.64665 

0.08368 

2.65686 

3.7 

1.80862 

0.08190 

1.96745 

8.8 

1.65379 

0.07476 

2.67721 

3.8 

1.79339 

-0.10378 

2.01599 

8.9 

1.65993 

0.06528 

2.69799 

3.9 

1.77650 

-0.12350 

2.06169 

9.0 

1.66504 

0.05535 

2.71909 

4.0 

1 75820 

- 0.14098 

2.10449 

9.1 

1.66908 

0.04507 

2.74042 

4.1 

1.73874 

-0.15617 

2.14437 

9.2 

1.67205 

0.03455 

2.76186 

4.2 

1.71837 

-0.16901 

2.18131 

9.3 

1.67393 

0.02391 

2.78332 

4.3 

1.69732 

0.17951 

2.21534 

9.4 

1.67473 

0.01325 

2.80467 

4.4 

1.67583 

-0.18766 

2.24648 

9.5 

1.67446 

0.00268 

2.81583 

4.5 

1.65414 

-0.19349 

2.27478 

9.6 

1.67316 

-0.00771 

2.84669 

4,6 

1.63246 

-0.19705 

2.30032 

9.7 

1.67084 

-0.01780 

2.86715 

4.7 

1.61101 

-0.19839 

2.32317 

9.8 

1.66757 

-0.02752 

2,88712 

4.8 

1.58998 

-0.19760 

2.34.344 

9.9 

1.66338 

- 0.03676 

2.90651 

4.9 

1.56956 

-0.19478 

2.36123 

10.0 

1.65835 

-0.04546 

2.91526 

5.0 

1.54993 

—0.19003 

2.37668 

10.1 

1.65253 

-0.05352 

2.94327 
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X 

S,(x) 

C)(x) 

C in (x) 

10.2 

1.64600 

- 0.06089 

2.96050 

10.3 

1.63883 

-0.06751 

2.97687 

10.4 

1.63112 

-0.07332 

2.99234 

10.5 

1.62294 

-0.07828 

3.00687 

10.6 

1.61439 

-0.08237 

3.02044 

10.7 

1.60556 

-0.08555 

3.03301 

10.8 

1.59654 

-0.08781 

3.04457 

10.9 

1.58743 

-0.08915 

3.05513 

11.0 

1.57831 

-0.08956 

3.06467 

III 

1.56927 

-0.08907 

3.07323 

11.2 

1.56042 

-0.08769 

3.08082 

11.3 

1.55182 

-0.08546 

3.08748 

11.4 

1.54356 

-0.08240 

3.09323 

11.5 

1.53571 

-0.07857 

3.09813 

11.6 

1.52835 

-0.07401 

3.10224 

11.7 

1.52155 

-0.06879 

3.10560 

11.8 

1.51535 

-0.06297 

3.10828 

11.9 

1.50981 

-0.05661 

3.11036 

12.0 

1.50497 

-0.04978 

3.11190 

12.1 

1.50088 

-0.04257 

3.11299 

12.2 

1.49755 

-0.03504 

3.11369 

12.3 

1.49501 

-0.02729 

3.11410 

12.4 

1.49327 

-0.01938 

3.11429 

12.5 

1.49234 

-0.01141 

3.11435 

12.6 

1.49221 

- 0.00344 

3.11436 

12-7 

1.49287 

0.00443 

3.11439 

12.8 

1.49430 

0.01214 

3.11452 

12.9 

1.49647 

0.01961 

3.11484 

13.0 

1.49936 

0.02676 

3.11540 

13.1 

1.50292 

0.03355 

3.11628 

13.2 

1.50711 

0.03989 

3.11754 

13.3 

1.51188 

0.04574 

3.11924 

13.4 

1-51716 

0.05104 

3.12143 

13.5 

1.52291 

0.05576 

3.12415 

13.6 

1.52905 

0.05984 

3.12744 

13.7 

1.53552 

0.06327 

3.13134 

13.8 

1.54225 

0.06602 

3.13587 

13.9 

1.54917 

0.06806 

3.14104 

14.0 

1.55621 

0.06940 

3.14688 

14.1 

1.56330 

0.07002 

3.15337 

14.2 

1.57036 

0.06993 

3.16053 

14.3 

1.57733 

0.06914 

3.16834 

14.4 

1.58414 

0.06767 

3.17678 

14.5 

1.59072 

0,06554 

3.18583 

14.6 

1.59702 

0.06278 

3.19546 

14.7 

1.60296 

0.05943 

3.20563 

14.8 

1.60851 

0.05554 

3.21631 

14.9 

1.61360 

0.05113 

3.22744 

15.0 

1.61819 

0.04628 

3.23899 

15.1 

1.62226 

0.04102 

3.25089 

15.2 

1.62575 

0.03543 

3.26308 


X 

S,(x) 

C,(x) 

CJx) 

15.3 

1.62865 

0.02955 

3.27552 

15.4 

1.63093 

0.02345 

3.28813 

15.5 

1.63258 

0.01719 

3.30086 

15.6 

1.63359 

0.01084 

3.31364 

15.7 

1.63396 

0.00447 

3.32641 

15.8 

1.63370 

-0.00187 

3.33910 

15.9 

1.63280 

— 0,00812 

3.35165 

16.0 

1.63130 

-0.01420 

3.36400 

16.1 

1.62921 

-0.02007 

3.37610 

16.2 

1.62657 

— 0.02566 

3.38789 

16.3 

1.62339 

-0.03093 

3.39931 

16.4 

1.61973 

- 0.03583 

3.41033 

16.5 

1.61563 

-0.04031 

3.42088 

16.6 

1.61112 

-0.04433 

3.43095 

16.7 

1.60627 

- 0.04786 

3.44049 

16.8 

1.60111 

-0.05087 

3.44947 

16.9 

1.59572 

-0.05334 

3.45787 

17.0 

1.59014 

-0.05524 

3.46567 

17.1 

1.58443 

- 0.05657 

3.47287 

17.2 

1.57865 

-0.05732 

3.47945 

17.3 

1.57285 

-0.05749 

3.48541 

17.4 

1.56711 

-0.05708 

3.49076 

17.5 

1.56146 

-0.05610 

3.49552 

17.6 

1.55598 

-0.05458 

3.49969 

17.7 

1.55070 

-0.05252 

3.50330 

17.8 

1.54568 

-0.04997 

3.50638 

17.9 

1.54097 

-0.04694 

3.50895 

18.0 

1.53661 

- 0.0434X 

3.51106 

18.1 

1.53264 

-0.03962 

3.51274 

18.2 

1.52909 

- 0.03540 

3.51404 

18.3 

1.52600 

- 0.03088 

3.51500 

18.4 

1-52339 

-0.02610 

3 51566 

18.5 

1.52128 

-0.02111 

3.51609 

18.6 

1.51969 

-0.015% 

3.51634 

18.7 

1.51863 

-0.01071 

3.51644 

18.8 

1.51810 

- 0.(8)540 

3.51647 

18.9 

1.51810 

-0.0001(1 

3.51648 

19.0 

1.51863 

0.00515 

3.51650 

19.1 

1.51967 

0.01029 

3.51661 

19,2 

1.52122 

0.01528 

3.51685 

19.3 

1.52324 

0.02006 

3.51726 

19.4 

1.52572 

0.02459 

3.51790 

19.5 

1.52863 

0.02883 

3.51880 

19.6 

1.53192 

0.03274 

3.52000 

19.7 

1.53557 

0.03629 

3.52155 

19.8 

1.53954 

0.03943 

3.52347 

19.9 

1.54378 

0.04215 

3.52579 

20.0 

1.54824 

0.04442 

3.52853 
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X 

C,(x) 

S,(x) 

C(x) 

().() 

0.62666 

0.62666 

0.0 

0.1 

0.52666 

0.62632 

0.10000 

0.2 

0.42669 

0.62399 

0.19992 

0.3 

0.32690 

(1.61766 

0.29940 

0.4 

0.22768 

0.60536 

0.39748 

0.5 

0.12977 

0.58518 

0.49234 

0.6 

0.03439 

0.55532 

0.58110 

0.7 

-0.05672 

0.51427 

0.65965 

0.8 

-0.14119 

0.46092 

0.72284 

0.9 

— 0.21606 

0.39481 

0.76482 

1.0 

-0.27787 

0.31639 

0.77989 

1.1 

- 0.32285 

0.22728 

0.76381 

1.2 

-0.34729 

0.13054 

0.71544 

1.3 

-0.34803 

0.03081 

0.63855 

1.4 

-0.32312 

-0.06573 

0.54310 

1.5 

-0.27253 

-0.15158 

0.44526 

1.6 

-0.19886 

-0.21861 

0.36546 

1.7 

-0.10790 

-0.25905 

0.32383 

1.8 

-0.00871 

- 0.26682 

0.33363 

1.9 

0.08680 

-0.23918 

0.39447 

2.0 

0.16520 

-0.17812 

0.48825 

2.1 

0.21359 

-0.09141 

0.58156 

2.2 

0.22242 

0.00743 

0.63629 

2.,3 

0.18833 

0.10054 

0.62656 

2.4 

0.11650 

0.16879 

0.55496 

2.5 

0.02135 

0.19614 

0.45742 

2.6 

-0.07518 

0.17454 

0.38894 

2.7 

-0.14816 

0.10789 

0.39249 

2.8 

-0.17646 

0.01329 

0.46749 

2.9 

-0.15021 

0.08181 

0.56237 

3.0 

-0.07621 

-0.14690 

0.60572 

3.1 

0.02152 

-0.15883 

0.56160 

3.2 

0.10791 

-0.11181 

0.46632 

3.3 

0.14907 

- 0.02260 

0.40570 

3.4 

0.12691 

0.07301 

0.43849 

3.5 

0.04965 

0.13335 

0.53257 

3.6 

-0.04819 

0.12973 

0.58795 

3.7 

-0.11929 

0.06258 

0.54195 

3.8 

-0.12649 

-0.03483 

0.44810 

3.9 

-0.06469 

-0.11030 

0.42233 

4.0 

0.03219 

-0.12048 

0.49842 

4.1 

0.10690 

-0.05815 

0.57369 

4.2 

0.11228 

0.03885 

0.54172 

4.3 

0.04374 

0.10751 

0.44944 

4.4 

-0.05287 

0.10038 

0.43833 

4.5 

-0.10884 

0.02149 

0.52602 

4.6 

-0.08188 

-0.07126 

0.56724 

4.7 

0.00810 

-0.10594 

0.49143 

4.8 

0.08905 

-0.05381 

0.43380 

4.9 

0.09277 

0.04224 

0.50016 

5.0 

0.01519 

0.09874 

0.56363 

5.1 

-0.07411 

0.06405 

0.49979 

5.2 

-0.09125 

— 0.03004 

0.43889 


Six) 

0.0 

0.(J(»52 
0.00419 
0.01412 
0.03336 
0.00473 
0.11054 
0.17214 
0.24934 
0.33978 
0,43826 
0.53650 
0.62340 
0.68633 
0.71353 
0.69751 
0.63889 
0.54920 
0.45094 
0.37335 
0.34342 
0.37427 
0.45570 
0.55315 
0.61969 
0.61918 
0.54999 
0.45292 
0.39153 
0.41014 
0.49631 
0.58181 
0.59335 
0.51929 
0.42965 
0.41525 
0.49231 
0.57498 
0.56562 
0.47521 
0.42052 
0.47580 
0.56320 
0.55400 
0.46227 
0.43427 
0.51619 
0.56715 
0.49675 
0.43507 
0.49919 
0.56239 
0.49688 
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X 

C,(x) 

S,(x) 

C(x) 

S(x) 

5.3 

-0.01892 

-0.09235 

0.50778 

0.44047 

5.4 

0.07063 

- 0.05976 

0.55723 

0.51403 

5.5 

0.08408 

0.03440 

0.47843 

0.55369 

5.6 

0.00641 

0.08900 

0.45171 

0.47004 

5.7 

-0.07642 

0.04296 

0.53846 

0.45953 

5.8 

-0.06919 

-0.05135 

0.52984 

0.54604 

5.9 

0.01998 

-0.08231 

0.44859 

0.51633 

6.0 

0.08245 

-0.01181 

0.49953 

0.446% 

6.1 

0.03946 

0.07180 

0.54950 

0.51647 

6.2 

-0.05363 

0.06018 

0.46761 

0.53982 

6.3 

-0.07284 

-0.03144 

0.47600 

0.45555 

6.4 

0.00835 

-0.07765 

0.54960 

0.49649 

6.5 

0.07574 

-0.01326 

0.48161 

0.54538 

6.6 

0.03183 

0.06872 

0.46899 

0.46307 

6.7 

-0.05828 

0.04658 

0.54674 

0.49150 

6.8 

-0.05734 

— 0.04600 

0.48307 

0.54364 

6.9 

0.03317 

- 0.06440 

0.47322 

0.46244 

7.0 

0.06832 

0.02077 

0.54547 

0.49970 

7.1 

- 0.00944 

0.06977 

0.47332 

0.53602 

7.2 

0.06943 

0.00041 

0.48874 

0.45725 

7.3 

0.00864 

-0.06793 

0.53927 

0.51894 

7.4 

0.06582 

-0.01521 

0.46010 

0.51607 

7.5 

0.02018 

0.06353 

0.51601 

(1.46070 

7.6 

0.06137 

0.02367 

0.51564 

0.53885 

7.7 

- 0.02580 

-0.05958 

0.46278 

0.48202 

7.8 

0,05828 

-0.02668 

0.53947 

0.48964 

7.9 

0.02638 

0.05752 

0.47598 

053235 

8.0 

-0.05730 

0.02494 

0.49980 

0.46021 

8.1 

-0.02238 

- 0.05752 

0.52275 

(1.53204 

8.2 

0.05803 

-0.01870 

0.46384 

0.48589 

8.3 

0.01387 

0.05861 

0.53775 

0.49323 

8.4 

-0.05899 

0.00789 

0.47092 

052429 

8.5 

— 0.00080 

-0.05881 

0.51417 

0.46534 

8.6 

0.05767 

0.(8)729 

0.50249 

0.53693 

8.7 

-0.01616 

0.05515 

0.48274 

0.46774 

8.8 

-0.05079 

-0.02545 

0.52797 

0.52294 

8.9 

0.03461 

-0.04425 

0.46612 

0,48856 

9.0 

0.03526 

0.04293 

0.53537 

0.49985 

9.1 

-0.04951 

0.02381 

0.46661 

0.51042 

9.2 

-0.01021 

-0.05338 

0.52914 

0.48135 

9.3 

0.05354 

0.(8)485 

0.47628 

0.52467 

9.4 

-0.02020 

0.04920 

0.51803 

(1.47134 

9.5 

-0.03995 

- 0.03426 

0.48729 

0.53100 

9.6 

0.04513 

- 0.02599 

0.50813 

0.46786 

9.7 

0.00837 

0.05086 

0.49549 

0.53250 

9.8 

-0.04983 

-0.01094 

0.50192 

0.46758 

9.9 

0.02916 

-0.04124 

0.49961 

0.53215 

10.0 

0.02554 

0.04298 

0.49989 

0.46817 

10.1 

0.04927 

0.(8)478 

0.49961 

0.53151 

10.2 

0.01738 

-0.04583 

0.50186 

0.46885 

10.3 

0.03233 

0.03621 

0.49575 

0.53061 

10.4 

-0.04681 

0.01094 

0.50751 

0.47033 

10.5 

0.01360 

-0.04563 

0.48849 

0.52804 



896 Appendixes 


X 

C,{x) 

•V,(Jr) 

C(x) 

5{x) 

10.6 

0.03187 

0.03477 

0.51601 

0.47460 

10.7 

- 0.04595 

0.(8)848 

0.47936 

0.52143 

10.8 

0.01789 

-0.04270 

0.52484 

0.48413 

10.9 

0.02494 

0.03850 

0 47211 

0.50867 

no 

-0.04541 

-0.00202 

0.52894 


III 

0.02X45 

- 0.03492 

0.47284 


11.2 

0.01 (MIX 

0.04349 

0.52195 

0.51805 

11.3 

-0.03981 

0.01930 

0.48675 

0.47514 

11.4 

0.04005 

0.01789 

0.50183 

0.52786 

11.5 

-0.01282 

0.04155 

0.51052 

0.4744(1 

11.6 

-0.02188 

-0.03714 

0.47890 

0.51755 

11.7 

0.04164 

0.00962 

0.52679 

0-49525 

11.8 

-0.03580 

0.02267 

0.47489 

0.49013 

11.9 

0.(8)977 

-0.04086 

0.51544 

0.52184 

12.0 

0.02059 

0.03622 

0.49993 

0.47347 

12.1 

-0.03919 

0.01109 

0.48426 

0.52108 

12.2 

0.03792 

-0.01555 

0.51525 

0.49345 

12.3 

-0.01914 

0.03586 

0.47673 

0.48867 

12.4 

-0.(8)728 

-0.03966 

0.50951 

0.51184 

12.5 

0.02960 

0.02691 

0.50969 

0.47645 

12.6 

-0.03946 

-0.00421 

0.47653 

0.50936 

127 

0.03445 

-0.01906 

0.52253 

0.51097 

12.8 

-0.01783 

0.03475 

0.49376 

0.47593 

12.9 

- 0.00377 

-0.03857 

0.48523 

0.51977 

13.0 

0.02325 

0.03064 

0.52449 

0.49994 

13.1 

0.03530 

-0.01452 

0.48598 

0.48015 

13.2 

0.03760 

- 0.00459 

0.49)17 

0.52244 

13.3 

0.03075 

0.0216.3 

0.52357 

0.49583 

13.4 

0.01744 

- 0.03299 

0.48482 

0.48173 

13.5 

-0.00129 

0.03701 

0.49103 

0.5218(1 

13.6 

-0.01421 

-0.03391 

0.52336 

0.49848 

13.7 

0.02639 

0.0252! 

0.48908 

0.47949 

13.8 

0.03377 

-0.01313 

0.48534 

0.51781 

13.9 

0.03597 

- 0.00002 

0.52168 

0.50737 

14.0 

-0.03352 

0.01232 

0.49996 

0.47726 

14.1 

0.02749 

0.02240 

0.47844 

0.50668 

14.2 

0.01916 

0.02954 

0.51205 

0.51890 

14.3 

0.(8)979 

- 0.03357 

0.51546 

0.4X398 

14.4 

-0.00043 

0.03472 

0.48131 

0.48819 

14.5 

-0.(8)817 

- 0.03350 

0.49164 

0.52030 

14.6 

0.01553 

0.03052 

0.52113 

0.50538 

14.7 

-0.02145 

- 0.02640 

0.50301 

0.47856 

14.8 

0.02591 

0.02168 

0.47853 

0.49X69 

14.9 

0.02903 

-0.01683 

0.49971 

0.52136 

15.0 

0.03103 

0.01217 

0.52122 

0.49926 
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APPENDIX 


v 

BESSEL FUNCTIONS 


Bessel's equation cun he written ns 

X 'dP + X tx + 1x2 ~ p2)> ' = ° 

Using the method of Frobenius. we can write its solutions as 

y(.v) = AfJpti) + B,J p (x), /) ^ 0 or integer 


or 


where 


v(x) = A, J„(x) + B : Y„(x). p — n — 0 or integer 


|/v A (- mxll) 2 "*" 

J,,(X)= L 


„fr» m!(m + />)! 


J,M= 2 


(- I )'"(.v/2) : " 1 - 
» rn!(/n — p)\ 


y (v) _ ■/,,(■>) cos(/77r) - ■/ „(.r) 
sin( pif) 

/n! = E(m + I) 


(V-|) 

(V-2) 

(V-3) 

(V-4) 

(V-5) 

(V-6) 

(V-7) 


J p (x) is referred to as the Bessel function of the lirst kind of order p. Y r (x) us the 
Bessel function of the second kind of order />. and F(.v) as the gamma function. 
When p = n = integer, using (V-5) and (V-7) it can he shown that 


J Jx) = (-1 ) n J„(x) 


(V-8) 


and no longer are the two Bessel functions independent of each other. Therefore a 
second solution is required and it is given by (V-3). It can also be shown that 


Y„(x) = lira YJx) = lim 


./p(.V)COS( pir) - J ,Ax) 
sin( pir) 


(V-9) 
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When the argument of the Bessel function is negative and p = /». using (V-4) leads 
to 


-U-t) = (- l)"-/„U) 


(V-10) 


In many applications Bessel functions of small and large arguments ure required. 
Using asymptotic methods, it can he shown that 


Mx) = i 

y = 1.781 
I lx\" 

J ' M ~ (2) 


x-M) 


Y„0c) =■ - 


IP ~ 


TT 


p>0 


(V-ll) 


(V-12) 


anil 



7r pw 
4 ~ ~2 

IT />7T 

4 “ ~i 


lV-13) 


For wave propagation it is often convenient to introduce Hankei functions defined 


as 


H,!\x) = Jpix) + jY,M) 
h;\x) = J,,(x) - jY,A,x) 


(V-14) 

(V-15) 


where H ,! 11 (.v) is the Hankei function of the first kind of order p and H p ,2 \x) is the 
Hankei function of the second kind of order p. For huge arguments 




H p °\x) 


— << yi «- poii l 2i-nt4|_ v —* % 
7T.V 


/_ e I U piirt) 


(V-16) 
(V-17) 


A derivative can be taken using either 


~ |Z,,(«*)] = aZp. 1 (ox) - ~/.,Anx) 


(V-18) 


or 


|Z ; ,(n.v)| = - aZp , |(o.v) + -Z^ax) 


(V-19) 


where Z,, can be a Bessel function ( JY ,,) or a Hankei function or H' : |. 
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A useful identity relating Bessel functions and their derivatives is given by 

J„(x) V(.v) - Y r (x)J p ‘ (x) = — (V-20) 

7 TX 

and it is referred to as the Wronskian. The prime (') indicates a derivative. Also 

Jp(x)J‘ p(x) - J ,,{x)J r '(x) = - — sin( pir) (V-21) 

Some useful integrals of Bessel functions are 


f j4’ +i J r (ax)dx = ~ 1 7,, , , (ax) + C 

(V-22) 

fx , r J r lax)dx= - “V 1 '"J,, \ ( ux) + C 

(V-23) 

j x 3 J„(x)dx = x 3 J,(x) - 2x 2 J 2 (x) + C 

(V-24) 

j ^J i (x)dx = x b J 2 (x) - 4x i J i (x) + 8 x*J 4 tx) + C 

(V-25) 

fjilx)dr= -Hx) - ^./,(v) + C 

(V-26) 

j xJ,(x)dx= -xJ,,tx) + J J„(x)dc + C 

(V-271 

Jx l J,(x)dt= —Ji(x) +- jJ,)(x)dx 4- C 

(V-28) 

J Jj(x)tlx = -27,(a) + j J„(x)ilx + C 

(V-29) 

Jx" 7„(.v) dx = x m j n + ,( iV ) - On - n - 1) Jx m ~' 

J „., (.v) dx 

(V-30) 

jx m Jjx)dx= -x m J„ ,U) + (m + n - l) Jx m 

“ 1 7„ i (.v) dx 

(V-3 i) 

2 f** 

V|(.v) = - sint.v sin 0) sin (hill 

IT J() 

(V-32) 

1 i P* 3 

7|(.v) = - cos(a' sin II) cos’ fJ til) 

■ x n Jo 

(V-33) 

2 f* 2 

7,(.v) - - cost.v sin 0) cos 2 (hill 

7T Jo 

(V-34) 

j-« 

7„(v) = — ,16 

2 TT Jl> 

(V-3?) 
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/ ° r 

Jjx) = - — cost/t <j>) c J ' CM '''(l<!> 

IT JO 

(V-36) 

1 f" 

Jjx)-~ cosf.v sin <l> - n (/») d<l> 

7 T Jo 

(V-37) 

2 


■Izj,( \) = — cos( v sin <l>) cost2 n 4>) rl<!> 

it Jo 

(V-38) 

2 f 2 

Ji„(x) = (- 1 1 " — / con(x cos «/>) cas(2n<j>)d<t> 

IT JO 

(V-39) 

1 J,,(t) (It and ( Jo(t) </r 

J 0 JO 

(V-40) 


The integrals 


often appear in solutions of problems but cannot be integrated in closed form. Graphs 
and tables for each, obtained using numerical techniques, are included. 
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X 

Ux) 

J iU) 

V 0 (x) 

Y,M 

0.0 

1.00000 

0.0 

•— X 

— cc 

0.1 

0.99750 

0.04994 

-1.53424 

- 6.45895 

0.2 

0.99003 

0.09950 

-1.08110 

-3.31382 

0.3 

0.97763 

0.14832 

-0.80727 

-2.29310 

0.4 

0.96040 

0.19603 

-0.60602 

-1.78087 

0.5 

0.93847 

0.24227 

-0.44452 

- 1.47147 

0.6 

0.91201 

0.28670 

-0.30851 

- 1.26039 

0.7 

0.88120 

0.329<K) 

-0.19066 

1 10315 

0.8 

0.84629 

0.36884 

-0,08680 

-0.97814 

0.9 

0.80752 

0.40595 

0.00563 

-0,8731.3 

1.0 

0.76520 

0.44005 

0.08826 

0.78121 

l.l 

0.71962 

0.47090 

0.16216 

-0.69812 

1.2 

0,67113 

0.49829 

0.22808 

0.62114 

1.3 

0.62009 

0.52202 

0.28654 

0.54852 

1.4 

0.56686 

0.54195 

0.33789 

-0.47915 

1.5 

0.51183 

0.55794 

0.38245 

0.41231 

1.6 

0.45540 

0.56990 

0.42043 

- 0.34758 

1.7 

0.39799 

0.57777 

0.45203 

-0.28473 

1.8 

0.33999 

0.58152 

0.47743 

- 0.22366 

1.9 

0.28182 

0.58116 

0.49682 

-0.16441 

2.0 

0.22389 

0.57673 

0.51038 

-0.1070.3 

2.1 

0.16661 

0.56829 

0.51829 

-0.05168 

2.2 

0.11036 

0.555% 

0.52078 

0.00149 

2.3 

0.05554 

0.53987 

0.51807 

0.05228 

2.4 

0.00251 

0.52019 

0.51041 

0.10049 

2.5 

-0.04838 

0.49710 

0.49807 

0.14592 

2.6 

-0.09681 

0.47082 

0.48133 

0.18836 

2.7 

-0.14245 

0.44161 

0.46050 

0.22763 

2.8 

0.18504 

0.40972 

0.43592 

0.26354 

2.9 

-0.22432 

0.37544 

0.40791 

0.29594 

3.0 

-0.26005 

0.33906 

0.37686 

0.32467 

3.1 

- 0.29206 

0.30092 

0.34310 

0.34963 

3.2 

-0.32019 

0.26134 

0.30705 

0.37071 

3.3 

-0.34430 

0.22066 

0.26909 

0.38785 

3.4 

- 0-36430 

0.17923 

0.22962 

0.40101 

3.5 

-0.38013 

0.13738 

0.18902 

0.41019 

3.6 

0.39177 

0.09547 

0.14771 

0.41539 

3.7 

-0.39923 

0.05383 

0.10607 

0.41667 

3.8 

-0.40256 

0.01282 

0.06450 

0.4141 1 

3.9 

-0.40183 

-0.02724 

0.01338 

0.40782 

4.0 

-0.39715 

- 0.06604 

-0.01694 

0.39793 

4.1 

-0.38868 

-0.10328 

0.05609 

0.38459 

4.2 

- 0.37657 

-0.13865 

-0.09375 

0.36801 

4.3 

-0.36102 

-0.17190 

-0.12960 

0.34839 

4.4 

-0.34226 

-0.20278 

-0.16334 

0.32597 

4.5 

-0.32054 

-0.23106 

-0.19471 

0.30100 

4.6 

-0.29614 

-0.25655 

-0.22.346 

0.27375 

4.7 

-0.26933 

- 0.27908 

-0.24939 

0.24450 

4.8 

- 0.24043 

-0.29850 

-0.27230 

0.21356 

4.9 

- 0.20974 

-0.31470 

-0.29205 

0.18115 

5.0 

-0.17760 

-0.32758 

-0.30852 

0.14786 
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X 

Ux) 

J >W 

Y 0 U) 

V,(l) 

5.1 

-0.14434 

-0.33710 

-0.32160 

0.11374 

5.2 

-0.11029 

-0.34322 

-0.33125 

0.07919 

5.3 

- 0.07580 

0.34596 

-0.33744 

0.04455 

5.4 

-0.04121 

-0.34534 

-0.34017 

0.01013 

5.5 

-0.00684 

-0.34144 

-0.33948 

-0.02376 

5.6 

0.02697 

- 0.33433 

-0.33544 

- 0.05681 

5.7 

0.05992 

-0.32415 

-0.32816 

-0.08872 

5.8 

0.09170 

-0.31103 

-0.31775 

-0.11923 

5.9 

0.12203 

-0.29514 

-0.30437 

-0,14808 

6.0 

0.15065 

- 0.27668 

-0.28819 

-0.17501 

6.1 

0.17729 

-0.25587 

-0.26943 

-0,19981 

6.2 

0.20175 

- 0.23292 

-0.24831 

-0.22228 

6.3 

0.22381 

-0.20809 

- 0.22506 

- 0.24225 

6.4 

0.24331 

-0.18164 

-0.19995 

0.25956 

6.5 

0.26009 

-0.15384 

-0.17.324 

-0.27409 

6.6 

0.27404 

-0.12498 

-0.14523 

- 0.28575 

6.7 

0.28506 

- 0.09534 

-0.11619 

-0.29446 

6.8 

0.29310 

— 0.06522 

- 0.08643 

- 0.30019 

6.9 

0.29810 

- 0.03490 

-0.05625 

-0.30292 

7.0 

0.30008 

- 0.00468 

-0.02595 

-0.30267 

7.1 

0.29905 

+ 0.02515 

0.00418 

- 0.29948 

7.2 

0.29507 

0.05433 

0.03385 

- 0.29342 

7.3 

0.28822 

0.08257 

0.06277 

-0.28459 

7.4 

0.27860 

0.10962 

0.09068 

-0.27311 

7.5 

0.26634 

0.13525 

0.117.11 

0.25913 

7.6 

0.25160 

0.15921 

0.14243 

- 0.24280 

7.7 

0.23456 

0.18131 

0.16580 

-0.22432 

7.8 

0.21541 

0.20136 

0.18713 

-0.20388 

7.9 

0.19436 

0.21918 

0.20652 

0,18172 

8.0 

0.17165 

0.23464 

0.22352 

—0.15806 

8.1 

0.14752 

0.24761 

0.23809 

0.13315 

8.2 

0.12222 

0.25800 

0.25012 

-0.10724 

8.3 

0.09601 

0.26574 

0.25951 

-0.08060 

8.4 

0.06916 

0.27079 

0.26622 

-0.05348 

8.5 

0.04194 

0.27312 

0.27021 

-0.02617 

8.6 

0.01462 

0.27276 

0.27146 

0.00108 

8.7 

-0.01252 

0.26972 

0.27000 

0.02801 

8.8 

-0.03923 

0.26407 

0.26587 

0.05436 

8.9 

0.06525 

0.15590 

0.25916 

0.07987 

9.0 

0.09033 

0.24531 

0.24994 

0.10431 

9.1 

-0,11424 

0.23243 

0.23834 

0.12747 

9.2 

-0.13675 

0.21741 

0.22449 

0.14911 

9.3 

-0.15765 

0.20041 

0.20857 

0.16906 

9.4 

-0.17677 

0.18163 

0.19074 

0.18714 

9.5 

-0.19393 

0.16126 

0.1712! 

0.203 IS 

9.6 

-0.20898 

0.13952 

0,15018 

0,21706 

9.7 

0.22180 

0.11664 

0.12787 

0.22866 

9.8 

- 0.23228 

0.09284 

0.10453 

0.23789 

9.9 

- 0.24034 

0.06837 

0.08038 

0.24469 

10.0 

-0.24594 

0.04347 

0.05567 

0.249 02 
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X 

Ux) 

J,M 

Y,M 

y,(x) 

10.1 

-0.24903 

0.01840 

0.03066 

0.25084 

10.2 

-0.24962 

-0.00662 

0.00558 

0.25019 

10.3 

-0.24772 

-0.03132 

-0.01930 

0.24707 

10.4 

-0.24337 

-0.05547 

-0.04375 

0.24155 

10.5 

-0.23665 

-0.07885 

-0.06753 

0.23370 

10.6 

-0.22764 

-0.10123 

— 0.09042 

0.22363 

10.7 

— 0.21644 

-0.12240 

-0.11219 

0.21144 

10.8 

-0.20320 

-0.14217 

-0.13264 

0.19729 

10.9 

-0.18806 

-0.16035 

-0.15158 

0.18132 

11.0 

-0.17119 

-0.17679 

-0.16885 

0.16371 

11.1 

-0.15277 

-0.19133 

-0.18428 

0.14464 

11.2 

-0.13299 

-0.20385 

-0.19773 

0.12431 

11.3 

-0.11207 

-0.21426 

-0.20910 

0.10294 

11.4 

- 0.09021 

-0.22245 

-0.21829 

0.08074 

11.5 

-0.06765 

-0.22838 

-0.22523 

0.05794 

11.6 

- 0.04462 

- 0.232(H) 

- 0.22987 

0.03477 

11.7 

-0.02133 

-0.23330 

-0.23218 

0.01145 

11.8 

0.00197 

-0.23229 

-0.23216 

-0.01179 

11.9 

0.02505 

- 0.22898 

-0.22983 

-0.03471 

12.0 

0.04769 

-0.22345 

-0.22524 

-0.05710 

12.1 

0.06967 

-0.21575 

-0.21844 

-0.07874 

12.2 

0.09077 

-0.20598 

-0.20952 

- 0.09942 

12.3 

0.11080 

-0.19426 

-0.19859 

-0.11895 

12.4 

0.12956 

-0.18071 

-0.1X578 

-0.13714 

12.5 

0.14689 

-0.16549 

-0.17121 

-0.15384 

12.6 

0.16261 

-0.14874 

-0.15506 

-0.16888 

12.7 

0.17659 

-0.13066 

-0.13750 

0.18213 

12.8 

0 18870 

-0.11143 

-0.11870 

-0.19347 

12.9 

0.19885 

- 0.09125 

- 0.09887 

-0.20282 

13.0 

0.20693 

-0.07032 

-0.07821 

-0.21008 

13.1 

0.21289 

- 0.04885 

-0.05692 

-0.2152! 

13.2 

0.21669 

- 0.02707 

-0.03524 

-0.21817 

13.3 

0.21830 

-0.00518 

-0.01336 

-0.21895 

13.4 

0.21773 

0.01660 

0.00848 

-0.21756 

13.5 

0.21499 

0.03805 

0.03008 

-0.21402 

13.6 

0.21013 

0.05896 

0.05122 

- 0.20839 

13.7 

0.20322 

0.07914 

0.07169 

-0.20074 

13.8 

0.19434 

0.09839 

0.09130 

-0.19116 

13.9 

0.18358 

0.11653 

0.10986 

-0.17975 

14.0 

0.17108 

0.13338 

0,12719 

-0.16664 

14.1 

0.15695 

0.14879 

0.14314 

-0.15198 

14.2 

0.14137 

0.16261 

0.15754 

-0.13592 

14.3 

0.12449 

0.17473 

0.17028 

- 0.1 1862 

14.4 

0.10649 

0.18503 

0.18123 

-0.10026 

14.5 

0,08755 

0.19343 

0.19030 

-0,08104 

14.6 

0.06787 

0.19986 

0.19742 

-0.06115 

14.7 

0.04764 

0.20426 

0.20252 

- 0.04079 

14.8 

0.02708 

0.20660 

0.20557 

-0.02016 

14.9 

0.00639 

0.20688 

0.20655 

0.00053 

15.0 

-0.01422 

0.20511 

0.20546 

0.02107 
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Figure V.2 8e$<el functions of fhc second kind K,(.r). y,U)|. 
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J , lxV.i FUNCTION 


X 

•/,(*)/* 

X 

J,(xVx 

X 

J i(xVx 

0.0 

0.50000 

5.1 

-0.06610 

10.2 

-0.00065 

0.1 

0.49938 

53 

- 0.06600 

10.3 

-0.00304 

0.2 

0.49750 

5.3 

- 0.06528 

10.4 

-0.00533 

0.3 

0.49440 

5.4 

-0.06395 

10.5 

-0.00751 

0.4 

0.49007 

5.5 

-0.06208 

10.6 

-0.00955 

0.5 

0.48454 

5.6 

-0.05970 

10.7 

-0.01144 

0.6 

0.47783 

5.7 

-0.05687 

10.8 

-0.01316 

0.7 

0.46999 

5.8 

- 0.05363 

10.9 

-0.01471 

0.8 

0.46105 

5.9 

— 0.05(8)2 

11.0 

-0.01607 

0.9 

0.45105 

6.0 

-0.04611 

II .1 

-0.01724 

1.0 

( 14400 5 

6.1 

-0.04 I'M 

11.2 

-0.01820 

l.l 

0.42809 

6.2 

-0.03757 

11.3 

-0.01896 

1.2 

0.41524 

6.3 

-0.03303 

11.4 

-0.0195! 

1.3 

0,40156 

6.4 

-0.02838 

11.5 

-0.01986 

1.4 

0.38710 

6.5 

-0.01367 

11.6 

-0.02000 

1.5 

0.37196 

6.6 

-0.01894 

11.7 

-0.01994 

1.6 

0.35618 

6.7 

-0.01423 

11.8 

-0.01969 

1.7 

0.33986 

6.8 

-0.00959 

11.9 

- 0.0 J 924 

1.8 

0.32306 

6.9 

— 0.00506 

12.0 

-0.01862 

1.9 

0.30587 

7.0 

— 0.00067 

111 

-0.01783 

2.0 

0.28836 

7.1 

0.00354 

12 2 

-0.01688 

2.1 

0.27061 

7.2 

0.00755 

I 2 J 

-0.01579 

2.2 

0.25271 

7J 

0.01131 

12.4 

-0.01457 

2.3 

0.23473 

7.4 

0.01481 

12.5 

-0.01324 

2.4 

0.21674 

7.5 

0.01803 

12.6 

-0.01180 

2.5 

0.19884 

7.6 

0.02095 

12.7 

-0.01029 

2.6 

0.18108 

7.7 

0.02355 

12.8 

-0.1 X 1871 

2.7 

0.16356 

7.8 

0.02582 

12.9 

-0.00707 

2.8 

0.14633 

7.9 

0.02774 

13.0 

-0.(8)541 

19 

0.12946 

8.0 

0.02933 

13.1 

-0.00373 

3.0 

0.11302 

8.1 

0.03057 

13.2 

-0.00205 

3.1 

0.09707 

8.2 

0.03146 

13.3 

-0.(88)39 

3.2 

0.08167 

8 J 

0.03202 

13.4 

0.00124 

3.3 

0.06687 

8.4 

0.03224 

13.5 

0.(8)282 

3.4 

0.05271 

8.5 

0.03213 

13.6 

0.(8)434 

3.5 

0.03925 

8.6 

0.03172 

13.7 

0.(8)578 

3.6 

0.02652 

8.7 

0.03100 

13.8 

0.00713 

3.7 

0.01455 

8.8 

0.03(8)1 

13.9 

0.(8)838 

3.8 

0.00337 

8.9 

0.02875 

14.0 

0.00953 

3.9 

- 0.00099 

9.0 

0.02726 

14.1 

0.01055 

4.0 

-0.01651 

9.1 

0.02554 

14.2 

0.01145 

4.1 

0.02519 

9.2 

0.02363 

14.3 

0.01222 

4.2 

-0.03301 

9.3 

0.02155 

14.4 

0.01285 

4.3 

- 0.03998 

9.4 

0.01932 

14.5 

0.01334 

4.4 

-0.04609 

9_5 

0.01697 

14.6 

0.01369 

4.5 

-0.05135 

9.6 

0.01453 

14.7 

0.01389 

4.6 

-0.05578 

9.7 

0.01202 

14.8 

0.01396 

4.7 

- 0.05938 

9.8 

0.00947 

14.9 

0.01388 

4.8 

— 0,06219 

9.9 

0.00691 

15.0 

0.01367 

4.9 

-0.06423 

10.0 

0.00435 



5.0 

- 0.06552 

10.1 

0.00182 
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J U -) </- AND J K 0 tT ) «/t FUNCTIONS 


X 

j n Ur)dr 

[’ YJH)dr 

X 

j |( J n ( r ) dr 

[w* 

0.0 

0.00000 

0.00000 

5.1 

0.69920 

( 1.16818 

0.1 

0.09991 

- 0.21743 

5.2 

0.68647 

0.13551 

0.2 

0.19933 

- 0.34570 

5.3 

0.67716 

0.10205 

0.3 

0.29775 

- 0.43928 

5.4 

0.67131 

0.06814 

0,1 

0.39469 

- 0.50952 

5.5 

0.66891 

0.03413 

0.5 

0.48968 

- 0.56179 

5.6 

0.66992 

0.00035 

0.6 

0.58224 

- 0.59927 

5.7 

0.67427 

- 0.03284 

0.7 

0.67193 

- 0.62409 

5.8 

0.68187 

- 0,06517 

0,8 

0.75834 

- 0.63786 

5.9 

0.69257 

0.09630 

0.9 

0.84106 

0.64184 

6.0 

0.70622 

- 0.12595 

1.0 

0.91973 

- 0.63706 

6.1 

0.72263 

- 0.15385 

1.1 

0.99399 

- 0.62447 

6.2 

0.74160 

- 0.17975 

1.2 

1.06355 

- 0.60490 

6.3 

0.76290 

- 0.20344 

1.3 

1.12813 

- 0.57911 

6.4 

0.78628 

- 0.22470 

1.4 

1.18750 

- 0.54783 

6.5 

0.81147 

- 0.24338 

1.5 

1.24144 

- 0.51175 

6.6 

0.83820 

- 0.25931 

1.6 

1.28982 

- 0.47156 

6.7 

0.86618 

- 0.27239 

1.7 

1.33249 

- 0.42788 

6.8 

0.89512 

- 0.28252 

1.8 

1.36939 

- 0.38136 

6.9 

0.92470 

- 0.28966 

1.9 

1.40048 

- 0.33260 

7.0 

0.95464 

- 0.29377 

2.0 

1.42577 

- 0.28219 

7.1 

0.98462 

- 0,29486 

2.1 

1.44528 

- 0.23071 

7.2 

1.01435 

- 0.29295 

2.2 

1.45912 

0.17871 

7.3 

1.04354 

- 0.28811 

2.3 

1.46740 

- 0.12672 

7.4 

1 . 07190 

- 0.28043 

2.4 

1.47029 

- 0.07526 

7.5 

1.09917 

— 0 . 271 X 12 

2.5 

1.46798 

- 0.02480 

7.6 

1.12508 

- 0.25702 

2.6 

1.46069 

0.02420 

7.7 

1.14941 

- 0.24159 

2.7 

1.44871 

0.07132 

7.8 

1.17192 

- 0.22392 

2.8 

1.43131 

0.11617 

7.9 

1.19243 

- 0.20421 

2.9 

1.41181 

0.15839 

8.0 

1.21074 

- 0.18269 

3.0 

1.38756 

0.19765 

8.1 

1.22671 

- 0.15959 

3.1 

1.35992 

0.23367 

8.2 

1.24021 

- 0.13516 

3.2 

1.32928 

0.26620 

8.3 

1.15112 

- 0.10966 

3.3 

1.29602 

0.29502 

8.4 

1.25939 

- 0.08335 

3.4 

1.26056 

0.31996 

8.5 

1.26494 

- 0.05650 

3.5 

1.22330 

0.34090 

8.6 

1.26777 

- 0.02940 

3.6 

1.18467 

0.35775 

8.7 

1.26787 

- 0.00230 

3.7 

1.14509 

0.37044 

8.8 

1.26528 

0.02451 

3.8 

1 . 104 % 

0 . 378 % 

8.9 

1.26005 

0.05078 

3.9 

1.06471 

0.38335 

9.0 

1.25226 

0.07625 

4.0 

1.02473 

0.38366 

9.1 

1.24202 

0.10069 

4 1 

0.98541 

0.38000 

9.2 

1.22946 

0.12385 

4.2 

0.94712 

0.37250 

9.3 

1.21473 

0.14552 

4.3 

0.91021 

0.36131 

9.4 

1.19799 

0.16550 

4.4 

0.87502 

0.34665 

9.5 

1 17944 

0.18361 

4.5 

0.84186 

0.32872 

9.6 

1.15927 

0.19969 

4.6 

0.81100 

0.30779 

9.7 

1.13772 

0.21360 

-J 7 

0.78271 

0.28413 

9.8 

1.11499 

0.22523 

4.8 

0.75721 

0.15802 

9.9 

1.09134 

0.23448 

4.9 

0.73468 

0.22977 

10.0 

1.06701 

0.24129 

5.0 

0.71531 

0.19971 








C. 2 COHA COS y = COs(.Y -b V) -b cos(,v — v) 

d. 2 sin x sin y — — cosU + y) + cos(.y — v) 
Double and half-an ales: 

a. sin 2.v = 2 sin .v cos a 

b. cos 2x = cos’ x - sin’ x = 2 cos" ,v — I = 

2 lan a 
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cos .v 



1 /I — cos A' sin A 
f. lun - a = ± . 

2 \/ I + cos a I + cos A 


or 2 cos 2 1) = I + cos 2 ft 

I - COS A 


sin A 


5. Series: 
a. sin a = 


e 1 ' - e ,l 

V 


A 3 ** -V 7 , 

* 3! + 5! 7! 

a' a 6 


e iJ> + e M A 2 

b * 608 1 = - "1- = ' “ 2! + 4! " 6! + 


c 1 ' - 

C. tan A = -- — = A 

j(e ix + e /r ) 


x 2 2 a 5 17a 7 

3 + 13 + 315 + 


VI.2 HYPERBOLIC 

1. Definitions: 

a. Hyperbolic sine: sinh a = 4(<r‘ — e ') 

b . Hyperbolic cosine: cosh a = + c~ ') 

sinh a 

c. Hyperbolic tangent: tanh x = —-— 

cosh A 

1 cosh A 

cl. Hyperbolic coUmccnt: coin x = - = —— 

tanh a sinh a 

e. Hyperbolic secant: sech a = —^— 

cosh A 

f . Hyperbolic cosecant: csch = - 

sinh a 

2. Sum or difference: 

a. cosh(A + y) = cosh a cosh v + sinh a sinh v 

b . sinh(A y) = sinh a cosh v — cosh x sinh y 

c. cosh(A — v) = cosh a cosh y — sinh a sinh y 

tanh a + tanh v 

d. tanh(A + y) = 


e. tanh(A - y) = 


I + tanh x tanh y 
tanh a - tanh y 


I — tanh a tanh y 
f. cosh 2 a — sinh 2 x — I 
j«. tanh 2 a + sech 2 x = 1 

h. coth 2 a - csch 2 a = I 

i. cosh(A ± jy) = cosh a cos y ± j sinh a sin y 

j. sinh(A ± jy) = sinh a cos y ± j cosh v sin y 

3. Series: 

e* - e~ l a - 1 a - 5 a 7 

a.sinh.v-^— = , + - + - + - + 


.J 


h. cosh a = 


+ c 


- V 


.r a 4 x h 
= ' + 2! + 4! + 6! 


.r a 3 a 4 

t , ,. = 1+ , + _ + _ + _ + 
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VI.3 LOGARITHMIC 

1. log^MV) log,, M + log,, N 

2. log,,(A///V) = log,, M - log,, N 

3. log,,! UN) = -log,, N 

4. log,, (AT) = r. log,. M 

5. log ft (Af l/ ") = — log* M 

n 

6. log,, N = log,, N • log,, b = log,, N/log* a 

7. log, N = log,,, N • log,. 10 = 2.302585 log,,, N 

8. log„, A/ = log,. N • log,,, e = 0.434294 log, N 
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VII 

VECTOR ANALYSIS 


VII.I VECTOR TRANSFORMATIONS 

In this appendix we present the vector transformations from rectangulur-to-cylindrical 
(and vice-versa), from cylindrical-to-spherical (and vice-versa), and from rectangular- 
lo-sphcrical land vice-versa). The three coordinate systems are shown in Figure VII.1. 

VII.1.1 Rcctungular-to-Cylindricul (aiul Vice-Versa) 


The coordinate transformation from rectangular (,r. y, :) to cylindrical (p, <l>. z) is 
given, referring to Figure VII. 1(b) 


x = p cos «/> 1 
y = p sin </> | 


(VIM) 


In the rectangular coordinate system we express a vector A us 

A = M, + M y + Mr (VU-2) 

where a,, a,. a are the unit vectors and .A,. A,,. A. arc the components of the vector 
A m the rectangular coordinate system. We wish to write A as 


A = a,, A/- + + M.- 


(VII-3) 


where a,,. a,,„ a are the unit vectors and A,,. A.,,. A ; are the vector components in the 
cylindrical coordinate system. The c-axis is common to both of them. 

Referring to Figure VII.2, we can write 


a, = A,, cos t]i - a (/l sin <b "j 
a, = a,, sin cos <1> 

a. = a. * 


(VIM) 


Using (VII-4) reduces l V11-2) to 


A = (a,.cos <1> — a.^sin </>)A, + (a,, sin */» + a^.cos + a A 
A = a^A, cos «/> + A y sin </>) + a^( - A, sin </> + A v cos </>) + 3. A. 

914 


(VII-5) 





(ny-iiA) 


(9-IIA) 


/V'\/l 0 0 

'V j() »/>so.T ip U|S — 

\*y/ \() <l> UIS Ip SOD 

si: U311UM .X) iirD(i)-iiA) *uuoj xuinm u| 

V = V 

(f> sod ’v + <p uis r y- = *V 
ip uis *y + <p sod 'y = *V 

01 spB 3 | Cy-jJA) l !i! A ' paicduioD uaq« qaiq.w 



sui.i|s,<s annnpJooD irauaqds pun '|H3upuq&> \nqn3uiM.iny i*ha a-inSy 

|riu,n|d>, i.i i 

A 



7 1(0 jutnltkmpny ini 



SI6 IIA Jqpuaddv 
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(b) Geometry for unit vector 8 , 


Figure VI 1.2 Geometrical representation of transformations between unit vectors of rectan¬ 
gular und cylindrical coordinate systems. 


where 


\M.. 


‘ cos </> 
— sin </> 
0 


sin «/> 0" 

cos <l> 0 

0 L 


(V!l-6b) 


is the transformation matrix lor rectangular-to-cylindrical components. 

Since |/f| n is an orthonormal matrix (its inverse is equal to its transpose), we can 
write the transformation matrix for cylindrical-to-rectangular components as 


cos <!> 
sin </) 
0 


- sin f/> 
cos 4> 
0 


\M.r = = \AY„ 


0- 

0 

I 


(V'II-7) 
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A A /cos tft — sin «/» 0\ / A p 

Ay 1 = I sin 4> cos d> Oil A* 

A.) \() 0 1/ \A- 


(VII-7a) 


A, = A,, cos d> - A* sin <i> 
A, = A /t sin (J> + A^ cos <b 

A. = A. 


(VII-7b) 


VII. 1.2 Cylindrfcal-to-Spherical (and Vice-Versa) 

Referring to Figure VII. 1(c), we can w rite that the cylindrical and spherical coordinates 
arc related by 


p = r sin (/) 
Z = r cos ft) 


(VI1-8) 


In u geometrical appruach similar to the one employed in the previous section, vve 
can show that the cylindrical-to-spherical transformation of vector components is 
given by 


or in matrix form by 


A, = A,, sin 0 -f A- cos 6 
A e = A,, cos II - A. sin I) 

a* = a 4 


/sin 0 0 cos ft 
= I cos ft 0 -sin ft 


(VI1-9) 


(VII-9a) 


Thus the cylindrical-to-spherical transformation matrix can be written as 

'sin ft 0 cos lf- 

|A| r , = cos ft 0 —sin II 

.01 0 

The |A],, matrix is also orthonormal so that its inverse is given by 

rsin II cos (I ()~j 

\Ah r = [A]',' = |A|', = I 0 0 I 


(VII-9b) 


sin 0 

cos II 

0* 

0 

0 

1 (VII-IO) 

cos 0 

-sin (1 

()_ 


and the spherical-to-cylindrical transformation is accomplished by 


“p \ 

A.A = 


sin II cos ll 0 

0 0 I 

cos II - sin II 0 


(VII-Ida) 
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or 

A p = A,, sin 9 + Ao cos 9) 

Aa — A a f (VIM Ob) 

Aj = A r cos 9 — A* sin 9' 

This time the component A, 6 and coordinate </> are the same in both systems. 

VII.1.3 RectanguIar-to-Splierical (and Vice-Versa) 

Many times it may be required that a transformation be performed directly from 
rectangulur-to-spherical components. By referring to Figure VII.I, we can write that 
the rectangular and spherical coordinates are related by 

x — r sin 9 cos </>'| 

v = r sin 0sin 0 / (VI1-H) 

: = r cos (I ' 

and the rectangular and spherical components by 

A, = A, sin (( cos 4‘ + A, sin ((sin <l> + A cos 

A,i = A, cos 9 COS (!> + A, cos 0 sin </» - A- sin 9 > (VII-12) 

Aj, = —A, sin <l> + A, cos </> J 

which can also be obtained by substituting (VLI-6) into (VII-9). In matrix form. (VII- 
12) can be written as 

I A, \ /sin 0 cos if) sin I) sin <l> cos f)\ 

A„ I = I cos (( cos </) cos ((sin (f) -sin 9 
\Aj,) \ -sin<£ cos (/> 0 

with (he rectangular-to-spherical transformation matrix being 

( sin ((cos </> sin I) sin </j cos 0\ 
cos 9 cos <b cos W sin r/j —sin f) | (VII-12b) 

— sin</» cos </> 0 / 

The transformation matrix of (VII- 12b) is also orthonormal so that its inverse can 
be written as 



(VII-12a> 


[A I, 


( sin 9 cos cf) cos 9 cos </» 
sin 0 sin </) cos II sin ib 
eosfl —sin 0 

and (he spherical-to-rectangular components related by 



(VII-13) 


'AA 

/sin 0cos ib 

cos II cos <// 

Av) = 

I sin 9 sin c/> 

cos ((sin <1> 

A-J 

\ cos(( 

— sin 9 



(Vll-I3a) 


or 


A, = A, sin 0 cos <f> + A„ cos 9 cos </> - A, h sin </> 1 
A, = A, sin ((sin </> + A„cos Osin <l> + A*cos 4> 
A- = A, cos 0 — A,, sin O - 1 


(VII-13b) 
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VII.2 VECTOR DIFFERENTIAL OPERATORS 

The differential operators of gradient of a scalar (V <!>). divergence of a vector (V • A), 
curl of a vector (V x A), Laplacian of a scalar < V’i/'). and Laplacian of a vector (V A) 
frequently encountered in electromagnetic lield analysis will be listed in the rectan¬ 
gular, cylindrical, and spherical coordinate systems. 


VII.2.1 Rectangular Coordinates 

_ , „ Bip . Blp , Blp 

+ i > + i ‘* 

T , A ,“. + ^ + M£ 

ax dv oz 

„ , - /M: ^ . I BA , M\ ^ . IflA , 

\ By dz I \ Bz Bx / \ Bx 

, . B 2 ip B 2 iIi B : ili 

V - W/= V 2 ip = -J + -T + -7 

Bx By Bz 

V^A = a, V : A, + a, V"A v + a.V J A ; 


M x 

By 


VII.2.2 Cylindrical Coordinates 


. rit// I Bib . Bdi 

Vi// = a,— + a^- — + a — 

rip p fi<p flz 

1 cl I SA+ aA. 

V • A = - — (pA p ) + - -y + V 
p Bp p a<]> dz 

. „ /l BA. BA ,<A {BA., BA. 

\p dtp Oz I \ dz dp 

. /I a(pA*) I BA,' 

+ a —- — L 

\P Bp p dtp, 

, i a / atA i a 2 i/r a 2 i// 

VV = - r P 7 + “5 TH + t? 

p Bp \ dp/ p dtfr Bz 

V‘A = V(V • A) — V x V x A 


(VII 14) 

(VII 15) 

(VII-161 

(VII-17) 
(VII-18) 

(VII-19) 
(VI1-20) 

(VII 211 

(V11-22) 
(Vll-23) 


or in an expanded form 
- tB z A 


VA = a, 


* + i^z 

Bp 2 P Bp , 
\ dp p dp 




1 2 !,A * 
p dtp 2 p dtp 

A* , I B 2 A* 2 

j • ? . i 1 ' n 

P p‘ dtp p~ 


a 


B 2 A. 1 BAz ^ a 2 A- 

Bp- p Bp p dtp 2 Bz 2 


b 2 a„ 
+ ie 


BA,, + B-Aj , 
B<!> Bz 2 


t VII-23a) 


In the cylindrical coordinate system V J A ^ a P V 2 A P + a*V‘A* + a.. V 2 A : because 
the orientation of the unit vectors a,, and a,., varies with the p and r/> coordinates. 
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VII.2 .3 Spherical Coordinates 


V* = 


. I fill/ . I 3l// 
" r 30 * r sin 0 t)</» 


I 


ft 


I 3 , 

V'A = - — (r A,) + 

r dr r sin ft 30 


! 3A„ 


— (A„ sin 0) + -f 

r sin 0 rl<U 


(VII -24) 
(VII-25) 


V x A 


s, [X, . „ lk , a„[ I Mr 3 J 

= + 7 [>8 a* - 

r [dr 30 


13 jdi/i 

Vi// = — — r — 
r dr dr 


I 


r 2 sin 0 30 

V'A = V(V-A) - V x Vx A 
or in an expanded form 


. . „3'M I 3-<A 
1 sin 0— + , . - - Tp 
30/ r sin - 0 dtf> 


(Vll-26) 

(VII-27J 
(VII-28) 


I d 2 /*. 


r v - * . ? 3A, _ 2 I ->v\, an 0 M, 

dr 2 r dr r 2 r 5? r 2 30 r 2 ,sj;r 0 d//> 


.2M, 

r 30 


2 cot 0 


-Aa — 


M. 


iir r dr 


I 


r 2 sin 0 d«/» j 
A* I 3 2 A„ 


_ _ col 0 dA„ 

r sin 2 0 r 2 30 2 r 2 30 


_ + 2 3A, 

r sin 2 0 3«/r r 2 30 


i a 1 3~A 2 3A rf 

+ a -ii 7 + 7 ir 

I d 2 


2 col 0 3 A, a 
r 2 sin 0 3</> j 
I . I 3vL 


r 2 sin 2 e A * + r 30 2 
J 3A, + 2 COt 0 M„ 


+ 


cot 0 3A 


30 


(Vll-28a) 


r 2 sin 2 0 3</» 2 r 2 sin 0 3</» r sin 0 3rfi j 

Again note that V 2 A ^ S,V 2 A, + a„VA M + a*V 2 A* since the orientation of the anil 
vectors a,, a„. and a,;, varies with the r. 0. and </> coordinates. 


VII.3 VECTOR IDENTITIES 
VII.3.1 Addition and Multiplication 


ri 

<_ 

II 

-c 

< 

(Vli-29) 

rt 

< 

II 

* 

< 

< 

(VII-30) 

A + B = B + A 

(Vn-31) 

AB = BA 

(VO-32) 

A x B = — B x A 

(V11-33) 

(A + Bl-C = AC + BC 

(VH-34) 

|A + BlxC=AxC + B x C 

(VII-35) 
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ABxC=BCxA = CAxB (VD-36) 

A x (B x C) = (A • C)B — (A ■ B)C (VT1-37) 

(A x B)• (C x D) = A B x (C x I)) 

= A • (B • DC - B CD) 

= (A*C)(B• D) - (ADI(BC) (VI1-38) 

(AxB)x(CxD) = (A x B D)C - (A x B C)D (VU-39) 

VI 1.3.2 Differentiation 

V*(V x A) = 0 (VII-40) 

VxVi// = () (VII-4I) 

V(</. + .//) = V</> + V.// (Vll-42) 

V( H>) = </>V>/»+ i/<V«/> (VII-43) 

V*(A + B) = V*A +VB (VII-44) 

Vx(A + B) = Vx A + Vx B (VII-45) 

V(i//A) = A-Vi// + i//VA (VU-46) 

V x ( (J/A) = Vi/» x A + i/«V x A (VTI-47) 

V(AB) = (A-V)B + (B* VIA + Ax(VxB) + BxlVxAl (Vll-48) 

V-(AxB) = B'VxA - A-VxB (VI1-49) 

Vx(AxB) = AVB - BVA + (B-V)A - (A-V)B (Vll-50) 

VxVxA = V(V-A)- V J A (VII-51) 


VII.3.3 Integration 

j> A * <71 = fj 


(V x A )-ds 

(V-A )dv 


§*■“'-JJI 

|(HxA )d,s = jlj (V x \)dv 

s v 

jj> 'Ms = Jjj Vi Inlv 

S V 

j' i/'c/l = fl fix Vi pdx 

c s 


Stoke's theorem 

Divergence theorem 


(VI1-52) 

(VII-53I 

(Vll-54) 


(VI1-55) 

(VII-56) 
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VIII 

METHOD OF 
STATIONARY PHASE 


In many problems, the following integral is often encountered and in most cases 
cannot be integrated exactly: 

Ilk) = J j F(x, y)e Jkr ' xy ' dx <ly (VTIfcl) 

where 

k = real 

/(.v, vI real, independent of k. and nonsingular 

F(.\. y) = may be complex, independent oi k. and nonsinyulur 

Often, however, the above integral needs to be evaluated only for large values of k, 
but the task is still formidable. An approximate technique, known as the Method of 
Stationery Phase, exists that can lie used to obtain an approximate asymptotic ex¬ 
pression. for large values of k. for the above integral. 

The method is justified by the asymptotic approximation of the single integral 

I'Ik) = I' f\x)e JkfM dx (VIU-2) 

where 

k = reul 

/(v, y) = real, independent of k. and nonsingular 
F Cv. y) ~ may lie complex, independent of k. and nonsingular 

which can be extended to include double integrals. 

The asymptotic evaluation of (VIII-1) for large k is based on the following: 
fix. vi is a well behaved function and its variation near the stationary points x„ v. 
determined by 

m /llr*. y*) = 0 (VIII-3a) 
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= o ivm-3b) 

y-.y, 

is slow varying. Outside these regions, the function /(.v, v) varies faster such that the 
exponential factor exp[jkf(.x. v>] of the integrand oscillates very rapidly between the 
values of + I and - 1. for large values of k. Assuming Fix, v) is everywhere a slow 
varying function, the contributions to the integral outside the stationary points tend 
to cancel each other. Thus the only contributors to the integral, in an approximate 
sense, are the stationary points and their neighborhoods. Thus, we can write <VIII-1) 
approximately as 

Ilk) - J J /••(*,, 

= Fix,, y.) | t J e^'dxdy (Vlll-4) 

where the limits have been extended, for convenience, to infinity since the net con¬ 
tribution outside the stationary points and their near regions is negligible. 

In the neighborhood of the stationary points, the function fix, y) can be approxi¬ 
mated by a truncated Taylor scries 

fix. y) = fix,, yj + ^lx - x,) 2 ftlx„y\) + ^(y - y.) 2 /*U.- y,) 

+ C* - x,)ly - y,)ffAx„ yj (Vm-5) 

since 


vj 

By 


f,U„ y.) = f'rlx,, y.) = 0 (VIJI-6) 

by (VIII-3a) and (VIII-3b). For convenience, we have adopted the notation 

a*/ 




ay 

By 1 

ay 


/u y,) 


r-.. s /" (-V,. ,v.) 

t>=y. 


Bx9y | 

For brevity, we write (VIII-5) as 

fix. v) — fix,, y,) + A{ : + Bt) 2 + Qttj 


(VIII-7a) 

(vra-7b) 

(VIII-7C) 

tVIII-8) 


A = -fZfa.y,) 

I Vlll-8a) 


(VIU-8b) 

C=/,” v (x,.y.l 

(Vlll-8cl 


where 
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£=(X~X K ) (VIIl- 8 d) 

V = (>•-*.) (VIII-80 

Using (Vm- 8 )-(Vni- 8 e) reduces (VI11-4) to 

r+* r + * 

/(*) = Fix,. y,)e JVu ^ J J (VIII-9) 

We now write the ijuadratic factor of the exponential, by a proper rotation of the 
coordinate axes £ 77 to p. A. in a diagonal form as 


Af + Brf + Ct7} = A’p 2 + B'X 2 


related to A. II. and C by 


A' = - [(A + fl) + \/W + B ) 2 - (4 AB - C*)| 


B' = - [(A + fl) - 


which are found by solving the secular determinant 

\(A ~ 0 C/2 

C/2 (B - f) 


= 0 


(vm-io) 

< VIII-1 Oa) 

(vm-iobj 

(VIII-ll) 


witli £, = A' and £> = B'. Substituting (VIII-10) into (VITI- 9 ) we can write 

/(<t) = F(x sr y,)e J « u " , ‘'f r f dp dA 

Hk) = F(x,. j e *# A 'IS r/p j c ±lkmy dh (VIII-12) 

where the signs in the exponents are determined by the signs of A’ and B\ which in 
turn depend upon A and B. as given in (Vlll-lOa) and (VIlI-H)b). The two integrals 
in (VIII-12) are of the same form and can be evaluated by examining the integral 

I "Ik) = J e^Mi'dt = 2^ (VIII-13) 

where « can represent either A' or II' of (VIII-12). Making a change of variable by 
letting 

(VIII-13a) 
(Vin-i3b> 


r 1 


4m dr 


we can rewrite (VIII-13) as 


l "Ik) = 2 



t VIII-14) 


The integral is recognized as being the complex Fresnel integral whose value is 


r 


e*>V'dT= ^(1 ±J) = 


(VIII-15) 
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which can he used to write (VIII-14) as 
/"(*) = 2 


77 


2k\a\ 




The result of (VIII-16) can he used to reduce (VIII-12) to 
Hk) = F(x>. ^ -~==e 

*VKP1 


e~ J j 


If A 1 and B’ are both positive, then r ' J 1 e ~'a = r 

tr v n 

If A' and B‘ are both negative, then e '•'J c ' 

it n 

If A' and B’ have different signs, then e a e' 1 ", = I 
Thus. (VIII-17) can be east into the form 

Hk) =» F(x,.y,)e'‘ n '"'-' 

where 


ir n 

‘‘a e a 


+J 

~j 


j ttS 




6 = 1 - 


r+ 1 if A ' and B' 
5-1 If A' and B' 
k —J if A' and B‘ 


(VIII-16) 


fVIII-17) 


(VIII-IS) 


if A' and B' are both positive 

arc both negative (VIII-18a) 

have different signs 
Examining (VIII- 10a) and (VIII-1 Ob), it is clear lhal 

(a) A’ and B’ arc real (because A. B, and C arc real) 

(b) A' + B' = A + B (VIU-19) 

(c) A'B‘ = (4 AB - C’)/4 

Using the results of (VIII-19). we reduce (VIII-1K) to 

Hk) - F(x„ ^ (VIII-20) 

k\/\4AB - C'| 

To determine the signs of A 1 and /#’, let us refer to (VIII 19). 

(a) If 4 AB > C : . then A and B have the same sign and A'B’ 0. Thus. A' and B' 
have the same sign. 

1. If A > 0 then B > 0 and A’ > 0. B’ > 0 

2. If A < 0 then B< 0 and A' < 0. B' < 0 

(b) If 4 AB < C \ then A'B’ < 0. and A' and B' have different signs. Summarizing 
the results we can write that 

1. If 4 AB > C 2 and A > 0. then A' and /(' are both positive 

2. If 4 AB > C' and A < 0. then A‘ ami B‘ arc both negative 

3. If 4Afl < C\ then A' and B‘ have different signs 

Using the preceding deductions, we can write the sign information of (VIII-18a) as 

if 4A« > C ; and A > 0 

and A < 0 (VIII-21) 


( + 1 if 4 AB>C- , 
-I if 4AB > C~ i 
-j if 4 AB<C 2 
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in the evaluation of the integral in 

/»)-FU..,v*)e >WUwJ 'J J 9**** *■***'*» tl€ dq 


Hk)~ F{x„ y,)e' klu -''' 


jin ft 


k\/\4AB C 1 


(VIII- 
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IX 

TELEVISION, RADIO, 
TELEPHONE, AND RADAR 
FREQUENCY SPECTRUMS 


IX.1 TELEVISION 

IX. 1.1 Very f/igli Frequency (VIIF) Channels 


CHANNEL 

NUMBER 

2 3 4 

5 6 

7 8 9 10 11 12 13 

FREQUENCY 

(MHz) 

54*60*66*72 

76*82*88 

I74TI80T186T192*198*204*210*216 


IX.1.2 Ultra High Frequency (IIIIF) Channels’" 


CHANNEL 

NUMBER 

14 15 16 17 18 19 20 ... 82 83 

FREQUENCY 

(MHz) 

470*476*482"488‘494T500‘506"512 . 878*884"89() 


For belli VHF and UHF channels, each channel has a 6-MH/. bandwidth. For each 
channel, the carrier frequency for the video part is equal to the lower frequency of 
the bandwidth plus 1.25 MHz while the carrier frequency for the audio part is equal 
to the upper frequency of the bandwidth minus 0.25 MHz. 

* In W|i Uni urban areas in (he United Slates, land mobile is allowed in the best seven UHF TV channels 
(470-512 MHz). 
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Examples: Channel 2 (VHF): f 0 (video) = 54 + 1.25 = 55.25 MHz 

(audio) - 60 - 0.25 = 59.75 MHz 

Channel 14 <UHF): /„ (video) = 470 + 1.25 = 471.25 MHz 
/n (audio) = 476 - 0.25 = 475.75 MHz 


I X.2 RADIO 

IX.2.1 Amplitude Modulation (AM) Radio 

Number of channels: 107 (each with 10-kHz separation) 
FfK|uency range: 535—1605 kHz 


IX.2.2 frequency Modulation (FM) Radio 

Number of channels: 100 (each with 200-kHz separation) 
Frequency range: 88-108 MHz 


IX.3 AMATEUR BANDS 


Band 

Frequency (MHz) 

Band 

Frequency (MHz) 

160-tn 

1.8-2.0 

2-m 

144.0-148.0 

80-m 

2.5-4.0 

— 

220-225 

40-m 

7.0-7.3 

— 

420-450 

20-m 

14.0-14.35 

— 

1215-1300 

1 5-tn 

21.0-21.45 

— 

2300-2450 

10-tn 

28.0-29.7 

— 

3300-3500 

6-m 

50.0-54.0 

— 

5650-5925 


IX.4 CELLULAR TELEPHONE 

IX.4.1 Land Mobile Systems 

Uplink: MS to BS (mobile station to base station) 

Downlink: BS to MS (base station to mobile station) 



UPLINK (MHz) 

DOWNLINK iMH/i 

United States of America (IS-54): 

869-894 

824-849 

Europe Asia (GSM): 

Global System for Mobile 
communications 

890-915 

935-960 

Japan (NTT): 

Nippon Telegraph & 

Telephone Corporation 

870-885 

925-940 
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IX.4.2 Cordless Telephone 

United Suites of America: 46-49 MHz 

Digital European Cordless Telecommunications (DECT): 1.880-1.990 GHz 

IX.5 RADAR IEEE BAND DESIGNATIONS 


III' (High Frequency): 

3-30 

MHz 

VIIF (Very High Frequency): 

30-300 

MHz 

UHF (Ultra High Frequency): 

300-1.000 

MHz 

/.-band: 

1-2 

GHz 

.S’-bund: 

2-1 

GHz 

C-bund: 

4-8 

GHz 

X-hand: 

8-12 

GHz 

X,,-band: 

12-18 

GHz 

K-band: 

18-27 

GHz 

K^-band: 

27-40 

GHz 

Millimeter wave band: 

40-300 

GHz 






Index 


A 

Absolute-gain measurements. 867-869 
Active driving impedance. 424 
Amateur band radio frequency spectrum. 

928 

tmplitudeModulation (AM) radio frequency 
spectrum, 928 
Amplitude patterns 

antenna measurements. 864 
long wire antennas. 494—495 
3-D. thin dipoles, 155 

Analysis methods, for antennas. 23. 116-126 
microstrip antennas. 726 
vector analysis: See Vector analysis 
Anochoic chambers. 843 844 
Antenna impedance, 73 77. 424 
Antenna measurements. 839-883 
antenna ranges and. 840-858 
compact ranges. 844 851 
tree-space ranges. 841-844 
ncur-ficld/far-liekl methods, 852 858 
reflection ranges. 841 
current. 874-875 
directivity. 871 872 
gain. 865-871 
absolute-gain, 867-869 
gain-transfer (gain-comparison). 869- 
871 

impedance. 873-874 
polarization. 875-880 
radiation efficiency. 872-87.3 
radiation patterns. 858-865 
amplitude pattern. 864 
instrumentation and. 860-864 
phase measurements. 864-865 
scale models and. 880-881 
Antenna mode scattering. 92-93 


Antenna patterns: See also Radiation pat¬ 
terns 

plotter for. 2-D. 113-114 
Antenna ranges: See Antenna measurements 
Antennas 

analysis methods. 23. 726 
aperture: See Aperture antennas 
circular: See Loop untennas 
defined. 1-2 
as directional device. 3 
elements lor, 21-22 

frequency independent: See f requency in¬ 
dependent antennas 
future direction of, 23- 24 
gain and: See Gain 
historical advancement of. 19 24 
linear: See Linear wire antennas 
loop: See Loop antennus 
for mobile communications systems. 175 
radiation efficiency of. 60-62. 78-79, 
872-873 

thin wire: See Thin wire antennas 
as transitions device. 1-2 
traveling wave: See Traveling wave amen 
nas 

types of. 3-7 

Antenna synthesis. 339-378 
continuous sources and. 340-342 
apertures. 373-375 
discretization of. 341 -342 
line source distributions. 340-341 
cosine distributions, 368-371 
cosine-squared distributions. 368-371 
Fourier transform method. 346-352 
line-source distribution. 347-349 
N-clemem linear arrays. 349-352 
line-source phase distributions. 371-373 
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Antenna synthesis (Continued I 
Schelkunoff polynomial method. 342-346 
Taylor line-source. 358-368 
triangular distributions. 368-371 
VVoodward-Lawvon method, 352-358 
linear arrays and. 357-358 
line-source distribution. 353-356 
Aperture admittance. 631-638 
Aperture antennas. 4. 575-65(1 
llahinct'x principle. 616-620 
circular. 603-611 
beam efficiency. 611 
design considerations. 614-616 
T!2||-mode distribution. 610-611 
uniform distribution. 605-610 
design considerations. 611-616 
directivity, 584 

Held equivalence principle. 575 581 
I'otiner transforms and. 620-638 
aperture admittance, 631-638 
asymptotic evaluation of radiated field. 

625-630 

dielectric covered apertures. 630-631 
radiated Helds. 622-630 
spectral domain. 621-622 
geometrical theory of diffraction. 638-643 
ground plane edge effects. 638-643 
Huygens' principle. 575-581 
radiation equations. 582-584 
rectangular. 584-603 
beam efficiency. 601-603 
design considerations. 613-614 
TE lir tnode distribution. 599-601 
uniform distribution. 586-599 
Aperture distribution method. 801-806 
Aperture efficiency. 599-601. HI 1-818 
Aperture fields 

C-plunc sectoral hums. 652-655 
//•plane sectoral horns. 668-669 
pyramidal horns. 682-686 
Aperture-matched horns. 705-707 
Array antennas, 56. 249-329 
Array factor. 169. 250. 258-260 
circular arrays. 324-328 
Dolph-Tuchcbyscheff arrays. 294-2% 

N -element arrays. 289-290 
planar arrays, 309-314 
Arrays, 249-338 
broadside. 316 
circular. 324-328 
and circular harp antennas. 229 
computer programs for. 337-338 
design considerations. 282-283. 321-324 


dipole, log-periodic antennas. 553-566 
and feed networks, microstrip antennas. 
772-775 

infinite regular. 426-429 
mutual coupling in: See Mutual coupling 
in arrays 

N-dement: See N-cIcmcnt arrays 
performance of. mutual coupling and. 425 
planar. 309-321 
array factor. 309-314 
beam width and. 314 318 
computer programs for. 338 
directivity, 318 321 
reelungulnr-te-polar graphical solution, 
287-288 

Mipcrdircctivity. 306-309 
designs with constraints. 307 309 
efficiency and. 306-307 
two-element. 250-257 
Asymptotic evaluation of radiated field, ap¬ 
erture antennas. 625-630 
Attractive mechanisms. 736-737 

B 

Buhinoi's principle. 616-620 
Buck lobes. 32 

Buckscattering radar cross section ( RCS). 90 
Baiuns and transformers. 480—183 
Bandwidth. 63-64. 449. 760-762 
Basis functions. 387. 396-400 
Bazooka balun. 480 
Beam efficiency. 63. 601-603. 611 
Beam widths 
broadside arrays. 265 
circular aperture antennas. 607-609 
DoIph-Tschcbyscheff arrays. 302-304 
half-power. 62 

N-cIcmcnt binomial arrays. 302-304 
ordinary end-lire arrays. 268 
planar arrays. 314-318 
rectangular aperture antennas. 589-592. 
595-598. 599 
Bessel functions. 899-910 
Biconical antennas. 442-147 
Binomial arrays. N-elemem. 290-294 
Binomial matching transformers. 469^171 
Blstatic radar cross section (RCS). 90 
Bow-tie simulation. 447-449 
Rroadhand antennas. 505-534 
electric-magnetic dipoles. 512-513 
helical antennas. 505-512 
Vagi-Lida arrays. 513-5.34 
Broadband dipoles. 441 -487 
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biconical antennas. 442-447 
conical skirt monopolcs, 462 4-64 
cylindrical dipoles. 449-457 
bandwidth. 449 
dielectric coating, 454-457 
equivalent radii. 454 
input impedance, 449-451 
radiation patterns, 453 
resonance and ground plane simulation. 
451 453 

discone monopolcs. 462-464 
folded dipoles. 458-462 
matching techniques: See Matching tech¬ 
niques 

sleeve dipoles. 464-466 
triangular sheet, how-tie. and wire simula¬ 
tion. 447-449 
Broadside arrays. 316 
computer programs for. 337-338 
N-element linear. 262-264, 276-279 

C 

Cassegrain parabolic reflectors. See Reflector 
antennas, parabolic 
Cavity model, 736-749 
Cellular telephone frequency spcctrums. 
928-929 

Circular aperture antennas: See Aperture an¬ 
tennas 

Circular aperture sources. 373-375 
Circular arrays. 324-328 
Circular loop antennas: See Loop antennas 
Circular patch microstrip antennas: See Mi- 
crostrip antennas 

Circular polarization, 66-69. 767 772 
Clockwise polarization. 66 
Compact antenna test range (CATR). 844- 
851 

Composing function. 353 
Computer programs 
arrays. 337-338. 573-574 
2-D antenna pattern plotters. 113-114 
dipole arrays. 573-574 
directivity. 57-58. 115 
linear dipoles. 202 
maximum directivity. 115 
microstrip antennas. 784 
Moment Method I MM). 438 
mutual impedance. 439-440 
pyramidal horns. 720-721 
radiated power. 115 
self-impedance. 439—140 
Yagl-Uda array. 521-525 


Conductance. 731-732, 757-759 
Conduction-dielectric efficiency. 78-79 
Conical horns. 695-696 
Conical skirt monopoles. 462-464 
Conical spiral antennas. 549-550 
Conjugate matching. I 
Continuous sources. 340-342. 373-375 
Co-polarization. 66 
Cordless cellular telephones. 928 
Coiner reflector antennas. 786 793 
Corporate-feed network, 773 
Corrugated horns. 696-704 
Cosine distributions. 368-371 
Cosine integrals, 889-893 
Cosine-squared distributions. 368-371 
Counterclockwise polarization. 66 
Coupling 

microstrip antennas, 764-767 
mutual, in arrays: See Mutual coupling in 
arrays 
Cross field. 140 

Cross-polarization. 66. 806-807 
Cubic phase distributions, 371-373 
Current, measurement of. 874-875 
Current distribution 
finite length dipoles. 151 
front-fed parabolic reflectors. 807-811 
linear wire antennas. 151. 156 
thin wire antenna. 17-19 
Cylindrical coordinates, vector analysis and. 
919 

Cylindrical dipoles: See Broadband dipoles 
Cylindrical-to-rectangular vector analysis. 
914-917 

Cylindrieal-lo-sphcrical vector analysis. 
917-918 

D 

Density, radiation power, 35-37 
Design procedures 
aperture antennas. 611-616 
arrays. 282-283. 321-324 
circular loop antennas. 229-230 
circular patch microstrip antennas. 755- 
756 

with constraints. 307-309 
Dolph-Tschebyseheff arrays. 296-302. 
305-306 

N-elemenl binomial arrays, 292—294. 
296-306 

pyramidal horns. 693-695 
rectangular patch microstrip antennas. 
730-731 
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Design procedures (Continued) 

Taylor line-source (Tschebyscheff error). 
360-362 

Dielectric coaling. 454-457. 630-63 1 
Dielectric-loaded horns, 712 
Differentiation. vector identities and. 921 
Dipole arrays. 553-566 
computer programs for. 573-574 
Dipole radiation mechanism. 14—16 
Dipoles 

broadband: See Broadband dipoles 
electric-magnetic, 512-513 
folded. 458-462 
ground effects. I82-I8X 
half-wavelength. 42-44 
horizontal electric. 185-188 
inlinitesimttl: See Linear wire antennas 
near-held of. 405-408 
sleeve. 464-466 
small. 143-145 
thin, 154. 155 
vertical electric, 182-185 
Directional device, antennas as. 3 
Directional radiation patterns, 29 IS 19 
Directive guin. 39 

Directivity. 39 53: See also Radiation pat¬ 
terns 

aperture antennas. 584 
circular. 607 -609 

computer programs for. 57-58. 115. 202. 
248 

directional radiation patterns and. 45-49 
fi-plane sectoral horns. 663-668 
front-fed parabolic rellectors. 811-818 
of half-wavelength dipoles. 42^14 
//-plane sectoral horns. 676-682 
isotropic. 42-44 
linear dipoles. 202 
linear wire antennas. 142-143 
finite length dipoles. 157-159 
loop antennas, circular. 219-224. 248 
maximum. 39-41,49. 84-86 
computer programs for. 202. 248 
numerical techniques for. 53-58 
measurement of. 871 -872 
N-element arrays. 276-282. 302-304 
omnidirectional radiation patterns and. 

49-53 
partial. 40 

patch microstrip antennas, circular. 757 
759 

planar arrays. 318-321 
pyramidal horns. 686-693 


rectangular aperture antennas. 593-594. 
598-601 

rectangular patch niicnustrip antennas, 
749-752 

small circular loop antennas. 213-214 
supcrdircctiviiy. 306-309 
Disconc monopoles, 462-464 
Dolph-Tschcbyschcff arrays. 294-306 
Driving-point impedance. 412 
Duality theorem. 126-127 
Dual parabolic-cylinder rcllcctor. 848-850 

E 

Earth curvature effects. 188-1'»4. 230-233 
Effective area, maximum. 84-86 
Effective length. 79-81. 728-730 
Effective width. 728-730 
Efficiency 

antenna radiation. 60-62. 78-79 
microstrip antennas. 760-762 
polarization. 70-73 
supcrdircctiviiy. 306-307 
Electric and magnetic lields-TM , „ m| , 753- 
754 

Electric current sources. 117-119, 120-121 
Electric held integral equation (EF1E). 387 
Electric held lines. 12—15 
Electric fields. 120-121 
Electrostatic charge distribution. 381-387 
Element factor. 151-153 
Elements, used in antennas. 21-22 
Elevated ranges. 841 -843 
Elliptical polarization. 66-69 
EMI* method, induced: See Induced EMF 
method 

End-tire arrays 

Hanscn-Woodyard. N-elcmcnt linear. 
271-276. 281-282 

ordinary. N-elcmcnt linear. 264-266. 268. 
279-280 

Entire domain functions. 399-400 
£-plonc radiation patterns. 17, 27, 29. 30 
E-planc sectoral horns: Sec Homs 
Equiangular spiral antennas. 545-550 
Equivalent areas. 81-84 
Equivalent circuits. 214-217 
Equivalent current densities. 741-744. 756- 
757 

Equivalent magnetic ring current. 392 
Equivalent radii, cylindrical dipoles. 454 
Equivalents 
antennas. 73-77 

circular aperture antennas. 605-607 
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pyramidal horns. 682-686 
recuwgular aperture antennas, 587. 595. 
599 

Excitation coefficients. 290-292 
Expansion functions. 387 
Extrapolation method. 868 

F 

Far-field method, antenna ranges and. 852- 
858 

Far-field pattern. Yagi-Uda aiTay. 520-521 
Ear-field radiation. 125-126 
Far-field region. 33-34 
linear wire antennas. 138. 141-142 
region separation and. 145, 146-149 
and small circular loop antennas. 213 
Feed design. 821 -823 
Feeding methods. 724-726 
Feed networks. 772-775 
Ferrite loop antennas. 240-241 
Field configurations (modes)-TM\ 738-741 
Field equivalence principle, aperture anten¬ 
nas, 575-581 

Field regions, in radiation patterns, 32-34 
Fields radiated 

circular patch microstrip antennas. 756- 
757 

- I'M » 0ln mode. 744-749 
Finite cones, 447 
Finite diameter wires. 388-395 
Hallen's integral equation. 392 
Pocklington's integral equation. 388-391 
source modeling. 392-395 
Finite-Difference Time-Domain (FD-TD) 
method. 16-17. 23 
Finite feed gap. 161 162 
Finite length dipoles: See Linear wire anten¬ 
nas 

Finite straight wire. 381-385 
Folded dipoles, 458-462 
Formulas, linear wire antennas. 173-174 
Fourier transforms 
antenna synthesis. 346-352 
aperture antennas and: See Aperture an¬ 
tennas 

Fraunhofer region. 33-34 
Free-space ranges. 841 -844 
Frequency independent antennas. 64. 542- 
'574 

conical spiral antennas. 549-550 
equiangular spiral antennas. 545-550 
limits of electrically small antennas. 566- 
570 


log-periodic antennas. 551-566 
dipole arrays, 353-566 
planar and wire surfaces. 551-553 
planar spiral antennas. 545-549 
theory. 543-544 

Frequency Modulation (FM) radio frequency 
spectrum. 928 
Fresnel integrals, 893-898 
Fresnel region. 32—33 
Friis transmission equation, 86-88 
Fringing effects. 727-728 
Front-fed parabolic reflector antennas: See 
Reflector antennas, parabolic 

G 

Gain. 58-60 

measurements. 865-871 
Galcrkin's method. 401-402 
Gamma match. 475-4X0 
Geometrical theory of diffraction. 638-643 
Grating lobes. 311-314. 429 434 
Gregorian reflectors, 828-830 
Ground effects 

circular loop antennas. 230-233 
linear wire antennas: See Linear wire an¬ 
tennas 

Ground plane and resonance simulation. 

451-453 

Ground plane edge effects. 638-643 
Ground-reflection method. 868-869 

H 

Half-power beantwidlh. 62 
Half-wavelength dipoles. 42—14. 162-164 
Hallen's integral equation. 392 
Hansen-Woodyard end-fire arrays. 271-276. 
281-282 

Helical antennas. 505-512 
Hertz. Heinrich Rudolph. 19 
Historical advancement, of antennas. 19-24 
Horizontal electric dipoles. 175-181. 185- 
188 

Homs. 651-721 
aperture-matched. 705-707 
conical. 695-696 
corrugated. 696-704 
dielectric-loaded. 712 
E-plane sectoral. 651 -668 
aperture fields. 652-655 
directivity. 663-668 
radiated fields. 655-663 
//-plane sectoral. 668-682 
aperture fields. 668-669 
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Homs (Continued) 
directivity. 676-6X2 
radiated fields. 669-676 
monopulsc. 711 
multimode. 707-712 
phase center, 712-714 
pyramidal. 682-695 

aperture Helds. 682-686 
computer programs for. 720-721 
design procedure. 693-695 
directivity. 686-693 
equivalents. 682-686 
radiated lields. 682-686 
W-plane radiation patterns, 29. 30 
//-plane sectoral horns .Sec Morns 
Huygens' principle. 575-581 
Hyperbolic identities. 912 

I 

Identities. 911-913 
Image theory. 164-165 
Impedance 
uctive driving. 424 
antenna. 424 
bandwidth of. 63-64 
driving-point. 412 
input: Sec input impedance 
measurement of, 873-874 
mutual: Sec Mutual impedance 
passive driving. 424 
self-impedance: See Self-impedance 
Incident electric field E'(r). 388-391 
Induced current density. 800-801 
Induced F.MF method.’405-112. 416-122 
Infinite cones. 445-447 
Infinite line source radiation problem. 16-17 
Infinite regular arrays. 426-429 
Inlinitesimal dipoles: See also Linear wire 
antennas 

small circular loop antennas. 208 
Input impedance. 73-77 
biconical antennas. 445—147 
cylindrical dipoles, 449—151 
long wire antennas. 495-496 
miemstrip antennas. 762—764 
Yagi-Uda array. 528-529 
Input resistance. 159-161, 202 
Instrumentation, radiation patterns and, 860- 
864 

Integral equation method. 380-388: Sec also 
Moment Method (MM) 
electrostatic charge distribution and. 381 
387 


bent wire. 385-387 
finite straight wire. 3X1-385 
integral equation. 387-388 
mutual impedance, between linear ele¬ 
ments. 414—116 
Pocklington's. 388-391 
self-impedance. 403—105 
Yagi-Uda array. 516-520 
Integration, vector identities and. 921 
Intensity, radiation. 38-39 
Intermediate-field region. 138. 140 
Intermediate loop approximation. 222 
Invisible region. 343-344 
Isotropic radiation patterns. 29. 42-44 


L 

Land mobile cellular telephones, frequency 
spectrum. 928 

Large loop approximation. 221-222 

Lens antennas, 7. 9 

Linear arrays: Set N-clement arrays 

Linear dipoles. 202 

Linear elements 

near or on infinite perfect conductors: See 
Linear wire amentias 
Yagi-Uda array of. 513-532 
Linear phase distributions, 371-373 
Linear polarization. 66-69 
Linear wire antennas, 133-202 
current distributions, 156 
Unite length dipoles. 151-162 
current distribution. 151 
directivity. 157-159 
element factor, 151-153 
finite feed gup. 161 - 162 
input resistance and. 159-161 
pattern multiplication. 151-153 
power density, 153-157 
radiated fields, 151-153 
radiation intensity. 153-157 
radiation resistance. 153-157 
space factor. 151 -153 
ground effects, 181-194 
earth curvature, 188 194 
horizontal electric dipoles. 185 188 
vertical electric dipoles. 182-185 
half-wavelength dipoles. 162-164 
infinitesimal dipoles. 133 143 
directivity. 142-143 
far-field region. 138. 141-142 
intermediate-field region. 1 38. NO 
near-field region, 138 -140 
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power density and radiation resistance. 
136-138 

radian distance and radian sphere. 138- 
139 

radiated licldsond. 133-136 
linear elements near or on infinite perfect 
conductors. 164-181 
antennas for mobile communications 
systems. 175 

formulas, rapid calculation and design. 
173-174 

horizontal electric dipoles. 175-181 
image theory. 164-165 
vertical electrical dipoles. 165-173 
region separation and. 145-151 
far-lield (Fraunhofer) region. 145. 146- 
149 

radiating neur-lield region (Fresnel), 
145, 149-150 

reactive near-field region. 145. 150-151 
small dipole. 143-145 
I .inc-soiircc distributions 
antenna synthesis. Woodward-Lawson 
method. 353-356 
continuous sources and. 340-341 
Fourier transform method. 347-349 
Line-sourcc-Gaussiun pulse radiation prob¬ 
lem. 27 

l.inc-sourcc phase distributions. 371 373 
Lobes, of radiation patterns. 31-32 
Logarithmic identities. 913 
Log-periodic antennas: See Frequency inde¬ 
pendent antennas 
Long wire antennas, 490-498 
Loop untennas, 203-248 
circular 

computer programs for. 248 
with constant current. 217-224 
directivity. 219-224 
earth curvature effects. 230-233 
ground effects. 230-233 
with nonunilorm current, 224-230 
power density. 219-224 
radiated fields. 217-219 
radiation intensity. 219-224 
radiation resistance. 219224 
ferrite, 240-241 

ferrite loaded receiving loops. 241 
radiation resistance. 240-241 
mobile communications applications. 242 
polygonal. 233-239 
rectangular. 236-239 
rhombic. 236-239 


square loop. 233-236 
triangular. 236-239 
small circular. 204-217 
directivity. 213-214 
equivalent circuits for. 214-217 
lar-field region. 213 
intinitesimul magnetic dipoles and, 208 
near-lield region. 212 
power density and radiation resistance 
iu. 208-212 

radiated fields and, 204-208 
radiation intensity. 213-214 
Yugi-Uda array of. 533-534 
Loremz Reciprocity Theorem. 127-128 
Loss factor, polarization (PLF), 69-73 


M 

Magnetic and electric current sources. II 1 ' 
121 

Magnetic and electric fields. -TM',753- 
754 

Magnetic lield integral equation (MFIE). 387 
Magnetic frill generator. 392-395 
Major lobes. 32 
Marconi. Guglielmo. 19-20 
Matching techniques, 466-483 
baluns and transformers, 480-483 
binomial. 469-471 
gamma match. 475—480 
omega match. 480 

quarter-wavelength transformers. 468-472 
stub-matching. 466-468 
T-malch. 472-475 
Tschebyscheff. 471-472 
Yugi-Uda array. 528-529 
MATLAB computer pregram. 16, 17 
Maxima, long w ire antennas. 494-495 
Maximum directivity. 3941. 49. 84-86 
computer programs for. 115. 202. 248 
numerical techniques for. 53-58 
Maximum effective area. 84—86 
Maxwell. James Clerk. 19 
Maxwell s Equations. 19 
Method of stationary phase, 922-926 
Microstrip antennas. 45. 722-784 
analysis methods. 726 
arrays and feed networks. 772-775 
bandwidth. 760-762 
circular patch. 752-760 
conductance. 757-759 
design. 755-756 
directivity. 757-759 
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Micrositrip antennas (Continued) 

electric and magnetic fidds-TM' mnp 
753-754 

equivalent current densities. 756-757 
lields radiated. 756-757 
resonant frequencies. 754-755 
resonant input resistance. 759-760 
circular polarization, 767-772 
computer programs for. 784 
coupling. 764-767 
efficiency. 760-762 
feeding methods. 724-726 
feed networks, arrays and. 772-775 
input impedance. 762-764 
quality factor. 760-762 
rectangular patch. 727 752 
cavity model. 736-749 
conductance. 731-732 
design procedure. 730-731 
directivity. 749-752 
effective length. 728-730 
effective width. 728-730 
equivalent current densities. 741—744 
field configurations t modes t-TM\ 738- 
741 

fields radiated-I'M'iim mode. 744-749 
fringing effect*. 727-728 
resonant frequency. 728-730 
resonant input resistance. 732-736 
transmission fine model. 727-736 
Miniaturization. 566-574 
Mini-Numerical Electromagnetics Code 
(MININKO.415 
Minor lobes. 32 

Mobile communications systems. 175. 242, 
928-929 

Modal expansion method. 855-856 
Moment Method (MM): See also Integral 
equation method 
computer programs for. 438 
Galcrkin's method. 401-402 
solution lor. 395-403 
basis functions. 396—100 
entire domain functions. 399-400 
subdomain functions. 397-399 
weighting nesting) functions. 400—403 
Monopoles. 462—164 
Monopulsc horns. 710-711 
E-plane. 710 
H plane. 711 
sum. 710 

Monoslatie radar cross section (RCS). 90 
Multimode horns. 707—712 


Mutual coupling in arrays. 422—134 
array performance. 425 
grating lobes considerations. 429-13-1 
Infinite regular arrays. 426 429 
in receiving mode. 425 
in transmitting mode. 423-415 
Mutual impedance 
computer programs tor. 439—140 
between linear elements. 412—122 
induced EME method. 416—122 
integral equation-moment method. 414 
416 

Mini-Numerical Electromagnetics Code 
(M1NINEC). 415 
Numerical Electromagnetics Code 
(NEC). 415 

N 

Near-field/far-field methods. 852-858 
Near-field of dipole. 405-408 
Near-field region 

linear wire antennas. 138-140 
small circular loop antennas. 212 
N-clement arrays 
linear 

broadside arrays. 262-264. 276-279 
computer programs for. 337 
directivity. 276-282 
Fourier transform method. 349-352 
Hansen-Wtxtdyard end-lire arrays. 271— 
276. 281-282 

ordinary end-lire arrays. 264-266. 279- 
280 

phased (scanning) arrays. 266-271 
3-D characteristics. 283 -286 
uniform amplitude and spacing. 257- 
276 

broadside arrays. 262-264 
ordinary end-lire arrays. 264-266 
Wooil ward-Lawson method. 357-358 
X- or Y-axis. 284-286 
/-axis, 2X3-284 

uniform spacing, nonuniform amplitude. 
288-306 

array factor. 289-290 
binomial arrays. 290 294 
Dolph-lVhchyschcfl arrays. 294-306 
90° corner relleclor aniennas. 789-790 
Nont’iidialing slots, rectangular patch anten- 
nux, 748-749 

Null's, long wire antennas. 494 495 
Numerical Electromagnetics Code (NEC). 
415 
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Numerical techniques: See also Computer 
programs 

for radiation patterns. 53-58 
O 

Omega match. 480 

Omnidirectional radiation patterns. 29. 30. 
49-53 

One-parameter Taylor line-source antenna 
synthesis, 362-368 

Optimization, Yagi-Uda array. 525-528 
Ordinary end-fire arrays, 264-266, 279-280 

P 

Parabolic reflector antennas: See Reflector 
antennas 

Partial directivity, 40 
Passive driving impedance. 424 
Patch antennas: See Microstrip antennas 
Pattern bandwidth. 63-64 
Pattern multiplication. 151-153, 169 
PEC square cylinder. 17. 27 
Phase center horns. 712-714 
Phase errors 
line sources, 371-373 
reflectors. 818-821 
Phase measurements. 864-865 
Piecewise constant function. 397-398 
Piecewise linear function. 398 
Piecewise sinusoid function. 399 
Planar and wire surfaces. 551-553 
Planar arrays: See Arrays 
Planar spiral antennas. 545-549 
Plane reflector antennas. 785-786 
Pocklington's integral equation. 388-391 
Poincart sphere. 65-68, 878 
Polarization. 64-73 
circular, microstrip antennas. 767-772 
long wire antennas, 496-497 
measurement of. 875-880 
Poincare sphere. 65-68. 878 
Polarization efficiency. 70-73 
Polarization loss factor (PLF), 69-73 
Polygonal loop antennas: See Loop antennas 
Power density. 35-36 
circular loop antennas. 208-212. 219-224 
linear wire antennas. 136-138. 153-157 
radiation. 35-37 

and radiation resistance. 136-138. 208 - 

212 

Power patterns. 28. 353 
Principal radiation patterns. 29-31 
Pyramidal horns: See Homs 


Q 

Quadratic phase distributions. 371-373 
Quality factor. 760-762 
Quarter-wavelength transformers. 468-472 
Quasistalionary fields. 212 

R 

Radar cross section (RCS). 90-98. 91 
RADAR IEEE band designations. 929 
Radar range equation. 88-90 
Radian. 34-35. 138-139 
Radiated fields 
aperture antennas, 622-630 
biconical antennas. 442-445 
circular loop antennas, 204-208, 217-219 
£-plane sectoral horns. 655-663 
//-plane sectoral horns. 669-676 
linear wire antennas. 133-136 
finite length dipoles. 151-153 
pyramidal horns. 682-686 
rectangular aperture antennas. 587-589. 
595. 599 

Radiated power. 115 
Radiated (transmitted) wave polarization. 
64-65 

Radiating near-field (Fresnel) region. 32-33, 
145. 149-150 

Radiating slots, rectangular patch microstrip 
antennas. 744-748 
Radiation efficiency, 872 -873 
Radiation equations. 582-584 
Radiation fields. 605-607 
Radiation integrals and auxiliary potential 
functions, 11 (v-132 
duality theorem. 126-127 
electric and magnetic fields. 120-121 
Car-field radiation, 125-126 
reciprocity and reaction theorems, 127— 
132 

for radiation patterns, 130-132 
for two antennas. 129-130 
vector potentials. 116 

for electric current source. 117-119 
for magnetic current source, 119-12(1 
wave equation, 121-125 
Radiation intensity, 38-39 
circular loop antennas. 219-224 
linear wire antennas, 153-157 
small circular loop antennas. 213-214 
Radiation mechanism. 717 
Radiation patterns. 28-35: See also Directiv¬ 
ity 

antenna measurements and, 858-865 



940 Index 


Radiation patterns ( Continued) 
cylindrical dipoles. 453 
directional, 29 
field regions, 32-34 
isotropic, 29 
lobes of. 31-32 

numerical techniques for. 53-58 
omnidirectional. 29 
principal. 29-31 
radian and stcradian, 34-35 
Radiation power density. 35-37 
Radiation resistance. I 
circular loop antennas. 219-224. 248 
computer programs for. 202. 248 
and ferrite loop antennas. 240 241 
linear wire antennas, finite length dipoles. 
153-157 

power density and. 136-138, 208-212 
Radio frequency speetrums. 927 928 
Reactive near-field region. 32. 145. 150-151 
Received wave polarization. 64-65 
Receiving mode 
antenna equivalent. 76-77 
circular loop. 216-217 
coupling, 425 

Reciprocity and reaction theorems. 127 132 
Rectangular aperture antennas See Aperture 
antennas 

Rectangular aperture sources. 373 
Rectangular coordinates, vector analysis and. 
919 

Rectangular loop antennas. 236-239 
Rectangular patch microstrip antennas: See 
Microstrip antennas 

Rcctangular-to-cylindrical vector analysis, 
914-917 

Rectangular-to-polar graphical solution. 
287-288 

Rcctangular-to-sphcrical vector analysis. 918 
Reflection ranges. 841 
Reflector antennas. 6. 785-838 
comer. 786-793 
parabolic. 794-830 
Cassegrain. 823-830 
classical form. 826-828 
Gregorian Idrin. 828-830 
front-fed. 797-823 
aperture distribution method. 801— 
806 

aperture efficiency. 811-818 
cross-polarization. 8116-807 
current distribution method. 807-811 
directivity. 811-818 


feed design. 821-823 
induced current density. 800-801 
phase errors. 818-821 
surface geometry. 798-800 
plane. 785-786 
spherical. 830-833 
Region separation. 145-151 
Repulsive mechanism, for microstrip 
patches, 736-737 

Resonance and ground plane simulation, cy¬ 
lindrical dipoles, 451-453 
Resonant frequencies. 728 730. 754-755 
Resonant input resistance. 732-736. 759- 
760 

Resonant wires. 

Rhombic antennas. 236-239. 502-505 
Root-matching, for continuous source dis¬ 
cretization. 341 

S 

Scale models. 880-881 
Scattered electric field - E'(r). 388-391 
SchclkunolT polynomial method. 342-346 
Sell-impedance. 379.403-412 
computer programs for. 439-440 
induced liMF method. 405-412 
integral equation-moment method. 403- 
405 

Series-feed network. 773 
Side lobe levels. 592-599. 607- 609 
Sine function tables. 885-889 
Sine integrals. 889 893 
Single paraboloidal reflector, 848-850 
Single-plane collimating range (SPCR). 850- 
851 

Single wire radiation mechanism, 711 
Slant ranges. 843 
Sleeve dipoles. 464 466 
Small circular loop antennas: See Loop an¬ 
tennas 

Small dipoles. 143-145 
Small loop approximation, 222-223 
Source modeling. 392-395 
delta gap. 393 

magnetic frill generator. 393-394 
Space factor. 151-153 
Spectral domain. 621-622 
Spherical coordinates. 920 
Spherical reflectors. 830-833 
Spherical-to-cylindrical vector analysis. 917- 
918 

Spherical-to-rcctangular vector analysis. 918 
Square loop antennas. 233-236 
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Standing waves. 2 

Stationary phase, method of. 922—926 
Stcradian. 34-35 
Structural scattering. 93 
Stub-matching. 466-468 
Subdomain functions. 397-399 
Superdirectivity. 306-309 
Supergam. 306 

Surface geometry, front-fed parabolic reflec¬ 
tors. 798-800 

Synthesis: Sec Antenna synthesis 
T 

Taylor line-source. 321-322. 358-368 
Television frequency spectrum'. 927-928 
TEn-niodc distribution, circular aperture. 
610-611 

TE|„-mode distribution, rectangular aperture. 
599-601 

Temperature, of antennas. 98-100 
Thin dipoles. 154 
Thin wire antennas 
on current distribution. 17-19 
linear: See Linear wire antennas 
Three-antenna method, gain measurements. 
867-868 

Three-dimensional amplitude patterns. 155 
Three-dimensional characteristics, 283-286 
T-match. 472-475 
Total electric Held - E'tr), 3X8-391 
Transformers, baluns and. 480-483 
Transmission line model, rectangular micros¬ 
trip antennas. 727-736 
Transmitting mode. 74-76. 215-216. 423- 
415 

Traveling wave antennas. 488-505 
long wire. 490- 
rhombic antennas. 502-505 
V antennas. -502 
Triangular distributions. 368-371 
Triangular loop antennas. 236-239 
Triangular sheet simulation. 447—149 
Trigonometric identities. 911-9)2 
Truncated cosine function. 399 
Tschebyschcff error. Tavlor line-source. 
321-322. 358-362 


Tschebyschcff matching transformers. 471- 
472 

Two-antenna method, gam measurements, 
867 

Two-element arrays. 250-257 
Two wire radiation mechanism. 1114 

U 

Mira Migh frequency (UHF) channels. 927- 
928 

Uniform distribution on an inlinitc ground 
plane. 586-594. 605-610 
Unipolcs. 447 

V 

V antennas. -502 
Vector analysis. 914-921 
Vector effective length. 79-81 

Vector potentials: nee tilxo Radiation inte¬ 
grals and auxiliary potential func¬ 
tions 

wave equations and, 121-125 
Vertical electric dipoles. 165-173, 182-185 
Very //igh frequency (VIII i channels. 927- 
928 

Virtual Iced. 826 
Visible region. 343 '44 

W 

Weighted residuals. 401 
Weighting (testing) functions. 400-403 
Wire antennas. 4 
linear: See Linear wire antennas 
thin wire: See Thin wire antennas 
Wireless communication antennas. 175. 242. 
928-929 

Wire simulation. 447—149 

Wood ward-Lawson method. 352-358 

V 

Yagi-Uda arrays 

computer programs lor. 521-525, 541 
of linear elements. 513-532 
of loops. 533-534 



